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=L Thermodynamic
perspective:

= Don'’t attempt to describe all the dynamics TGLF |
- look at energy/entropy 07 . ,

= Useful to derive bounds/power laws:

= Helmholtz free energy: ;
Nonlinear bounds on growth rates of 10° =%
energy [Helander, Plunk, Costello] o k2l

= Max-entropy: b
Universal power laws [Ewart et al.]

= Available Energy:
Bounds on field energy, TEM available

energy correlates with heat-flux
[Mackenbach et al. 2022]
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=PFL Available Energy
What is it?

= Assumption:
Plasma described by Vlasov

O 01 L gy yvxB)=0
ov m

= Total energy is conserved

Etotal — Ethermal + Efield

= Very cheap to compute!

= Maps initial distribution function,
geometry, ..., onto scalar
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=PFL A historical
footnote...

= This is an old idea — Lorenz 1955
in meteorology

= Gardner in plasma physics in 1963

= Has roots in interacting many-
body systems as well

= Has been studied extensively in
quantum systems too

[9z0z 1sidwe)]
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What is it?

= Minimise the thermal energy...

2
mv
Ethermal [f] — / 9 f drdv

= Subject to conservation of the
Casimirs:

d
E/C[f] drdv =0

= Extensions include:

= Adiabatic invariants [Helander
2017]

= Conserving symplectic invariants
[Qin et al., 2024]

= This talk: something new...
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= Our simple example:

= Ground state is homogeneous: no electric
field - PROBLEM!

* What is the ground state that supports
the correct electric field? (energy
conservation)

* Density structure (e.g. Fourier modes) —
measurable!

= Problem posed generally: What is the ground

State with a given density profile? (converts
problem to question about given profile)

= Main goal: investigate how density constraints
change ground state and free energy
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=L The set-up

= Available energy with density
profile in d-dimensions:

d+2

A = FEiyiy — Eg [n(r)] d
no

= The energy of the electric field:
2
E, :/dr |V8¢|

™

= Density & potential via Poisson:

0 B on;

ALV =

no no

= Goal: maximise A, and liberated
energy must reside in the field

A=E,
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=F7L A sketch of what rolls out
Three important ingredients...

Make small (minimise penalty from density fluctuations)

= Poisson’s equation with adiabatic e l l
+ energy conservation gives: 2
gy g Ag — (6n)? ~ K2¢? ~ (5;)
= Debye screening prevents zeroing T
wave-number: )Y D k~1 Make small (to approach Ag)
) Available energy without
= As we increase Ac (more free density Congs};,a,-n,
energy) 6n must increase, but:
n(r) >0

= These 3 effects yield interesting
behaviour...
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=L Phase-transition-like behaviour
of ground state
Take-aways...

= Only three simple effects required
(conserved energy+Poisson,
Debye screening, positive density)

= More free energy buys less field
(density starts spending it on
shape rather than amplitude)

= Related to cellularisation of high-
amplitude turbulence?
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=L The set-up
f= I[G + K,(’l"),y]

= Construct functional with
« Invariants of motion: y /dv fle + K, y] = n(r)
« Remaining phase-space coordinates: z B
- Jacobian: de = drdv = /g dydz
- Given ground-state density: n(r)
B 86+/€I[6+"37y] <0

= Varying functional gives ground-state
properties:

[az0lf-slya= [aze6lsi - dlyg

= Ground state: equate Casimirs
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Let’s look at asymptotics...
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=PFL Asymptotic analysis

= |nitial distribution function close to a
ground state:

fi = fo +9df1, 0K 1

- Expand ground state
00 571
= fo

= Expand den3|ty constraint

[t flet myl=omr),  w(r) -

o fground state
® f

18

E[f]
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and taking the first and second derivative of this equation with respect to w, one
finds that

S| —
Site) = Futw, 1 =~ o] @13)
o(w,
and
o _ 13 (sw—e
Tfox) — Fo(w, y)1= Fiw,y) dw (—Fn’(w, y))' 4.14)
respectively.

The next order, O(g), gives an equation involving derivatives of the Heaviside
function, which is the Dirac-delta distribution §[x], giving rise to

/dz Lfi(0) = Fu(w, »18Lfo(x) — Fo(w, »IVg=— / dz ki (r)d[w — €el/g,
(4.15)
and using (4.13) this may be written as

/dz(ﬁ —F1)5[w—d«/§=Fo’(w,y)fdzlqa[w—e]\@A (4.16)

Filling this into the leading-order result of the available energy (4.7), writing € =
wé[w — €], gives
A~ [ 4y dzdul i) = Fiw. )~ k0 Fyw, bl - Vg
~0. (4.17)

The available energy to order O(e) thus vanishes and one is required to go to second
order. It shall prove useful to rewrite (4.16) in terms of F; alone, using (4.9). One
finds the following integral equation for Fj,

B (F) _ 1 _
/dz(p(; (F ))B[w el/g= /dz( )u)é[w €lVs, (4.18)

having defined {(...), = [ dv.
To second order O(e?), the ground—state equation becomes

fdz {LA® = Fiw, NP8 fokx) = Fw, »] - Bw, »)3Lfix) - Fow, »]ive

= f dz (i1 (r)*8'[w — €] — ko (r)8[w — €]) /2. (4.19)

Using (4.13) and (4.14) we find that
3 (O[w—e] OF3[w —€]
/dz[(fl—mzﬁ( ”Fée)—xf$}«/§

ow

=— / dz[F; + k2 F) + k2 Fy] 8[w — €]4/g. (4.20)

htps://doi.org/10.1017/50022377826101767 Published online by Cambridge University Press

Substituting this into the available energy, it may be written as
An—" f dy dz dw[F(w, y) + &} Fj (w, y) + k2 Fy(w, y)
+ 26 F{(w, p)]wdw — €l /g

Nf a8 (Slw—el\ _ ,a(Fdlw—el)
NZ/dydzdw([fl Fi] Bw( F ) Kl—aw

— 2, F}8[w —5])wk/§‘ (4.21)

We integrate the terms that have a derivative with respect to w by parts, giving

a (8 8
Jawun —F.)Zﬁ( ['”FD, € ) - [aut(si - Fp = 2u(s - PR ol
(4.22)
and
/dwwa(F”iE+ED=—/dwFéé[w—eL @.23)

Combining all results, we find that

2 F,
A%%/dydzdw[ (le »? +/cZF’-%—2wF/(fl il )]S[M)—e]f,
0 Fy
(4.24)
where the last term vanishes due to (4.16).
All in all, we have thus shown that

L& (ix) — File, y)* & i R
A3 fdx TRl 2 /dxx, OIFe I +0E). (425

The first term is identical to the result in Helander & Mackenbach (2024) and is
closely related to the notion of Helmholtz free energy. This term is furthermore
always positive definite, so that if ¥ =0, the available energy is always greater than
or equal to zero. The second term encoding the constraint on the density can only
serve to decrease the available energy, which is manifestly true as a more constrained
calculation of it can only lower the value. It thus encodes what the energetic penalty
is of some perturbation to the ground-state density, n;, which couples to «; via (4.8)
and (4.16).

Another useful form of the available energy may be obtained by substituting in
(4.8), so that the result becomes

& (Hix) = File, y])? (m(r)—(lmu)2 ,
AnE - F, . 4.2
& [ IFile, ¥l ) en) @29

This can be simplified further by noting that [ Fj[e, yldx = [(F;),dr, so that we
have’

Az% / b O =Fley)* & [ ()= (F))* @2

IFyle, vl 2] T

"The second integral is >0 as a consequence of Holder's inequality, since [drdvQ?/B>
Jdr(fdv0)*/[ dv B for B>0and Q>0.

hitps://oi.org/10.1017/50022377826101767 Published online by Cambridge University Press
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Yielding opaque equations...

Ground state:
/dzf15[w —€),/g= /dz (ﬁ — Iilfé) olw — €|,/g
Density constraint:

/dv(ﬁerlf(’)) —ny

Available energy:
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We do learn something...

A~

6 (fr = f1)°

dx

2 | fol

52
— 5 /dw /f.:l\fo\

|

~ Helmholtz free energy
[Helander & Mackenbach 2024]

|

Cost of imposed profile
(new!)

21
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Analytically solvable in certain cases:

Case (1): A unique property of the Maxwellian
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=L A unique property of the Maxwellian

Nonlinear stability

= Suppose density remains fixed
= Density varies alone

= What distribution function has no
available energy?

Maxwellian!

= Non-Maxwellian (e.g. slowing-down)
with pure density gradient + adiabatic
electrons could be nonlinearly
unstable?

AJ2

~A/2

filx,vy) Fo(z,v,) F(z,v,)
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Case (2): “Drift kinetic” ions in a constant
magnetic field
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7. Maxwellian ions in a
constant magnetic field

n =mngy(l+v)
= |nitial f Maxwellian with varying density/temperature
T=Ty(1+7)
= U is conserved ~
" on, = now
= Constant magnetic field
2
- Ground state density given A — 0"noToV <,/2 _p? §7-2>
2 2

= Available energy generalises [Helander 2020]
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= Gyrokinetic Poisson (Fourier) + adiabatic
electrons, 0ne«®

- T; »
Uik = (E +P?ki) Ok

= Available energy maximal for,

T T~2 1/4
k= — 4+ =%
pits (Te " Te2 )
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=PFL Couple with field equations!

= [nvariant energy [Dubin 1983]

10°
m;n ]
Eioi ~ /da: edf; + 2320 /dr‘b X V¢‘2
= Gyrokinetic Poisson (Fourier) + adiabatic 101 -
electrons, One<® o ;
T . =
= (g + 20 .
. 1072 5
= Available energy maximal for, :
pikL = | =+ —
Te Te2 10—2

= and is equal to

4
A=1|1-
( 2+2,/1+T6/Ti>

Ac



Te=Ti leads to
83%
decrease compared to
“naive” estimate!!!
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=PFL What do we learn
from this?

= Why large Te/Ti is bad:

= Pushes optimal wavelength to
large scales

piky ~ (Ti/Te)l/4

= Increases the energy
released:

A~1-2/T,/T.

AJAg
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One=®, but in toroidal geometry:

one o< ¢ — <¢>fs
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= Energetically favourable: dump all
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Can we do more? -~

= Calculations and comparisons:

= Quasi-neutral impurity
species

= Quasi-neutral fast-particle
species

= Toroidal-ITG mode

= Comparison to PIC
simulations

= Do ask after talk :)
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=PFL. Conclusions

= Available energy of density-
constrained system constructed

= Has various behaviours that
“naive” bound misses:

= Phase-transition-like
behaviour

= Effect of ratio of temperatures
(83% reduction!)

= Energetically favourable
nature of zonal flows

Open questions ’

= Kinetic electrons give too much

freedom. Possible cure: solve
(linearised) VP/GK equations
around ground-state, this
severely limits the allowed
perturbations. Is this still a
ground state?

= |s the zonal-flow result useful?

Can it help bound the zonal flow
amplitude (with the residual)?

= The end-station: ground-states

with flow, coupled to Vlasov-
Maxwell/electromagnetic GK?
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=L Are you interested
in plasma
thermodynamics?

= WWorkshop on this topic 5—7 October,
2026!

= [n Lausanne, Switzerland

= Please let me know if you'd like to
participate!

= https://indico.epfl.ch/event/12/

= ralf.mackenbach@epfl.ch
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=PFL - Available Energy

Curvature driven ITG wy = vp - Vi

= Typical in “toroidal” ITG analysis:
kH’UT <k, -vp Wo = Vp * VO

= Neglects all parallel dynamics,
what are appropriate invariants? Ty, (Olnn OlnT e 3
We choose: wf—+qe( 5% - 5% [To_§]>

V| and /¢

parallel dynamics are frozen w.r.t.
perpendicular dynamics

= Assume LTE in flux tube

= Adiabatic electrons - no particle
transport - density is fixed
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=PFL Available Energy
Curvature driven ITG
Density constraint:

fu, fu,
/ TOO (—Ka — Wa) G(Ii¢, Ka) d,ud'U” = TOO (wf o wa) d'u'd,U“’

B0 (g — 1) Gl ) oy = [ 1004, dua,

Available energy:

- mAYAa [ fuo o
N 4m TO

N(Aw)z(wa + Ka)? + (A0)2(wy — fy)21/ (A0)2(wa — wT)? + (A0)2(wy)?

A

— (AY)* (W + Ka) (Wa — wl) — (Aa)? (wy — n¢)w¢] dédpduvy.
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= |f there is only a density gradient
(in line with what we found)

= |f device is isodynamic (no
radial drift), the ratio of gradients:

B &p lnT
B Oylnn’

7 0<n<2/3

and
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"L._When is there no
available energy?

In a device with everywhere bad curvature

= |f there is only a density gradient
(in line with what we found) :
= |f device is isodynamic (no o table
radial drift), the ratio of gradients: 20 R A
6¢ ln T C? stable
n=———, 0<n<2/3
Oy Inn
and |
0, 1n B 0
NB P < —0yInn

B Oplnn —



=PFL Close to nonlinear stability bounds
[Costello 2025]!

KaM
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"L._When is there no
available energy; cont.

= Expand in largeness of gradients:

wl — wl'/é, ) <1

= Available energy vanishes for
any geometry (to leading order)

0<n<2/3
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=PFL Results

Comp_aris_on to non_linear
gyrokinetic simulations

= >200.000 nonlinear GK simulations
(adiabatic electrons, random
stellarators, electrostatic)
[Landreman 2025], we added
tokamaks (60.000, in “random”
geometries)

= Gradients kept fixed (a/Ln=0.9, a/
LT=3.0)

= Multiple NFP, vacuum, & finite beta

41

Ny =5
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=PFL Results

Comp_aris_on to non_linear
gyrokinetic simulations

= Correlated for low NFP:
k| ~1/Lyen ~ Nip/R

= Test hypothesis in tokamaks
(unambiguous connection length)

= Points with short connection
length deviate most strongly

log,y Q

loglo (Lcon /C’Jminor )

42
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=PFL A positive:
stability

= Defining Q<0.1 as stability

= Distribution of stable available
energies left of unstable ones
for stellarators

Probability density
o = [\ w [N [V2 e [l [} w > o O - no w (=S ot
1 1 1 1 1 1 1 1 1 1 1 1

1N, =4 1Ny =5 1 Ny, =6
| N =3 | An stable | | Vo =7
unstable | A
1N, =2 1Ny =0 1 Ny, =38
-3 -2 -1 -3 9 -1 -3 9 -1

logy A
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=PFL A positive:

stability
4_ . .
3_ . .
2_
1_
= Defining Q<0.1 as stability .
° 7 N =3 1A stable | Ny =7
§4- E unstable
- Distribution of stable available <,
energies left of unstable ones  =,.
for stellarators £
0
. . i 5_pr=2 _pr:() _pr:S
= Thus: low AE implies stability N
3_
= Not for tokamaks! f
0 T
-3 -2 -1 0 -3 -2 -1 0 -3 -2 -1

logyg A
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=PFL Results

Comp_aris_on to non_linear
gyrokinetic simulations

= Same exercise but with
randomly chosen gradients

= Correlation more pronounced

= Captures variability due to
gradients well

a4



