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The barotropic viscous and resistive compressible MHD
o Notation:

@ The spatial domain Q is the periodic box T2 or the whole space RS.
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The barotropic viscous and resistive compressible MHD

o Notation:

@ The spatial domain Q is the periodic box T2 or the whole space RS.
@ p € Rt is the fluid density.

@ v € R3 is the fluid velocity.

@ B € R3 is the magnetic field.

@ Barotropic pressure : p = ap”, with a >0, and v > 1.
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The barotropic viscous and resistive compressible MHD

e Notation:
@ The spatial domain Q is the periodic box T2 or the whole space RS3.
@ p € R* s the fluid density.
@ v € R3 is the fluid velocity.
@ B € R3 is the magnetic field.
@ Barotropic pressure : p = ap”, with a >0, and v > 1.
@ ¢, :=1(0,0,1) is the parallel direction (without loss of generality).
e B=1{('"B,By), with By =B3:=B-¢; € R, and B, :=1(By,B,) € R2.
@ x:= (x1,Xxy), with x; = (Xq,X2), and xj := x3.
oV, :=48,8), Vi:=ed, 8 =5.
oA = 8121 +8§2, Ay = 853.
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The barotropic viscous and resistive compressible MHD

e Notation:
@ The spatial domain Q is the periodic box T2 or the whole space RS3.
@ p € R* s the fluid density.
@ v € R3 is the fluid velocity.
@ B € R3 is the magnetic field.
@ Barotropic pressure : p = ap”, with a >0, and v > 1.
@ ¢, :=1(0,0,1) is the parallel direction (without loss of generality).
e B=1{('"B,By), with By =B3:=B-¢; € R, and B, :=1(By,B,) € R2.
@ x:= (x1,Xxy), with x; = (Xq,X2), and xj := x3.
oV, :=48,8), Vi:=ed, 8 =5.
oA = 8121 +8§2, Ay = 853.
@ Viscosities : p; >0, py >0, A>0.
@ Resistivities : n, >0, n; > 0.
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The barotropic viscous and resistive compressible MHD

o Notation:

@ The spatial domain Q is the periodic box T2 or the whole space R3.

@ p € Rt is the fluid density.

@ v € R3 is the fluid velocity.

@ B € R3 is the magnetic field.

@ Barotropic pressure : p = ap”, with a >0, and v > 1.

@ ¢, :=1(0,0,1) is the parallel direction (without loss of generality).
e B=1{('"B,By), with By =B3:=B-¢; € R, and B, :=1(By,B,) € R2.
@ x:= (x1,Xxy), with x; = (Xq,X2), and xj := x3.

oV, :=4d,8), Vi:=ed 08 =0.

oA = (9121 +8§2, Ay = 853.

@ Viscosities : p; >0, py >0, A>0.

@ Resistivities : n, >0, n; > 0.

e On R; x Q3 (t,x) the system of compressible MHD equations reads:

ap+V-(pv) =0,
a(pV) + V- (pv®V) + VP +B X (VXB) —p A v—Ayw—AV(V-v)=0, (1)
OB+VxBxv)—m A B—mAB=0, V-B=0.
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and

variables as :

t=1t, xu =Xy x1, Xy=Xy Xy, wy=frp, wi=Hp, A=AX nL=A171,
n="funy, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p= ap”.
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and
variables as :

t=1t, xu =Xy x1, Xy=Xy Xy, wy=frp, wi=Hp, A=AX nL=A171,
n="funy, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p= ap”.

e Some definitions. The Alfvén velocity : v4 := B//p ; the sound velocity : vs := \/7p/p ; the

parameter 3 :=p/|B|?> = v2/(yv2) ; the Alfvén number : e4 :=V/v,; the Mach number
i em:=V/vs =e4/(v/vB). Here we choose 8 =1, thus we have vs = ,/7vaq >~ va.
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and
variables as :

t=1t, xu =Xy x1, Xy=Xy Xy, wy=frp, wi=Hp, A=AX nL=A171,
ni=fim, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p=ap”.

o Some definitions. _The Alfvén velocity : va := B/\/7 ; the sound velocity : vs := \/7P/p ; the
parameter §:=p/|B? = v§/('yv§) ; the Alfvén number : €4 :=V/v,4; the Mach number
i em:=V/vs =e4/(v/vB). Here we choose 8 =1, thus we have vs = ,/7vaq >~ va.

e Here, we aim at filtering out the fast dynamics associated with the perpendicular fast

magnetosonic waves, and keep the dynamics of waves which propagate at a speed slower than
the perpendicular fast magnetosonic waves Cg ~ vy (justified below).
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and
variables as :

t=1tt, xL =XUx, X =X X, Mo =FLpy, Hi=Ripn, A=AX nL=fiLn,
ni=fim, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p=ap”.

o Some definitions. _The Alfvén velocity : va := B/\/7 ; the sound velocity : vs := \/7P/p ; the
parameter §:=p/|B? = vg/('yvﬁ) ; the Alfvén number : €4 :=V/v,4; the Mach number
i em:=V/vs =e4/(v/vB). Here we choose 8 =1, thus we have vs = ,/7vaq >~ va.

e Here, we aim at filtering out the fast dynamics associated with the perpendicular fast
magnetosonic waves, and keep the dynamics of waves which propagate at a speed slower than
the perpendicular fast magnetosonic waves Cg ~ vy (justified below).

Defining the time T, as the time needed by a fast magnetosonic waves to cross the device in the
perpendicular direction, we then have T v4 =X, .

Since we want to describe the dynamics on a time scale longer that ©,, we set T =1, /e, with
e < 1. This is equivalent to describe the dynamics of waves which propagate with velocity slower
than Crg (or va). Hence, we have V=cvy, ea=¢,,and ey =¢/(v/B) ~e.
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and
variables as :

t=1tt, xL =XUx, X =X X, Mo =FLpy, Hi=Ripn, A=AX nL=fiLn,
ni=fim, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p=ap”.

o Some definitions. _The Alfvén velocity : va := B/\/7 ; the sound velocity : vs := \/7P/p ; the
parameter §:=p/|B? = v_g/('yvﬁ) ; the Alfvén number : €4 :=V/v,4; the Mach number
i em:=V/vs =e4/(v/vB). Here we choose 8 =1, thus we have vs = ,/7vaq >~ va.

e Here, we aim at filtering out the fast dynamics associated with the perpendicular fast
magnetosonic waves, and keep the dynamics of waves which propagate at a speed slower than
the perpendicular fast magnetosonic waves Cg ~ vy (justified below).

Defining the time T, as the time needed by a fast magnetosonic waves to cross the device in the
perpendicular direction, we then have T v4 =X, .

Since we want to describe the dynamics on a time scale longer that ©,, we set T =1, /e, with
e < 1. This is equivalent to describe the dynamics of waves which propagate with velocity slower
than Crg (or va). Hence, we have V=cvy, ea=¢,,and ey =¢/(v/B) ~e.

e Moreover, we suppose a strong anisotropy between the perpendicular and parallel direction,

thatis X, /X, = e. In other words the dimensional gradient Vx becomes the anisotropic
dimensionless gradient V. := {(!V,0) + V).
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Non-dimensionalization and scaling: the large aspect ratio framework
e Putting dimensions into the “bar” quantities, we define the dimensionless unknowns and
variables as :

t=1t, xu =Xy x1, Xy=Xy Xy, wy=frp, wi=Hp, A=AX nL=A171,
ni=fim, a=aa p=pp, v=vv, B=BB, and p=pp, with p=ap” and p=ap”.

o Some definitions. _The Alfvén velocity : va := B/\/7 ; the sound velocity : vs := \/7P/p ; the
parameter §:=p/|B? = v§/('yv/§) ; the Alfvén number : €4 :=V/v,4; the Mach number
i em:=V/vs =e4/(v/vB). Here we choose 8 =1, thus we have vs = ,/7vaq >~ va.

e Here, we aim at filtering out the fast dynamics associated with the perpendicular fast
magnetosonic waves, and keep the dynamics of waves which propagate at a speed slower than
the perpendicular fast magnetosonic waves Cg ~ vy (justified below).

Defining the time T, as the time needed by a fast magnetosonic waves to cross the device in the
perpendicular direction, we then have T v4 =X, .

Since we want to describe the dynamics on a time scale longer that ©,, we set T =1, /e, with
e < 1. This is equivalent to describe the dynamics of waves which propagate with velocity slower
than Crg (or va). Hence, we have V=cvy, ea=¢,,and ey =¢/(v/B) ~e.

e Moreover, we suppose a strong anisotropy between the perpendicular and parallel direction,
thatis X, /X, = e. In other words the dimensional gradient Vx becomes the anisotropic
dimensionless gradient V. := {(!V,0) + V).

e In addition, we suppose the presence of a strong constant background magnetic field in the
parallel direction: B = e, + eB°¢.
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Non-dimensionalization and scaling: the large aspect ratio framework

e Finally, it remains to choose some scalings with respect to the small parameter ¢ for the
dimensionless viscosities and resistivities:

o Wechoose {u1 =eud, ui = p§/e, A =eA®}, where viscosities {u , p§, A} satisfy

pG —py >0, pj—pur >0, X*—X>0, as ¢— 0. 2)

e Wechoose {n. =en7, mi =nj/e}, where resistivities {n3, nj} satisfy

nT —mnL >0, nj—m >0, as &—04. (3)
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Non-dimensionalization and scaling: the large aspect ratio framework

e Finally, it remains to choose some scalings with respect to the small parameter ¢ for the
dimensionless viscosities and resistivities:

o Wechoose {u1 =eud, ui = p§/e, A =eA®}, where viscosities {u , p§, A} satisfy

pG —py >0, pj—pur >0, X*—X>0, as ¢— 0. 2)

e Wechoose {n. =en7, mi =nj/e}, where resistivities {n3, nj} satisfy
nL —nL >0, mj —n >0, as e— 0. 3)
e The system (1) is then equivalent to the following system written in the dimensionless unknowns
(p=,ve, Be)(t, x):
O0p® + Ve - (p°v°) =0,
1 1
OH(p* V) + Ve - (F°V° @ V) + 5 Vep + (e +2B%) x (Ve x BY)
—HSALVE — uf AV~ XV(Ve V) =0,

]
HB" + —Ve x ((en +¢B°) x V) — 1AL B — A B =0, V.. B =0.
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Non-dimensionalization and scaling: the nonlinear optics framework

e We can also adjust the dimensionless parameters to account for special regimes, by incorpora-
ting (high frequency) oscillating source terms or equivalently (high frequency) oscillating initial
data into the equations.
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Non-dimensionalization and scaling: the nonlinear optics framework

e We can also adjust the dimensionless parameters to account for special regimes, by incorpora-
ting (high frequency) oscillating source terms or equivalently (high frequency) oscillating initial

data into the equations.

e We then look for solution like

p/’j pg(t,6_1Xl,X\\) pe o°
vV (xL,xg) = e ve(te T x1,xp) 0 |+e| vo | (e "xixy)
B//B e +e E?E(t,a"1 XJﬁ,X“) e B
3 0°
= 0 J+e( v ) (t,xL,xi), with o°=(p°—p?)/e.
e Be
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Non-dimensionalization and scaling: the nonlinear optics framework

e We can also adjust the dimensionless parameters to account for special regimes, by incorpora-
ting (high frequency) oscillating source terms or equivalently (high frequency) oscillating initial
data into the equations.

e We then look for solution like

p/E) pa(t75_1XL7XH) E QS
vV (L xL,x) = e ve(te T x1,xp) = 0 |+ ve |(te"xi,x))
B/B e +EBE(t,€71 XL,X“) e B
P o°
(0 ) e v ) exix), with of = (o — 7P/ )
e Be

e Here, we choose viscosities and resistivities which accommodate the propagation of oscillating
waves with wavelengths approximately e. For this, we impose viscosities {u; = 245 ,
W = u§, A =e2X°}, where dimensionless viscosities {u5 , 5, A°} satisfy (2), and
resistivities {n, = sznj, i = n§}, where dimensionless resistivities {77, nj} satisfy (3).
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Non-dimensionalization and scaling: the nonlinear optics framework

e We can also adjust the dimensionless parameters to account for special regimes, by incorpora-
ting (high frequency) oscillating source terms or equivalently (high frequency) oscillating initial
data into the equations.

e We then look for solution like

p/E) pa(t75_1XL7XH) E QS
vV (L xL,x) = e ve(te T x1,xp) = 0 |+ ve |(te"xi,x))
B/B e +EBE(t,€71 XL,X“) e B
P o°
(0 ) e v ) exix), with of = (o — 7P/ )
e Be

e Here, we choose viscosities and resistivities which accommodate the propagation of oscillating
waves with wavelengths approximately e. For this, we impose viscosities {u; = 245 ,
W = u§, A =e2X°}, where dimensionless viscosities {u5 , 5, A°} satisfy (2), and
resistivities {n, = sznj, i = n§}, where dimensionless resistivities {77, nj} satisfy (3).

e Plugging (5) into (1) leads to (4).

Nicolas BESSE (03-07/08/2026) Justification of RMHD 17th Plasma Kinetics Working Meeting ~ 7/25



Non-dimensionalization and scaling: the nonlinear optics framework

e We can also adjust the dimensionless parameters to account for special regimes, by incorpora-
ting (high frequency) oscillating source terms or equivalently (high frequency) oscillating initial
data into the equations.

e We then look for solution like

p/’(_) pE(t75_1 XJJXH) E Qs
V/\z (t,XL,XH): EVE(t,€71 XJ_,XH) = 0 +e€ ve (t,€_1 XL,X\\)
B/B e +EBE(t,€71 XL,X“) e B

P o
(0>+e<ve>(r,xl,x), with o = (o° — 7). ©)
e Be

e Here, we choose viscosities and resistivities which accommodate the propagation of oscillating
waves with wavelengths approximately e. For this, we impose viscosities {pn; = ezpi,
W = u§, A =e2X°}, where dimensionless viscosities {u5 , 5, A°} satisfy (2), and
resistivities {n, = sznj, i = n§}, where dimensionless resistivities {77, nj} satisfy (3).
e Plugging (5) into (1) leads to (4).
e Therefore, we investigate the dynamics of a magnetized plasma near a fixed large constant
magnetic field where anisotropic oscillations in space can develop.
e The first term of the right-hand side of (5), which is of order of unity, is a stationary solution of (1).
e The second term of the right-hand side of (5) is the perturbation, which is of small amplitude
(e < 1) and of high frequency (=" > 1).

e Such a framework belongs to the so called weakly nonlinear geometric optics regime.
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Slow versus fast regime
e The equation of the momentum p°v¢ in (4) indicates that p° should be like p¢ =1+ O(e).
e With this in mind, we can introduce the new state variable o¢° as indicated below, and expand

p° in powers of £ to obtain
p°=1+¢e0",

¢ :=bp°, b:=a~. (6)

p°=a+ep®+0(?), p
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Slow versus fast regime
e The equation of the momentum p°v¢ in (4) indicates that p° should be like p¢ =1+ O(e).

e With this in mind, we can introduce the new state variable o¢° as indicated below, and expand
p° in powers of & to obtain

pP=1+e0°, P =a+ep°+0(%), p i=bo°, b:=avy. (6)

e To see the heuristics which lead to our model, it is instructive to interpret (4) in terms of
(0%, v, Bf), and then to extract the singular part. We find

1
B[QE-F*VJ_ ~Vi =O(1),

€

1
vl + Z Vi(p+Bp)=0(1), v =0(), @)

]
B} + ZVL-vi=0(1), 8B5 = 0(1).
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Slow versus fast regime
e The equation of the momentum p°v¢ in (4) indicates that p° should be like p¢ =1+ O(e).

e With this in mind, we can introduce the new state variable o¢° as indicated below, and expand
p° in powers of & to obtain

pP=1+e0°, P =a+ep°+0(%), p i=bo°, b:=avy. (6)

e To see the heuristics which lead to our model, it is instructive to interpret (4) in terms of
(0%, v, Bf), and then to extract the singular part. We find

1
Ot + -V ~Vi =O(1),
€
1
vl + EVL(IPG +Bj)=0(1), o =0(1), @)
1
aBf + 1 V. -vi = 0(1), oB% = 0(1).
€

We have 2 regimes:
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Slow versus fast regime
e The equation of the momentum p°v¢ in (4) indicates that p° should be like p¢ =1+ O(e).

e With this in mind, we can introduce the new state variable o¢° as indicated below, and expand
p° in powers of & to obtain

pP=1+e0°, P =a+ep°+0(%), p i=bo°, b:=avy. (6)

e To see the heuristics which lead to our model, it is instructive to interpret (4) in terms of
(%, v&, Bf), and then to extract the singular part. We find

1
O + -V -vi =0(1),
13
1
OVi+- Vi +B)=0(1), i =0(1), ™
1
OBj + -V, -vi =0(1), 0BT =0(1).
3

We have 2 regimes:

@ The slow regime when the first-order time derivative of the solution remains bounded
uniformly with respect to the small paramater  (as € — 0). In view of (7), this means that

Vi-vi=0(), Vi(p®+Bj)=0(). ®)
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Slow versus fast regime
e The equation of the momentum p°v¢ in (4) indicates that p° should be like p¢ =1+ O(e).

e With this in mind, we can introduce the new state variable o¢° as indicated below, and expand
p° in powers of & to obtain

p°=14¢e0, p° =a+eps +O(?), p°i=bo°, b:=a~y. (6)
e To see the heuristics which lead to our model, it is instructive to interpret (4) in terms of
(%, v&, Bf), and then to extract the singular part. We find
oo + ;VJ_ v =0(1),
3tVf_+£VJ_(pE+Bﬁ):O(1), ovi = 0(1), 7)
B,Bﬁ—&-gvl-vjzo(ﬂ, oBT = 0(1).
We have 2 regimes:

@ The slow regime when the first-order time derivative of the solution remains bounded
uniformly with respect to the small paramater  (as € — 0). In view of (7), this means that

Vi-vi=0(), Vi(p®+Bj)=0(). ®)

@ The fast regime when it is not slow. In this case, rapid time oscillations with non-vanishing
amplitudes can persist on a long time scale, preventing the convergence in a usual strong
sense.
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V|, it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V_ , it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.

e Linearizing the MHD system (1) around the constant stationary solution (p,0,Bb), where b is
a unit vector, we obtain a linear system whose the Jacobian has real eigenvalues. The set of MHD
eigenvalues and associated waves can be splitted into three groups. Introducing the unit vector n
as the direction of propagation of any wave, the sound speed Vs := \/9p/p = vavs (with p =1)
and the Alfvén velocity V4 := |B|/\/p = va (with |B| =1 and p = 1), these three groups are:
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V_ , it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.

e Linearizing the MHD system (1) around the constant stationary solution (p,0,Bb), where b is
a unit vector, we obtain a linear system whose the Jacobian has real eigenvalues. The set of MHD
eigenvalues and associated waves can be splitted into three groups. Introducing the unit vector n
as the direction of propagation of any wave, the sound speed Vs := \/9p/p = vavs (with p =1)
and the Alfvén velocity V4 := |B|/\/p = va (with |B| =1 and p = 1), these three groups are:

@ Fast magnetosonic waves:

1
AE=4Cp, 2= 5(v§+ VZ+/(VE+ V32 — 4V2V5(b n)?).
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V_ , it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.

e Linearizing the MHD system (1) around the constant stationary solution (p,0,Bb), where b is
a unit vector, we obtain a linear system whose the Jacobian has real eigenvalues. The set of MHD
eigenvalues and associated waves can be splitted into three groups. Introducing the unit vector n
as the direction of propagation of any wave, the sound speed Vs := \/9p/p = vavs (with p =1)
and the Alfvén velocity V4 := |B|/\/p = va (with |B| =1 and p = 1), these three groups are:

@ Fast magnetosonic waves:

1
AE=4Cp, 2= 5(v§+ VZ+/(VE+ V32 — 4V2V5(b n)?).

@ Alfvén waves:
AF=4Ca, C3=V3(b-n).
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V_ , it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.

e Linearizing the MHD system (1) around the constant stationary solution (p,0,Bb), where b is
a unit vector, we obtain a linear system whose the Jacobian has real eigenvalues. The set of MHD
eigenvalues and associated waves can be splitted into three groups. Introducing the unit vector n
as the direction of propagation of any wave, the sound speed Vs := \/9p/p = vavs (with p =1)
and the Alfvén velocity V4 := |B|/\/p = va (with |B| =1 and p = 1), these three groups are:

@ Fast magnetosonic waves:

1
AE=4Cp, 2= 5(v§+ VZ+/(VE+ V32 — 4V2V5(b n)?).

@ Alfvén waves:
AF=4Ca, C3=V3(b-n).

@ Slow magnetosonic waves:

]
AE=+0s, &= E(v§+ VE— (VB + V32— 4VZV(b-n)?).
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With which waves is the fast regime associated ?

e Since the singular part involves the sole action of the operator V_ , it induces a propagation
which can only be achieved with respect to the perpendicular direction. Then, because Alfvén
waves do not propagate in the directions orthogonal to the ambiant magnetic field (here e ), we
are necessarily concerned with transverse fast magnetosonic waves as justified below.

e Linearizing the MHD system (1) around the constant stationary solution (p,0,Bb), where b is
a unit vector, we obtain a linear system whose the Jacobian has real eigenvalues. The set of MHD
eigenvalues and associated waves can be splitted into three groups. Introducing the unit vector n
as the direction of propagation of any wave, the sound speed Vs := \/9p/p = vavs (with p =1)
and the Alfvén velocity V4 := |B|/\/p = va (with |B| =1 and p = 1), these three groups are:

@ Fast magnetosonic waves:

1
AE=4Cp, 2= 5(v§+ VZ+/(VE+ V32 — 4V2V5(b n)?).

@ Alfvén waves:
AF=4Ca, C3=V3(b-n).

@ Slow magnetosonic waves:

]
AE=+0s, &= E(v§+ VE— (VB + V32— 4VZV(b-n)?).

e Since here b := e, Alfvén waves cannot propagate in the perpendicular directionto ey .
Indeed, it is well-known that Alfvén waves propagate mainly along the direction ( b := ¢ ) of the
ambiant magnetic field. For a wave propagating in the perpendicular direction to e, we obtain:
A= £(V2+V3)1/2 ~ £V, ~ £V, whereas Af = 0.



With which waves is the fast regime associated ?
e In dimensionless variables we have A,j_-[ =+vb+ 1, with b= ay.

(Indeed, normalizing the velocity to the Alfvén velocity v4 andtaking 3 =1 in
AE = £vay/Bay + 1, we obtain the desired result.)
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With which waves is the fast regime associated ?
o In dimensionless variables we have Af = +vb + 1, with b = ay.

(Indeed, normalizing the velocity to the Alfvén velocity v4 andtaking 3 =1 in
A,? = +vuy/Bay+ 1, we obtain the desired result.)

e In order to understand now the nature of the waves that are filtered out from the singular linear
part of the system (7), we rewrite it in the fast time variable t to obtain

So+V,y vy =0, ovy +Vi(bo+By)=0, OBy +Vy- vy =0. (9)
e With U :=1(p, vy, s, By), the previous system can be recast as
8tU+ (A18X1 + A18X2)U =0,

where the matrices A; have constant coefficients depending on b.
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With which waves is the fast regime associated ?
o In dimensionless variables we have Af = +vb + 1, with b = ay.

(Indeed, normalizing the velocity to the Alfvén velocity v4 andtaking 3 =1 in
/\,? = +vuy/Bay+ 1, we obtain the desired result.)

e In order to understand now the nature of the waves that are filtered out from the singular linear
part of the system (7), we rewrite it in the fast time variable t to obtain

Oo+Vy-vi=0, vy +Viy(be+By))=0, aBi+Vy vy =0. 9)
e With U :=1(p, vy, s, By), the previous system can be recast as
AU + (A19y, + A1) U = 0,
where the matrices A; have constant coefficients depending on b.

e With n, = {(ny,ny) aunit vector in the perpendicular direction, the matrix A := njA; + nyA,
is diagonalizable with the real eigenvalues

Ao(A) =0 (of multiplicity two), A4 (A)=+vb+1, and A_(A)=—-vb+1.

e Then, the waves associated with the singular linear part of the system (7) are the transverse
(linear) fast magnetosonic waves.
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With which waves is the fast regime associated ?
o In dimensionless variables we have Af = +vb + 1, with b = ay.

(Indeed, normalizing the velocity to the Alfvén velocity v4 andtaking 3 =1 in
/\,? = +vuy/Bay+ 1, we obtain the desired result.)

e In order to understand now the nature of the waves that are filtered out from the singular linear
part of the system (7), we rewrite it in the fast time variable t to obtain

Oo+Vy-vi=0, vy +Viy(be+By))=0, aBi+Vy vy =0. 9)
e With U :=1(p, vy, s, By), the previous system can be recast as
AU + (A19y, + A1) U = 0,
where the matrices A; have constant coefficients depending on b.

e With n, = {(ny,ny) aunit vector in the perpendicular direction, the matrix A := njA; + nyA,
is diagonalizable with the real eigenvalues

Ao(A) =0 (of multiplicity two), A4 (A)=+vb+1, and A_(A)=—-vb+1.

e Then, the waves associated with the singular linear part of the system (7) are the transverse
(linear) fast magnetosonic waves.

o With the linear system (9), we can associated a unitary group Sg(t), which takes into
account of propagation of transverse fast magnetosonic waves.
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Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pio=F0s  Vio=%, Bio=8, Ve-B =0. (10)
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Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pio=F0s  Vio=%, Bio=8, Ve-B =0. (10)

e The initial data is said to be prepared when
Vi-v5 =0(), Vi(boy+ Byy) =0O(e). (11)

e Otherwise, the initial data is said to be unprepared (or general) .
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Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pi=0=ro> Vo=V, Bjo=8, Ve-B=0. (10)

e The initial data is said to be prepared when
Vi-v5 =0(), Vi(boy+ Byy) =0O(e). (11)

e Otherwise, the initial data is said to be unprepared (or general) .

e The MHD system (4) is equipped with a conserved energy. A suitable rewriting of energy
conservation (in fact inequality) ensures that lim._,q ||p§ — 1||Ll'y @ =0

Nicolas BESSE (03-07/08/2026) Justification of RMHD 17th Plasma Kinetics Working Meeting 11/25



Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pi=0=ro> Vo=V, Bjo=8, Ve-B=0. (10)

e The initial data is said to be prepared when
VJ_'VSL:O(E), VJ_(bQS-FBSH):O(E)‘ (11)

e Otherwise, the initial data is said to be unprepared (or general) .

e The MHD system (4) is equipped with a conserved energy. A suitable rewriting of energy
conservation (in fact inequality) ensures that lim._,q ||p§ — 1||le @ =0

¢ We mainly assume that the energy of the initial data (pg, v5, By) is bounded uniformly with
respect to . Then, up to a subsequence and at least in a weak sense (specified further), we have

. P

0§ : — — o, Vi — v € L?, B — Bycl?, as e—04.
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Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pi=0=ro> Vo=V, Bjo=8, Ve-B=0. (10)

e The initial data is said to be prepared when

ViV, =0(), Vi(bes+Bs)=0(). (11)
e Otherwise, the initial data is said to be unprepared (or general) .
e The MHD system (4) is equipped with a conserved energy. A suitable rewriting of energy

conservation (in fact inequality) ensures that lim._,q ||p§ — 1||le @ =0

¢ We mainly assume that the energy of the initial data (pg, v5, By) is bounded uniformly with
respect to . Then, up to a subsequence and at least in a weak sense (specified further), we have

c._Po—1
Qg ‘= -

e We will show (Theorems 1 and 2) that, always up to a subsequence,

— 00, VS—‘VO'ELZ, BS—\BOELZ7 as ¢ — 0.

lims_y0 ||p° — 1”Lff,‘;(R+:LQ’,C(Q)) =0, and that, at least in a weak sense, we have:

6._pE_1
e €

€ — v, B —B, as ¢—04.

— 0, Vv
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Prepared versus unprepared (or general) initial data
e Attime t = 0, we start with

Pi=0=ro> Vo=V, Bjo=8, Ve-B=0. (10)

e The initial data is said to be prepared when
VJ_'VSL:O(E), VJ_(bQS-FBSH):O(E)‘ (11)

e Otherwise, the initial data is said to be unprepared (or general) .

e The MHD system (4) is equipped with a conserved energy. A suitable rewriting of energy
conservation (in fact inequality) ensures that lim._,q ||p§ — 1||le @ =0

¢ We mainly assume that the energy of the initial data (pg, v5, By) is bounded uniformly with
respect to . Then, up to a subsequence and at least in a weak sense (specified further), we have

c._Po—1
Qg ‘= -

e We will show (Theorems 1 and 2) that, always up to a subsequence,

— 00, VS—‘VO'ELZ, BS—\BOELZ7 as ¢ — 0.

lims_y0 ||p° — 1”Lff,‘;(R+:LQ’,C(Q)) =0, and that, at least in a weak sense, we have:

€ pE —1
o=
€
e The next stage is to identify the limit (o, v, B).

€

— 0, Ve — v, B —B, as ¢—04.
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The limit model RMHD : perpendicular components
e The perpendicular component B, := {(B;, By) € R? and the perpendicular component v, :=
t(v1, v2) € R? can be identified independently by solving the following nonlinear closed system:

{8IBL —VvL+VL-(BL®vy —vi®By)—niA1Bl —mABL =0,

(12)
Ovy —BL+Vy - (vi®vy —BL®BL)+Vim—puiAivy —puAyve =0,

together with the (transverse velocity) divergence-free condition: V. -vL =0, (13)
and the initial data: (B, V1 )0 = (PLBoy,P1vo1) € LA RY), (14)
where the projection P, :=1, — VJ_AI1 V1 denotes the 2D transverse Leray operator:

vi=Pyvy +Qivy, Vi-(Prvi)=0, Vi x(Qrvi)=0, Vi xvy:=01vr—0W.
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The limit model RMHD : perpendicular components
e The perpendicular component B, := {(B;, By) € R? and the perpendicular component v, :=
t(v1, v2) € R? can be identified independently by solving the following nonlinear closed system:

{8IBL —VvL+VL-(BL®vy —vi®By)—niA1Bl —mABL =0,

(12)
Ovy —BL+Vy - (vi®vy —BL®BL)+Vim—puiAivy —puAyve =0,

together with the (transverse velocity) divergence-free condition: V. -vL =0, (13)
and the initial data: (B, V. )j—0 = (PLBoL,P1voL) € L2(RY), (14)
where the projection P, :=1, — VJ_AI1 V1 denotes the 2D transverse Leray operator:

vi=Pyvy +Qivy, Vi-(Prvi)=0, Vi x(Qrvi)=0, Vi xvy:=01vr—0W.

o Passing to the limitin V.- B; =0, weinferthat V - By, =0, andthus By, =P, By, .
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The limit model RMHD : perpendicular components
e The perpendicular component B, := {(B;, By) € R? and the perpendicular component v, :=
t(v1, v2) € R? can be identified independently by solving the following nonlinear closed system:

{8IBL -y +V,-(BL®v—vi®B)-niA B, —mABL =0,

(12)
Ovy —BL+Vy - (vi®vy —BL®BL)+Vim—puiAivy —puAyve =0,

together with the (transverse velocity) divergence-free condition: V1 -vL =0, (13)
and the initial data:  (B1,V1)j—0 = (PLBoL,PLv1) € L2(;RY), (14)
where the projection P, :=1, — VJ_AI1 V1 denotes the 2D transverse Leray operator:
vi=Pivi +Quvy, Vi -(Pivi)=0, VL x(Quvi)=0, VoL xvy:=01v—0av.
o Passing to the limitin V.- B; =0, weinferthat V - By, =0, andthus By, =P, By, .

e The same applies for vg in the case of prepared data.
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The limit model RMHD : perpendicular components
e The perpendicular component B, := {(B;, By) € R? and the perpendicular component v, :=
t(v1, v2) € R? can be identified independently by solving the following nonlinear closed system:

{8IBL -y +Vy-(BL®v—Vvi®B)-niA B —nABL =0, (12)

Ovy —OBL+VL - (vi®vy —BI®B)+Vim—puiAjvy — vy =0,
together with the (transverse velocity) divergence-free condition: V. -vL =0, (13)
and the initial data: (B, V. )j—0 = (PLBoL,P1voL) € L2(RY), (14)

where the projection P, :=1, — VJ_AI1 V1 denotes the 2D transverse Leray operator:
vi=Pivi +Quvy, Vi -(Pivi)=0, VL x(Quvi)=0, VoL xvy:=01v—0av.
o Passing to the limitin V.- B; =0, weinferthat V - By, =0, andthus By, =P, By, .

e The same applies for vg in the case of prepared data.

e For unprepared data vj, in general, we find that vp, # P v, . Still, we can show that the

limit initial condition is P, vp; and not vy, . This passage from vy, to P, vy, reveals the
underlying presence of a time boundary layer (which may arise in the absence of preparation).
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The limit model RMHD : perpendicular components
e The perpendicular component B, := {(B;, By) € R? and the perpendicular component v, :=
t(v1, v2) € R? can be identified independently by solving the following nonlinear closed system:

{BIBL -V +VL-(BL®vL —vi®By)—niA1B —mABL=0, (12)
Ovy —BL+Vy - (vi®ve —BL®BL)+Vim—puiAivy —puAyve =0,
together with the (transverse velocity) divergence-free condition: V1 -vL =0, (13)
and the initial data: (B, V. )j—0 = (PLBoL,P1voL) € L2(RY), (14)
where the projection P, :=1, — VJ_AI1 V1 denotes the 2D transverse Leray operator:

vi=Pyvy +Qivy, Vi-(Prvi)=0, Vi x(Qrvi)=0, Vi xvy:=01vr—0W.

o Passing to the limitin V.- B; =0, weinferthat V - By, =0, andthus By, =P, By, .

e The same applies for vg in the case of prepared data.

e For unprepared data vj, in general, we find that vp, # P v, . Still, we can show that the
limit initial condition is P, vp; and not vy, . This passage from vy, to P, vy, reveals the
underlying presence of a time boundary layer (which may arise in the absence of preparation).

e In the second equation of (12), the pressure 7 plays the role of a Lagrange multiplier to ensure
the transverse incompressibility of the flow. Using (13), we have

(VL -BL)—nmiAi(Vy -Bl)—miAy(Vy-B1)=0.

It follows that the divergence-free condition on By, is propagated,i.e. V, - B, =0.
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The limit model RMHD : parallel components
e The weak limit (By, v, ) is decoupled from the one of (B, v, ). In fact, knowing the content of
(BL,Vv.), with the constant c:=1+ (1/b) > 1, we have access to (By, v,) through:
{C(atBH +(ve-VL1)By)—owvi—(BL Vi)V —n1A1 By — il By =0, (15)
Ovii +(vie - Vi) — 0By —(BL -V 1)By —prAyrvy —pAyvy =0,

and the initial data

(B vi)jt=o = (Bonsvon),  Bon = (Bon — eo)/c- (16)
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The limit model RMHD : parallel components
e The weak limit (B, vy ) is decoupled from the one of (B, v, ). In fact, knowing the content of
(BL,Vv.), with the constant c:=1+ (1/b) > 1, we have access to (By, v,) through:

{C(atBH +(ve-VL1)By)—owvi —(BL Vi)V —n1AL By — il By =0, (15)

Ovii +(vie - Vi) — 0By —(BL -V 1)By —prAyrvy —pAyvy =0,
and the initial data

(B vi)jt=o = (Bonsvon),  Bon = (Bon — eo)/c- (16)

e Given e > 0, the fluid is slightly compressible since p¢ =1+ 20° with o° ~ p.

e The expression o° (and its weak limit o ) plays at the level of (4) the part of a one-order
corrector which keeps track of the original compressibility.

o Now, looking at (7), o° acts in the equations with the same order as the components v; and
Bj. Itis therefore reasonable to find a link between o, v, and Bj.

e In view of the second relation inside (8), we can already infer that p + By = 0, where
p = bo is the weak limit of pc. By this way, B, acquires asymptotically the status of a pressure
which can serve to measure some compressibility in the parallel direction.
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The limit model RMHD : parallel components
e The weak limit (B, vy ) is decoupled from the one of (B, v, ). In fact, knowing the content of
(BL,Vv.), with the constant c:=1+ (1/b) > 1, we have access to (By, v,) through:

{C(atBH +(ve-VL1)By)—owvi —(BL Vi)V —n1AL By — il By =0, (15)

Ovii +(vie - Vi) — 0By —(BL -V 1)By —prAyrvy —pAyvy =0,
and the initial data

(B vi)jt=o = (Bonsvon),  Bon = (Bon — eo)/c- (16)

e Given e > 0, the fluid is slightly compressible since p¢ =1+ 20° with o° ~ p.

e The expression o° (and its weak limit o ) plays at the level of (4) the part of a one-order
corrector which keeps track of the original compressibility.

o Now, looking at (7), o° acts in the equations with the same order as the components v; and
Bj. Itis therefore reasonable to find a link between o, v, and Bj.

e In view of the second relation inside (8), we can already infer that p + By = 0, where
p = bo is the weak limit of pc. By this way, B, acquires asymptotically the status of a pressure
which can serve to measure some compressibility in the parallel direction.

e For prepared data, that is when By + bgy = 0, we start with By = By.

e Otherwise, for general unprepared data (which is our framework), we find that By # By -
Again, this is the hallmark of a boundary layer occuring at time t = 0 concerning the component
Be.

I
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Q Results
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The periodic case: Q = T3
e The functional framework (existence of weak solutions) is based on Lions’s 1998 book (L98),

Lions—Masmoudi-JMPA-98 (LM98), Feireisl-Novotny-Petzeltova-JMFM-2000 (FNP0O), and
Hu-Wang-ARMA-2010 (HW10).

p_ =p5 (T, p5>0, p5vs € L3(T®),
[t=0

pove it pg #0
0 if pg =0

2 1) (3
e Select initial data satisfying ¢ (P°V")—o = Mo } e L2013, (17)

BE
lt=0

— B e 5(1%), V. B5=0, /adxsf:o.
T

We assume that these regularity assumptions are uniform with respect to e.
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The periodic case: Q = T3

e The functional framework (existence of weak solutions) is based on Lions’s 1998 book (L98),
Lions—Masmoudi-JMPA-98 (LM98), Feireisl-Novotny-Petzeltova-JMFM-2000 (FNP0O), and
Hu-Wang-ARMA-2010 (HW10).

p_ =p5 (T, p5>0, p5vs € L3(T®),
[t=0

povo it po #0 2 /(y+1) (3
{o it g —0f °F (™), (17)

e Select initial data satisfying ¢ (P°V")—o = Mo

BE
lt=0

— B e 5(1%), V. B5=0, /Tadxsf:o.

We assume that these regularity assumptions are uniform with respect to e.
e Furthermore, given a constant Cy (not depending on &), we impose

1 1,512 < |2 a / £\Y e(e\yy—1 —Z

— —_— — —1)(pg)") < Cy. (1

5 [ o EGIE 185 + g [ o (8 =265+ (= D5)7) < G- (19

This is completed by: %::m%'/ Ok pf —1, ase —» 0, . (19)
T3
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The periodic case: Q = T3

e The functional framework (existence of weak solutions) is based on Lions’s 1998 book (L98),
Lions—Masmoudi-JMPA-98 (LM98), Feireisl-Novotny-Petzeltova-JMFM-2000 (FNP0O), and
Hu-Wang-ARMA-2010 (HW10).

p\srzo =pp € L’Y(Ts)’ pg >0, \/pgvg S L2(’]I‘3)7
povo it pg #0 o/ (riA) 13
o Select initial data satisfying (P°VE) g = M5 = {0 it o =0 € 27/ (1) T3y | (17)

BE
lt=0

— B e 5(1%), V. B5=0, /TadeE:O.

We assume that these regularity assumptions are uniform with respect to e.
e Furthermore, given a constant Cy (not depending on &), we impose

1 1,512 < |2 a / £\Y e(e\yy—1 —Z

— —_— — —1)(pg)") < Cy. (1

5 [ o EGIE 185 + g [ o (8 =265+ (= D5)7) < G- (19

This is completed by: %::m%'/ Ok pf —1, ase —» 0, . (19)
T3

e As soon as vy > 3/2, works of [L98, LM98, FNP00, HW10] furnish a weak solution to (4) with
p° € LR (Ry; LV(T3)),  ve e L2 (R H'(TP)),
VPEVE € L2 (Re; L2(T3)),  pve € L2 (R L2/ OFD(TR)) A oo (R L2/0FD(T3))
B e Lloc (RJr; LZ(TS)) N Cloc (R+; Laeak(Ta)) n Lﬁ)c (R+; H1 (Ta)) ’ /3 axB°=0.
T
(20)
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The periodic case: Q = T3

e The mass is conserved ’

g - 5
P e

dx p* = pg
and thus, using (19), we deduce that p* — 1, as ¢ — 0.
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The periodic case: Q = T3
e The mass is conserved

_ 1 _
€= —— dx p° = pg,
P |T3| /1r3 P Po
and thus, using (19), we deduce that p¢ — 1, as € — 0.

e Moreover, we have two energy inequalities
t
B (1) +/ dsD(s) < ES, ae. t € [0,400), (21)
0
with E € {&4, &}, wherefor i =1,2,

Sf(t):/ﬂdx(%f|v€|2+%|85|2+n,-(p6)), s,%:/de(%p3|v§\2+%|83|2+n,-(p8)), (22)

}sz/dx (RS LVER 4+ 100 Ve + N Ve - vER + s [V BEP + 0§ |0 BE?),  (23)
Q
and
a a P _
Mq(pf) = €)Y Mo(pf) = YT — ~pf(pE)Y ! —D(E)). (24
1(p%) 52(7—1)(” o Ma(p®) 62(7_1)((/’) Y (PE) T+ (v = 1)(p°)7) . (24)

e Fori =1, the inequality (21) is a consequence of straightforward calculation involving (4).

e Using the mass conservation, we can check that the inequality (21) for i = 2 is equivalent to
g1) for i =1. The case i =2 isintroduced because it allows a better comparison of p* with

pe.
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The periodic case: Q = T3
Theorem (Convergence of MHD to RMHD on a periodic domai

n)

Assume Q = TS and v > 3/2. Consider a sequence {(p, v, B%)}.~o of weak solutions to the
compressible MHD system (4) with initial data {(pg, v§, Bg)}e>0 asin (18). Let us set

o° := (p° — p%)/e. Then, up to a subsequence, the family {(p%, o
(1,0,v,B) as:

p° — 1 in L(Ry; LY (T®))—strong,

0 — g in L2(Ry; L*(T3))—weak—, = min{2,~},
Pvi — Pyvy =vy in L2 (Ry; PN HS(T®))—strong,
Q v — 0 in L2 (Ry; H'(T%))—weak,

vi — vy in L2 (Ry; H'(T®))—weak,

BS — B, in L (Ry; L2(T%))—strong, 1<r< oo,

,ve,B%)}.~0 converges to

1<p<6, 0<s<1,

B — By in L2 (Ry; H'(T3))—weak N L2(Ry; L2(T3))—weak—x .

The limit point (v, B) is a weak solution to the RMHD equations (

(BL,v1)|_y = (Bor,Pivor) € L5(T%),  (Bi,vi)

lt=0

12)-(13)-(15) with initial data

= (Bou, voi) € LA(T%),

where By, is asin (16), and it satisfies the following regularity properties

Be [RR AT NERGH(TY),  ve LRER:HT®)) N LE (R H(TY).

Moreover, ¢ and B, satisfy the relation bo+ B, = 0, fora.e. (

loc

t,x) €]0, +oo[xTS.

4
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The whole space case: Q = R®

e In order to define weak solutions in the whole space, we need to introduce the following special
type of Orlicz spaces LG(Q),

Lg(Q) = {f € L{pe(Q) | flyn<sy € LURQ), Flygss) € LP(R), & >0},

where the function 1g denotes the indicator function of the set S. Obviously LQ(Q) = L[P(Q).
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The whole space case: Q = R®

e In order to define weak solutions in the whole space, we need to introduce the following special
type of Orlicz spaces LG(Q),

L(Q) = {f € Lo (Q) | flgf1<s5y € LUQ), flynssy € LP(Q), 6 >0},
where the function 1g denotes the indicator function of the set S. Obviously Lﬁ(Q) = LP(Q).
e The functional framework is based on [L98, LM98, FNP00, HW10]. Select initial data satisfying
P, =r5 € Ln(®®), pf—1€3(R%), v>8/2, p5>0, /pjvs € P(R%),

povg if pg #0
(P°VE)),, = ms = {0 i of =0 e L. (R,
S =

(25)
5 = 2(m3 & e
B|,O—Bo€L(R)v Ve -B; =0, /deXBOZO’
pg—1, vy —0, Bj—0, as|x| —o0.
We assume that these regularity assumptions are uniform with respect to e.
e Furthermore, given a constant Cy (not depending on ¢), we impose
1 £1,,E(2 e |2 a £\Y &
5 [ X (p5lvgI° + [B5I°) + ax ((p5)" =5 +v—1) < Co. (26)
2 Jr3 ( —1) Jgs
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The whole space case: Q = R®

e Assoon as v > 3/2, the contributions [L98, LM98, FNP00, HW10] furnish a weak solution to
(4) with

P E LR LL(RY), p°— 1€ LR(RLJ(RY), Vv € LB (Ry: L2(RY),
VPRV € LRy LR, p7v° € L (Rei L) OV () 1 e (s L0V (89)),

B° € LES(Ry; L2(R%)) N Gioe (R Loy (B)) N L2, (R H'(T2)), /Tadxsf:o,

pf—1, vv—0, B*—0, as|x|— 0.
(27)
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The whole space case: Q = R®

e Assoon as v > 3/2, the contributions [L98, LM98, FNP00, HW10] furnish a weak solution to
(4) with

P e LRy LT (R)), p° — 1€ LS(Ry; LJ(RY)), Vv° € 2 (Ry; L2(RY)),
VIEVE € LRy AR, p°vE € L2 (Ry; 2T/ OTRS)) 0 o (R L2 0V (RD))

B° € LES(Ry; L2(R%)) N Gioe (R Loy (B)) N L2, (R H'(T2)), /Tadxsfzo,

pf—1, vv—0, B*—0, as|x|— 0.

(27)
¢ Moreover, we have the energy inequality (21) with |E* = £ given by the formula (22)
and I; = M3, where M3 is defined by
M3(p®) = %((pa)”fvp“rvfw (28)
(v —1)

This energy inequality is the consequence of straightforward calculation involving (4).
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The whole space case: Q = R®
Theorem (Convergence of MHD to RMHD on the whole space)

Assume Q =R® and~ > 3/2. Consider {(p%,v®, B%)}.~0 asequence of weak solutions to the

compressible MHD system (4) with initial data {(pg, V5, B5)}e>0 asin (26). Let us set
0° := (p° — 1)/e. Then, up to a subsequence, the family {(p¢, 0%, v¢, B%)}.~0 converge to
(1,0,v,B) as

p° — 1 in LR(Ry; L N L) NH™%(R®)—strong, o >1/2,

loc

0 — g in LX(Ry; LE. N H™*(R%))—weak—, r=min{2,7}, «>1/2,

Pvi — Pivy =vy in L2 (Ry; P NHS (R®))—strong, 1<p<6, 0<s<1,

loc

Qv — 0 in L2 (Ry; H'(R®))—weak,

vi — v in L2 (Ry; H'(R®)) —weak,

BS — B, in L[ (Ry;[2 (R®))—strong, 1<r< oo,

Bf — By in L2 (Ry; H'(R®))—weak N LS (Ry; L2(R3))—weak—*
The limit point (v, B) is a weak solution to the RMHD equations (12)-(13)-(15) with initial data

(BL V1) = (PLBoL,Pivor) € LB(R®),  (Bu,vi)|_, = (Bon, voi) € LA(R?),

where By is as in (16), and it satisfies the following regularity properties

B € LIOC(R+’ LZ(RS)) N LlOC(R+; H1 (RS)) ) Ve Lloc(R+' Lz(TS)) N L]oc(R‘H H1 (Rs)) :

Moreover, o and B satisfy the relation b+ By =0, fora.e. (t, x) €]0, +-co[xR3.

V.
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o Some elements of the proofs
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The periodic case : Q = T2 (Global-in-time, No prepared initial data)
e Compactness (weak or strong) for the sequences :

{(957 957 VE? ]PJ_VJE_» lej_z psvs’ PL(pEVi)» BE, Bi)}€>0 :
@ Physical a priori estimates : energy inequality, convexity of pressure law.

@ Mathematical a priori estimates : Holder inequality, Poincaré—Wirtinger inequality,
“infinitely” iterated Gagliardo—Nirenberg interpolation inequality.

@ Standard compactness tools : Sobolev embeddings (spatial compactness),
Aubin-Lions—Simon theorems (time compactness).
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The periodic case : Q = T2 (Global-in-time, No prepared initial data)
e Compactness (weak or strong) for the sequences :

{(P57 Qaz V67 PJ_Vi7 QJ_Viz psvs7 PJ_(pEVj), BE? Bi)}5>0 :

@ Physical a priori estimates : energy inequality, convexity of pressure law.

@ Mathematical a priori estimates : Holder inequality, Poincaré—Wirtinger inequality,
“infinitely” iterated Gagliardo—Nirenberg interpolation inequality.

@ Standard compactness tools : Sobolev embeddings (spatial compactness),
Aubin-Lions—Simon theorems (time compactness).

e Passage to the limit in the perpendicular direction.

@ We use the unitary group method (Schochet-JDE-1994, LM98).

@ Recall the unitary group Sg(t), which is associated with the perpendicular wave operator
related to the propagation of transverse fast magnetosonic waves.

@ Filtering the unknows U° :=!(¢*,!®¢) , with ¢° := b0 + BS, and ®° :=Q, (p°v5), by
using the group Sr(t/e), we get existence of the limit U = (¢, TW) € L2 (R4 ; L2(T3; R%)).

loc

To pass to the limit in both singular terms and nonlinear terms, we construct an approximate
solution given by

Us = Sg(t/e)U + RS, with RS — 0 in L2 (Ry; H=7(T%))—strong. (29)
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The periodic case : Q = T2 (Global-in-time, No prepared initial data)

@ The pressure term 7, which can be seen as a Lagrange multiplier ensuring the constraint
V.1 - v, =0, comes from the following three contributions 7y, 7 and m3.

» The pressure term 7y comes from the singular (compressible) fluid pressure term and
the singular magnetic term.

» The pressure 7, comes from the non-singular fluid and magnetic pressure terms.

» The pressure term 73, which comes from the Reynolds stress tensor, results from
taking into account the resonant interactions of the compressible modes on the

incompressible mode, while the non-resonant interaction terms vanish in the limit by
using Riemann-Lebesgue or stationary phase arguments.
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The periodic case : Q = T2 (Global-in-time, No prepared initial data)

@ The pressure term 7, which can be seen as a Lagrange multiplier ensuring the constraint
V.1 - v, =0, comes from the following three contributions 7y, 7 and m3.

» The pressure term 7y comes from the singular (compressible) fluid pressure term and
the singular magnetic term.

» The pressure 7, comes from the non-singular fluid and magnetic pressure terms.

» The pressure term 73, which comes from the Reynolds stress tensor, results from
taking into account the resonant interactions of the compressible modes on the

incompressible mode, while the non-resonant interaction terms vanish in the limit by
using Riemann-Lebesgue or stationary phase arguments.

e Passage to limit in the parallel direction.

@ We use special cancellations due to the particular structure of the equations. In particular we
use the combination of the equations of p* and B;j.

@ To pass to the limit in weak products, where each term of the product converges only weakly,
we use a space-time compactness argument due to P.-L. Lions (in “Mathematical Topics in
Fluid Mechanics. Compressible models”, 1998) for showing the existence of weak solutions
for the compressible Navier—Stokes equations.

This is link to the resurgence of compressibility in the parallel direction.
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The wholde space case : Q = R3 (Global-in-time, No prepared initial data)
e Compactness (weak or strong) for the sequences :

{(pav 957 VE? IPJ.Viv @J.Vj7 PEVE7 PL(pEVi)v BE, Bi)}€>0 :
@ The proof of a priori estimates follows more or less the same lines than the periodic case.

@ Since in the whole case the density is only locally integrable in space, we have to deal with
estimates in Orlicz spaces, particularly for p¢, but not only that.

@ compactness properties: local-in-space version for strong compactness results.
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The wholde space case : Q = R3 (Global-in-time, No prepared initial data)
e Compactness (weak or strong) for the sequences :

{(p®, 0%, v, Povi, Quvg, pve, PL(p®v]), B%, B )}eso -

@ The proof of a priori estimates follows more or less the same lines than the periodic case.

@ Since in the whole case the density is only locally integrable in space, we have to deal with
estimates in Orlicz spaces, particularly for p, but not only that.

@ compactness properties: local-in-space version for strong compactness results.

e Passage to the limit. It follows the same strategy as the periodic case but it is more technical :

@ Contrary to the periodic case, we are not able to get the strong convergence (29) for U*.
Indeed, we can still prove locally strong compactness in space-time for /¢ := Sg(—t/e)U*®
(using an Aubin-Lions theorem and local a priori estimates), but returning to U¢, via the
group of isometry Sg(t/e), such local strong compactness seems unaccessible since Sg is
non local. To recover some strong compactness for U* we consider a truncated version of
U¢ and use the uniform integrability in space of such truncated sequences as well as the
energy inequality and the strong convergence of p°.

@ By contrast with the zero-Mach-number limit of compressible Navier—Stokes equations, where
in Desjardins-Grenier-PRSLA-1999 the dispersive effects (and Strichartz estimates) of the
wave equation are used to show strong convergence to zero of the irrotational part the
velocity, Qv©, (fast acoustic waves), here, it seems not possible to use dispersive effects of
the perpendicular wave operator (associated with the transverse fast magnetosonic waves) to
show that Q, v§ converges strongly to zero. This is an extra difficulty due to anisotropy.

e Openissue : Can we get extra strong compactness for Q v{ (in all variables) using some
dispersive effects of the perpendicular wave operator ?
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