Generalised RMHD: putting solar-wind turbulence on an
industrial basis

J. Squire!, B. D. G. Chandran?, T. Adkins3, W. A. Clarke*°,
R. Meyrand?!, and M. W. Kunz%3

3 5 6
Eg UNIVERSIT; & v
OTAG O % UK Atomic
PRINCETON
Energy UNIVERSITY

I ‘ Te Whare Wananga o Otago S
[Ascaed] NEW ZEALAND i

Authority



Table of Contents

1. Motivation

2. An outline of generalised RMHD

3. Reflection-driven-turbulence in tangled fields

4. Density transport from closed-field regions



Table of Contents

1. Motivation



Solar-wind acceleration and heating
Figure due to B. Chandran
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» Numerous processes are responsible for the acceleration and heating of the
solar wind: reconnection, reflection, Alvénic heating, ...

» Models have typically assumed locally symmetric flux-tube geometries or
added additional effects in ad-hoc ways
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Solar-wind acceleration and heating

» Numerous processes are responsible for the acceleration and heating of the
solar wind: reconnection, reflection, Alvénic heating, ...

» Models have typically assumed locally symmetric flux-tube geometries or
added additional effects in ad-hoc ways

»> Can we capture (some of) these processes within a single framework?
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2. An outline of generalised RMHD



Our starting point

» Compressible MHD in a (slowly) rotating frame:

Op
E—FV'(,D’U,):SP,
ou B? B-VB
P <j§;’4‘11' Vu +—2(] X 1L) +"7 (p-+*5;;> - “‘i%f‘*
:—pV(I)tot-‘rV'H-‘rSpU—’U/SP,
0B
E:Vx(uxB)fo(anB),
8Eth _ . n 2
5 +V~(uEth)ffpV~u7V-q7H.Vu+E|VXB\ + Stn,

where p, u, B, p, II, q, n have their usual meaning, and

— rotation rate: €
— thermal energy: Ewn = p/(y —1)
~ total potential: ®yor = Pgrav + Prot, Prot = —|2 x 7[*/2.

— sources: S,, S,u,S,
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Our starting point

» Compressible MHD in a (slowly) rotating frame:

0
S+ V- (pu) =S,

2 .
(% o) o v (54 ) - BVE
T 47

= —pV@tot + V- II + SpU — ’U,Sp,
0B

E:Vx(uxB)fo(anB),

pT(%qLu-V)s:f'ychSpr-qu:Vu+%|VXB|2+Sm

where p, u, B, p, II, q, n have their usual meaning, and

— rotation rate:

— thermal energy: Ewn = p/(y —1)

— total potential: ®ior = Pgrav + Prot, Prot = —|Q x 7|?/2.
— sources: Sy, Sou, Sy

— entropy: s — so = ¢y logp/p”?, cv = R/(y—1)
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Another multiscale expansion...

» Inspired by fusion gyrokinetics (Frieman & Chen, 1982; Sugama & Horton,
1998; Abel et al., 2013), perform an asymptotic expansion in € = k) /k1L < 1:

9= Z 6n (n)7 <g(n)>turb + 6g(n)’ <5g(n>>turb =0

n=0
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Another multiscale expansion...

» Inspired by fusion gyrokinetics (Frieman & Chen, 1982; Sugama & Horton,
1998; Abel et al., 2013), perform an asymptotic expansion in € = k) /k1L < 1:

g=> g™, ¢m:<¢m> +5¢™, <®m» —0.
turb turb

n>0

Turbulence average
o = (1),
over intermediate timescales
wlT<T,
and large spatial scales

EL<<L§A€“.
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Another multiscale expansion...

» Inspired by fusion gyrokinetics (Frieman & Chen, 1982; Sugama & Horton,
1998; Abel et al., 2013), perform an asymptotic expansion in € = k) /k1L < 1:

_ n (n) < (n)> §5a™ <5 (n>> -0
9= 7%:06 ’ g turb + g ’ g turb
» Ordering:
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Another multiscale expansion...

» Inspired by fusion gyrokinetics (Frieman & Chen, 1982; Sugama & Horton,
1998; Abel et al., 2013), perform an asymptotic expansion in € = k) /k1L < 1:

9= Zen (n)7

n=0

» Ordering:

bp _dp 85 B

p p s B

» Multiple time scales analysis:

Y= (g™ ag™,
turb

a

<5g(">> =0.
turb

ul |kl w Ky

~ €.

VA ki kiva ki
eg + 63g
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Another multiscale expansion...

» Inspired by fusion gyrokinetics (Frieman & Chen, 1982; Sugama & Horton,
1998; Abel et al., 2013), perform an asymptotic expansion in € = k) /k1L < 1:

_ n (n) < (n)> §5a™ <5 (n>> -0
9= 7%206 ’ g turb + g ’ g turb
» Ordering:

o o 0s 8Bl bul |kl | w K
p D s B vA ki kiva ki

~ €.

» Multiple time scales analysis:

90, .0
ot ot or’

» Field-aligned mean flow:

<u<0>>mb =U =Ub.
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First order: equilibrium and constraints

» Continuity:

e _ Ologp | OlogU 0OlogB 1
Equilibrium : e + Y, EN = (pU)™ " S,.

Fluctuations :

» Momentum:

2
Equilibrium : vi(n —V.ilogB) — %SVJ_ logp = U%k + V1 ®grav,

c? dlogp 20U
_; 50 +b-S,u—-US,=U W+b'v‘bgr3V'
: 8p v 9B,
Fluctuations : ; = -7 2 B

» Induction:

Equilibrium : no constraint due to U being parallel to b.

Fluctuations : |V -6B; = 0.
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First order: equilibrium and constraints

» Continuity:

e _ Ologp | JlogU 0OlogB 1
Equilibrium : B + Y, 2% = (pU)™ " S,.

Fluctuations :

» Momentum:

2
Equilibrium : Ui(m —V.ilogB) — %SVJ_ logp = Uk + V1 ®grav,

2
¢ dlogp , OU
TN bs —US:Ui b'V(I)rav.
v ot + e P EY, + g
1) 2 0B
Fluctuations : ?p = _7%?”.
> Entropy/energy:
Equilibrium : %% = S —veTS, -V - q.
Fluctuations : 9s = P _ fy@.
Cy p p
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Second order: generalised RMHD

» The averaged equations at second order are homogenous in <g(1)> =0.
turb

» In addition to one for the entropy ds, one obtains fluctuating equations for the
Elsésser fields
B,

Varp’

i:5ui¥

and the slow-mode variables

2
+ _ va 9B vA

zy = ouy FoVy, OV , vg = .
] VI =B T e

» The total fluctuating energy

— Lty ¢ Llop (Y
Wiow = o (1= F 127 4 =] P 4 1a )+ 52 1)<(CU K

obeys a conservation law similar to that seen in gyrokinetics: injected by
equilibrium gradients, and dissipated by non-ideal effects (e.g., resistivity).
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Third order: transport equations

» Transport-timescale induction equation:

0B -
5, = VX [(Ui2+Vy) x B =V x (waB),
where
5B” (5BL
vos (T T ),
> U, > = <u(2)>t . is the second-order perpendicular mean flow that is set up

by the fluctuations in order to maintain perpendicular force balance. It is
required to ensure that the equilibrium remains stationary on ~ w™?.
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Third order: transport equations

» Transport-timescale induction equation:

0B -
5o =V X [(Ui+Vy) x B = V x (waB),
where
5B” (5BL
vos (T T ),
> U, > = <u(2)>t . is the second-order perpendicular mean flow that is set up

by the fluctuations in order to maintain perpendicular force balance. It is
required to ensure that the equilibrium remains stationary on ~ w™?.

» Magnetic energy evolution:

o (B? B? - V.B B? -
5 (5) 5w (- 557) -7 (&%)
A force free field (k = V 1 B/B) provides no source of free-energy =

equivalent to the statement that there is no drive purely from magnetic field
gradients (Abel et al., 2013).
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Third order: transport equations

» Transport equations

4 G+V - -T'g=3S8g,
dT¢

where G = (p, pU, Exn), and d/dr],, is the time-derivative in the magnetic-field

frame (following a control volume whose boundary moves with Vw)
» Turbulent fluxes:

T, =p(V,—Vy)
Louv=pU(Vu+V,—Vy)
Lin = B (Vp —7Vy)

» Turbulent velocities:

5p > < 5BH 5BL >
V,=(—0u , Vy=(0u,— — —du ,
! < P B turb v - B B ! turb

5]3 5u‘|(5ul (SB”(SBL
V., ={( =§ Vi = — .
? < p Ud_>turb ’ v < U 47er turb
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3. Reflection-driven-turbulence in tangled fields



Alfvénic dynamics

ot (UEva) (b V Yzt 42T vt + 258 =
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Alfvénic dynamics

8i—&—(U:N:UA)(UV—I—bm Nzt 42T vt +VJ‘p

ot 0
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Alfvénic dynamics (i) WKB Growth

> 5

02T o Kl 2+

t
Btzﬁt o Kl‘zﬁ

I
%—&—(U:EUA)(UV—I—bR Dzt 42T vt +

V.ip

1
4 ol

_ _(UMA){ (=* )mog”}
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Alfvénic dynamics (i) WKB Growth

> 5

02T o Kl 2+

t

Btzﬁt o IC”zﬁ

%—&—(U:EUA)(UV—I—bR-)zi—i—z -Vz —|—VJ‘p
_ _ 1 + alogp _ . B5B||
(U Fva) { 1 (z ) a0 2k [ Udy Tp
(iv) Curvature 1 (v) Curvature 2

AR vy

8tzH x K-zt Opz* ocnzH
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Alfvénic dynamics (i) WKB Growth (vi) Gravity
S — g

> id - -
atz:t x ’cHzi /V
Btzﬁt x IC”zﬁ 0, 2% o ippgé_ﬂ
%—&—(U:EUA)(UV—I—bR-)zi—i—z -Vz —|—VJ‘p
_ Loz Ologp] _ BBy dp 1
(U Fva) { 1 (z ) a0 2k [ Udy Irp + ) [
(iv) Curvature 1 (v) Curvature 2
! 3
8tzH x K- 2zT 8,2 ocnzH
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Alfvénic dynamics (i) WKB Growth (vi) Gravity
S — g

izt x Kl 2+ i,f§1/"3/////
8tzﬁt x IC”zﬁ 0, 2% o ?pgé-ﬂ
%—&—(U:EUA)(UV—I—bR-)zi—i—z -Vz —|—VJ‘p
1 dlo BB )
_ F . L x  _F grP| _ ooy 90 1

(U Fva) {z Vb 1 (2= —=2%) Y, } 2Kk (U(Suu Irp ) + ) o
(ii) Reflection (iv) Curvature 1 ) Curvature 2
02T o Kllz* !t : i ?
6tzﬁ o lC”zﬁ 8tzH x K- 2zT 2% nzH
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Reflection due to field line ‘squashing’

8zi7 10logp T
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Reflection due to field line ‘squashing’

a® = detJ

Expansion reflection:
Oz” = LU +ua )kl 2 + ..

o.

Q-reflection (squashing):
Ozm =—(U+wa)S 27 +...
o —[S|zF e + S|zt e

Twist:

— The symmetric, traceless tensor S represents reflection caused by
area-preserving elliptical deformations of the flux surface:

1 1/2
zT-S=1S|(zfe1 —z7es), |S|= <§Sij5ij) .
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Reflection due to field line ‘squashing’
Gzii.“_(U oa) _lalogvAl o F
ot Fa 2 or '
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A geometry-dependent competition

1/2
turb”

+

> Assume z7 is energetically dominant, 2+ >> 27, where 2z ~ <|zi|2>

» Rate of heating due to reflection:
W“F
QP ~ TJ- ~ (koz )W .

nl
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1/2
turb’

+
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ex W+ o _—
Q PNtTlN (k52" )WT.

nl
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A geometry-dependent competition

1/2
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+
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A geometry-dependent competition

> Assume z7 is energetically dominant, 2+ >> 27, where 2z ~ <|zi|2>1/2

turb”
» Rate of heating due to reflection:

)

1|0logva
exp + [ =
@ vaWl <2‘ ot
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A geometry-dependent competition

2/Re

> Assume z

» Rate of heating due to reflection:

+

is energetically dominant, z* > 2z, where 2T ~ <|zi|2>1‘fb,

Qexp ~ UAWI (

2

}‘8logv,4

o

)

—

b
w
'S

r/Re

U, va(kms™?)
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A geometry-dependent competition

1/2
turb”

+

> Assume z7 is energetically dominant, 2+ >> 27, where 2z ~ <|zi|2>

» Rate of heating due to reflection:

1|0logva
exp WJr —|yrsva S
Q vaW (2‘ ag +| |)
4 7
10 77
1
3
1
o <
& 3
~ -~
" / = 0.0
/¥J 001
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r/Re t/Re
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A geometry-dependent competition

v

Assume zT

v

1/2

is energetically dominant, z* > 2z, where 2T ~ <|zi|2>mrb,
Rate of heating due to reflection:

1|0logva
exp HrJr —|yrsva
@ va l<2‘ o

)

Flux tube 3

z/Re
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4. Density transport from closed-field regions



Density transport

» The equilibrium density evolves as
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E +V'Fp:Spa FP:p(VP_Vw)v
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Density transport

» The equilibrium density evolves as

Op
E +V'Fp:Sp: I‘P:p(VP_Vw)?
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where the turbulent velocities are:
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P turb

3B 5%) +>
Vo~ (= + =1 .
v <( B vA z turb

» Assume that the fluctuations are in the same balance between nonlinear

advection and drive, viz.,

@ z+-Fp @ v 2T . Fp M zt . F,

p kezt 7 B vi kSzt 7 wa kS 2t

where F'¢ are the source terms in the equations involving equilibrium

gradients.
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~ ) ~ )
p kS zt B v} kS=zt VA kS 2t
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Density transport
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Density transport

» The equilibrium density evolves as

)
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V.B v.U
B U ’
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Fuelling the slow wind

Fp = —Tturb |:VLP - 2P (

v.B
B

+ My

v.U
U

)
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U
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» Cumulative mass flux along tube of width L, ,(¢):
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ML (0) ~ / de' [T, (¢)|Lo,(0).
0
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Fuelling the slow wind

B+MAU
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» Cumulative mass flux along tube of width L, ,(¢):
. min(£,€¢ip) , ,
ML (0) ~/ At [T (€| (0).
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» Assume closed field line is denser and slower than open field line, so
approximate Vi p/p~ —L, ,(¢) and V U/U ~ L ,(¢).
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Fuelling the slow wind

V.B v.U
szfnturb [VLP*2P( E + My (JJ: ):|

» Cumulative mass flux along tube of width L, ,(¢):
. min(£,€¢ip) , ,
ML(0) ~/ At |0, ()| Lo (0).
0
» Assume closed field line is denser and slower than open field line, so

approximate Vi p/p~ —L, ,(¢) and V U/U ~ L ,(¢).

» Compare to an equivalent mass flux due to transport along the tube:

Myase = p(O)U ()L 1, (6).
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Fuelling the slow wind

B+MAU

V.B v.U
'y = = [VJ_/)_QP< = = )}

» Cumulative mass flux along tube of width L ,(¢):

. min(£,€gip) , ,
My (£) N/ Al |Tp(€)| Lo o (0).
0
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Fuelling the slow wind

V.B v.U
'y = = [VLP_2P< E + Ma 5 )}

» Cumulative mass flux along tube of width L ,(¢):

. min(£,€gip) , ,
M, (0) N/ Al |Tp(€)| Lo o (0).
0

L = 0.05R,

SF tip
. LY =0.1R,
g
& |
< S e S L =02R, |
~ —~
N ol RL—
— 050 L =0.3Rg
=
0.10
0.05
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Summary

» We have derived a geometry-complete, multiscale transport theory for RMHD
turbulence in the sub-Alfvénic solar corona, including:
— ‘Squashing’ factors, transverse gradients, curvature, and gravity
— Fast anisotropic fluctuations coupled to a slowly-evolving background

— Coupling of Alfvénic and compressive sectors through gradients

— and much more...
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A potentially useful tool

flucs-code
'Fl“us Organisation for repositories related to the FLUCS

A5 followers () United Kingdom

Popular repositories

flucs

FL
dif

python Tr4 ¥ 1 Centr:

flucs_fluid_etg

ious fluid models

Adkins et al. (2023)

Adkins & Ivanov (in prep.)

flues_fluid_itg
arious fluid models of ion-

Ivanov et al. (2020)

flucs_krehm

Adkins et al. (2024)
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