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• Zonal flows (turbulence-generated): Self-organised, large-scale shear flows that
regulate turbulent transport in magnetised plasmas

• Ion gyroradius scale instabilities tend to generate zonal flows

• These flows are defined as kα = 0

• Can shear apart turbulent eddies and reduce saturation levels

• Many existing theories describe zonal flows in terms of secondary instabilities

• Saturation region important for confinement → early times may be illuminating
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Gyrokinetic Equation

(
∂t + v∥∇∥ + i (kψ∇ψ + kα∇α) · vd

)︸ ︷︷ ︸
Lk

hs,k =

(
∂t + ic

kαT0s

qs

F ′
0s

F0s

)
︸ ︷︷ ︸

Rk

qsF0s

T0s
J0s,kϕk − c

∑
k′

(
kψk

′
α − kαk

′
ψ

)
J0s,kϕk−k′hs,k′︸ ︷︷ ︸

Nk

• Lk, Rk: Linear dynamics

• Nk: Nonlinear mode coupling
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d3ϕk = Q̂[hs,k]

n2

T0,i
(1 + τ)

∑
s

e

n0,s

∫
d3

• Quasineutrality to close the system

• Modified Boltzmann response

• Flux-tube CBC geometry
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Regime of Interest
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Regime of Interest
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Goal of This Work

• Zonal modes can be born via nonlinear driving by linearly unstable primary
modes, not only through a secondary instability

• Frequency-matching selection rule of unstable non-zonal modes governs the
growth rate of zonal modes

• Phase-space structure of driven zonal flow, using “natural” initial condition
⇒ residual significantly higher than classical Rosenbluth–Hinton prediction
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Triadic Model

• Retain only the modes needed to capture zonal-mode dynamics:

Lkψkα hkψkα = Rkψkα

qF0
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{
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• Number of modes is regime-dependent
→ Triadic model suffices in weakly nonlinear phase
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Weakly Nonlinear Regime

• Laplace/Fourier analysis in time
→ Non-zonal dynamics given by their linear equations
→ Zonal mode driven by its nonlinearity
→ Zonal response determined and can be analytically calculated
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Weakly Nonlinear Regime

• Laplace/Fourier analysis in time
→ Non-zonal dynamics given by their linear equations
→ Zonal mode driven by its nonlinearity
→ Zonal response determined and can be analytically calculated

• Result yields zonal amplitude and enforces frequency matching

• No dispersion relation ⇒ no marginal point

• Always there, even if subdominant

• To carry out numerical experiments ⇒ need systematic process to find triad
→ For any given kx plot ky spectrum
→ Identify triad using peak in ky
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Validation of Triadic Model in Weakly Nonlinear Regime
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• The reduced model retains only the nonlinearity on the zonal modes

• How reasonable is our model choice?
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Validation of Triadic Model in Weakly Nonlinear Regime
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Validation of Triadic Model in Weakly Nonlinear Regime

• Reproduces the ϕ2 spectra of the full system
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• How well does this “driven” concept hold?
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Weakly Nonlinear Regime: Numerical Experiment 1

• Evolution of the zonal potential for varying initial amplitudes

• Non-zonal modes are initialised identically; only zonal amplitude is varied
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• Evolution of the zonal potential for varying initial amplitudes

• Non-zonal modes are initialised identically; only zonal amplitude is varied
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• The dashed curve is a proxy for the nonlinear drive ∝ kψkα ϕkψkαϕkα
• Zonal growth “begins” when the nonlinearly driven mode becomes dominant
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Weakly Nonlinear Regime: Numerical Experiment 2

• Analysis predicts frequency matching in the weakly nonlinear regime:

ω = ωkψ,kα − ω∗
kα

NB: Zonal growth is largest for small kψ
Also as kψ → 0, then γkψ → 2γkα
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Weakly Nonlinear Regime: Numerical Experiment 2

• Analysis predicts frequency matching in the weakly nonlinear regime:

ω = ωkψ,kα − ω∗
kα
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Left: Frequency ωkψ − (ωkψkα − ωkα ) Right: Growth rate γkψ − (γkψkα + γkα ).

• Both the zonal frequency and growth rate are captured by the convolution model
across temperature gradients for multiple kψ-modes
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Introduction to the Residual

Based on linear physics, Rosenbluth & Hinton (1998):

R =
⟨ϕ∞⟩ψ
⟨ϕ0⟩ψ

,

0 50 100 150 200 250 300 350
t(vth,i/a)

0.0

0.2

0.4

0.6

0.8

1.0

φkx,ky=0(t)/φkx,ky=0(0)

RH

A measure of how resilient the zonal mode is in saturation
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Introduction to the Residual

• Residual is built up in the “2γ-phase” → Ratio of final to initial ϕ is ∼ constant
(see Richard’s talk from Monday)
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• Natural “reservoir” of energy that is fed in this region and not damped away

• Persistent zonal component → may play a role in saturation?
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Importantly this is usually done with a pure-density initial condition:

⟨δfkψ ⟩R ∼ k2⊥F0
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Weakly Nonlinear Residual: Phase-space Structure

• Find that the residual is affected by the phase-space structure of the
distribution function at t = 0

11 / 17



Weakly Nonlinear Residual: Phase-space Structure

• Find that the residual is affected by the phase-space structure of the
distribution function at t = 0

0 50 100 150 200 250 300 350
t(vth,i/a)

0

1

2

3

φkx,ky=0(t)/φkx,ky=0(0)

RH

ω?
GK

• RH initialisation: ⟨δfkψ ⟩R = k2⊥F0

• ω∗ initialisation: ⟨δfkψ ⟩R = ω∗,kα
(
v̂2 − 3/2

)
ez

2

F0

• GK initialisation: Restart using nonlinear GK simulation from 2γ-region
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Weakly Nonlinear Residual: Phase-space Structure

• Find that the residual is affected by the phase-space structure of the
distribution function at t = 0
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• Different phase-space initialisations yield different residual values and
kψ-spectra
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Weakly Nonlinear Residual: Spectrum

• Non-zonal modes obey linear dynamics:

hk ≈ J0,k
qϕk

T

ωk − ω̂∗,k

ωk − ω̂d,k
F0,

and the zonal mode is driven by them

• This fixes the phase-space structure of the zonal flow, not just the amplitude
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• Spectrum is very sensitive to initial condition → is this useful?
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Summary and Future Work

Summary

• Zonal-modes can be driven by nonlinear forcing from unstable primary
modes (always present, even if subdominant)

• A minimal three-wave model captures the weakly nonlinear dynamics

• The “natural” phase-space initial condition yields a residual that exceeds the
classical Rosenbluth–Hinton level

• Can predict kψ spectrum of residual
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• Zonal-modes can be driven by nonlinear forcing from unstable primary
modes (always present, even if subdominant)

• A minimal three-wave model captures the weakly nonlinear dynamics

• The “natural” phase-space initial condition yields a residual that exceeds the
classical Rosenbluth–Hinton level

• Can predict kψ spectrum of residual

Future Work

• Investigate how/if the residual is important in fully developed turbulence

• Investigate stellarator configurations → Importance of k∥

• Relax the modified-Boltzmann electron response

• Extend minimal model to fully developed turbulence
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Ongoing Work

“This is work in progress. Not really much work, and definitely not much
progress.”

— Ben Chandran
(yesterday)



Ongoing Work – 1. Residuals in W7-X

• Similar story in W7-X geometry → parallel dependence has little impact on
triadic model
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Ongoing Work – 1. Residuals in W7-X

• Similar story in W7-X geometry → parallel dependence has little impact on
triadic model

• Residual spectrum is similar and we see large δu∥ and δT moments
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Ongoing Work – 2. TSM in W7-X

• Work with Sophia Arnold: Master’s (soon Ph.D.) student at Greifswald
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• TSM has been observed in W7-X when strongly driven
(see work by Richard: Saturation of magnetized plasma turbulence by
propagating zonal flows)
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Ongoing Work – 2. TSM in W7-X

• TSM has been observed in W7-X when strongly driven
(see work by Richard: Saturation of magnetized plasma turbulence by
propagating zonal flows)

• Heat flux in W7-X is shown to have a linear scaling with temperature gradient,
following “grand critical balance” predicted by Richard
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Ongoing Work – 3. How Far Can We Push It?

• In the strongly driven regime?
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Ongoing Work – 3. How Far Can We Push It?

• In the strongly driven regime?

• Not surprising? Large-scale zonal becomes decoupled. Need to resolve the TSM

• Near marginality, potentially?

• Minimal model “blows up” around tprim where TSM would kick in
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Thanks for listening
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δn, δu∥, δT
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Residual fraction vs. time
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Sensitivity of Residual
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