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Motivation

e DT fusion produces 3.5 MeV alpha particles; speed is ~10” ms~!. Stufi}_f
collisionless
e (Collisional slowing-down time is ~0.1s. orbits.

e In reactor, p, = p/L ~ 0.03. } Use guiding-centre equations.
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e Magnetic field has nested
toroidal flux surfaces

e But Poincaré plot shows
islands in particle orbits

e These ‘drift islands’ grow
with energy
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Aims:
1. Understand drift islands

2. Calculate shapes of orbits
in Poincaré plot

3. Which rational surfaces
matter?
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Alpha orbits in reactor-scale W7-X
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Alpha orbits in reactor-scale W7-X
1%2 1 MeV, ’U“/’U =409at Bp=65T,¢=0
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Alpha orbits in reactor-scale W7-X
1%2 1 MeV, ’U“/’U =+4+0.7at Bp=6.5T , ¢ =0
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Alpha orbits in reactor-scale W7-X
1%2 1 MeV, ’U“/’U =+4+04at Bp=65T,¢0=0
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Alpha orbits in reactor-scale W7-X
1%2 1 MeV, ’U“/’U =+4+03at Bp=65T,¢0=0
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Why drift islands?

e Guiding-centre equation:
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W hy d rlft IS | dln d S ? Drift-island width:

e Guiding-centre equation: Wb~ | Px I
Drifts: ~ p,. B i
da ”UH . UHB‘
—=—|B+V X = ++2(€& — uB).
T 3 ( + ( 0 where v V/2(E — uB)
S

:— B* (Morozov & Solov’ev 66)

e B™ is a small perturbation to B. In a general stellarator, this small
perturbation creates islands: ‘drift islands’.
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Field-line Lagrangian
= Fald b

e Variational principle for field-line equations: / \ A

Slx] = —d)\ / A-dx
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Field-line Lagrangian

e Variational principle for field-line equations:

A2
Slx| = Az —d)\ / A-dx
A1
S
We use toroidal angle ¢ to parameterise — — .,

position along field line, so:

r—a.%

d¢

e Field lines of B*: A=A+
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Unperturbed Lagrangian
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Unperturbed Lagrangian

\ da dé
ﬁZAOd_C:@bd_C_X(w)
Equations of dé
motion trivial: d_C = ()



Perturbed Lagrangian

A A Ub
\ - 0
. dx V)| dé
_ A* . T -l av
c 1 (¢+QB 6’33)d<—|-



Perturbed Lagrangian

A=Ay U7
\ B QO
_aE 49 ¥ _ U
L=aA e = (¢+ ¢ B ) a (q B oue) dc (x(w) - 4 B - o)
Equations of dé -
motion suck: d¢ =u(¥) - Ze [8¢(U|lb Ocx) — Oc(v)b - (%a:)} +0(p)
dw mc

d¢  Ze [6‘9(7}”" ) — 3@“(’U||5-3¢9w)} + 0 (p3)
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Near-identity change of coordinates

£ (o g Beom) o+ (FB-00) G - () - B 0ce)

e Why do the equations of motion suck? Because the Lagrangian depends on
both angles # and (.

e Our mission: find new coordinates (1,0, ¢) in which Lagranian does not
depend on 6 or (.
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Near-identity change of coordinates

£ (o g Beom) o+ (FB-00) G - () - B 0ce)

e Why do the equations of motion suck? Because the Lagrangian depends on
both angles # and (.

e Our mission: find new coordinates (1,0, ¢) in which Lagranian does not
depend on 6 or (.

v=9+v(0,0,()
0=0+0"(,0,0)
inspired by

X =x+p(x, & p,p)
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Near-identity change of coordinates

_ .00 Yy (Upg. dy _ _Upg.
L=(¢+ 5B o) d§+(QB 9y2) dc () = B 0cx)
Y =14+ (,0,()
6=0+6"(.0.0)
I Oy GO I | o ) 9 1 o Yl o ) 4
=G+ + B~ 0,RV) Tt (<60 1 G B0 - 0,R) T
- - v
+ (=x(®) ()M + B o — 9. RV)
dRW da) d
ST _ 5. p1 ¥ (1) &Y (1)
Also add total derivative: + k% Oy R i + Op R A% + O R )



Near-identity change of coordinates

T v do v d
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Near-identity change of coordinates

T v do v d
L= (?ﬁ—Hﬁm + %B-é’gaz—agl%(l)) d_C + (—9(1) + %B'%fc—@wﬁ(”) d_qf
5 — (b I

+ (—x@) =@V + LB - o — o RV

M = —%B . g + 9y RV

l

p(l) —
0

B - 8¢£B — 8¢R(1)

— do .
L= 55~ X(W) + 5 B (0w +1dyz) — (98D + 10, R
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Near-identity change of coordinates

T v do v d
L= (7,0 -+ w(l) + %B - O — aQR(l)) d_C + (—9(1) + %B + Oy — awR(l)) d_zb

ll

+ (—x@) =@V + LB - o — o RV

e | B (1) (1)
L=1 ¢ X(¥) + O B - (0cx + t0px) ((%R +LO0p R )
—V
1 27 27
9:RMV + 18RV =V — (V) (f) = ) /0 [0 fdod¢
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Final result

b = N B . gz + 9y RD

Q
_do — v
W _—29B.92—8,RV — g — 1p.
0 —+QB Opx — Oy R L wdc X(¢)—|—<QB (8¢m+L8933)>
O:RY +10gRY =V — (V)
Conserved quantity:
Y =19+ (,0,0) b tp— D (h,0,0) =+ LB - dpw — 9pRD

Q
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Problem :(

P V.o —o,pW
%D—@b—I—QB 8933 89R

e If all passing particles conserved 1, then they would all have orbit widths of
size w ~ p, L.

e Must fail around rational surfaces!
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Problem :(

T Ul . _ (1)
%D—@b—I—QB 8933 89R

e If all passing particles conserved 1, then they would all have orbit widths of
size w ~ py L.

e Must fail around rational surfaces!

e Return to:
OcRY +10sRV =V — (V)

> (1) _ .. % &l o
b-VRD = —b-V({ - =U
b-V(

l
R — / U dl’

36



Magnetic differential equation

O:RM 4+ 19yRY =V — (V)
e Better idea is to Fourier expand:

R — Z Rg(qu) ot (P0—q¢) Z V,, ' Pf=ac)

(p,q)€EZ? (p,q)€Z?
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Magnetic differential equation
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When does this converge?
RO = % Wpa_ i(po—aq0)
> q—1Lp
(p,a)€ Z2\{(0,0)}
e Clearly diverges when ¢ is rational: resonances. Does it converge anywhere?

e Two ways to make sum converge:

1. Make numerators vanish whenever denominators do: omnigeneous stellarators



When does this converge?

RV = % W ipo—q0)

(mayez2\{(0,0)) 1 P

e Clearly diverges when ¢ is rational: resonances. Does it converge anywhere?

e Two ways to make sum converge:

1. Make numerators vanish whenever denominators do: omnigeneous stellarators

2. Make ¢ ‘sufficiently irrational’ so that numerators decay faster with |p| and |q|
than denominators

e.g. sum guaranteed to converge if V' is analytic and ¢ is Diophantine: there
exist C', o > 0 such that, for all p, g,
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Still problems :{

RV = % Vg i(po—q0)
> q—1Lp
(p,q)€ 22\{(0,0)}

e This sum diverges for arbitrarily small deviation from omnigeneity — no
stellarator is perfectly omnigeneous!

e Even though the sum converges for sufficiently irrational ¢, we need it to be
differentiable because we need its -derivative in
Y|

(1) —
0

B - &piﬁ — 8¢R(1) .

e Must be a better way!
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Dealing with resonances

e Two key ideas. First, we don’t need to eliminate all angle-dependence from
the Lagrangian: only to O(p?). Second, give up on describing all of phase
space at once.



Dealing with resonances

e Two key ideas. First, we don’t need to eliminate all angle-dependence from
the Lagrangian: only to O(p?). Second, give up on describing all of phase

space at once.
2

_ ~ P,
_d6é _ A~ N
L =1 o X)) + Ven + Vo — (GCR(” n LagR“))
Ven = Vpg €999 72 = {(p,q) € Z*: |p| + |q| < n}
(p,q)€Z%,
Vop = Vpg e'P=99 72— {(p,q) € Z*: p| + |g| > n}

(p.q)€EZZ



Non-resonant case

e There are finitely many rational surfaces that resonate with modes of V_,,.
Assume we are working in a region that doesn’t contain any of them.



Non-resonant case

e There are finitely many rational surfaces that resonate with modes of V_,,.
Assume we are working in a region that doesn’t contain any of them.

P _ S 1(Van)pa i(po—q)
ez} 1P

_d6 _
L= —x(®)+ <%B (Do + Lagm)>

T Ul 5. _ 9, )
l/)—?,D—I—QB Opx — Op R
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Resonant case

e What if there is a single resonance in the region we’re interested in? Let’s say
at the « = N/M surface.



Resonant case

e What if there is a single resonance in the region we’re interested in? Let’s say
at the « = N/M surface.

2

_ ~P s
—dé ~ mc
L= g =X+ V4V V- (0 RD + 199 R™M)
VT = Z VkM,kN eik(M@—NC)
keZ
; Vnr) _
R(l) _ ’L( <n/Pq9 _i(pf—qQ)
2. e

(p,q)€ (Z2)nr

48



Resonant case

e What if there is a single resonance in the region we’re interested in? Let’s say
at the « = N/M surface.

2
Np*

(1)
L= w—c XAV VR Ze(agR + 19RO )
_ Z Vi b N ptk(MO—N()
keZ
R(l) _ Z z(Vbe)pq ei(pé’—q(j)
(p,q)€ (Z2)» P
_dé
[ — /l,b_ o ZVkM kN zk(MQ N()

keZ
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Physical interpretation

N _

7 = Z Vient kv (¥) ek (MI=NC) _ x(¥) + M@b = Invariant
keZ
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Physical interpretation

N _

1= Z Viar o () e FMO=NO () 4 qu = Invariant
keZ
where V = %B  (Ocx + LOpx) = T;g U“VC

e Island width is ~ \/p,, while ¢ ~ 1 and 8 ~ 6 up to O(p,). So, to leading
order can use

T=> Viamen () e* MmN —y(y) +
keZ

N
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Physical interpretation

o N _
1 = Z Vient o (1) e#MO=NCO 3 (4) + Miﬂ = Invariant
keZ
Y| mc Y
h v — _B * 8 8 — A~ .
where 0 (Ocx + LOg) Ze b ve

e Island width is ~ \/p,, while ¢ ~ 1 and 8 ~ 6 up to O(p,). So, to leading
order can use

B ik(MO—NC) N 4
T = %ZZVkM,kN(w) € X(¥) + Mw E !
L me [ oy N i
_QWMZefb.AVCdC X(w)+M¢ : ¢
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Physical interpretation

o N _
1 = Z Vient o (1) e#MO=NCO 3 (4) + Miﬂ = Invariant
keZ
Y| mc Y
h v — _B * 8 8 — A~ .
where 0 (Ocx + LOg) Ze b ve

e Island width is ~ \/p,, while ¢ ~ 1 and 8 ~ 6 up to O(p,). So, to leading
order can use

B ik(MO—NC) N
1= EEZ: Vimen (¥) e x (1) + —M%D

B 1 me V| N

= 5 Ze j{ b-AVCdC_X(w)JF —M?ﬁ

A
ocf(fub—l— m—iA) -dx.



Comparison with simulation

Alpha orbits in reactor-scale NCSX
E=1MeV, p=0,v <0,9=0
\‘\". I W/ : .::'/'

0.75
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Comparison with simulation

Alpha orbits in reactor-scale NCSX
E=1MeV, p=0,v <0,9=0
N N NS )

0.75

0.75

7 for alphas in reactor-scale NCSX
E=1MeV, n =0, v, <0,9=0

'
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Aside: Going to higher order

6 da)

T+ (0()) 52 = X(¥) + 0(p.)

= (¢ +0(p,)) i



Aside: Going to higher order

6 da
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Aside: Going to higher order

6 da)

L= (¢ + 0(ps)) &< + (O(px)) T X(¥) + O(px)
=+ (), 6,() _ L. df oo dd - ,
0 — 0+ 9(1)(&’ 9—’ C) L= (7# s O(p*)) d_C T (O(p*)) —C o X(@D) T O(p*)



Aside: Going to higher order
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Summary

e Guiding-centre motion follows field lines of B™.
e Drift islands exist around rational surfaces, width w ~ \/p4/s.

e Island shape from adiabiatic invariant:

~ Z
Ioc]g(fub—i——eA) - dx
Tmec

e Whether a surface is ‘resonant’ (and therefore needs to be treated differently
when calculating orbits) depends on the numerical value of ¢, the size of resonant
Fourier harmonics of the field, the values of £ and i, and how high order we go.
Not as simple as rational or irrational!
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