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Alfven eigenmodes in toroidal geometry

A tokamak acts as a 

resonant cavity 

supporting Alfven 

eigenmodes

Many different 

TAEs are possible

[Huysmans et al. 1995 Phys. Plasmas 2 1605]

Burning plasma 

predicted to have alpha 

driven TAEs
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Alfven eigenmodes driven by resonant 

interactions with fast particles

The oscillations are characterised by mainly sloshing of the bulk 

thermal plasma
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TAEs on JET fit incompressible model

Mirnov 92416JET shot 92416

Reflectometry 92416
Prediction

4 Official



|5

Resonance in a tokamak

Particles move both in the poloidal and toroidal 

directions and drift away from surfaces

Particles resonate with the wave if the wave 

period matches an integer number 𝒑 of 

particle periods

The eigenmodes move in the toroidal 

direction with a wavenumber 𝑛/𝑅 and 

frequency 𝜔 and are stuck on the 

magnetic surfaces

𝑛 ሶ𝜙 + 𝑝𝜔𝑏 − 𝜔 = 0

Two example alpha particle orbits

𝜔𝑏 = 2𝜋/𝑇𝑏𝑜𝑢𝑛𝑐𝑒
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Resonant wave-particle interaction 

with eigenmodes
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𝛾𝐿 = න𝑑3𝑥𝑑3𝑣 ෍
𝜎

෍
𝑝

𝛿𝛾 𝑥, 𝑣; 𝑝, 𝜎

𝑛 𝜔𝜙 + 𝑝𝜔𝜃 − 𝜔

𝛿𝛾 𝑥, 𝑣; 𝑝, 𝜎 ∝ 𝜔 − 𝑛𝜔∗

𝜕𝐹

𝜕𝐸
𝜇,𝑃𝜙

𝜔∗ ≡ ൙
𝜕𝐹

𝜕𝑃𝜙 𝐸,𝜇

𝜕𝐹

𝜕𝐸
𝜇,𝑃𝜙

𝜔 > 𝑛𝜔∗ then you get Landau damping

•  JET NBI

•  Thermal Ions

𝜔 < 𝑛𝜔∗ then you get inverse Landau damping  (drive)

• Alpha particles

• ICRH

• MAST NBI, ITER NBI  

Alfven eigenmodes are weakly 

driven and damped
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Why shear Alfven eigenmodes in 

experiment resemble linear MHD solutions

ሚ𝐉𝑵𝑳,𝒃𝒖𝒍𝒌

𝛔𝒃𝒖𝒍𝒌
෨𝐄

=
𝛿𝑩2

𝑩2 + ⋯

This bulk fluid motion has an associated nonlinearity, using cold plasma dispersion this can be estimated from 

the 1st order polarization drift

The “fluid nonlinearity” from 

plasma sloshing is thus tiny

The main nonlinearity in Alfven eigenmodes is then the 

behaviour of the resonant population, not the bulk

𝛿𝑩

𝑩
~ 1 × 10−3

−
𝑐2

𝜔2 𝛁 × 𝛁 × ෨𝐄 𝐱, 𝜔 + ෨𝐄 𝐱, 𝜔

= −
𝑖𝜇0𝑐2

𝜔
න𝑑𝒙′ 𝛔 𝒙, 𝒙′, 𝜔 ෨𝐄 𝒙′, 𝜔  + ሚ𝐉𝑵𝑳 𝐱, ω + ሚ𝐉𝑓𝑟𝑒𝑒 𝐱, ω + ሚ𝐉ഥ𝜎 𝐱, ω
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Coherent nonlinear physics – nonlinear 

Landau damping “Berk/Breizman” theory

v

F

v

F

O’Neil T 1965 Collisionless Damping of Nonlinear Plasma 

Oscillations Phys. Fluids 8 2255

linear

nonlinear

Berk, H. L., Breizman, B. N., & Ye, H. (1992). Scenarios for the nonlinear evolution of alpha-particle-

induced Alfvén wave instability. Physical Review Letters, 68(24), 3563–3566. 

v

xNonlinear bounce frequency

𝜔𝐵 =
𝑒𝐸𝑘

𝑚𝑖

1
2

resonant particles have 
𝛿𝐵

𝐵

1

2
  response

Saturation when 𝜔𝐵~𝛾𝐿
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Coherent nonlinear physics – chirping 

BGK waves in Berk/Breizman theory

v

x

v

F

v

F

MAST TAEs

DIIID CAEs
HALO 3D modelling of TAE

Berk, H. L., Breizman, B. N., Candy, J., Pekker, M., & Petviashvili, N. V. (1999). Spontaneous hole–clump pair creation. Physics of 

Plasmas, 6(8), 3102. 

Lvovskiy, A. …. (2019). Nuclear Fusion, 59(12), 124004. 

Pinches, S….PPCF, 46(7), S47–S57
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1D bump on tail modelling vs 

experiment
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JET TAEs

Inclusion of collisions 

changes the nonlinear 

evolution of the BGK waves
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Integrable orbits for isolated 

resonances behave like 1D
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Three constants of the motion are 𝑃𝜙, 𝜇, 𝐸 so the equilibrium 

motion is completely integrable in 3D (Liouvile-Arnold 

theorem) 

Low frequency modes approximately preserve 𝐸, 𝜇
Individual modes have a 

𝐸 −
𝜔

𝑛
𝑃𝜙 =constant

For a single isolated mode
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Early simulations showed signs of fluid 

nonlinearity – zonal flows
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“Breaking the pure Alfvenic state” 
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Transverse incompressible waves that satisfy ±𝑘∥𝑣𝐴 = 𝜔 can have arbitrary 

amplitude and propagate with no nonlinearity in uniform plasma – the “pure Alfvenic 

state”

±
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“Breaking the pure Alfvenic state” – 

particle gyration
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[Candy 1994 Phys. Plasmas 1 356–72]

MHD picture breaks down on ion gyration length scale

Linear mode conversion to Kinetic Alfven wave (like flavour mixing with neutrinos - a linear process).

Linear version
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“Breaking the pure Alfvenic state”  – 

geometric effects
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0

cylinder 𝜔 = ±𝑘∥𝑚𝑣𝐴
Toroidicity added 𝜔 ≠ ±𝑘∥𝑚𝑣𝐴

Berk, H. L., Van Dam, J. W., Guo, Z., & 

Lindberg, D. M. (1992). Physics of 

Fluids B: Plasma Physics, 4(7), 

1806. 
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“Breaking the pure Alfvenic state” – 

finite beta
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• Wave-particle nonlinearity of trapped population well understood and perturbative modelling very 
advanced

• Wave-wave nonlinearity for global Alfvenic modes a newer topic with relatively inaccessible 
analytical theory. Plenty black-box simulations giving mixed picture. 

• Room for toy modelling to bridge the gap. Identification of dominant wave-wave contributions would 
help guide experimental scenario design.

• Nonlinear predictions should depend on amplitude – need amplitude predictions for the onset of 
different non-linearities.

Outlook on nonlinear Alfven waves

Official17

turbulence crowd fast particle crowd
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