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° The incompressible e-MHD equations in Eulerian form
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The incompressible e-MHD equations in Eulerian form

@ Qis abounded domain of R3. x € Q.

u = u(t, x) is the velocity field.

b = b(t, x) is the magnetic field.

e = e(t, x) is the electric field.

The incompressible e-MHD equations:

u+u-Vut+e+uxb=0, xeQ, te€]o,T|,
-Vxb=u xe€Q, t€]o,T],
Ob+Vxe=0, xeQ, te€]o,T|,

V.b=0, p=1, xeQ, te]o,T],

u-v=0, b-v=0, exrv=0, xe€df,telo,T],

(U7 ba e)h:o = (u07b07eo)7 x e
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Reformulation of the incompressible e-MHD equations in Eulerian form
@ a= a(t, x) is the vector potential suchthat b=V xa and V-a=0.
@ p =p(t,x):= u— a is the canonical momentum.

@ w =w(t,x) =V x u is the standard fluid vorticity.
@ w, :=V X p=uw — b is the generalized vorticity.
@ The incompressible e-MHD equations:

Owx =V X (UXwx)=—Lywe Xx€Q, t€]0, T,
u=-Vxb xeQ, te€]o,T|,
e=—(0i+u-Viu—uxb xeQ, t€]o,T|,
(u, b, €)),_, = (U, bo, €0), X € Q.
—(1—A)b=w. on Q,
(%) V-b=0 on Q,
v-Vxb=0, and b-v =0 on 99,
@ Elliptic BVP (x) in b canbe replaced by b=V x a and the Elliptic BVP in a:
Aa=u on Q,
V-a=0onQ,

axv =0 on 90N.
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Well-posedness of the incompressible e-MHD

Theorem (Well-posedness of e-MHD equations on a bounded domain)

Let Q be a bounded and simply-connected domain of R® with €°° boundary 6.

Lets > 3/2+1. Letuy € H5(Q) (initial fluid vorticity wy = V x Uy € H5~1(Q)) such that
V- -u=00nQanduy-v =0 o0ndN.

Let the initial fields (ag, by) be the unique solutions of the following boundary value problems,

Aby =V X uy on Q, Aag = ug on Q,
V-by=0 on Q, and V-a =0 onQ,
v-Vxby=0, and by -v =0 on 909, ag xv=20 on 9.

Consequently ay € H$+2(Q) (initial magnetic field by = V x ag € HSt1(Q)) and the initial
generalized vorticity w.q = wg — by € HS=1(Q). Leteg € HS~'(Q) witheg x v = 0.

Then there exist a time T > 0 and a unique solution to the e-MHD equations, such that

ue (0, T; H(Q))n W0, T; H*=1(Q)) n ¥’ ([0, T) x Q),

ae (0, T; HSt2(Q)) n Wh*°(0, T; HS*1(Q)) n (0, T; $27(Q)), 0 <~ <1,
be %0, T; HS1(Q)) n W'°(0, T; HS(Q)) n ¢ (0, T; ¢ 7(Q)), 0 < v < 1,

e e L0, T; H1(Q)),

wx € F(0, T; HS=1(Q)).
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o Main result: Lagrangian regularity of e-MHD
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Lagrangian fields, and the generalized Cauchy Invariants equation (CIE)

@ Let a— Xi(a) = X(t, a) be the Lagrangian flow-map tracking at time t the position of a
particle starting at o € Q.

@ The Lagrangian flow-map X satisfies the following ordinary differential equation,
o X(t,a) = u(t, X(t,@)), X(0,a)=a€cQ.
@ A= A(t,a) := a(t, X(t,«)) is the Lagrangian magnetic vector potential.
@ B=B(t a) = b(t, X(t,e)) is the Lagrangian magnetic field.
@ £ = E(ta):=e(tX(t, o)) is the Lagrangian electric field.
e U= U(t o) :=u(t,X(t, a)) is the Lagrangian velocity field.
@ P=P(t,a) = p(t,X(t,a)) is the Lagrangian canonical momentum.
@ A Lagrangian formulation of Lie-advection of the generalized vorticity w. , i.e.
8[0.)* -+ £uw* = 07
is given by
the Cauchy or vorticity-transport equation:  w.(t, X(t, ) = VI X(t, o) wio(e),
or by

3
the Cauchy Invariants Equation (CIE): > VaP'(t,a) x VaX'(t,a) = w.o(a).

i=1
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Digression on the Cauchy Invariants Equation (CIE)

@ CIE is a generalization of the Cauchy invariants equation in R2 obtained by Cauchy (1825):

S VX x VX = w.
i

In Cauchy’s paper, where cross product and vector do not exist, CIE is just a step of
calculus to prove the Cauchy formula.

@ CIE can be proved by a variationnal principle and the rellabeling symmetry
(cf. N.Besse-U.Frisch JFM17, CMP17).

@ CIE can be generalized to any Lie-advected exact k-form on manifolds of any dimension
(cf. NB-UF JFM17, NB CMP20).
Here, the generalized vorticity 2-form w{®(t,x) = dp()(t, x) satisfies the (CIE):
1 - 2
dPM(t,a) A dX(t @) = P (a)

@ CIE can be generalized to other (magneto-)hydrodynamics models which may be
incompressible or compressible, in fact to any system which is described by Lie transport

(cf. NB-UF JFM17, NB JMAA22).

@ CIE can be generalized to dissipative systems where Lie-advection is supplemented by the
sum of squares of Lie derivative. CIE still holds but in average or in a statistical sense
(reminiscent to Feynman—Kac formula)

(cf. NB NA23)
@ The Hodge dual of CIE is the Cauchy formula.
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Main result

Theorem (Lagrangian regularity of the e-MHD flow on a bounded domain [NB JMAA22])
@ Assume that the hypotheses of well-posedness Theorem hold.
@ Assume that the boundary 9K is analytic (in space).

@ Then, there exists a time T = C(L, ||| s (). |8ollHs(n)) such that the Lagrangian fields
(X, A, B, E) satisfy

X, A€ A(J0, T[; H5()), and B,E € A(]0, T[; HS='(Q)).

where the functional space,
A(J0, T[; H3(9))

is the space of functions which are analytic in time with values in H*(Q2) (Sobolev spaces) in the
physical space.

Corollary
e U,Pe A(]0, T[; H(Q)), since U= X and P=U—A.

@ This result can be extended to a large class of ultradifferentiable regularity, which contains
among others the Gevrey regularity class.
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Q Elements of a constructive proof
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Lagrangian formulation of e-MHD on a bounded domain (1/2)

A Lagrangian formulation in the variables (t,«) € [0, T[xQ of the incompressible e-MHD

equations on the bounded domain 2 is given by

VXK x VXK + by = VAK x VXK +wy, a€Q,
det(g) =1, a € Q,
O

V- (GVA) =X, acQ,
V-(AA)=A:VA=0, acqQ,

B = (VXK x VX). VA, Vi, aecQ,
E=-X-XxB, acQ,

U=X, P=U-A=X—-A «acq,

t E [07 T[7
teo, I,

telo, T,
telo, T,
telo, T[,
telo, T,
telo, T[,

X-v(X)=0, Axv(X)=0, aecdQ, tel0,T]

with
G:=G(X) = AAT,

where the inverse Jacobian matrix A is given by

(A)y = (A)(X) = (%);1 = (5%), = 2%

Nicolas BESSE (08/08/2024) Lagrangian regularity of e-MHD

OXh Xl

2%k 5o Bak

15th Plasma Kinetics Working Meeting  12/35



Lagrangian formulation of e-MHD on a bounded domain (2/3)

We introduce the following decomposition for the Lagrangian flow-map X and the Lagrangian
magnetic vector potential A :

X(t,a) =a+&(t,a), and A(t,a) = ag(a) + V(t, o),

with £(0, «) = 0, and W(0,a) = 0.
In terms of the new unknowns (¢, V), the Lagrangian formulation of the e-MHD equations on a
bounded domain becomes
Vxé=uw+VxV¥+V(E+v-)xve, aeQ telo,T]
1 P o 1 ; ; ;
V-€+ 5(8,'5’3]{] - 3,{]3]{’) + 65i1i2i3€j1j2[38i1 eh 8,'25123,'3613 =0, a€eQ, telo,T],
Al@+V¥) + V- (gV(ap+VV) =& acQ, tel0,T]

. . o ) ) _
(1+ V-V — (g8 + v (g€’ - 500 € k) =0, aeQ, te[o,T[,

B = (Vxa) + (VxW) + (V(a+ k) x vek)'
+(VE x V(as + V) + (vek x Ve v +vh), Vi, aeQ, telo,T]
E=—£—-£xB, acQ telo,T]
U=¢ P=f—a -V, aecQ tel0,T]
E-v(a4+8)=0, gxva+f) +Vxvlat+&)=0, acd, tel0,T],
where the matrix g is given by
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Lagrangian formulation of e-MHD on a bounded domain (3/3)

gj = GV-E+ (1+V-8 05V -&—0¢ — o) + on&'oe

+ (1 4+ V- 8) (i ik ky + EjhboEiky k) O €1 D €52

1
2
1 . ,
~ 5EHky ko (it Ok + €11, OBy, €41 9, €7
]

+ 4 Sz 9 g a"zékz(ah g I gle — %, ¢ afzgk1 )-
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Construction of the e-MHD flow as a formal time series: General Picture

@ We introduce the following formal time-Taylor expansions of £ and W,

&(tia)=> &(a)t?, and W(ta)=> W,

o>0 o>0

@ Plugging these time-Taylor series in the previous Lagrangian formulation of the e-MHD
we obtain a constructive scheme to determine recursively all the time-Taylor coefficients

{éo}o>0 and {¥o}oso0.
@ Schematically we obtain the following recursive procedure, for o > 1,
‘Fﬁ [30] ({50’ }U’<U’ {wo’}0’<n)7
\U{,,1 - ]:\I/[aO]({ga’}o"Sow {WU’}U’<U—1):

where the functionals F¢[ap](-) and Fy[ap](-) , which depends on &g, can be seen as
some integro-differential or pseudo-differential operators of order zero.

o
q
|

@ This recursive scheme is initialized with & = vy and ag = £ ¢4, where £ refers to the
linear differential operator associated with a boundary value problem of elliptic type.
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Construction of the e-MHD flow as a formal time series: Recursive Scheme (1/5)
1) Initialization of the recursive algorithm.
The time-Taylor coefficient &; is given by

&1 = Up-

The initial magnetic vector potential ag is solution of the following non-homogeneous elliptic
boundary value problem,
Aao = 61 ) a € Q?

V-a =0, «a€cdQ,
axv=0, a«aecd.
2) Determination of the time-Taylor coefficients ¢, for o > 1.
The Helmholtz—Hodge decomposition of the time-Taylor coefficient £, reads
(e =Vps+ VX, V- 0,=0, acQ,

where the Helmholtz—Hodge potentials ¢, and ®, are respectively a scalar and a
three-dimensional vector.

The scalar potential ¢, satisfies the following non-homogeneous elliptic boundary value
problem,
{ Ape =V &, a€Q,

e =&0 v, o€ 0N,
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Construction of the e-MHD flow as a formal time series: Recursive Scheme (2/5)
where

1 o S
Vige = -3 > (0i€), 06, — 0i¢h, 95€L)
e

e s e g el g ¢l
T 6 iieiaCitala E : 9 €5, 0),€5,95€ 03,
a4 +U2+0‘3:0‘
oq,0p,03>0

&o v

[
|
|2

e

S

§

n

with

Vo (a) :== Z Bﬁu(a)z H 1:1| /23I

1<|8|<o =1 Pi(o,8)j=1 i~

Using Faa-di-Bruno formula, the set P;(c, 3) is defined by

Pi(a-zﬂ) = {(€1v~~-’£i)7 (k1:-~~7ki); 0<ty <. . <

i i
Ikl >0,j€[1,l; D k=58, Z“‘/w/:a}-
=

j=1
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Construction of the e-MHD flow as a formal time series: Recursive Scheme (3/5)
The vector potential ¢, satisfies the following non-homogeneous elliptic boundary value problem:

Ad, = -V x &, ac,

V-0, =0, a € 019,
S, xv=0, a € 09,
where
1 1 K K
Vx& = _VxW,i+_Vafx Vel
L— K Ol o ok K
+ D VWG xVég, = D0 Ve, x Ve,
oq+ooti=o oy+op=0
oq,02>0 oq,02>0

3) Determination of the time-Taylor coefficients W, for o > 0.

The time-Taylor coefficient W, satisfies the following non-homogeneous elliptic boundary
value problem:
AV, = fy, a € Q,

V-V, = hg, a € 09,
Vo Xv=0gs, «€cOIQ,
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Construction of the e-MHD flow as a formal time series: Recursive Scheme (4/5)

where
fo = (041 = V-(@oVa)— > V- (8o,VVop),
oy+op=a
oq,02>0
L Al . el gyl P N = B W = -~ W]
he = 8/aoa/5a + Z {a/ o1 Blwdz - v'&ﬁ V- "UUZ - 25”1/25]/1126/1 £01 8'2517281‘30}
oqtop=0
oq,0p>0
1 . . :
e 8 £ g 2 gyl
) Z 8"1’25111128’1&71‘9125028/ o3
oq+ogtoz=o
01,09, 03>0
gJo = —ag XVog — Z wa1 X Vgy,
oqtop=0
o1, 05>0
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Construction of the e-MHD flow as a formal time series: Recursive Scheme (5/5)

(95)j = 20;V-& —0iE, — el + Vo 04V - &0y — 0i8h, — BjEL,)
2
oq+oo=0
cr11 5 c'§>0

i - 1 k k
+ K€y, Ok, + §(€f/1 bEjkikp T Ejly b Eiky ky ) Ol € 3/25022}
1 k k
+3 > {V Eoq (EilbEjkiky T Ejiy b Eiky ky )0l Eoy OpEos

oi+ogtog=c
oq,09,03>0

; ; Ki o ok
— ik ky (Cit , OkELy + €1, Ok, )01 €5y D€
3 3

1 k K K k. k. k
g ek g koo ek g cke o cke o ek
+ 4 Z €y Ejirjp Oy €0 O1p €05 (0, €050, €07y — 0y €050),€0Y)-
oq+togtogtog=o
o1,0p,03,04>0
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A nonlinear recursive scheme

@ Fixing o > 1, we assume that we know all the following time-Taylor coefficients {{,/},/ <o
and {V,:},-,_1 . From these known time-Taylor coefficients, the aim is to obtain the next
unknown time-Taylor coefficients £, and W, _4, called the current time-Taylor coefficients at
therank o .

@ Introducing the notation X := ¢, and Y := W, _4 for the current time-Taylor coefficients,
the scheme rewrites as

X
Yy

]:5 [aO]({ga’}d’<dv {\Uo/}a’<071 ; y)?
]:W[ao]({ga’}o/<o7 Xv {wo"}cr’<crf1)7

Then, the boundary value problems are coupled together and thus constitute a closed
nonlinear system in terms of the current time-Taylor coefficients (&5, V,_1) or (X,)).

@ This situation is very different from the incompressible Euler equations, which corresponds in
the scheme to set ag =0, and {V, =0},-¢,i.e. Fy =0 and

X = 60‘ = F{ [O] ({50”}0’<07 {Wo" = 0}0"<o‘) = CZ({&O”}U’<0)7
where CZ(+) stands for a Calderén-Zygmund integro-differential operator of order zero.

In this case we clearly observe that for any o > 1, the current time-Taylor coefficient X = &,
is obtained only from coefficients {¢,},/ ., by solving linear boundary value problems in
terms of the current time-Taylor coefficient X = &, .
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Convergence analysis (1/3)
@ Weaim at proving that &, W € A(]— T, T[; H5(Q2)).

@ It will be the case if and only if there exists a real positive number p such that
197 Wl ns

pool

Vi € {¢, W}, the sets { , 0€EN, te]-T, T[} are bounded.

@ This will be the case if the generatrice function t — ((t), defined by

)= (llgollns) + Vo llns()) e 77, is uniformly bounded on ] — T, T{.
o>0

@ Using Hodge decomposition, and elliptic estimates for the Neumann & Dirichlet BVPs we
obtain for o > 0,

Wolls@) < Cs (||faHHs—2(Q) + 1190 lys—1/2(50) + Hhvlle—a/z(aQ)) ;
and
léollws@@) < IV -@ollus@) + IV X Pollps) < lleollpstig) + 1Pollnsti(q)
Ciz (IIV % & llps—1(ay + IV - Eolls—1(0) + €0 - Vi s—1/2(00) ) -

IN

Therefore we obtain,

(D <)< Cias (||V Collps—1a) + IV X &ollps—1(q) + 1o - Vllgs—1/2(50)
>0

+ Wolls-zay + 90 llns172(00) + Ihollus—s/2(om)) @17
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Convergence analysis (2/3)

Since 092 is analytic, there exists a positive constant C,, such that, for
0<s<o,and |B] >0, ||8/3u||HS(3Q) < C,,HJ'B||5|!. Using this estimate we get

Proposition
Lets > 3/2 + 1. Then there exist positive constants Cq, Cr, Cn, C¢, Cq, Cp, such that

DIV-bollms-1@e™t" < CaC®(D)(1+ (D),

o>0

ZO||vaa||Hs_1(mg-w < uollwse™t + CE(B)(t+ (1 + DC(D),

o>

§||sa~v||Hs-1/2(ag)g—Ura < Cac((1 =K Te)
X%Hfallefz(mg*"r” < L) + G+ <) + M) + ) + D),
o>

Zo||go||HH/z(m)g—oto < Co1+ (- K 'e) ™,

o>

ZO||’7<'r||Hs—3/2(a§2)Q_c't‘7 < Chg(t)(1+<(t)+42(t)),

o>

with K;' = CaCs/R..
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Convergence analysis (3/3)
Combining (I) and estimates of the previous proposition we obtain the differential inequality:

¢(0) < Craa{lluollwse ™"t + &(1) + Cam(t + HE(D(T + (1)
+ Cam®(t) + Cict(t) + CiB(t) + Cng(1+ () (1= K'¢()) '}, (1)

where Cys = Cy + Cr + C¢ + Cp, Cyn = Cyg + Cs + Cp, and Cng =Cn+ Cg. Setting

Aty = uollgse™'t,
Q) = A1) — CpgC(t) + Cam(1+ D1 +C(1) + CamC®(t) + CrH(t) + Cr(t),
Z(t) = Q) + Crg(1+<(1)(1 =K T¢(t) T,

inequality (1) can be recast as —¢(t) < Z(t), which gives, after time integration, the following
final inequality

¢ty + /O[Z(T)dT > 0. (2)
A sufficient condition for inequality (2) to hold is to have both
Q(t) >0, and ((f) < K. 3)
Following standard argument, we can then show that there exists a time T > 0, with
T = T(|luollns, llaollns, Ca, Ca, Cuy Ku, 0)

such that for all t €]0, T[, the sufficient condition (3) is satisfied.
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° Numerical application: 3D-axisymmetric wall-bounded and potentially singular
incompressible Euler flows
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Numerical application: 3D-axisymmetric wall-bounded and potentially singular
incompressible Euler flows: PhD T. Hertel.
@ 3D incompressible Euler equations in a wall-bounded infinite cylinder (Euclidean
3D-axisymmetry geometry).

@ Axisymmetry implies invariance by rotation in 6 around the cylinder z-axis: (r, 0, z) — (r, z).

@ Boundary conditions: periodic in z and rigid impermeable boundary in r.
@ Initial condition for potentially singular flow: Luo—Hou initial condition,

vi=0, =0, vi(r,z) =100rexp(—30(1 — r?)*)sin(2rz/L), L=1/6.

I L™ I < «
L5
T
[4

B T 3

(b) Particle displacement on the (r, z)-plane on
(a) Particles move onto the slice that contains the a 54 grid. The upper Tow of particles have
Chebyshev-Fourier grid. been added by periodicity.

Fig  The modeled slice of the cylindrical domain D(1.2) with the underlying Chebyshev-Fourier grid is shown. Only the radial and vertical movements
of the particles are relevant. The top particle positions in (b) are obtained by periodicity of the flow from those that correspond to the first horizontal grid
line.
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The Cauchy-Lagrange algorithm

@ It belongs to the class of forward semi-Lagrangian methods.

@ We compute the time-Taylor coefficients of the Lagrangian map a — X(t, a) at any chosen
order by using the above recursion relations (with HelImholtz—Hodge decompositions) and the
initial (or current) vorticity.

This requires to solve some non-homogeneous elliptic Boundary Value Problems (BVPs) in
space.

@ To solve the non-homogeneous elliptic BVPs problems we use a Chebyshev—Fourier
pseudo-spectral decomposition (polynomials) in space, which leads to spectral accuracy in
space.

@ We udpate of the Lagrangian vorticity (along the flow X) at the next time-step by using the
previously computed Lagrangian map a — X(t, a) and the Cauchy formula.

This leads to the knowledge of the new vorticity (at the next time step) on a distribution of
scattered spatial points.

@ We resample the Lagrangian vorticity on the Eulerian (Chebyshev—Fourier) grid by using a
high-order interpolation scheme (B-Splines) on a non-uniform grid (cascade interpolation
scheme). The loop is closed.

@ All details are in the paper Hertel-Besse-Frisch JCP22.
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Conservation laws (helicity, Kelvin circulation, kinetic energy) and ||w(t)|

helicity conserv. Kelvin circulation
0% H
— 0513x1024 :
1071 === 0513x4006 108
o 1077 —— 1025x8192 .
& y Ed
g 100 102510240 - /
< S
Zypm e =
_%lo-u %Qm*"
10*]5
1077 o
PR P
BeLLR R e ehy
time x10*
kinetic energy conserv. vorticity growth
1076 - zoomed !
|
1077 |
& 10-® i
8 j
< 107
2
v
i
10*11
10*|2

00 05 10 15 20 25 3.0 35
time x107*

Fig.  Higher resolution runs are shown. Here, the truncation order was set to S = 18 to maintain the initial time-step 10~ longer. The interpolation was
done by the Sth order B-spline cascade; no dealiasing is used here. Sudden breaks in the conserved quantities arrive much later than in the previous plots,
indicating a lasting stability with increased resolution.
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Why it works ? Answer: same kind of structure as the incompressible Euler equations
@ As far as it concerns time regularity, there is a remarkable difference between the Eulerian
and Lagrangian solutions to the incompressible Euler equations in the spatial non-too-smooth
regime.

@ For instance, in Eulerian coordinates, we know that there exists, locally in time, a unique
regular solution u € L2°([0, T]; Cy*(£2)) for initial data uy € Ci>* () with 0 < o < 1 (Cy*
are standard Hélder spaces). But the initial-data-to-solution map of Euler equations is not
continuous in Halder spaces as a map from C'-* to Lge C}’“ (cf. Misiolek—Yoneda 2018). In
other words the solution does not depend continuously on initial data in such Hélder spaces.

@ By contrast in Lagrangian coordinates, where one is focusing on Lagrangian particles
trajectories, an initial velocity field with limited smoothness (typically in Sobolev or Holder
classes) launches geodesic curves whose temporal smoothness (ultradifferentiable) widely
exceeds the limited spatial smoothness.

@ Non-constructive proofs in R": J.-Y. Chemin 1992 (C°°-regularity, paradifferential
calculus), P. Serfati 1992, 1995 (analytic regularity, EDOs in Banach spaces), Gamblin 1994,
Constantin-Vicol-Wu 2015 (SQG in R2), Hernandez 2017 (Serfati’s method renewed +
counterexamples).

@ Constructive proof in periodic domains of R3: Zheligovsky-Frisch 2014 (Fourier series).

@ Non-constructive proofs on bounded domains of R": T. Kato 2000 (C°°-regularity),
Glass-Sueur-Takahashi 2012 (analytic regularity in Q C R3).

@ Constructive proof on bounded domains of R3: Besse-Frisch 2017.
@ Constructive proof on manifolds of any dimension (w/o boundatry): Besse 2020
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Other Hamiltonian systems, and in particular other MHD models ?

04

O3

The first obstruction, named O, is the presence of several coupled fluids.

This concerns two-fluid models and a fortiori multi-fluid models, or models which arise as a
derivation from a two-fluid or a multi-fluid theory.

Indeed, in a two-fluid transport model the two Lagrangian flow-maps (associated with the
velocity field of each fluid) are coupled together through some equations for the
electromagnetic fields, which in return determine the velocity fields. Because of this coupling,
one Lagrangian flow-map experiences directly the roughness (with respect to Lagrangian
variables) of the other Lagrangian flow-map.

Everything happens as if one Lagrangian flow-map comes across the other one and thus
sees its relative roughness.

The second obstruction, named O, is the finite speed of propagation property which is not
compatible with the Lagrangian analyticity property.

A system, in which waves propagate at a finite speed, can not sustain the Lagrangian
analyticity property because, for this, some information must propagate at infinite speed.

For examples, in the incompressible Euler equations (resp. pressureless compressible
one-fluid Euler—Poisson system) this is the pressure (resp. electric scalar potential) which
propagates at infinite speed, while for the e-MHD this is the magnetic field or the magnetic
vector potential.

By contrast it has been shown that the 2D barotropic (isentropic) compressible Euler
equations, where the pressure propagates at a finite speed do not satisfy the Lagrangian
analyticity property for its corresponding Lagrangian flow-map X.
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