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Problems with stellarator MHD equilibria

• Stellarator rational flux surfaces pose a fundamental problem
• Perpendicular current given by force balance

– Recall pressure is a flux function: P = P (r)
• Part of the parallel current is given by conservation of current

• On a rational flux surface, we can eliminate the term with J||

• This condition need not be satisfied when P ’ ¹ 0: charge 
accumulates in some magnetic field lines!
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Local MHD equilibria for stellarators

• Local MHD equilibrium equations can be used to calculate, 
with low computational cost, the effect on the magnetic field B 
of changes in the rotational transform i, the pressure gradient 
P ’, the shape of the flux surface…
• Widely used for gyrokinetic simulations of tokamak turbulence 

[Miller et al PoP 95]

• Local MHD equilibrium equations provide understanding of 
global MHD equilibria with flux surfaces

• For stellarators, there exist two sets of nonlinear local MHD 
equilibrium equations: [Hegna PoP 00] and [Candy & Belli 
JPP 15]
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Purpose of the work

• To derive linear equations for stellarator local MHD equilibria
• Based on [Boozer PoP 02]

• To use local MHD equilibria equations to obtain geometric 
coefficients for drift kinetic and gyrokinetic equations
• Inputs

– Flux surface shape
– Shape of contiguous flux surfaces
– 4 constants = values and values of derivatives of flux functions at flux 

surface of interest

• To show that the coefficients are independent of the choice of 
coordinates to describe the flux surface

• To determine the conditions necessary to be able to solve the 
local MHD equilibrium equations on a rational flux surface
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Sketch of the calculation
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Input:
• Flux surface shape
• Radial derivative of shape
• 2 constants

B on surface

Can calculate:
• B
• B×Ñ
• |Ñr |2 
• (B´ÑB)×Ñr
• [B´(B×ÑB)]×Ñr 

Input for irrational surface
• 2 constants ¶r B on surface

Can calculate:
• Ñr ×Ña
• |Ña |2 
• (B´ÑB)×Ña
• [B´(B×ÑB)]×Ña 

0th order

1st order

All higher order radial derivatives of 
B on surface can be calculated

Solvability condition on P ‘’, surface shape 
and shape derivative to calculate
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Calculating B on surface r = ra 

• Inputs
• Flux surface shape xa(u, v)

– u = poloidal angle and v = toroidal angle, but can be generalized
• Radial derivative of flux surface shape

– Only projection on normal to flux surface matters:

– Giving shape derivative equivalent to giving Jacobian of (r, u, v) 
transformation

• Two constants, e.g. magnetic field strength Yt’(ra) and i (ra)

– 2p Yt (r) = toroidal flux within flux surface r

• [Boozer PoP 02] shows how to solve for B in both 
contravariant and covariant form on r = ra 
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Contravariant B on surface r = ra 

• Form of B satisfies Ñ×B = 0

• na(u, v) is an unknown function that determines direction of B
• Magnitude B = overall constant Yt’(ra) + separation between 

contiguous flux surfaces Ja
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Contravariant B on surface r = ra 

• Form of B satisfies Ñ×B = 0

• Impose zero radial current density: J×Ñr = 0

• Linear elliptic partial differential equations solvable with periodic 
boundary conditions
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First set of geometric coefficients

• Knowing B on a flux surface, one can calculate
• B, needed to calculate trapping, velocity-space volume, etc
• B×Ñv = projection of parallel motion in relevant coordinates
• |Ñr |2 = inverse of flux surface separation
• (B´ÑB)×Ñr and [B´(B×ÑB)]×Ñr = projection of magnetic drifts in the 

radial direction

• These coefficients can be explicitly shown to be independent 
of choice of u and v if Ja is rescaled appropriately

• Still need coefficients related to k^ = krÑr + kaÑa
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¶r B and ¶r J on surface r = ra 

• [Boozer PoP 02] only calculates ¶r B (in covariant form), but   
¶r J is needed as well for geometric coefficients

• Input: two other constants, e.g. pressure gradient P ’(ra) and 
magnetic shear i ’(ra)

• Need all components of ¶r xa: two free functions Au and Av

• Free functions related to freedom of choice of coordinates u and v
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¶r B and ¶r J on surface r = ra 

• [Boozer PoP 02] only calculates ¶r B (in covariant form), but   
¶r J is needed as well for geometric coefficients

• Input: two other constants, e.g. pressure gradient P ’(ra) and 
magnetic shear i ’(ra)

• Need all components of ¶r xa: two free functions Au and Av

• Free functions related to freedom of choice of coordinates u and v
• Can make results independent of Au and Av using

and other similar definitions for radial derivatives of J, n …
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Contravariant formulation for ¶r B

• Contravariant form of ¶r B
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Contravariant formulation for ¶r B

• Contravariant form of ¶r B

13Simons seminar

<latexit sha1_base64="SgM6+70xSraGgmnmp1qP4n5/yd4="></latexit>

B0
a =

 0
t(⇢a)

Ja
[@u⌫

0
a @vxa + (◆0(⇢a)� @v⌫

0
a) @uxa] +

✓
 00

t (⇢a)

 0
t(⇢a)

� J 0
a

Ja

◆
Ba

+Ba ·rS

✓
Ja

|@uxa ⇥ @vxa|
n̂a

◆

<latexit sha1_base64="yMRFTygMjGV7ihyGKHnKO57E+C4="></latexit>

Ba ·rS

✓
Ja

|@uxa ⇥ @vxa|

◆
n̂a <latexit sha1_base64="B9bPBz9rV1Yz5X7dmUNEGw4fRzI="></latexit>

Ja

|@uxa ⇥ @vxa|
Ba ·rSn̂a

<latexit sha1_base64="ftvvcyFxuh2xrifcGI2Q/+011p4=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQEcqM+FqW6sJlBfuAzlAyaaYNzSRDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy0eiBwcs693HtPEDOqtON8WYWFxaXlleJqaW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejq8xv3xOpqOB3ehwTP0IDTkOKkTZSz973IqSHQZjWJxVPDgU8ht41YRrB7HfUs8tO1ZkC/iVuTsogR6Nnf3p9gZOIcI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I11COIqL8dHrHBB4apQ9DIc3jGk7Vnx0pipQaR4GpzLZW814m/ud1Ex1e+inlcaIJx7NBYcKgFjALBfapJFizsSEIS2p2hXiIJMLaRFcyIbjzJ/8lrZOqe149uz0t1+p5HEWwBw5ABbjgAtTADWiAJsDgATyBF/BqPVrP1pv1PistWHnPLvgF6+MbVNmYVQ==</latexit>

B(⇢+�⇢)

<latexit sha1_base64="Nf5dxXj6wB+rpIgaRZzRTDOvY4k=">AAAB+XicbVDLSsNAFL3xWesr6tJNsAh1UxLxtSx147KCfUATymQ6aYdOZsLMpFBC/8SNC0Xc+ifu/BsnbRbaemDgcM693DMnTBhV2nW/rbX1jc2t7dJOeXdv/+DQPjpuK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj+9zvTIhUVPAnPU1IEKMhpxHFSBupb9t+jPQojLLGrOrLkbjo2xW35s7hrBKvIBUo0OzbX/5A4DQmXGOGlOp5bqKDDElNMSOzsp8qkiA8RkPSM5SjmKggmyefOedGGTiRkOZx7czV3xsZipWaxqGZzHOqZS8X//N6qY7ugozyJNWE48WhKGWOFk5egzOgkmDNpoYgLKnJ6uARkghrU1bZlOAtf3mVtC9r3k3t+vGqUm8UdZTgFM6gCh7cQh0eoAktwDCBZ3iFNyuzXqx362MxumYVOyfwB9bnDxpBk1M=</latexit>

B(⇢)
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Contravariant formulation for ¶r B

• Contravariant form of ¶r B

14Simons seminar

<latexit sha1_base64="SgM6+70xSraGgmnmp1qP4n5/yd4="></latexit>

B0
a =

 0
t(⇢a)

Ja
[@u⌫

0
a @vxa + (◆0(⇢a)� @v⌫

0
a) @uxa] +

✓
 00

t (⇢a)

 0
t(⇢a)

� J 0
a

Ja

◆
Ba

+Ba ·rS

✓
Ja

|@uxa ⇥ @vxa|
n̂a

◆

<latexit sha1_base64="yMRFTygMjGV7ihyGKHnKO57E+C4="></latexit>

Ba ·rS

✓
Ja

|@uxa ⇥ @vxa|

◆
n̂a <latexit sha1_base64="B9bPBz9rV1Yz5X7dmUNEGw4fRzI="></latexit>

Ja

|@uxa ⇥ @vxa|
Ba ·rSn̂a

<latexit sha1_base64="ftvvcyFxuh2xrifcGI2Q/+011p4=">AAACB3icbVDLSgMxFM3UV62vUZeCBItQEcqM+FqW6sJlBfuAzlAyaaYNzSRDkhHK0J0bf8WNC0Xc+gvu/Bsz7Sy0eiBwcs693HtPEDOqtON8WYWFxaXlleJqaW19Y3PL3t5pKZFITJpYMCE7AVKEUU6ammpGOrEkKAoYaQejq8xv3xOpqOB3ehwTP0IDTkOKkTZSz973IqSHQZjWJxVPDgU8ht41YRrB7HfUs8tO1ZkC/iVuTsogR6Nnf3p9gZOIcI0ZUqrrOrH2UyQ1xYxMSl6iSIzwCA1I11COIqL8dHrHBB4apQ9DIc3jGk7Vnx0pipQaR4GpzLZW814m/ud1Ex1e+inlcaIJx7NBYcKgFjALBfapJFizsSEIS2p2hXiIJMLaRFcyIbjzJ/8lrZOqe149uz0t1+p5HEWwBw5ABbjgAtTADWiAJsDgATyBF/BqPVrP1pv1PistWHnPLvgF6+MbVNmYVQ==</latexit>

B(⇢+�⇢)

<latexit sha1_base64="Nf5dxXj6wB+rpIgaRZzRTDOvY4k=">AAAB+XicbVDLSsNAFL3xWesr6tJNsAh1UxLxtSx147KCfUATymQ6aYdOZsLMpFBC/8SNC0Xc+ifu/BsnbRbaemDgcM693DMnTBhV2nW/rbX1jc2t7dJOeXdv/+DQPjpuK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj+9zvTIhUVPAnPU1IEKMhpxHFSBupb9t+jPQojLLGrOrLkbjo2xW35s7hrBKvIBUo0OzbX/5A4DQmXGOGlOp5bqKDDElNMSOzsp8qkiA8RkPSM5SjmKggmyefOedGGTiRkOZx7czV3xsZipWaxqGZzHOqZS8X//N6qY7ugozyJNWE48WhKGWOFk5egzOgkmDNpoYgLKnJ6uARkghrU1bZlOAtf3mVtC9r3k3t+vGqUm8UdZTgFM6gCh7cQh0eoAktwDCBZ3iFNyuzXqx362MxumYVOyfwB9bnDxpBk1M=</latexit>

B(⇢)
<latexit sha1_base64="Nf5dxXj6wB+rpIgaRZzRTDOvY4k=">AAAB+XicbVDLSsNAFL3xWesr6tJNsAh1UxLxtSx147KCfUATymQ6aYdOZsLMpFBC/8SNC0Xc+ifu/BsnbRbaemDgcM693DMnTBhV2nW/rbX1jc2t7dJOeXdv/+DQPjpuK5FKTFpYMCG7IVKEUU5ammpGuokkKA4Z6YTj+9zvTIhUVPAnPU1IEKMhpxHFSBupb9t+jPQojLLGrOrLkbjo2xW35s7hrBKvIBUo0OzbX/5A4DQmXGOGlOp5bqKDDElNMSOzsp8qkiA8RkPSM5SjmKggmyefOedGGTiRkOZx7czV3xsZipWaxqGZzHOqZS8X//N6qY7ugozyJNWE48WhKGWOFk5egzOgkmDNpoYgLKnJ6uARkghrU1bZlOAtf3mVtC9r3k3t+vGqUm8UdZTgFM6gCh7cQh0eoAktwDCBZ3iFNyuzXqx362MxumYVOyfwB9bnDxpBk1M=</latexit>

B(⇢)

No 
magnetic 
shear!

<latexit sha1_base64="czTaAIc4NG6YPlyiF3NLmmvROsA=">AAACBHicdVDLSgMxFM34rPVVddlNsAgVZMjUtra7ohuXFewD2jJk0kwbmskMSaZQhi7c+CtuXCji1o9w59+YPgQVPXDhcM693HuPF3GmNEIf1srq2vrGZmorvb2zu7efOThsqjCWhDZIyEPZ9rCinAna0Exz2o4kxYHHacsbXc381phKxUJxqycR7QV4IJjPCNZGcjPZ7hDrpBtgPfT8REynMB+7zhkcu86pm8khu1pFRacKkV1CqFApG4LOC5VSCTo2miMHlqi7mfduPyRxQIUmHCvVcVCkewmWmhFOp+lurGiEyQgPaMdQgQOqesn8iSk8MUof+qE0JTScq98nEhwoNQk80zm7Vv32ZuJfXifWfqWXMBHFmgqyWOTHHOoQzhKBfSYp0XxiCCaSmVshGWKJiTa5pU0IX5/C/0mzYDtlu3RTzNUul3GkQBYcgzxwwAWogWtQBw1AwB14AE/g2bq3Hq0X63XRumItZ47AD1hvn+DGl5w=</latexit>

n̂(u1, v1)

<latexit sha1_base64="dGB7YfCsQGGC0veXGWzEPDWTRm8=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQQUpS+9Bd0Y3LCvYBTQiT6aQdOpmEmUmhhC7c+CtuXCji1o9w5984fQgqeuDC4Zx7ufceP2ZUKsv6MDIrq2vrG9nN3Nb2zu6euX/QllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/upr5nTERkkb8Vk1i4oZowGlAMVJa8sy8M0QqdUKkhn6Q8ukUFhOvfArHXvnEMwtWqV6tXVQtaJWsOTSpWPZZpQbtpVIASzQ9893pRzgJCVeYISl7thUrN0VCUczINOckksQIj9CA9DTlKCTSTedPTOGxVvowiIQuruBc/T6RolDKSejrztm18rc3E//yeokKzt2U8jhRhOPFoiBhUEVwlgjsU0GwYhNNEBZU3wrxEAmElc4tp0P4+hT+T9rlkl0rVW8qhcblMo4syIMjUAQ2qIMGuAZN0AIY3IEH8ASejXvj0XgxXhetGWM5cwh+wHj7BL59l4Q=</latexit>

n̂(u2, v2)



Contravariant formulation for ¶r B

• Contravariant form of ¶r B
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Contravariant formulation for ¶r B

• Contravariant form of ¶r B
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Contravariant formulation for ¶r B

• Contravariant form of ¶r B

• Solve for all unknows using MHD equilibrium equations
• Solve for Ja’ using radial force balance

• Solve for na’ using Ampere’s law assuming J|| is known
• Solve for J|| using current conservation
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Equations for ¶r B and ¶r J 

• Two equations to be integrated along magnetic field lines
• Radial force balance

• Current conservation

• Parallel Ampere’s law

18Simons seminar

<latexit sha1_base64="IE6pQ7/mnZg9Vblw3ydtI4spMJw="></latexit>

Ba ·rS

✓
Jka
Ba

◆
=

2c|@uxa ⇥ @vxa|P 0(⇢a)

JaB3
a

(Ba ⇥ n̂a) ·rSBa

<latexit sha1_base64="BeUPM2X9qqZ75QCeGKyAfGD4jvU="></latexit>

Ba ·rS⌫
0
a =

◆0(⇢a)(Ba ⇥ n̂a) · @uxa

|@uxa ⇥ @vxa|
�

4⇡J 2
aBaJka

c 0
t(⇢a)|@uxa ⇥ @vxa|2

+
J 2
a [Ba ·rSn̂a · (Ba ⇥ n̂a) + (Ba ⇥ n̂a) ·rSn̂a ·Ba]

 0
t(⇢a)|@uxa ⇥ @vxa|2

<latexit sha1_base64="hUOl4BMVypvPF5GQPKENMcw7H34="></latexit>

 00
t (⇢a)

 0
t(⇢a)

� J 0
a

Ja
=

2JaBa ·rSBa · n̂a

|@uxa ⇥ @vxa|B2
a

� 4⇡P 0(⇢a)

B2
a

�  0
t(⇢a)

JaB2
a

[@u⌫
0
a @vxa + (◆0(⇢a)� @v⌫

0
a) @uxa] ·Ba



Solutions on irrational flux surfaces

• J||a known up to constant Ka

• Pfirsch-Schlüter current JPS,a = particular solution with

– á…ñ = flux surface average

• Constant Ka determined by solvability condition of parallel 
Ampere’s law:
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Final set of geometric coefficients

• With ¶r B and ¶r J on a flux surface, one can finally calculate
• Ñr ×Ña and |Ña |2 = effect of magnetic shear on k^2

• (B´ÑB)×Ña and [B´(B×ÑB)]×Ña = projection of magnetic drift on 
binormal direction and effect of magnetic shear on magnetic drift

• These coefficients are independent of functions Au and Av

• na’ is obtained up to a constant, and that constant determines the 
zero for kr
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What about rational flux surfaces?

• Going back to 1st slide, current conservation is solvable
• P ’(ra) = 0, or

•         is independent of B line in which it is evaluated

• When this condition is satisfied (e.g. we choose P ’(ra) = 0 or 
an appropriate Ja), J||a obtained up to function of the field line 
• Use a to distinguish between lines

• JPS,a dependence on a given by continuity with JPS in irrational flux 
surfaces Þ JPS,a must satisfy
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Calculating the total current

• Parallel Ampere’s law has infinitely many solvability 
conditions in irrational flux surfaces

• This would seem to be the end of the calculation, but if we try 
to find         , there will be trouble…
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Second order radial derivatives of B

• Form of the current conservation equation

• Obtain equation for radial derivative of J|| by differentiating 
the current conservation equation 

• Dividing by Ba and integrating along each line

• Condition on J||a ! 
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New condition for rational flux surfaces

• For flux surfaces to exist around a rational flux surface

• Condition requires choosing correct P ’’(ra), xa and/or Ja

• Without this condition, current in each line would give 
different “local” magnetic shears when they should all give 
the same global magnetic shear i ’
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Conclusions

• We have derived a system of linear equations for stellarator 
local MHD equilibria
• One 2D elliptic partial differential equation
• Two equations that require integrating along magnetic field lines

• We can calculate the geometric coefficients needed for drift 
kinetic and gyrokinetic equations using the local MHD 
equations that we have derived

• We have explicitly shown these coefficients to be 
independent of the choice of coordinates for the flux surface

• For rational flux surfaces, two solvability conditions must be 
met, and one of these conditions is new
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Summary of rational surface conditions

• Hamada condition:

• New condition

• Pfirsch-Schlüter current JPS defined by
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