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What I envisaged doing this project would be like
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Macroscopic evolution

Pressure anisotropy

Kinetic instabilities

Anomalous thermodynamics, 
wave dynamics, collisionality 
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High-𝛽, magnetised collisionless plasmas have a complicated interplay between macro/microscales   
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Simple example: the (ion) firehose instability

‘Kinetic’ variants of  the firehose instability (             )  have the fastest growth rates and least stringent thresholds:   

Gary et al (1998): resonant parallel 
firehose instability     

Hellinger & Matsumoto (2000): resonant 
oblique firehose instability     
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A,e↵Rosenbluth (1956); Chandrasekhar, Kaufman & Watson 

(1958); Parker (1958); Vedenov & Sagdeev (1958):
Alfvén waves linearly unstable if                      .    
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Nonlinear evolution and saturation of  firehose
Q: how does the firehose instability evolve nonlinear/saturate in response to a plasma’s macroscopic evolution?
àAddressed primarily using hybrid-PIC expanding-box (e.g. Hellinger & Travnicek 2008) or shearing-box 

simulations (e.g. Kunz, Schekochihin & Stone 2014); in special cases, quasilinear theory (e.g. Rosin et al 2011)

<latexit sha1_base64="0a158RpH6ABzUFSYMVdNbeH3r6U=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiu6oz4WhbcuKxgH9AOJZNm2tBMMiYZoQ79CTcuFHHr77jzb0zbWWjrgQuHc+7l3nvCRHBjPe8bLS2vrK6tFzaKm1vbO7ulvf2GUammrE6VULoVEsMEl6xuuRWslWhG4lCwZji8mfjNR6YNV/LejhIWxKQvecQpsU5qPZ129EB1ebdU9ireFHiR+DkpQ45at/TV6SmaxkxaKogxbd9LbJARbTkVbFzspIYlhA5Jn7UdlSRmJsim947xsVN6OFLalbR4qv6eyEhszCgOXWdM7MDMexPxP6+d2ug6yLhMUssknS2KUoGtwpPncY9rRq0YOUKo5u5WTAdEE2pdREUXgj//8iJpnFX8y8rF3Xm56uVxFOAQjuAEfLiCKtxCDepAQcAzvMIbekAv6B19zFqXUD5zAH+APn8A6LGP2A==</latexit>

z/⇢i

<latexit sha1_base64="bii0K5i00J7wgXu/ybcIjfeHULA=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPcUbcjgEvHiOYBZIh9HR6kia9jN09YhjyE148KOLV3/Hm39hJ5qCJDwoe71VRVS9KODPW97+9peWV1bX1wkZxc2t7Z7e0t98wKtWE1oniSrcibChnktYts5y2Ek2xiDhtRsObid98pNowJe/tKKGhwH3JYkawdVLr6bSjB6rLuqWyX/GnQIskyEkZctS6pa9OT5FUUGkJx8a0Az+xYYa1ZYTTcbGTGppgMsR92nZUYkFNmE3vHaNjp/RQrLQradFU/T2RYWHMSESuU2A7MPPeRPzPa6c2vg4zJpPUUklmi+KUI6vQ5HnUY5oSy0eOYKKZuxWRAdaYWBdR0YUQzL+8SBpnleCycnF3Xq76eRwFOIQjOIEArqAKt1CDOhDg8Ayv8OY9eC/eu/cxa13y8pkD+APv8wflm4/W</latexit>

x/⇢i

<latexit sha1_base64="NG7z8z4vPADOR+Cy3hCmKoOhI2c=">AAAB73icbVDLSsNAFL2pr1pfVZduBovgqibia1lw47KCfUAbymQ6aYdOZuLMRAihP+HGhSJu/R13/o2TNgttPXDhcM693HtPEHOmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJRhLaI5FJ1A6wpZ4K2DDOcdmNFcRRw2gkmt7nfeaJKMykeTBpTP8IjwUJGsLFSNz3rq7EcsEG15tbdGdAy8QpSgwLNQfWrP5QkiagwhGOte54bGz/DyjDC6bTSTzSNMZngEe1ZKnBEtZ/N7p2iE6sMUSiVLWHQTP09keFI6zQKbGeEzVgvern4n9dLTHjjZ0zEiaGCzBeFCUdGovx5NGSKEsNTSzBRzN6KyBgrTIyNqGJD8BZfXibt87p3Vb+8v6g13CKOMhzBMZyCB9fQgDtoQgsIcHiGV3hzHp0X5935mLeWnGLmEP7A+fwB5yaP1w==</latexit>

y/⇢i

<latexit sha1_base64="1FlT5zLMSK8r9DkMD5wGZPQXZrk=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gNRr0IAS8eI5gHJMsyO+kkQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BYngSjvOt7W2vrG5tV3YKe7u7R+U7MOjlopTybDJYhHLTkAVCh5hU3MtsJNIpGEgsB2Mb2d++xGl4nH0oCcJeiEdRnzAGdVG8u1SL0BN/Yw7U3JDqjXfLjsVZw6yStyclCFHw7e/ev2YpSFGmgmqVNd1Eu1lVGrOBE6LvVRhQtmYDrFraERDVF42P3xKzozSJ4NYmoo0mau/JzIaKjUJA9MZUj1Sy95M/M/rpnpw7WU8SlKNEVssGqSC6JjMUiB9LpFpMTGEMsnNrYSNqKRMm6yKJgR3+eVV0qpW3MtK7f6iXHfyOApwAqdwDi5cQR3uoAFNYJDCM7zCm/VkvVjv1seidc3KZ47hD6zPHxekkgU=</latexit>

�i0 = 25
<latexit sha1_base64="ZIsTN+Mx6fTn8sxfQ9HsSwDFUcs=">AAACE3icbVA9SwNBEN3zM8avqKXNYhDEItxJ/GgEwcbOCCYKufPY20zi4u7dsTsnhiP/wca/YmOhiK2Nnf/GTXKFXw8GHu/NMDMvSqUw6LqfzsTk1PTMbGmuPL+wuLRcWVltmSTTHJo8kYm+jJgBKWJookAJl6kGpiIJF9HN8dC/uAVtRBKfYz+FQLFeLLqCM7RSWNn2kWVh7mtF4S4dUP9UQY+Fgh5Sr7bno1BgqOde5fVBWKm6NXcE+pd4BamSAo2w8uF3Ep4piJFLZkzbc1MMcqZRcAmDsp8ZSBm/YT1oWxozuyvIRz8N6KZVOrSbaFsx0pH6fSJnypi+imynYnhtfntD8T+vnWH3IMhFnGYIMR8v6maSYkKHAdGO0MBR9i1hXAt7K+XXTDOONsayDcH7/fJf0tqpeXu13bN69cgt4iiRdbJBtohH9skROSEN0iSc3JNH8kxenAfnyXl13satE04xs0Z+wHn/Aq3fnLQ=</latexit>

⌧exp⌦i = 1.6⇥ 104



Nonlinear evolution and saturation of  firehose

A: Depends on two parameters:      and        . Key common feature: anomalous collisionality/viscosity!
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<latexit sha1_base64="sczYJruAHfSxC14OQ+5BOh9r2+o=">AAACEXicbVC7TgJBFJ3FF+ILtbSZSEyocJfgoyTYWGIij4SFzexwgQmzs5uZWROy4Rds/BUbC42xtbPzbxwWCgVPMsnJOefmzj1+xJnStv1tZdbWNza3stu5nd29/YP84VFThbGk0KAhD2XbJwo4E9DQTHNoRxJI4HNo+eObmd96AKlYKO71JIJuQIaCDRgl2khevuhyIoYcsNsHrgmueYkbgYymvfJ5zbN7ZezKNODlC3bJToFXibMgBbRA3ct/uf2QxgEITTlRquPYke4mRGpGOUxzbqwgInRMhtAxVJAAVDdJL5riM6P08SCU5gmNU/X3REICpSaBb5IB0SO17M3E/7xOrAfX3YSJKNYg6HzRIOZYh3hWD+4zCVTziSGESmb+iumISEK1KTFnSnCWT14lzXLJuSxd3FUK1cqijiw6QaeoiBx0haroFtVRA1H0iJ7RK3qznqwX6936mEcz1mLmGP2B9fkD9J+cbQ==</latexit>

h�B2
?/B

2
0i

<latexit sha1_base64="j+AzLYx0ijTKeeNoYpEUGBqizUE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTia2fBjcsK9gFNCJPptB06mQkzk0IJ/RM3LhRx65+482+ctllo64ELh3Pu5d574pQzbTzv2ymtrW9sbpW3Kzu7e/sH7uFRS8tMEdokkkvVibGmnAnaNMxw2kkVxUnMaTse3c/89pgqzaR4MpOUhgkeCNZnBBsrRa47QoEayoihgHPk36HIrXo1bw60SvyCVKFAI3K/gp4kWUKFIRxr3fW91IQ5VoYRTqeVINM0xWSEB7RrqcAJ1WE+v3yKzqzSQ32pbAmD5urviRwnWk+S2HYm2Az1sjcT//O6menfhjkTaWaoIItF/YwjI9EsBtRjihLDJ5Zgopi9FZEhVpgYG1bFhuAvv7xKWhc1/7p29XhZrV8WcZThBE7hHHy4gTo8QAOaQGAMz/AKb07uvDjvzseiteQUM8fwB87nD4k2kkM=</latexit>

k⇢i ⌧ 1?

<latexit sha1_base64="W3OUR1gJUkR3esR562qjjeixBzE=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8cI5gHJEmYnvcmQ2dl1ZjYQlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXkAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WjmSToR3QgecgZNVbyuzLtZV0VEQzDaa9ccavuHGSVeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOC11U40JZSM6wI6lkkao/Wx+9JScWaVPwljZkobM1d8TGY20nkSB7YyoGeplbyb+53VSE976GZdJalCyxaIwFcTEZJYA6XOFzIiJJZQpbm8lbEgVZcbmVLIheMsvr5LmRdW7rl49XFZql3kcRTiBUzgHD26gBvdQhwYweIJneIU3Z+y8OO/Ox6K14OQzx/AHzucP0aOSGg==</latexit>⌫e↵

<latexit sha1_base64="0G7LL9whd/NY0yPSr8x7pLSKwM4=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRSH8uiG5cV7AOSUCbTSTt0JhNmJkIJ/Qw3LhRx69e482+ctllo64ELh3Pu5d57opQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjpaZIrRNJJeqF2FNOUto2zDDaS9VFIuI0240vpv53SeqNJPJo5mkNBR4mLCYEWys5Aci6+eBEuh22q/W3Lo7B1olXkFqUKDVr34FA0kyQRNDONba99zUhDlWhhFOp5Ug0zTFZIyH1Lc0wYLqMJ+fPEVnVhmgWCpbiUFz9fdEjoXWExHZToHNSC97M/E/z89MfBPmLEkzQxOyWBRnHBmJZv+jAVOUGD6xBBPF7K2IjLDCxNiUKjYEb/nlVdK5qHtX9cuHRq3ZKOIowwmcwjl4cA1NuIcWtIGAhGd4hTfHOC/Ou/OxaC05xcwx/IHz+QMS0pEW</latexit>µB

<latexit sha1_base64="rGsUEUkKqsY8W+RxE4pQaItR6uw=">AAAB9XicbVDJSgNBEO2JW4xb1KOXxiB4Mc6EuBwDXjxGMAtkxtDTqUma9Cx01yhhyH948aCIV//Fm39jZzlo4oOCx3tVVNXzEyk02va3lVtZXVvfyG8WtrZ3dveK+wdNHaeKQ4PHMlZtn2mQIoIGCpTQThSw0JfQ8oc3E7/1CEqLOLrHUQJeyPqRCARnaKQHV0p6Vjl3fUDWFd1iyS7bU9Bl4sxJicxR7xa/3F7M0xAi5JJp3XHsBL2MKRRcwrjgphoSxoesDx1DIxaC9rLp1WN6YpQeDWJlKkI6VX9PZCzUehT6pjNkONCL3kT8z+ukGFx7mYiSFCHis0VBKinGdBIB7QkFHOXIEMaVMLdSPmCKcTRBFUwIzuLLy6RZKTuX5Yu7aqlWnceRJ0fkmJwSh1yRGrklddIgnCjyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPzHTkaQ=</latexit>

⌧ �2/�i
<latexit sha1_base64="JJHO+qUhLpr6zSstm5RuMetx+Kk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpqU+lgW3LisYB/QhDCZ3rRDJw9nJkqJ/RQ3LhRx65e482+ctllo64ELh3Pu5d57/IQzqSzr2yisrK6tbxQ3S1vbO7t7Znm/LeNUUGjRmMei6xMJnEXQUkxx6CYCSOhz6Pij66nfeQAhWRzdqXECbkgGEQsYJUpLnll2JAvhHp/WzhwfFPGYZ1asqjUDXiZ2TiooR9Mzv5x+TNMQIkU5kbJnW4lyMyIUoxwmJSeVkBA6IgPoaRqREKSbzU6f4GOt9HEQC12RwjP190RGQinHoa87Q6KGctGbiv95vVQFV27GoiRVENH5oiDlWMV4mgPuMwFU8bEmhAqmb8V0SAShSqdV0iHYiy8vk3atal9Uz2/rlUY9j6OIDtEROkE2ukQNdIOaqIUoekTP6BW9GU/Gi/FufMxbC0Y+c4D+wPj8ARuKkzo=</latexit>

' �2/�i
<latexit sha1_base64="gdpaTz2ffc0ojJgr6WURtLArJSk=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHcGBOp1WXBjcsK9gFNCJPpTTt08nBmIoRSf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufeeIOVMKtv+NlZW19Y3Nktb5e2d3b198+CwLZNMUGjRhCeiGxAJnMXQUkxx6KYCSBRw6ASjm6nfeQQhWRLfqzwFLyKDmIWMEqUl36y4kkXwgM8cq37uBqCIz3yzalv2DHiZOAWpogJN3/xy+wnNIogV5UTKnmOnyhsToRjlMCm7mYSU0BEZQE/TmEQgvfHs+Ak+0Uofh4nQFSs8U39PjEkkZR4FujMiaigXvan4n9fLVHjtjVmcZgpiOl8UZhyrBE+TwH0mgCqea0KoYPpWTIdEEKp0XmUdgrP48jJpX1hO3bq8q1UbtSKOEjpCx+gUOegKNdAtaqIWoihHz+gVvRlPxovxbnzMW1eMYqaC/sD4/AEFJZOx</latexit>

' �1.6/�i

<latexit sha1_base64="l8tTNVo6A7uZE3zsdrp3oST1Muc=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMSl2PAi8cIZoFkCD2dnqRNL0N3jxCG/IMXD4p49X+8+Td2kjlo4oOCx3tVVNWLEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/PbT1QbpuSDnSQ0FHgoWcwItk5q9QwTKOiXK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vgmzJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDq+rlfa1Sr+VxFOEETuEcAriGOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucP5r2OqA==</latexit>⇠ 1
<latexit sha1_base64="44DIqtClYKuDyRu67U21B0GMPYQ=">AAACC3icbVC7SgNBFJ2NrxhfUUubIUGwkLgr8dEZsLEzgnlANoTZyU0yZGZ3mbkrhJDexl+xsVDE1h+w82+cPApNPHDhzDn3MveeIJbCoOt+O6ml5ZXVtfR6ZmNza3snu7tXNVGiOVR4JCNdD5gBKUKooEAJ9VgDU4GEWtC/Hvu1B9BGROE9DmJoKtYNRUdwhlZqZXN+F62rqB8AspY48ZEl1L9V0LUv6h/Tq1Y27xbcCegi8WYkT2Yot7JffjviiYIQuWTGNDw3xuaQaRRcwijjJwZixvusCw1LQ6bANIeTW0b00Cpt2om0rRDpRP09MWTKmIEKbKdi2DPz3lj8z2sk2LlsDkUYJwghn37USSTFiI6DoW2hgaMcWMK4FnZXyntMM442vowNwZs/eZFUTwveeeHsrpgvFWdxpMkByZEj4pELUiI3pEwqhJNH8kxeyZvz5Lw4787HtDXlzGb2yR84nz86G5nW</latexit>

& �i/⌧⌦i ?
<latexit sha1_base64="YRsSTnFo3H9ceil3P1sh5KIReHI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF9ak1MfOght3VrAPaGKYTCft0JkkzEyEErpy46+4caGIW7/BnX/jtM1CWw9cOJxzL/fe48eMSmVZ30ZuYXFpeSW/Wlhb39jcMrd3mjJKBCYNHLFItH0kCaMhaSiqGGnHgiDuM9LyB1djv/VAhKRReKeGMXE56oU0oBgpLXnmviMphyVHoQQ6N5z0kEeP7tNj+6QygpeeWbTK1gRwntgZKYIMdc/8croRTjgJFWZIyo5txcpNkVAUMzIqOIkkMcID1CMdTUPEiXTTyRsjeKiVLgwioStUcKL+nkgRl3LIfd3JkerLWW8s/ud1EhVcuCkN40SREE8XBQmDKoLjTGCXCoIVG2qCsKD6Voj7SCCsdHIFHYI9+/I8aVbK9ln59LZarFWzOPJgDxyAErDBOaiBa1AHDYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPcd6XJg==</latexit>

⇠ (⌧⌦i)
�1/2?

NoYesYes?
<latexit sha1_base64="IvYJT2x+xQbTZqcdQmyC+GB4qY4=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQyCpzgT4nIMePEYwSyQGYaeTiVp0rPYXSOEIeCvePGgiFe/w5t/Y2c5aOKDgsd7VVTVCxIpNNr2t5VbWV1b38hvFra2d3b3ivsHTR2nikODxzJW7YBpkCKCBgqU0E4UsDCQ0AqGNxO/9QhKizi6x1ECXsj6kegJztBIfvHI1SKEB1qhbgDIfHHuIkv9Ysku21PQZeLMSYnMUfeLX2435mkIEXLJtO44doJexhQKLmFccFMNCeND1oeOoRELQXvZ9PwxPTVKl/ZiZSpCOlV/T2Qs1HoUBqYzZDjQi95E/M/rpNi79jIRJSlCxGeLeqmkGNNJFrQrFHCUI0MYV8LcSvmAKcbRJFYwITiLLy+TZqXsXJYv7qqlWnUeR54ckxNyRhxyRWrkltRJg3CSkWfySt6sJ+vFerc+Zq05az5zSP7A+vwBNxSU+w==</latexit>

' 2�i/⌧
<latexit sha1_base64="TJqs+mwWUI3d7RWt5kZ/s4iGxNw=">AAACAHicbVDJSgNBEO2JW4zbqAcPXhqD4GmckRg9Brx4jGAWyITQ06kkTXoWu2uEMOTir3jxoIhXP8Obf2NnOWjig4LHe1VU1QsSKTS67reVW1ldW9/Ibxa2tnd29+z9g7qOU8WhxmMZq2bANEgRQQ0FSmgmClgYSGgEw5uJ33gEpUUc3eMogXbI+pHoCc7QSB37yNcihAfqOWXqB4CsI859ZGnHLrqOOwVdJt6cFMkc1Y795XdjnoYQIZdM65bnJtjOmELBJYwLfqohYXzI+tAyNGIh6HY2fWBMT43Spb1YmYqQTtXfExkLtR6FgekMGQ70ojcR//NaKfau25mIkhQh4rNFvVRSjOkkDdoVCjjKkSGMK2FupXzAFONoMiuYELzFl5dJ/cLxys7lXalYKc3jyJNjckLOiEeuSIXckiqpEU7G5Jm8kjfryXqx3q2PWWvOms8ckj+wPn8AIlSVcg==</latexit>

' 1.6�i/⌧

<latexit sha1_base64="qZB+Hw5T0Ug+pCFY2HxTh1zIdmo=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgQksi9bGz4MadFewDmhgm00k7dGYSZiZCCd258VfcuFDErb/gzr9x2mah1QMXDufcy733hAmjSjvOl1WYm19YXCoul1ZW19Y37M2tpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4HLst+6JVDQWt3qYEJ+jnqARxUgbKbB3vZ42LodJQKF3zUkPBfQuO3JH0DuEF4FddirOBPAvcXNSBjnqgf3pdWOcciI0Zkipjusk2s+Q1BQzMip5qSIJwgPUIx1DBeJE+dnkjxHcN0oXRrE0JTScqD8nMsSVGvLQdHKk+2rWG4v/eZ1UR+d+RkWSaiLwdFGUMqhjOA4FdqkkWLOhIQhLam6FuI8kwtpEVzIhuLMv/yXN44p7Wjm5qZZr1TyOItgBe+AAuOAM1MAVqIMGwOABPIEX8Go9Ws/Wm/U+bS1Y+cw2+AXr4xvvkZgF</latexit>

& pi⌦
�1
i ?

<latexit sha1_base64="qExlVtE+qVeMjJlNbh0I64fQ+AE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4qkmpj2XRjcsK9gFNLJPppB06M4kzE6GEgBt/xY0LRdz6E+78G6dtFtp64MLhnHu5954gZlRpx/m2FhaXlldWC2vF9Y3NrW17Z7epokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC8GvutByIVjcStHsXE56gvaEgx0kbq2vueopzcQ0+jBKaXd5XsJK1CL6YZ7Nolp+xMAOeJm5MSyFHv2l9eL8IJJ0JjhpTquE6s/RRJTTEjWdFLFIkRHqI+6RgqECfKTyc/ZPDIKD0YRtKU0HCi/p5IEVdqxAPTyZEeqFlvLP7ndRIdXvgpFXGiicDTRWHCoI7gOBDYo5JgzUaGICypuRXiAZIIaxNb0YTgzr48T5qVsntWPr2plmrVPI4COACH4Bi44BzUwDWogwbA4BE8g1fwZj1ZL9a79TFtXbDymT3wB9bnD1felqY=</latexit>

' ⌧B2/4⇡
<latexit sha1_base64="BxBBuiFtkvjxiBjlPWrKKZYcrV8=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgKialapdFNy4r2Ac0sUymk3boTBJnJkIJ2bnxV9y4UMStv+DOv3HaZqGtBy4czrmXe+/xY0alsu1vo7C0vLK6VlwvbWxube+Yu3stGSUCkyaOWCQ6PpKE0ZA0FVWMdGJBEPcZafujq4nffiBC0ii8VeOYeBwNQhpQjJSWeuahKykn99C2atBVKIHp5V0lO02r0I1pBntm2bbsKeAicXJSBjkaPfPL7Uc44SRUmCEpu44dKy9FQlHMSFZyE0lihEdoQLqahogT6aXTPzJ4rJU+DCKhK1Rwqv6eSBGXcsx93cmRGsp5byL+53UTFdS8lIZxokiIZ4uChEEVwUkosE8FwYqNNUFYUH0rxEMkEFY6upIOwZl/eZG0KpZzbp3dVMv1ah5HERyAI3ACHHAB6uAaNEATYPAInsEreDOejBfj3fiYtRaMfGYf/IHx+QMZxpeE</latexit>

' 0.8⌧B2/4⇡

Q: how does the firehose instability evolve nonlinear/saturate in response to a plasma’s macroscopic evolution?
àAddressed primarily using hybrid-PIC expanding-box (e.g. Hellinger & Travnicek 2008) or shearing-box 

simulations (e.g. Kunz, Schekochihin & Stone 2014); in special cases, quasilinear theory (e.g. Rosin et al 2011)

<latexit sha1_base64="k7+FDjrhtteayrCYCkhWEv4brQk=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCymJ1MfOght3VrAPaEKYTG/aoTNJmJkIpXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994Tppwp7Tjf1sLi0vLKamGtuL6xubVt7+w2VJJJCnWa8ES2QqKAsxjqmmkOrVQCESGHZti/HvvNB5CKJfG9HqTgC9KNWcQo0UYK7H2Pg1KKCezdCuiSgGHvBF8FdskpOxPgeeLmpIRy1AL7y+skNBMQa8qJUm3XSbU/JFIzymFU9DIFKaF90oW2oTERoPzh5P4RPjJKB0eJNBVrPFF/TwyJUGogQtMpiO6pWW8s/ue1Mx1d+kMWp5mGmE4XRRnHOsHjMHCHSaCaDwwhVDJzK6Y9IgnVJrKiCcGdfXmeNE7L7nn57K5SqlbyOAroAB2iY+SiC1RFN6iG6oiiR/SMXtGb9WS9WO/Wx7R1wcpn9tAfWJ8/f0GVEw==</latexit>

. ⌦i ?

ICM

Black-hole
accretion disks

Solar wind

Simulations



Why find a firehose collision operator?
A1: simple argument for estimating                based on considering scattering of  `average’ particles fail:  

<latexit sha1_base64="aDrJkyRuk2Xso8O+eqFmKPx6hLc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVzUp9bEsdeOygn1Ak4bJZNIOnUnCzEQoobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xE0alsqxvo7Cyura+UdwsbW3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fijm6nfeSBC0ji6V+OEuBwNIhpSjJSWPPPICQhTCDa8zBEchpN+9bzhWf0q9MyyVbFmgMvEzkkZ5Gh65pcTxDjlJFKYISl7tpUoN0NCUczIpOSkkiQIj9CA9DSNECfSzWYvTOCpVgIYxkJXpOBM/T2RIS7lmPu6kyM1lIveVPzP66UqvHYzGiWpIhGeLwpTBlUMp3nAgAqCFRtrgrCg+laIh0ggrHRqJR2CvfjyMmlXK/Zl5eKuVq7X8jiK4BicgDNggytQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH9vRlcE=</latexit>
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Marginal stability

Quasi-steady state

<latexit sha1_base64="5q0EEXDEaKgF3crPmejJ4DsAfhw="></latexit>
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<latexit sha1_base64="hkI6knydqdwf/QIkOyf2I/UEaYE="></latexit>
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Pitch-angle diffusion 
<latexit sha1_base64="NlGuqUDpfu50nDPDoMHXc/9emfk="></latexit>
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<latexit sha1_base64="GMbBjfCGkB8yhvSi83+o7z0Z6n0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHnrTfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9a6ql/e1Sr2Wx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP52WjWM=</latexit>

} <latexit sha1_base64="AEpfEYj/Lsd25jbncYzEvXBP+Ak="></latexit>
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From my Vienna talk last year…
To understand physics of  firehose saturation, need collision operator! 



Why find a firehose collision operator?
A1: simple argument for estimating                based on considering scattering of  `average’ particles fail:  

<latexit sha1_base64="aDrJkyRuk2Xso8O+eqFmKPx6hLc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVzUp9bEsdeOygn1Ak4bJZNIOnUnCzEQoobjxV9y4UMStX+HOv3HaZqGtBy4czrmXe+/xE0alsqxvo7Cyura+UdwsbW3v7O6Z+wdtGacCkxaOWSy6PpKE0Yi0FFWMdBNBEPcZ6fijm6nfeSBC0ji6V+OEuBwNIhpSjJSWPPPICQhTCDa8zBEchpN+9bzhWf0q9MyyVbFmgMvEzkkZ5Gh65pcTxDjlJFKYISl7tpUoN0NCUczIpOSkkiQIj9CA9DSNECfSzWYvTOCpVgIYxkJXpOBM/T2RIS7lmPu6kyM1lIveVPzP66UqvHYzGiWpIhGeLwpTBlUMp3nAgAqCFRtrgrCg+laIh0ggrHRqJR2CvfjyMmlXK/Zl5eKuVq7X8jiK4BicgDNggytQB7egCVoAg0fwDF7Bm/FkvBjvxse8tWDkM4fgD4zPH9vRlcE=</latexit>
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Marginal stability

Quasi-steady state

<latexit sha1_base64="5q0EEXDEaKgF3crPmejJ4DsAfhw="></latexit>
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Pitch-angle diffusion 
<latexit sha1_base64="NlGuqUDpfu50nDPDoMHXc/9emfk="></latexit>
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<latexit sha1_base64="GMbBjfCGkB8yhvSi83+o7z0Z6n0=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGMQ9IljA7mU2GzM4uM71CWPIHXjwo4tU/8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHnrTfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NLp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOGUbAje8surpHVR9a6ql/e1Sr2Wx1GEEziFc/DgGupwBw1oAoMQnuEV3pyx8+K8Ox+L1oKTzxzDHzifP52WjWM=</latexit>

} <latexit sha1_base64="AEpfEYj/Lsd25jbncYzEvXBP+Ak="></latexit>
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0

⇠ �i

⌧⌦i

To understand physics of  firehose saturation, need collision operator! 

A2: characterise distribution-function anisotropy in saturated state
à Explain why                                                  in AE state
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<latexit sha1_base64="SZT2Qk2SQs0jNgr9lWgDd5XXb1w=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEN4akWB+7ghs3hQr2AW0Ik+mkHTqThJmJUELAX3HjQhG3foc7/8ZJG8TngQuHc+7l3nv8mFGpbPvdKC0sLi2vlFcra+sbm1vm9k5HRonApI0jFomejyRhNCRtRRUjvVgQxH1Guv7kMve7t0RIGoU3ahoTl6NRSAOKkdKSZ+4FXjoQHPq0mR0XvJl5ZtW2LnLUoWPZM/wmVVCg5Zlvg2GEE05ChRmSsu/YsXJTJBTFjGSVQSJJjPAEjUhf0xBxIt10dn4GD7UyhEEkdIUKztSvEyniUk65rzs5UmP508vFv7x+ooJzN6VhnCgS4vmiIGFQRTDPAg6pIFixqSYIC6pvhXiMBMJKJ1bRIfz/+yfp1Czn1Kpfn1QbtSKOMtgHB+AIOOAMNMAVaIE2wCAF9+ARPBl3xoPxbLzMW0tGMbMLvsF4/QDpRJVt</latexit>

fbiM � fM
<latexit sha1_base64="o03LqA/PoQsEXd6c+zIWtJBsudI=">AAAB8nicdVDLSgNBEOyNrxhfUY9eBoPgxWUTjI9bwIsXIYJJhM0SZiezyZCZnWVmVghLPsOLB0W8+jXe/BtnkyA+CxqKqm66u8KEM208790pLCwuLa8UV0tr6xubW+XtnbaWqSK0RSSX6jbEmnIW05ZhhtPbRFEsQk474egi9zt3VGkm4xszTmgg8CBmESPYWMmPjqJe1lUCXU165Yrnnueoo6rrTfGbVGCOZq/81u1LkgoaG8Kx1n7VS0yQYWUY4XRS6qaaJpiM8ID6lsZYUB1k05Mn6MAqfRRJZSs2aKp+nciw0HosQtspsBnqn14u/uX5qYnOgozFSWpoTGaLopQjI1H+P+ozRYnhY0swUczeisgQK0yMTalkQ/j/90/SrrnVE7d+fVxp1OZxFGEP9uEQqnAKDbiEJrSAgIR7eIQnxzgPzrPzMmstOPOZXfgG5/UDBRWRDg==</latexit>

f � fM

<latexit sha1_base64="nFCWueqGBR6LHKSyjnddvl+zxP8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiZdkVX8eAF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+nZXVtfWNzcJWcXtnd2+/dHDY0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+Hwduo3n1BpnshHM0oxiGlf8ogzaqz0UGFn3VLZc70ZyDLxc1KGHLVu6avTS1gWozRMUK3bvpeaYEyV4UzgpNjJNKaUDWkf25ZKGqMOxrNTJ+TUKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0U0w5jLNDEo2XxRlgpiETP8mPa6QGTGyhDLF7a2EDaiizNh0ijYEf/HlZdI4d/0r9/L+olx18zgKcAwnUAEfrqEKd1CDOjDowzO8wpsjnBfn3fmYt644+cwR/IHz+QOI8Y1C</latexit>

(c)

<latexit sha1_base64="qo3GkSmNKxSpi0xUh8EVYLREnj4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiZdkVX8eAF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+nZXVtfWNzcJWcXtnd2+/dHDY0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+Hwduo3n1BpnshHM0oxiGlf8ogzaqz0UMGzbqnsud4MZJn4OSlDjlq39NXpJSyLURomqNZt30tNMKbKcCZwUuxkGlPKhrSPbUsljVEH49mpE3JqlR6JEmVLGjJTf0+Maaz1KA5tZ0zNQC96U/E/r52Z6CYYc5lmBiWbL4oyQUxCpn+THlfIjBhZQpni9lbCBlRRZmw6RRuCv/jyMmmcu/6Ve3l/Ua66eRwFOIYTqIAP11CFO6hBHRj04Rle4c0Rzovz7nzMW1ecfOYI/sD5/AGL+41E</latexit>

(e)

<latexit sha1_base64="t3AFB/WUMBi3MtQbJeJd8kxweW4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiZdkVX8eAF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+nZXVtfWNzcJWcXtnd2+/dHDY0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+Hwduo3n1BpnshHM0oxiGlf8ogzaqz0UKFn3VLZc70ZyDLxc1KGHLVu6avTS1gWozRMUK3bvpeaYEyV4UzgpNjJNKaUDWkf25ZKGqMOxrNTJ+TUKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0U0w5jLNDEo2XxRlgpiETP8mPa6QGTGyhDLF7a2EDaiizNh0ijYEf/HlZdI4d/0r9/L+olx18zgKcAwnUAEfrqEKd1CDOjDowzO8wpsjnBfn3fmYt644+cwR/IHz+QOF541A</latexit>

(a) <latexit sha1_base64="Qk5Oiq5GUqf82GcUGBal3Lub1/E=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiZdkVX8eAF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+nZXVtfWNzcJWcXtnd2+/dHDY0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+Hwduo3n1BpnshHM0oxiGlf8ogzaqz0UAnPuqWy53ozkGXi56QMOWrd0lenl7AsRmmYoFq3fS81wZgqw5nASbGTaUwpG9I+ti2VNEYdjGenTsipVXokSpQtachM/T0xprHWozi0nTE1A73oTcX/vHZmoptgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I/uLLy6Rx7vpX7uX9Rbnq5nEU4BhOoAI+XEMV7qAGdWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8weHbI1B</latexit>

(b)

<latexit sha1_base64="SHVlYVDHV5tD7qBTVev9VjA45Xg=">AAAB6nicbVDLSsNAFL3js9ZX1aWbwSLUTUjE17LgxmVF+4A2lMlk0g6dTMLMRCihn+DGhSJu/SJ3/o3TNgttPXDhcM693HtPkAqujet+o5XVtfWNzdJWeXtnd2+/cnDY0kmmKGvSRCSqExDNBJesabgRrJMqRuJAsHYwup367SemNE/koxmnzI/JQPKIU2Ks9FALz/qVquu4M+Bl4hWkCgUa/cpXL0xoFjNpqCBadz03NX5OlOFUsEm5l2mWEjoiA9a1VJKYaT+fnTrBp1YJcZQoW9Lgmfp7Iiex1uM4sJ0xMUO96E3F/7xuZqIbP+cyzQyTdL4oygQ2CZ7+jUOuGDVibAmhittbMR0SRaix6ZRtCN7iy8ukde54V87l/UW17hRxlOAYTqAGHlxDHe6gAU2gMIBneIU3JNALekcf89YVVMwcwR+gzx+Kdo1D</latexit>

(d)

<latexit sha1_base64="wBVc0jf7oriJnEHcnXcox4363AM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiZdkVX8eAF48RzQOSJcxOepMhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrTAXXxvO+nZXVtfWNzcJWcXtnd2+/dHDY0EmmGNZZIhLVCqlGwSXWDTcCW6lCGocCm+Hwduo3n1BpnshHM0oxiGlf8ogzaqz0UInOuqWy53ozkGXi56QMOWrd0lenl7AsRmmYoFq3fS81wZgqw5nASbGTaUwpG9I+ti2VNEYdjGenTsipVXokSpQtachM/T0xprHWozi0nTE1A73oTcX/vHZmoptgzGWaGZRsvijKBDEJmf5NelwhM2JkCWWK21sJG1BFmbHpFG0I/uLLy6Rx7vpX7uX9Rbnq5nEU4BhOoAI+XEMV7qAGdWDQh2d4hTdHOC/Ou/Mxb11x8pkj+APn8weNgI1F</latexit>

(f)

From my Vienna talk last year…
<latexit sha1_base64="8cDjCwfiM32VaJJnxY0X0CuD0iQ=">AAAB+XicdVDLSsNAFL2pr1pfUZdugkVwFRKxPnYFN26ECvYBbQiT6aQdOjMJM5NCCf0TNy4UceufuPNvnLRFfB4YOJxzL/fMiVJGlfa8d6u0tLyyulZer2xsbm3v2Lt7LZVkEpMmTlgiOxFShFFBmppqRjqpJIhHjLSj0VXht8dEKpqIOz1JScDRQNCYYqSNFNp2HOY9jvRQ8jyiN9NpaFc997JAzfFdb4bfpAoLNEL7rddPcMaJ0Jghpbq+l+ogR1JTzMi00ssUSREeoQHpGioQJyrIZ8mnzpFR+k6cSPOEdmbq140ccaUmPDKTRUj10yvEv7xupuOLIKcizTQReH4ozpijE6eowelTSbBmE0MQltRkdfAQSYS1KatiSvj/75+kdeL6Z27t9rRaP13UUYYDOIRj8OEc6nANDWgChjHcwyM8Wbn1YD1bL/PRkrXY2YdvsF4/AHZzlC0=</latexit>

fbiM
<latexit sha1_base64="ZEoBo1WXmqC0GCLgVj0h9sR0Vg0=">AAAB7HicdVDLSsNAFL1TX7W+qi7dDBbBVUik9bEruHFZwdRCG8pkOmmHTiZhZiKU0G9w40IRt36QO//GSVvE54ELh3Pu5d57wlRwbVz3HZWWlldW18rrlY3Nre2d6u5eWyeZosyniUhUJySaCS6Zb7gRrJMqRuJQsNtwfFn4t3dMaZ7IGzNJWRCToeQRp8RYyY/6OZ/2qzXXuSjQwJ7jzvCb1GCBVr/61hskNIuZNFQQrbuem5ogJ8pwKti00ss0SwkdkyHrWipJzHSQz46d4iOrDHCUKFvS4Jn6dSInsdaTOLSdMTEj/dMrxL+8bmai8yDnMs0Mk3S+KMoENgkuPscDrhg1YmIJoYrbWzEdEUWosflUbAj///5J2ieOd+o0ruu1Zn0RRxkO4BCOwYMzaMIVtMAHChzu4RGekEQP6Bm9zFtLaDGzD9+AXj8AVfWPAg==</latexit>

fi<latexit sha1_base64="tQkmnKWe4efCQxh3l7CIHYwIReE="></latexit>

(�i)sat ' �1.6/�i < �c,biM

A3: modelling of  high-𝛽 plasmas with reduced kinetic models e.g. 
pressure-anisotropic gyrokinetics, drift kinetics

A4: modelling of  cosmic-ray transport 

For astrophysical applications, study Alfvén-enabling state 



<latexit sha1_base64="nTWG3t1m4qPFfbtpzcyr0FM3608="></latexit>

�B = �By(ŷ + iẑ)

Characterising the Alfvén-enabling states
To motivate form of  collision operator, review emergence of  firehose modes on path to AE state:  

1. Oblique firehose modes first… 
<latexit sha1_base64="Xbnj5GIhtBIEKacBAexZrlDkkSg=">AAACInicbVDLSgMxFM3UV62vUZdugkVwVWakvhZCqRuXFewDOqVkMmkbmnmQ3BHaYb7Fjb/ixoWirgQ/xrSdRW29EHI451zuvceNBFdgWd9GbmV1bX0jv1nY2t7Z3TP3DxoqjCVldRqKULZcopjgAasDB8FakWTEdwVrusPbid58ZFLxMHiAUcQ6PukHvMcpAU11zWvHYwIIdtxQeGrk6y+ppvgGZ3y1m4xT7AwIJPOWcZp2zaJVsqaFl4GdgSLKqtY1Px0vpLHPAqCCKNW2rQg6CZHAqWBpwYkViwgdkj5raxgQn6lOMj0xxSea8XAvlPoFgKfsfEdCfDXZTTt9AgO1qE3I/7R2DL2rTsKDKAYW0NmgXiwwhHiSF/a4ZBTESANCJde7YjogklDQqRZ0CPbiycugcVayL0rn9+VipZzFkUdH6BidIhtdogq6QzVURxQ9oRf0ht6NZ+PV+DC+ZtackfUcoj9l/PwCqvmlAA==</latexit>

�B = �Bzẑ

<latexit sha1_base64="/iI13mZomeCzaRVU1dK7YbkuE+U="></latexit>
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<latexit sha1_base64="BwSI3AOkAjMQGGClPLOJ2dwhn2k="></latexit>
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2. … then secondary parallel firehose modes:  

<latexit sha1_base64="36hvUMJB4pyH+oeTNt8bUdJhTRQ="></latexit>
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<latexit sha1_base64="embF8u6Y5JniPkon+kmMCWhK1vw="></latexit>
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<latexit sha1_base64="KrnhQOeDmSSGZ6QrSaXhyDr2UiI="></latexit>

kk⇢i ⇠ k?⇢i ⇠ 0.5, �kk ⇠ ⇢�1
i ,

<latexit sha1_base64="izdpodos4/pZpzNiHpciaOhqcnI="></latexit>

k?⇢i ⌧ kk⇢i ⇠ 1, �kk . ⇢�1
i

Both types of  modes persist in steady state, with
<latexit sha1_base64="gjsDVV2ztt/PKPzpUnG0+JSfmOo="></latexit>

�Bob ⌧ �Bpl ⇠ �0.25
i /(⌧exp⌦i)

1/2 . ��0.55
i B0 ⌧ B0

<latexit sha1_base64="hJaeFEoNNKTfGp6mTcSqU/S13mQ=">AAAB8XicbVDJSgNBEO2JW4xb1KOXxiB4CjMSl2PQi8cIZsEkhJ6emqRJT8/QXSPEIX/hxYMiXv0bb/6NneWgiQ8KHu9VUVXPT6Qw6LrfTm5ldW19I79Z2Nre2d0r7h80TJxqDnUey1i3fGZACgV1FCihlWhgkS+h6Q9vJn7zEbQRsbrHUQLdiPWVCAVnaKWHTgASGb3uPfWKJbfsTkGXiTcnJTJHrVf86gQxTyNQyCUzpu25CX YzplFwCeNCJzWQMD5kfWhbqlgEpptNLx7TE6sENIy1LYV0qv6eyFhkzCjybWfEcGAWvYn4n9dOMbzqZkIlKYLis0VhKinGdPI+DYQGjnJkCeNa2FspHzDNONqQCjYEb/HlZdI4K3sX5fO7SqlamceRJ0fkmJwSj1ySKrklNVInnCjyTF7Jm2OcF+fd+Zi15pz5zCH5A+fzBwzOkHs=</latexit>

�Bz



<latexit sha1_base64="C3rO7Yhb8998hdve4kdRFYKBEO0="></latexit>
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<latexit sha1_base64="sVG/h6z3ee5PKK56ugbF3XzZ0Tw="></latexit>
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, v0k ⌘ vk � vwv, ⇠
0 = ⇠ � vwv(1� ⇠2)/v.

Assumptions for scattering model
Goal: construct simplest possible collision operator that captures dominant physics à simplifying assumptions

1. Broad k-spectra of  small-amplitude firehose modes à quasilinear diffusion operator

2. For both oblique and secondary parallel firehose modes,                        à neglect electric fields
à Resonant pitch-angle scattering operator that isotropises     in the wave frame (Kulsrud & Pearce 1969):

<latexit sha1_base64="Znuj/2GoZ3crYTRRH8bNaPPhDQ4=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwVRJp1WVRFJcV7AOaECaTSTt08mBmIpQ0X+LGX3HjQhHBlf6NkzYLbXtgmMM593LvPW7MqJCG8aOVVlbX1jfKm5Wt7Z3dPX3/oCOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67ug697uPhAsahQ9yHBM7QIOQ+hQjqSRHb0wsN2KeGAfqS28zJ7V4AG+yCbQYg0vNq2zi6FWjZkwBF4lZkCoo0HL0L8uLcBKQUGKGhOibRiztFHFJMSNZxUoEiREeoQHpKxqigAg7nZ6XwROleNCPuHqhhFP1b0eKApHvqCoDJIdi3svFZV4/kf6lndIwTiQJ8WyQnzAoI5hnBT3KCZZsrAjCnKpdIR4ijrBUiVZUCOb8yYukc1Yzz2uN+3q1WS/iKIMjcAxOgQkuQBPcgRZoAwyewAt4A+/as/aqfWifs9KSVvQcgn/Qvn8BGeijqg==</latexit>

|FE| ⌧ |FB|
<latexit sha1_base64="Ho+wjiG5puBJnYmq6XRE4z+qH4c=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHsK+6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+qenlfq9RreRxFOIFTOAcPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AFELo3C</latexit>

fi

3. Assume small anisotropy and parallel phase velocities [                                                       ].

4. Adopt quasi-parallel approximation (                       ) for all modes

<latexit sha1_base64="UuTPBwDFz2A0wZGtRMICLNMmitc="></latexit>
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<latexit sha1_base64="kHgdCvguWxVwMI3rx1pS9RSo6u4="></latexit>

(@fi/@⇠)/fM ⇠ ṽwv ⇠ 1/�i ⌧ 1

<latexit sha1_base64="wfXAJovhy+loF52XwXgjdfA7GKA=">AAACD3icbVDJSgNBEO1xjXEb9eilMSie4kyIyzHgxZsRzAKZydDTqSRNeha6ewJhyB948Ve8eFDEq1dv/o2dZEBNfFDweK+Kqnp+zJlUlvVlLC2vrK6t5zbym1vbO7vm3n5dRomgUKMRj0TTJxI4C6GmmOLQjAWQwOfQ8AfXE78xBCFZFN6rUQxuQHoh6zJKlJY882TopU4MIh63S9jhHDu3AfSIx9qls8GP5ZkFq2hNgReJnZECylD1zE+nE9EkgFBRTqRs2Vas3JQIxSiHcd5JJMSEDkgPWpqGJADpptN/xvhYKx3cjYSuUOGp+nsiJYGUo8DXnQFRfTnvTcT/vFaiulduysI4URDS2aJuwrGK8CQc3GECqOIjTQgVTN+KaZ8IQpWOMK9DsOdfXiT1UtG+KJ7flQuVchZHDh2iI3SKbHSJKugGVVENUfSAntALejUejWfjzXiftS4Z2cwB+gPj4xtkpZw4</latexit>
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The simplified collision operator
Our final operator is

where the pitch-angle scattering rates                  and                   and phase velocity                    are given by
<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

and                  and                   are the 1D magnetic-energy spectra of  parallel and oblique firehose modes.   
<latexit sha1_base64="zJ/KjfduPLdp4uy2cHxB9lSxZJE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkEQsTSsjL3Ee0iOYwTPLVtWaAM4TOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5n8kcJDrfRgPxS6uIIT9fdEggIpx4GvO7OD5ayXif953Vj1L9yE8ihWhOPpon7MoAphFgrsUUGwYmNNEBZU3wrxEAmElY6upEOwZ1+eJ62Tqn1WPb2tleu1PI4i2AMHoAJscA7q4AY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5Axx+mCE=</latexit>

EB,pl(kk)
<latexit sha1_base64="53gcOzVBIM8knVK7mbOB5hbRFS0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkIR+mlZGXuI8pEcwg2eWrao1AZwndk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjL5I4WHWunBfih0cQUn6u+JBAVSjgNfd2YHy1kvE//zurHqX7gJ5VGsCMfTRf2YQRXCLBTYo4JgxcaaICyovhXiIRIIKx1dSYdgz748T1onVfusenpbK9dreRxFsAcOQAXY4BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzBwssmBY=</latexit>

EB,ob(kk)

Initial thoughts:

1. This simplified collision operator is, in fact, quite complicated.

2. A Maxwellian isn’t an equilibrium solution, but maybe that’s okay.

Q: can we test this with hybrid-PIC simulations of  the firehose instability? 



Distribution-function anisotropy
Test 1: relate to                  ,                   and                   via Chapman-Enskog-style expansion:   

Then, calculate RHS using collision operator, compare with numerically evaluated LHS (time-averaged): 

• Model agrees well with data, save for particles with                    (which remain double-adiabatic) 

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)
<latexit sha1_base64="iWp1GWs1ud54A06CG54/B18y83Q="></latexit>
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ṽ2

3⇠2 � 1

2
fMi = � 2

3⌧exp
ṽ2
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fMi,

<latexit sha1_base64="74lzaXAtGkYkUYAEx4euOlqbkVw=">AAACAnicbVDLSgMxFL3js9bXqCtxEyyCqzoj9bEsuHFZwT6gMwyZNNOGZh4kGbEMxY2/4saFIm79Cnf+jZl2EG09EDg5596b3OMnnEllWV/GwuLS8spqaa28vrG5tW3u7LZknApCmyTmsej4WFLOItpUTHHaSQTFoc9p2x9e5X77jgrJ4uhWjRLqhrgfsYARrLTkmftOgoVimKPAYyc/F+eeeWbFqloToHliF6QCBRqe+en0YpKGNFKEYym7tpUoN8snEk7HZSeVNMFkiPu0q2mEQyrdbLLCGB1ppYeCWOgTKTRRf3dkOJRyFPq6MsRqIGe9XPzP66YquHQzFiWpohGZPhSkHKkY5XmgHhOUKD7SBBPB9F8RGWCBidKplXUI9uzK86R1WrXPq2c3tUq9VsRRggM4hGOw4QLqcA0NaAKBB3iCF3g1Ho1n4814n5YuGEXPHvyB8fEN2paXDQ==</latexit>

@fi/@⇠

<latexit sha1_base64="niiEUB/mbwkPzWD2VaKNJFXhwlo="></latexit>
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<latexit sha1_base64="DurpC5tlXvlmv1gh2jr2qNtA9Hs=">AAACEXicbVC7TsMwFHV4lvIKMLJYFKROVYJ4SSyVWBiLRB9SE0WO67RW7TiynUpV6C+w8CssDCDEysbG3+C0GaDlSJaOz7lX994TJowq7Tjf1tLyyuraemmjvLm1vbNr7+23lEglJk0smJCdECnCaEyammpGOokkiIeMtMPhTe63R0QqKuJ7PU6Iz1E/phHFSBspsKue4KSPoHcNPY70QPJspGqT/D8MMu/BMDkQAYWBXXFqzhRwkbgFqYACjcD+8noCp5zEGjOkVNd1Eu1nSGqKGZmUvVSRBOEh6pOuoTHiRPnZ9KIJPDFKD0ZCmhdrOFV/d2SIKzXmoanMt1bzXi7+53VTHV35GY2TVJMYzwZFKYNawDwe2KOSYM3GhiAsqdkV4gGSCGsTYtmE4M6fvEhapzX3onZ+d1apHxdxlMAhOAJV4IJLUAe3oAGaAINH8AxewZv1ZL1Y79bHrHTJKnoOwB9Ynz8RkJx1</latexit>

! vs. kk⇢i
<latexit sha1_base64="Yx3/R0bLL2atiz2tP8H/Ftq/nDU=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g1VwFdL06a7gxmUF+4AmhMl00g6dTMLMpFBC/8SNC0Xc+ifu/BsnbQUVPXDhcM69M/eeIGFUKtv+MAobm1vbO8Xd0t7+weGReXzSk3EqMOnimMViECBJGOWkq6hiZJAIgqKAkX4wvcn9/owISWN+r+YJ8SI05jSkGCkt+abpzpBIqJ+5IoL6kYVvlm3rutVw6g60LdtuOtVGTpxmzanCilZylMEaHd98d0cxTiPCFWZIymHFTpSXIaEoZmRRclNJEoSnaEyGmnIUEelly80X8FIrIxjGQhdXcKl+n8hQJOU8CnRnhNRE/vZy8S9vmKqw5WWUJ6kiHK8+ClMGVQzzGOCICoIVm2uCsKB6V4gnSCCsdFglHcLXpfB/0nOsSsOq39XK7Yt1HEVwBs7BFaiAJmiDW9ABXYDBDDyAJ/BsZMaj8WK8rloLxnrmFPyA8fYJJxiT7g==</latexit>$lin

<latexit sha1_base64="APlXVIHKEhG29rTwR22nqPqckyw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g1VwFdL06a7gxmUF+4AmhMl00g6dScLMpFBC/8SNC0Xc+ifu/BsnbQUVPXDhcM693HtPkDAqlW1/GIWNza3tneJuaW//4PDIPD7pyTgVmHRxzGIxCJAkjEakq6hiZJAIgnjASD+Y3uR+f0aEpHF0r+YJ8TgaRzSkGCkt+abpzpBIqJ+5gkNJ+cI3y7Z13Wo4dQfalm03nWojJ06z5lRhRSs5ymCNjm++u6MYp5xECjMk5bBiJ8rLkFAUM7IouakkCcJTNCZDTSPEifSy5eULeKmVEQxjoStScKl+n8gQl3LOA93JkZrI314u/uUNUxW2vIxGSapIhFeLwpRBFcM8BjiigmDF5pogLKi+FeIJEggrHVZJh/D1Kfyf9Byr0rDqd7Vy+2IdRxGcgXNwBSqgCdrgFnRAF2AwAw/gCTwbmfFovBivq9aCsZ45BT9gvH0CMEST9A==</latexit>$sim
<latexit sha1_base64="MQpR6uIab0hkGd6JQMGdRnuWyKE=">AAAB+XicdVDLSgMxFM3UV62vUZduglVwVTJFa7sruHFZwT6gMwyZNG1Dk8yQZApl6J+4caGIW//EnX9jpq2gogcuHM65N7n3RAln2iD04RTW1jc2t4rbpZ3dvf0D9/Coo+NUEdomMY9VL8KaciZp2zDDaS9RFIuI0240ucn97pQqzWJ5b2YJDQQeSTZkBBsrha7rj7AQOMx8JaB9ZB66ZVRBFrUazIlXR54ljUa9Wm1Ab2EhVAYrtEL33R/EJBVUGsKx1n0PJSbIsDKMcDov+ammCSYTPKJ9SyUWVAfZYvM5PLfKAA5jZUsauFC/T2RYaD0Tke0U2Iz1by8X//L6qRnWg4zJJDVUkuVHw5RDE8M8BjhgihLDZ5ZgopjdFZIxVpgYG1bJhvB1KfyfdKoVr1a5urssN89WcRTBCTgFF8AD16AJbkELtAEBU/AAnsCzkzmPzovzumwtOKuZY/ADztsn6uqTyA==</latexit>�lin

<latexit sha1_base64="YrikhFGlRz+MCAEki8glMHzvMqA=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+qenl/Ua5V8jgKcAwnUAEPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOEGY06</latexit>

(a)
<latexit sha1_base64="n+/BEC+aB1FIMke4ihHroSqL01M=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9fL+olyr5HEU4BhOoAIeXEMN7qAODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8weFno07</latexit>

(b)

<latexit sha1_base64="xGpSvLrkrAjY6CGUbW2MgsSzWYM=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyWRelkW3LisYC/QhjCZTtqhM5MwMymUNCs3voobF4q49Rnc+TZO2iy09YeBj/+cw5zzBzGjSjvOt7Wyura+sVnaKm/v7O7t2weHLRUlEpMmjlgkOwFShFFBmppqRjqxJIgHjLSD0W1eb4+JVDQSD3oSE4+jgaAhxUgby7dPpmM/7U2zKewxBnPmSA8lT/Uwo5lvV5yqMxNcBreACijU8O2vXj/CCSdCY4aU6rpOrL0USU0xI1m5lygSIzxCA9I1KBAnyktnZ2TwzDh9GEbSPKHhzP09kSKu1IQHpjNfUi3WcvO/WjfR4Y2XUhEnmgg8/yhMGNQRzDOBfSoJ1mxiAGFJza4QD5FEWJvkyiYEd/HkZWhdVN2r6uV9rVKvFXGUwDE4BefABdegDu5AAzQBBo/gGbyCN+vJerHerY9564pVzByBP7I+fwCLbpnJ</latexit>

|vk| ⌧ vthi



<latexit sha1_base64="uscMMxXltTl7GGeS3Dnz8tSVbdE=">AAACCnicbVDJSgNBEO2Je9yiHr20BiGCxBlxOypePCqYBTJh6OlUkiY9C901IWHI2Yu/4sWDIl79Am/+jZ3loIkPCh7vVVFVz4+l0Gjb31Zmbn5hcWl5Jbu6tr6xmdvaLusoURxKPJKRqvpMgxQhlFCghGqsgAW+hIrfuRn6lS4oLaLwAfsx1APWCkVTcIZG8nJ75/S60D1ye+KQusgSL3VVQKEXD45dH5B5wsvl7aI9Ap0lzoTkyQR3Xu7LbUQ8CSBELpnWNceOsZ4yhYJLGGTdREPMeIe1oGZoyALQ9XT0yoAeGKVBm5EyFSIdqb8nUhZo3Q980xkwbOtpbyj+59USbF7WUxHGCULIx4uaiaQY0WEutCEUcJR9QxhXwtxKeZspxtGklzUhONMvz5LySdE5L57dn+avnEkcy2SX7JMCccgFuSK35I6UCCeP5Jm8kjfryXqx3q2PcWvGmszskD+wPn8AWSmZaQ==</latexit> 6A
(v
,⇠
)⌧

ex
p
/�

i
<latexit sha1_base64="YUVyFI5yRq4t9neSuULngh+aL9s=">AAACEHicbVDJSgNBEO2Je9xGPXppDKKCxBlxO4pePEYwC2SGoadTSRp7FrprxDDkE7z4K148KOLVozf/xs5yUOODgsd7VVTVC1MpNDrOl1WYmp6ZnZtfKC4uLa+s2mvrNZ1kikOVJzJRjZBpkCKGKgqU0EgVsCiUUA9vLwd+/Q6UFkl8g70U/Ih1YtEWnKGRAnvHk0mneUIvdu/2vXuxRz1kWZB7KqJwn/YPvBCQBcIP7JJTdoagk8QdkxIZoxLYn14r4VkEMXLJtG66Top+zhQKLqFf9DINKeO3rANNQ2MWgfbz4UN9um2UFm0nylSMdKj+nMhZpHUvCk1nxLCr/3oD8T+vmWH7zM9FnGYIMR8tameSYkIH6dCWUMBR9gxhXAlzK+VdphhHk2HRhOD+fXmS1A7L7kn5+PqodO6O45gnm2SL7BKXnJJzckUqpEo4eSBP5IW8Wo/Ws/VmvY9aC9Z4ZoP8gvXxDRelm/w=</latexit> lo
g[
6B

(v
,⇠
)⌧

ex
p
/�

i]

Test 2: measure Fokker-Planck coefficients of pitch-angle collision operator directly using increment method:

10-2

10-1

 100

 101

 102-100

-50

0

50

100
QL theoryIncrement method

<latexit sha1_base64="hIcsURj47LOWmMrHrtycqMwpAEM="></latexit>

C[f ] = � @

@⇠
(Af) +

1

2

@2

@⇠2
(Bf)

<latexit sha1_base64="5gPjRrPWhBGieWHPTio7r6bQzEU="></latexit>

=) A ⇡ Ainc ⌘ lim
�t!“0”

h�⇠i
�t

, B ⇡ Binc ⌘ lim
�t!“0”

h�⇠2i
�t

(2⇡⌦�1
i ⌧ �t ⌧ 2⇡⌫�1

c ).

<latexit sha1_base64="k71fXWLWnxSuE8Smze+IlFUYUK8="></latexit>

B ⇡ Binc = lim
�t!”0”

h�⇠2i � h�⇠i2

�t

<latexit sha1_base64="IQRN4BF7zgqQ8Q39yjV6F1kyqDU=">AAACCHicbVDJSgNBEO1xjXEb9ejBxiB4McyEoF6EgB68GcEskImhp1NJmvQsdNcIYcjRi7/ixYMiXv0Eb/6NneWgiQ8KHu9VUVXPj6XQ6Djf1sLi0vLKamYtu76xubVt7+xWdZQoDhUeyUjVfaZBihAqKFBCPVbAAl9Cze9fjvzaAygtovAOBzE0A9YNRUdwhkZq2QfeFUhkFOkFLVIvFtS7CaDLWuI+PXGHtGXnnLwzBp0n7pTkyBTllv3ltSOeBBAil0zrhuvE2EyZQsElDLNeoiFmvM+60DA0ZAHoZjp+ZEiPjNKmnUiZCpGO1d8TKQu0HgS+6QwY9vSsNxL/8xoJds6bqQjjBCHkk0WdRFKM6CgV2hYKOMqBIYwrYW6lvMcU42iyy5oQ3NmX50m1kHdP88XbYq5UmMaRIfvkkBwTl5yRErkmZVIhnDySZ/JK3qwn68V6tz4mrQvWdGaP/IH1+QOLQpe7</latexit>

�t = 4⇡⌦�1
i

Direct measurement of  collision operator

<latexit sha1_base64="FSc3Q0+vGU7CgMA7a6x6o7vPpzE=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCq5qIr2XBjcsK9gFtCJPppB06Mwkzk0IJceOvuHGhiFv/wp1/46TNQlsPXDiccy/33hMmjCrtut/W0vLK6tp6ZcPe3Nre2XX29lsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph6Pbwm+PiVQ0Fg96khCfo4GgEcVIGylwDsdn4yDrcaSHkmd6mNPchgUCp+rW3CngIvFKUgUlGoHz1evHOOVEaMyQUl3PTbSfIakpZiS3e6kiCcIjNCBdQwXiRPnZ9IMcnhilD6NYmhIaTtXfExniSk14aDqLU9W8V4j/ed1URzd+RkWSaiLwbFGUMqhjWMQB+1QSrNnEEIQlNbdCPEQSYW1Cs00I3vzLi6R1XvOuapf3F9W6W8ZRAUfgGJwCD1yDOrgDDdAEGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AHk/5XR</latexit>

v/vthi
<latexit sha1_base64="FSc3Q0+vGU7CgMA7a6x6o7vPpzE=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCq5qIr2XBjcsK9gFtCJPppB06Mwkzk0IJceOvuHGhiFv/wp1/46TNQlsPXDiccy/33hMmjCrtut/W0vLK6tp6ZcPe3Nre2XX29lsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph6Pbwm+PiVQ0Fg96khCfo4GgEcVIGylwDsdn4yDrcaSHkmd6mNPchgUCp+rW3CngIvFKUgUlGoHz1evHOOVEaMyQUl3PTbSfIakpZiS3e6kiCcIjNCBdQwXiRPnZ9IMcnhilD6NYmhIaTtXfExniSk14aDqLU9W8V4j/ed1URzd+RkWSaiLwbFGUMqhjWMQB+1QSrNnEEIQlNbdCPEQSYW1Cs00I3vzLi6R1XvOuapf3F9W6W8ZRAUfgGJwCD1yDOrgDDdAEGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AHk/5XR</latexit>

v/vthi

Similar to model, but with broadened resonant features 
• Why? Fluctuations in of ions with                 on 

timescales             due to interaction with magnetic 
fluctuations with
ØParticles starting at given     sample range of pitch 

angles (                 ). 

<latexit sha1_base64="AOaPLkd1wAnkz30MhhGdfk1bGsI=">AAACBXicbZC7TsMwFIadcivlFmCEwaJCYqqSqgLGSiyMRaIXqYkix3Vbq7YT2U6lKmRh4VVYGECIlXdg421w2gzQ8kuWPv3nHPmcP4wZVdpxvq3S2vrG5lZ5u7Kzu7d/YB8edVSUSEzaOGKR7IVIEUYFaWuqGenFkiAeMtINJzd5vTslUtFI3OtZTHyORoIOKUbaWIF9Og1S7yGDnqIc5syRHkue6nFGs8CuOjVnLrgKbgFVUKgV2F/eIMIJJ0JjhpTqu06s/RRJTTEjWcVLFIkRnqAR6RsUiBPlp/MrMnhunAEcRtI8oeHc/T2RIq7UjIemM19SLddy879aP9HDaz+lIk40EXjx0TBhUEcwjwQOqCRYs5kBhCU1u0I8RhJhbYKrmBDc5ZNXoVOvuZe1xl2j2qwXcZTBCTgDF8AFV6AJbkELtAEGj+AZvII368l6sd6tj0VrySpmjsEfWZ8/icKZNQ==</latexit>vk ⇠ vthi

<latexit sha1_base64="N7X2Kut9gTEsXKCDqfD2QGQnh0M=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5KUoh48FLx4rGA/oA1hs920SzebsLtRStqf4sWDIl79Jd78N27bHLT1wcDjvRlm5gUJZ0o7zrdV2Njc2t4p7pb29g8Oj+zycVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfh27nceqVQsFg96klAvwkPBQkawNpJvl8d+1p/OUF+OYp+hG+T6dsWpOgugdeLmpAI5mr791R/EJI2o0IRjpXquk2gvw1Izwums1E8VTTAZ4yHtGSpwRJWXLU6foXOjDFAYS1NCo4X6eyLDkVKTKDCdEdYjterNxf+8XqrDay9jIkk1FWS5KEw50jGa54AGTFKi+cQQTCQztyIywhITbdIqmRDc1ZfXSbtWdS+r9ft6pVHL4yjCKZzBBbhwBQ24gya0gMATPMMrvFlT68V6tz6WrQUrnzmBP7A+fwAAaZMi</latexit>

kk⇢i < 1

<latexit sha1_base64="kayepkJW3w/tqkkEfqaqV7vwrMo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpKUoi4LbtxZwT6giWEynbRDZyZhZiKWkF9x40IRt/6IO//GaZuFth64cDjnXu69J0wYVdpxvq3S2vrG5lZ5u7Kzu7d/YB9WuypOJSYdHLNY9kOkCKOCdDTVjPQTSRAPGemFk+uZ33skUtFY3OtpQnyORoJGFCNtpMCueopy6N1yMkIBfcjO3Tywa07dmQOuErcgNVCgHdhf3jDGKSdCY4aUGrhOov0MSU0xI3nFSxVJEJ6gERkYKhAnys/mt+fw1ChDGMXSlNBwrv6eyBBXaspD08mRHqtlbyb+5w1SHV35GRVJqonAi0VRyqCO4SwIOKSSYM2mhiAsqbkV4jGSCGsTV8WE4C6/vEq6jbp7UW/eNWutRhFHGRyDE3AGXHAJWuAGtEEHYPAEnsEreLNy68V6tz4WrSWrmDkCf2B9/gA2v5Pe</latexit>

⇠ ⌦�1
i

<latexit sha1_base64="I7i0WW8DPVBRtn1A8e4QiuhCIx4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5CU+lgW3LisYB/QhDKZTNqhM5MwMxFrKP6KGxeKuPU/3Pk3TtsstPXAhcM593LvPWHKqNKu+22VVlbX1jfKm5Wt7Z3dPXv/oK2STGLSwglLZDdEijAqSEtTzUg3lQTxkJFOOLqe+p17IhVNxJ0epyTgaCBoTDHSRurbR35EmEbQf6DQV5RD1/HO+3bVddwZ4DLxClIFBZp9+8uPEpxxIjRmSKme56Y6yJHUFDMyqfiZIinCIzQgPUMF4kQF+ez6CTw1SgTjRJoSGs7U3xM54kqNeWg6OdJDtehNxf+8XqbjqyCnIs00EXi+KM4Y1AmcRgEjKgnWbGwIwpKaWyEeIomwNoFVTAje4svLpF1zvAunfluvNmpFHGVwDE7AGfDAJWiAG9AELYDBI3gGr+DNerJerHfrY95asoqZQ/AH1ucPZXKT2A==</latexit>

�⇠ ⇠ 0.15
<latexit sha1_base64="IQRN4BF7zgqQ8Q39yjV6F1kyqDU=">AAACCHicbVDJSgNBEO1xjXEb9ejBxiB4McyEoF6EgB68GcEskImhp1NJmvQsdNcIYcjRi7/ixYMiXv0Eb/6NneWgiQ8KHu9VUVXPj6XQ6Djf1sLi0vLKamYtu76xubVt7+xWdZQoDhUeyUjVfaZBihAqKFBCPVbAAl9Cze9fjvzaAygtovAOBzE0A9YNRUdwhkZq2QfeFUhkFOkFLVIvFtS7CaDLWuI+PXGHtGXnnLwzBp0n7pTkyBTllv3ltSOeBBAil0zrhuvE2EyZQsElDLNeoiFmvM+60DA0ZAHoZjp+ZEiPjNKmnUiZCpGO1d8TKQu0HgS+6QwY9vSsNxL/8xoJds6bqQjjBCHkk0WdRFKM6CgV2hYKOMqBIYwrYW6lvMcU42iyy5oQ3NmX50m1kHdP88XbYq5UmMaRIfvkkBwTl5yRErkmZVIhnDySZ/JK3qwn68V6tz4mrQvWdGaP/IH1+QOLQpe7</latexit>

�t = 4⇡⌦�1
i

<latexit sha1_base64="gu7CcjiaUn91WHlZldVn4hpQdvc=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYSLgLQS0DWlhGMB+QC2FvM0mW7O4du3tiOPIHbPwrNhaK2Nrb+W/cXFJo4oOBx3szzMwLY8608bxvZ2l5ZXVtPbeR39za3tl19/brOkoUhRqNeKSaIdHAmYSaYYZDM1ZARMihEQ6vJn7jHpRmkbwzoxjagvQl6zFKjJU67nHAiexzCK6BG4KDBxaoTOikgRJYCT0+wx234BW9DHiR+DNSQDNUO+5X0I1oIkAayonWLd+LTTslyjDKYZwPEg0xoUPSh5alkgjQ7TT7ZoxPrNLFvUjZkgZn6u+JlAitRyK0nYKYgZ73JuJ/Xisxvct2ymScGJB0uqiXcGwiPIkGd5kCavjIEkIVs7diOiCKUGMDzNsQ/PmXF0m9VPTPi+XbcqFSmsWRQ4foCJ0iH12gCrpBVVRDFD2iZ/SK3pwn58V5dz6mrUvObOYA/YHz+QNGDpuj</latexit>

h�⇠irms,

Already for this short 
increment, the average 
resonant particle has 
experienced a significant 
change in pitch angle!

<latexit sha1_base64="0VYt3+2VMG8X7kk6leL9wfYPkMw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2lZoQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6IaCGS6F4CwVK/pBoTqNA8k4wvp75nUeujYjVPU4S7kd0qEQoGEUr3fWeRL9ccavuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdKuVb2Lav22XmnU8jiKcAKncA4eXEIDbqAJLWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QNaA43O</latexit>

⇠

<latexit sha1_base64="43Dx7smUIqCkjBqkOqE3otHEMNM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJEmYns8mQ2dllplcMSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSffdJ9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg7r9TcPI4iHMExnIIHV1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBZu43N</latexit>

⇠
<latexit sha1_base64="43Dx7smUIqCkjBqkOqE3otHEMNM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJEmYns8mQ2dllplcMSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSffdJ9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg7r9TcPI4iHMExnIIHV1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gBZu43N</latexit>

⇠

<latexit sha1_base64="4LHjPhMlF91usWQZXJ+PM8b/Vso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi8eI5gHJEmYns8mQ2dllplcMSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuTaiFg94DjhfkQHSoSCUbTSffdJ9MoVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg7r9TO8ziKcATHcAoeXEENbqEODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QNa743R</latexit>

⇠

<latexit sha1_base64="FSc3Q0+vGU7CgMA7a6x6o7vPpzE=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyCq5qIr2XBjcsK9gFtCJPppB06Mwkzk0IJceOvuHGhiFv/wp1/46TNQlsPXDiccy/33hMmjCrtut/W0vLK6tp6ZcPe3Nre2XX29lsqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph6Pbwm+PiVQ0Fg96khCfo4GgEcVIGylwDsdn4yDrcaSHkmd6mNPchgUCp+rW3CngIvFKUgUlGoHz1evHOOVEaMyQUl3PTbSfIakpZiS3e6kiCcIjNCBdQwXiRPnZ9IMcnhilD6NYmhIaTtXfExniSk14aDqLU9W8V4j/ed1URzd+RkWSaiLwbFGUMqhjWMQB+1QSrNnEEIQlNbdCPEQSYW1Cs00I3vzLi6R1XvOuapf3F9W6W8ZRAUfgGJwCD1yDOrgDDdAEGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AHk/5XR</latexit>

v/vthi



An explicit form for the collision operator
Q: can we simple functional forms for the functions                  ,                   and                  ?  

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

Unsophisticated approach: fit pre-specified functions to                 ,                  , and               :   
<latexit sha1_base64="zJ/KjfduPLdp4uy2cHxB9lSxZJE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkEQsTSsjL3Ee0iOYwTPLVtWaAM4TOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5n8kcJDrfRgPxS6uIIT9fdEggIpx4GvO7OD5ayXif953Vj1L9yE8ihWhOPpon7MoAphFgrsUUGwYmNNEBZU3wrxEAmElY6upEOwZ1+eJ62Tqn1WPb2tleu1PI4i2AMHoAJscA7q4AY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5Axx+mCE=</latexit>

EB,pl(kk)
<latexit sha1_base64="53gcOzVBIM8knVK7mbOB5hbRFS0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkIR+mlZGXuI8pEcwg2eWrao1AZwndk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjL5I4WHWunBfih0cQUn6u+JBAVSjgNfd2YHy1kvE//zurHqX7gJ5VGsCMfTRf2YQRXCLBTYo4JgxcaaICyovhXiIRIIKx1dSYdgz748T1onVfusenpbK9dreRxFsAcOQAXY4BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzBwssmBY=</latexit>

EB,ob(kk)
<latexit sha1_base64="emG1SFKKnp+d5H22Ez3W8lA7B8o=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoi9bEsuHFZwT6gCWEynbZDJ5MwMymUWPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd77wkTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqTiWhDRLzWLZDrChngjY005y2E0lxFHLaCoe3U781olKxWDzocUL9CPcF6zGCtZEC+9gbYZmw8jDIvMcJ8uQgDth5YJecijMDWiZuTkqQox7YX143JmlEhSYcK9VxnUT7GZaaEU4nRS9VNMFkiPu0Y6jAEVV+Njt/gs6M0kW9WJoSGs3U3xMZjpQaR6HpjLAeqEVvKv7ndVLdu/EzJpJUU0Hmi3opRzpG0yxQl0lKNB8bgolk5lZEBlhiok1iRROCu/jyMmleVNyryuV9tVSr5nEU4AROoQwuXEMN7qAODSCQwTO8wpv1ZL1Y79bHvHXFymeO4A+szx/u4pVv</latexit>

$(kk⇢i)

<latexit sha1_base64="t7Ip26HEo3gZM7Ql2lgfZgIExFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2djYZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdGNnzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veVe3y/qLSqOdxFOEETqEKHlxDA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDi6qNRw==</latexit>

(d)

<latexit sha1_base64="6A6EAVdInsxQY/qmnmCj59v4Cxk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQ5md94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+KJY1G</latexit>

(c)

<latexit sha1_base64="xt4qn+GqQJCgljem+yWN+Hrr8uM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrBea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AiKCNRQ==</latexit>

(b)

<latexit sha1_base64="vkXMzwzRPS46IVHBO2JSGqk/680=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQxnPe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvGuKpf3F6VaNYsjDydwCmXw4BpqcAd1aACDATzDK7w5wnlx3p2PRWvOyWaO4Q+czx+NL41I</latexit>

(e)
<latexit sha1_base64="P4grotru4z+Z1cX4SXnXyeuzubk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLKF3MpsMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup35rSemNI/loxknzI9wIHnIKRorPZTxvFcsuRV3DrJKvIyUIEO9V/zq9mOaRkwaKlDrjucmxp+gMpwKNi10U80SpCMcsI6lEiOm/cn81Ck5s0qfhLGyJQ2Zq78nJhhpPY4C2xmhGeplbyb+53VSE974Ey6T1DBJF4vCVBATk9nfpM8Vo0aMLUGquL2V0CEqpMamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAKA3iGV3hzhPPivDsfi9ack80cwx84nz+HG41E</latexit>

(a)

<latexit sha1_base64="3Uby2LFaQ1g0vCZjx6kSl56Kbrc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrhea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjrSNSQ==</latexit>

(f)

<latexit sha1_base64="hCU9p90qoWATLtyhwwfqoqWcUu0="></latexit>
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<latexit sha1_base64="t7Ip26HEo3gZM7Ql2lgfZgIExFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2djYZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdGNnzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veVe3y/qLSqOdxFOEETqEKHlxDA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDi6qNRw==</latexit>

(d)

<latexit sha1_base64="6A6EAVdInsxQY/qmnmCj59v4Cxk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQ5md94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+KJY1G</latexit>

(c)

<latexit sha1_base64="xt4qn+GqQJCgljem+yWN+Hrr8uM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrBea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AiKCNRQ==</latexit>

(b)

<latexit sha1_base64="vkXMzwzRPS46IVHBO2JSGqk/680=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQxnPe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvGuKpf3F6VaNYsjDydwCmXw4BpqcAd1aACDATzDK7w5wnlx3p2PRWvOyWaO4Q+czx+NL41I</latexit>

(e)
<latexit sha1_base64="P4grotru4z+Z1cX4SXnXyeuzubk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLKF3MpsMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup35rSemNI/loxknzI9wIHnIKRorPZTxvFcsuRV3DrJKvIyUIEO9V/zq9mOaRkwaKlDrjucmxp+gMpwKNi10U80SpCMcsI6lEiOm/cn81Ck5s0qfhLGyJQ2Zq78nJhhpPY4C2xmhGeplbyb+53VSE974Ey6T1DBJF4vCVBATk9nfpM8Vo0aMLUGquL2V0CEqpMamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAKA3iGV3hzhPPivDsfi9ack80cwx84nz+HG41E</latexit>

(a)

<latexit sha1_base64="3Uby2LFaQ1g0vCZjx6kSl56Kbrc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrhea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjrSNSQ==</latexit>

(f)



An explicit form for the collision operator
Q: can we simple functional forms for the functions                  ,                   and                  ?  

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

Unsophisticated approach: fit pre-specified functions to                 ,                  , and               :   
<latexit sha1_base64="zJ/KjfduPLdp4uy2cHxB9lSxZJE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkEQsTSsjL3Ee0iOYwTPLVtWaAM4TOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5n8kcJDrfRgPxS6uIIT9fdEggIpx4GvO7OD5ayXif953Vj1L9yE8ihWhOPpon7MoAphFgrsUUGwYmNNEBZU3wrxEAmElY6upEOwZ1+eJ62Tqn1WPb2tleu1PI4i2AMHoAJscA7q4AY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5Axx+mCE=</latexit>

EB,pl(kk)
<latexit sha1_base64="53gcOzVBIM8knVK7mbOB5hbRFS0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkIR+mlZGXuI8pEcwg2eWrao1AZwndk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjL5I4WHWunBfih0cQUn6u+JBAVSjgNfd2YHy1kvE//zurHqX7gJ5VGsCMfTRf2YQRXCLBTYo4JgxcaaICyovhXiIRIIKx1dSYdgz748T1onVfusenpbK9dreRxFsAcOQAXY4BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzBwssmBY=</latexit>

EB,ob(kk)
<latexit sha1_base64="emG1SFKKnp+d5H22Ez3W8lA7B8o=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoi9bEsuHFZwT6gCWEynbZDJ5MwMymUWPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd77wkTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqTiWhDRLzWLZDrChngjY005y2E0lxFHLaCoe3U781olKxWDzocUL9CPcF6zGCtZEC+9gbYZmw8jDIvMcJ8uQgDth5YJecijMDWiZuTkqQox7YX143JmlEhSYcK9VxnUT7GZaaEU4nRS9VNMFkiPu0Y6jAEVV+Njt/gs6M0kW9WJoSGs3U3xMZjpQaR6HpjLAeqEVvKv7ndVLdu/EzJpJUU0Hmi3opRzpG0yxQl0lKNB8bgolk5lZEBlhiok1iRROCu/jyMmleVNyryuV9tVSr5nEU4AROoQwuXEMN7qAODSCQwTO8wpv1ZL1Y79bHvHXFymeO4A+szx/u4pVv</latexit>

$(kk⇢i)

<latexit sha1_base64="t7Ip26HEo3gZM7Ql2lgfZgIExFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2djYZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdGNnzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veVe3y/qLSqOdxFOEETqEKHlxDA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDi6qNRw==</latexit>

(d)

<latexit sha1_base64="6A6EAVdInsxQY/qmnmCj59v4Cxk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQ5md94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+KJY1G</latexit>

(c)

<latexit sha1_base64="xt4qn+GqQJCgljem+yWN+Hrr8uM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrBea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AiKCNRQ==</latexit>

(b)

<latexit sha1_base64="vkXMzwzRPS46IVHBO2JSGqk/680=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzThBP6IDyUPOqLHSQxnPe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhDf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvGuKpf3F6VaNYsjDydwCmXw4BpqcAd1aACDATzDK7w5wnlx3p2PRWvOyWaO4Q+czx+NL41I</latexit>

(e)
<latexit sha1_base64="P4grotru4z+Z1cX4SXnXyeuzubk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLKF3MpsMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epoqxBYxGrdoCaCS5Zw3AjWDtRDKNAsFYwup35rSemNI/loxknzI9wIHnIKRorPZTxvFcsuRV3DrJKvIyUIEO9V/zq9mOaRkwaKlDrjucmxp+gMpwKNi10U80SpCMcsI6lEiOm/cn81Ck5s0qfhLGyJQ2Zq78nJhhpPY4C2xmhGeplbyb+53VSE974Ey6T1DBJF4vCVBATk9nfpM8Vo0aMLUGquL2V0CEqpMamU7AheMsvr5JmteJdVS7vL0q1ahZHHk7gFMrgwTXU4A7q0AAKA3iGV3hzhPPivDsfi9ack80cwx84nz+HG41E</latexit>

(a)

<latexit sha1_base64="3Uby2LFaQ1g0vCZjx6kSl56Kbrc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3+DoGvHiMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrhea9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjjT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7qlzeX5Rq1SyOPJzAKZTBg2uowR3UoQEMBvAMr/DmSOfFeXc+Fq05J5s5hj9wPn8AjrSNSQ==</latexit>

(f)

<latexit sha1_base64="o1ypvJe2fG7NKQ77/E1LYasj3lU="></latexit>

/ (⌧exp⌦i)
�1/4

<latexit sha1_base64="UUTtNW5vbkZ2v6s+fyazfc/Xtl0="></latexit>

/ (⌧exp⌦i)
�1/2

<latexit sha1_base64="7RKAN6cS3EUQNlQgiIlkodGn4jM="></latexit>

/ (⌧exp⌦i)
�1

<latexit sha1_base64="PEiN0GMCGwEVIQ3nv8P4npVrzRk=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQVZ0Ere2u4MZlBfuAJobJdNoOnSTDzEQooeCvuHGhiFu/w51/46StoKIHLhzOuZd77wkFZ0oj9GEtLa+srq0XNoqbW9s7u/beflslqSS0RRKeyG6IFeUspi3NNKddISmOQk474fgy9zt3VCqWxDd6Iqgf4WHMBoxgbaTAPvSETIROoBdSjQN2mzmn7jSwS6iCDKpVmBOnhhxD6vWa69ahM7MQKoEFmoH97vUTkkY01oRjpXoOEtrPsNSMcDoteqmiApMxHtKeoTGOqPKz2flTeGKUPhwk0lSs4Uz9PpHhSKlJFJrOCOuR+u3l4l9eL9WDmp+xWKSaxmS+aJByaN7Ns4B9JinRfGIIJpKZWyEZYYmJNokVTQhfn8L/SdutONXK+fVZqVFexFEAR+AYlIEDLkADXIEmaAECMvAAnsCzdW89Wi/W67x1yVrMHIAfsN4+AfyxlXI=</latexit>

/ �1/2
i

<latexit sha1_base64="sQVbe3N6O42UaSJvHzdGL6cfpCk=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQVUzSp7uCG5cV7AOaGCbTSTt08mBmIpRQ8FfcuFDErd/hzr9x0lZQ0QMXDufcy733+AmjQprmh7ayura+sVnYKm7v7O7t6weHXRGnHJMOjlnM+z4ShNGIdCSVjPQTTlDoM9LzJ5e537sjXNA4upHThLghGkU0oBhJJXn6sZPwOJExdHwikUdvM+u8OvP0kmlcNOt2zYamYZoNu1LPid2o2hVoKSVHCSzR9vR3ZxjjNCSRxAwJMbDMRLoZ4pJiRmZFJxUkQXiCRmSgaIRCItxsfv4MnillCIOYq4oknKvfJzIUCjENfdUZIjkWv71c/MsbpDJouhmNklSSCC8WBSmD6t08CziknGDJpoogzKm6FeIx4ghLlVhRhfD1KfyfdG3Dqhu162qpVV7GUQAn4BSUgQUaoAWuQBt0AAYZeABP4Fm71x61F+110bqiLWeOwA9ob58LbpV7</latexit>

/ �1/4
i

<latexit sha1_base64="hCU9p90qoWATLtyhwwfqoqWcUu0="></latexit>

EB,ob
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⇡�kk,ob⇢i
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(kk⇢i � kk,ob⇢i)

2

(�kk,ob⇢i)2

�<latexit sha1_base64="AtC6sXo+/BtTLNN0xExANOLpxI4="></latexit>

EB,pl

�
kk
�
' B2

0

8⇡

ĒB,plp
⇡�kk,pl⇢i

exp


�
(kk⇢i � kk,pl⇢i)

2

(�kk,pl⇢i)2

�
,

<latexit sha1_base64="3ih3IIu5gc9RnTXEG/vlsdy3O7I="></latexit>

�kk,pl⇢i ⇡
1.8

(⌧exp⌦i)1/4
, �kk,ob⇢i ⇡ 0.28,

<latexit sha1_base64="PDIGMvq7m7RXUQjtMAF1ioESZkM="></latexit>

kk,pl⇢i ⇡ 1.2, kk,ob⇢i ⇡ 0.75,

<latexit sha1_base64="DK9BNUvzdjD0UIK9Z69F5GgvRIE="></latexit>

ĒB,pl ⇡ 0.3
�1/4
i

(⌧exp⌦i)1/2
, ĒB,ob ⇡ 0.7

�i

⌧exp
.



An explicit form for the collision operator
Q: can we simple functional forms for the functions                  ,                   and                  ?  

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

Unsophisticated approach: fit pre-specified functions to                 ,                  , and               :   
<latexit sha1_base64="zJ/KjfduPLdp4uy2cHxB9lSxZJE=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkEQsTSsjL3Ee0iOYwTPLVtWaAM4TOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5n8kcJDrfRgPxS6uIIT9fdEggIpx4GvO7OD5ayXif953Vj1L9yE8ihWhOPpon7MoAphFgrsUUGwYmNNEBZU3wrxEAmElY6upEOwZ1+eJ62Tqn1WPb2tleu1PI4i2AMHoAJscA7q4AY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5Axx+mCE=</latexit>

EB,pl(kk)
<latexit sha1_base64="53gcOzVBIM8knVK7mbOB5hbRFS0=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQQUoi9bEsiuCygn1AE8JkOm2HTiZhZiKUmJ0bf8WNC0Xc+gvu/BsnbRbaeuDC4Zx7ufceP2JUKsv6NgoLi0vLK8XV0tr6xuaWub3TkmEsMGnikIWi4yNJGOWkqahipBMJggKfkbY/usr89j0Rkob8To0j4gZowGmfYqS05Jn7115yeewESA1FkIR+mlZGXuI8pEcwg2eWrao1AZwndk7KIEfDM7+cXojjgHCFGZKya1uRchMkFMWMpCUnliRCeIQGpKspRwGRbjL5I4WHWunBfih0cQUn6u+JBAVSjgNfd2YHy1kvE//zurHqX7gJ5VGsCMfTRf2YQRXCLBTYo4JgxcaaICyovhXiIRIIKx1dSYdgz748T1onVfusenpbK9dreRxFsAcOQAXY4BzUwQ1ogCbA4BE8g1fwZjwZL8a78TFtLRj5zC74A+PzBwssmBY=</latexit>

EB,ob(kk)
<latexit sha1_base64="emG1SFKKnp+d5H22Ez3W8lA7B8o=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBahbkoi9bEsuHFZwT6gCWEynbZDJ5MwMymUWPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd77wkTzpR2nG9rZXVtfWOzsFXc3tnd27cPDpsqTiWhDRLzWLZDrChngjY005y2E0lxFHLaCoe3U781olKxWDzocUL9CPcF6zGCtZEC+9gbYZmw8jDIvMcJ8uQgDth5YJecijMDWiZuTkqQox7YX143JmlEhSYcK9VxnUT7GZaaEU4nRS9VNMFkiPu0Y6jAEVV+Njt/gs6M0kW9WJoSGs3U3xMZjpQaR6HpjLAeqEVvKv7ndVLdu/EzJpJUU0Hmi3opRzpG0yxQl0lKNB8bgolk5lZEBlhiok1iRROCu/jyMmleVNyryuV9tVSr5nEU4AROoQwuXEMN7qAODSCQwTO8wpv1ZL1Y79bHvHXFymeO4A+szx/u4pVv</latexit>

$(kk⇢i)
<latexit sha1_base64="hCU9p90qoWATLtyhwwfqoqWcUu0="></latexit>
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�<latexit sha1_base64="AtC6sXo+/BtTLNN0xExANOLpxI4="></latexit>
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�
,

<latexit sha1_base64="rFzKsKPDd16jEf3dTJj01m5dzC0="></latexit>

ĒB,pl ⇡ 0.3
�1/4
i

(⌧exp⌦i)1/2
, ĒB,ob ⇡ 0.7

�i

⌧exp
.

<latexit sha1_base64="eHKlheR4et70DNv3QHnIetvkIE0="></latexit>

kk,pl⇢i ⇡ 1.2, kk,ob⇢i ⇡ 0.75, �kk,pl⇢i ⇡
1.8

(⌧exp⌦i)1/4
, �kk,ob⇢i ⇡ 0.28,

<latexit sha1_base64="X947ROBQHIOOL7A1Q0dW66xEATg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5qIr2XBjTsr2Ac0IdxMJ+3QySTMTAo19EvcuFDErZ/izr9x2mah1QMXDufcy733hClnSjvOl1VaWV1b3yhvVra2d3ar9t5+WyWZJLRFEp7IbgiKciZoSzPNaTeVFOKQ0044upn5nTGViiXiQU9S6scwECxiBLSRArvqjUGm7NS7i+kAAhbYNafuzIH/ErcgNVSgGdifXj8hWUyFJhyU6rlOqv0cpGaE02nFyxRNgYxgQHuGCoip8vP54VN8bJQ+jhJpSmg8V39O5BArNYlD0xmDHqplbyb+5/UyHV37ORNppqkgi0VRxrFO8CwF3GeSEs0nhgCRzNyKyRAkEG2yqpgQ3OWX/5L2Wd29rF/cn9cabhFHGR2iI3SCXHSFGugWNVELEZShJ/SCXq1H69l6s94XrSWrmDlAv2B9fAOCVpL0</latexit> $
/⌦

i

<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0
<latexit sha1_base64="0MbaV0DTeq++yL+BvP65STnAr8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+96/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FPjR8=</latexit>

1.0
<latexit sha1_base64="Aofn1qmHjs7JCjOQgbgCWQkrlDE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68o1W</latexit>

�1.0
<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0
<latexit sha1_base64="0MbaV0DTeq++yL+BvP65STnAr8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+96/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FPjR8=</latexit>

1.0
<latexit sha1_base64="Aofn1qmHjs7JCjOQgbgCWQkrlDE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68o1W</latexit>

�1.0

<latexit sha1_base64="HSYpOoTZ6jbsIMPolWqdoT9gq9o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXn+sNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68I1W</latexit>

�0.1

<latexit sha1_base64="vOmjJyBc32Z6n0sNMq5Urfj+qjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+f6/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FNjR8=</latexit>

0.1

<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0

<latexit sha1_base64="ziAc9Ejo5ISkvRl7rEYdO8efoRI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQthsN+3SzW7Y3Ygl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3M793iNVmknxYKYpDRI8EixmBBsr+ZMwf5ohX41lyMJqza27C6B14hWkBgXaYfXLH0qSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4RAeWCpxQHeSLm2fowipDFEtlSxi0UH9P5DjReppEtjPBZqxXvbn4nzfITHwT5EykmaGCLBfFGUdGonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10r+pes964b9RaXhFHGc7gHC7Bg2towR20oQMEUniGV3hzMufFeXc+lq0lp5g5hT9wPn8AHR2RsQ==</latexit>

kx⇢i
<latexit sha1_base64="ziAc9Ejo5ISkvRl7rEYdO8efoRI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQthsN+3SzW7Y3Ygl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3M793iNVmknxYKYpDRI8EixmBBsr+ZMwf5ohX41lyMJqza27C6B14hWkBgXaYfXLH0qSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4RAeWCpxQHeSLm2fowipDFEtlSxi0UH9P5DjReppEtjPBZqxXvbn4nzfITHwT5EykmaGCLBfFGUdGonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10r+pes964b9RaXhFHGc7gHC7Bg2towR20oQMEUniGV3hzMufFeXc+lq0lp5g5hT9wPn8AHR2RsQ==</latexit>

kx⇢i

<latexit sha1_base64="HKXw/hFBb/NYJxoKvWtMOAiKIvU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+qenl/Ua65eRwFOIYTqIAH11CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGGgY1C</latexit>

(a)
<latexit sha1_base64="pUzRgDX3tWwiDlzdfLcGjwOyfoM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9fL+olxz8zgKcAwnUAEPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOIBo1D</latexit>

(b)<latexit sha1_base64="jhrtS3P+OzHNLuN0mi8En8CgJ68=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIVErI+FUHDjsoJ9QBPCZDpph04yw8xEKLELf8WNC0Xc+hvu/BsnbRGfBy4czrmXe++JBKNKu+67VZqbX1hcKi9XVlbX1jfsza2W4pnEpIk547ITIUUYTUlTU81IR0iCkoiRdjS8KPz2DZGK8vRajwQJEtRPaUwx0kYK7Z1hmPuCSDGGvhzwkMJz6DpuaFdd56xADXqOO8FvUgUzNEL7ze9xnCUk1ZghpbqeK3SQI6kpZmRc8TNFBMJD1CddQ1OUEBXkk/vHcN8oPRhzaSrVcKJ+nchRotQoiUxngvRA/fQK8S+vm+n4NMhpKjJNUjxdFGcMag6LMGCPSoI1GxmCsKTmVogHSCKsTWQVE8L/v3+S1qHjHTu1q6Nq3Z3FUQa7YA8cAA+cgDq4BA3QBBjcgnvwCJ6sO+vBerZepq0lazazDb7Bev0Al4SVIA==</latexit>

k?⇢i = 0.0
<latexit sha1_base64="4S7ZfXTMFhMTHD2+N2WyURhUtlE=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BI62MhFNy4rGAf0IQwmU7aoZPJMDMRSuzCX3HjQhG3/oY7/8ZJW8TngQuHc+7l3nsiwajSrvtuzc0vLC4tl1bKq2vrG5v21nZLpZnEpIlTlspOhBRhlJOmppqRjpAEJREj7Wh4UfjtGyIVTfm1HgkSJKjPaUwx0kYK7d1hmPuCSDGGvhykIYXn0HWqoV1xnbMCNeg57gS/SQXM0AjtN7+X4iwhXGOGlOp6rtBBjqSmmJFx2c8UEQgPUZ90DeUoISrIJ/eP4YFRejBOpSmu4UT9OpGjRKlREpnOBOmB+ukV4l9eN9PxaZBTLjJNOJ4uijMGdQqLMGCPSoI1GxmCsKTmVogHSCKsTWRlE8L/v3+S1pHjHTu1q2ql7s7iKIE9sA8OgQdOQB1cggZoAgxuwT14BE/WnfVgPVsv09Y5azazA77Bev0AnZSVJA==</latexit>

k?⇢i = 0.4

<latexit sha1_base64="X947ROBQHIOOL7A1Q0dW66xEATg=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5qIr2XBjTsr2Ac0IdxMJ+3QySTMTAo19EvcuFDErZ/izr9x2mah1QMXDufcy733hClnSjvOl1VaWV1b3yhvVra2d3ar9t5+WyWZJLRFEp7IbgiKciZoSzPNaTeVFOKQ0044upn5nTGViiXiQU9S6scwECxiBLSRArvqjUGm7NS7i+kAAhbYNafuzIH/ErcgNVSgGdifXj8hWUyFJhyU6rlOqv0cpGaE02nFyxRNgYxgQHuGCoip8vP54VN8bJQ+jhJpSmg8V39O5BArNYlD0xmDHqplbyb+5/UyHV37ORNppqkgi0VRxrFO8CwF3GeSEs0nhgCRzNyKyRAkEG2yqpgQ3OWX/5L2Wd29rF/cn9cabhFHGR2iI3SCXHSFGugWNVELEZShJ/SCXq1H69l6s94XrSWrmDlAv2B9fAOCVpL0</latexit> $
/⌦

i

<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0
<latexit sha1_base64="0MbaV0DTeq++yL+BvP65STnAr8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+96/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FPjR8=</latexit>

1.0
<latexit sha1_base64="Aofn1qmHjs7JCjOQgbgCWQkrlDE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68o1W</latexit>

�1.0
<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0
<latexit sha1_base64="0MbaV0DTeq++yL+BvP65STnAr8Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+96/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FPjR8=</latexit>

1.0
<latexit sha1_base64="Aofn1qmHjs7JCjOQgbgCWQkrlDE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXvesNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68o1W</latexit>

�1.0

<latexit sha1_base64="HSYpOoTZ6jbsIMPolWqdoT9gq9o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBiyGRUj0WvHisYD+gDWWz3bRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmhQln2njet1Pa2Nza3invVvb2Dw6PqscnHR2nitA2iXmseiHWlDNJ24YZTnuJoliEnHbD6V3ud5+o0iyWj2aW0EDgsWQRI9jk0pXn+sNqzXO9BdA68QtSgwKtYfVrMIpJKqg0hGOt+76XmCDDyjDC6bwySDVNMJniMe1bKrGgOsgWt87RhVVGKIqVLWnQQv09kWGh9UyEtlNgM9GrXi7+5/VTE90GGZNJaqgky0VRypGJUf44GjFFieEzSzBRzN6KyAQrTIyNp2JD8FdfXieda9dvuPWHeq3pF3GU4QzO4RJ8uIEm3EML2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8we68I1W</latexit>

�0.1

<latexit sha1_base64="vOmjJyBc32Z6n0sNMq5Urfj+qjE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z+oHh61TJJpxpsskYnuhNRwKRRvokDJO6nmNA4lb4fj25nffuLaiEQ94iTlQUyHSkSCUbTSg+f6/WrNc705yCrxC1KDAo1+9as3SFgWc4VMUmO6vpdikFONgkk+rfQyw1PKxnTIu5YqGnMT5PNTp+TMKgMSJdqWQjJXf0/kNDZmEoe2M6Y4MsveTPzP62YY3QS5UGmGXLHFoiiTBBMy+5sMhOYM5cQSyrSwtxI2opoytOlUbAj+8surpHXh+lfu5f1lre4XcZThBE7hHHy4hjrcQQOawGAIz/AKb450Xpx352PRWnKKmWP4A+fzB1FNjR8=</latexit>

0.1

<latexit sha1_base64="EIGSGW2c3mA2mfef6mM85d/xWv0=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10r6qevVq7b5WaXh5HEU4g3O4BA+uoQF30IQWMBjBM7zCmyOdF+fd+ViWFpy85xT+wPn8AU/JjR4=</latexit>

0.0

<latexit sha1_base64="ziAc9Ejo5ISkvRl7rEYdO8efoRI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQthsN+3SzW7Y3Ygl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3M793iNVmknxYKYpDRI8EixmBBsr+ZMwf5ohX41lyMJqza27C6B14hWkBgXaYfXLH0qSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4RAeWCpxQHeSLm2fowipDFEtlSxi0UH9P5DjReppEtjPBZqxXvbn4nzfITHwT5EykmaGCLBfFGUdGonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10r+pes964b9RaXhFHGc7gHC7Bg2towR20oQMEUniGV3hzMufFeXc+lq0lp5g5hT9wPn8AHR2RsQ==</latexit>

kx⇢i
<latexit sha1_base64="ziAc9Ejo5ISkvRl7rEYdO8efoRI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4r2A9oQthsN+3SzW7Y3Ygl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5UcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tMEdohkkvVj7CmnAnaMcxw2k8VxUnEaS+a3M793iNVmknxYKYpDRI8EixmBBsr+ZMwf5ohX41lyMJqza27C6B14hWkBgXaYfXLH0qSJVQYwrHWA89NTZBjZRjhdFbxM01TTCZ4RAeWCpxQHeSLm2fowipDFEtlSxi0UH9P5DjReppEtjPBZqxXvbn4nzfITHwT5EykmaGCLBfFGUdGonkAaMgUJYZPLcFEMXsrImOsMDE2pooNwVt9eZ10r+pes964b9RaXhFHGc7gHC7Bg2towR20oQMEUniGV3hzMufFeXc+lq0lp5g5hT9wPn8AHR2RsQ==</latexit>

kx⇢i

<latexit sha1_base64="HKXw/hFBb/NYJxoKvWtMOAiKIvU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+qenl/Ua65eRwFOIYTqIAH11CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGGgY1C</latexit>

(a)
<latexit sha1_base64="pUzRgDX3tWwiDlzdfLcGjwOyfoM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PAi8eI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MbPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95V9fL+olxz8zgKcAwnUAEPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOIBo1D</latexit>

(b)<latexit sha1_base64="jhrtS3P+OzHNLuN0mi8En8CgJ68=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXIVErI+FUHDjsoJ9QBPCZDpph04yw8xEKLELf8WNC0Xc+hvu/BsnbRGfBy4czrmXe++JBKNKu+67VZqbX1hcKi9XVlbX1jfsza2W4pnEpIk547ITIUUYTUlTU81IR0iCkoiRdjS8KPz2DZGK8vRajwQJEtRPaUwx0kYK7Z1hmPuCSDGGvhzwkMJz6DpuaFdd56xADXqOO8FvUgUzNEL7ze9xnCUk1ZghpbqeK3SQI6kpZmRc8TNFBMJD1CddQ1OUEBXkk/vHcN8oPRhzaSrVcKJ+nchRotQoiUxngvRA/fQK8S+vm+n4NMhpKjJNUjxdFGcMag6LMGCPSoI1GxmCsKTmVogHSCKsTWQVE8L/v3+S1qHjHTu1q6Nq3Z3FUQa7YA8cAA+cgDq4BA3QBBjcgnvwCJ6sO+vBerZepq0lazazDb7Bev0Al4SVIA==</latexit>

k?⇢i = 0.0
<latexit sha1_base64="4S7ZfXTMFhMTHD2+N2WyURhUtlE=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSyCq5BI62MhFNy4rGAf0IQwmU7aoZPJMDMRSuzCX3HjQhG3/oY7/8ZJW8TngQuHc+7l3nsiwajSrvtuzc0vLC4tl1bKq2vrG5v21nZLpZnEpIlTlspOhBRhlJOmppqRjpAEJREj7Wh4UfjtGyIVTfm1HgkSJKjPaUwx0kYK7d1hmPuCSDGGvhykIYXn0HWqoV1xnbMCNeg57gS/SQXM0AjtN7+X4iwhXGOGlOp6rtBBjqSmmJFx2c8UEQgPUZ90DeUoISrIJ/eP4YFRejBOpSmu4UT9OpGjRKlREpnOBOmB+ukV4l9eN9PxaZBTLjJNOJ4uijMGdQqLMGCPSoI1GxmCsKTmVogHSCKsTWRlE8L/v3+S1pHjHTu1q2ql7s7iKIE9sA8OgQdOQB1cggZoAgxuwT14BE/WnfVgPVsv09Y5azazA77Bev0AnZSVJA==</latexit>

k?⇢i = 0.4
<latexit sha1_base64="6Cp48m0W+4zx6/AlxagpEGx+omg="></latexit>

h$i(kk) ⌘
R k?,max

0 dk?
R$max

0 d$$EB(kk, k?,$)
R k?,max

0 dk?
R$max

0 d$EB(kk, k?,$)
,

<latexit sha1_base64="XhD/i43MSi8uOT6Hw8YCl7w/V9E="></latexit>

⇡ ⌦i

�i
(4.9kk⇢i � 2.9).

This scheme works fine, but it is physically disgusting (Bruno Despres, Vienna 2023)



An explicit form for the collision operator II
Q: can we do anything more sophisticated (e.g. determine                  ,                   and                   analytically)?  

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

A: some progress, but not fully solved (solvable?)… Recall distribution function anisotropy:   

Oblique firehose marginality

<latexit sha1_base64="niiEUB/mbwkPzWD2VaKNJFXhwlo="></latexit>
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⌫e↵,pl(ṽk) + ⌫e↵,ob(ṽk)
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�
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<latexit sha1_base64="yGEMGgDxxtX0Zri6HI8/vet/h/Q="></latexit>
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, k?⇢i ⌧ |kk⇢i| < 1

Secondary parallel firehose marginality: for                , 

à Follows that                                                                    . 
<latexit sha1_base64="2+mqnhGZPir5ii8jvurlfgzDCaQ="></latexit>

kk,ob⇢i ⇠ �kk,ob ⇠ 1, ĒB,ob ⇠ �i/⌧exp

<latexit sha1_base64="KR3Yy7OL45Ffun19FG4bWh86yaM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRKpj2XBjcsK9gFNCJPppB06jzAzEWos/oobF4q49T/c+TdO2yy09cCFwzn3cu89ccqoNp737Swtr6yurZc2yptb2zu77t5+S8tMYdLEkknViZEmjArSNNQw0kkVQTxmpB0Pryd++54oTaW4M6OUhBz1BU0oRsZKkXs4jPLgcQwDNZARhYGmHPqRW/Gq3hRwkfgFqYACjcj9CnoSZ5wIgxnSuut7qQlzpAzFjIzLQaZJivAQ9UnXUoE40WE+vX4MT6zSg4lUtoSBU/X3RI641iMe206OzEDPexPxP6+bmeQqzKlIM0MEni1KMgaNhJMoYI8qgg0bWYKwovZWiAdIIWxsYGUbgj//8iJpnVX9i+r5ba1SrxVxlMAROAanwAeXoA5uQAM0AQYP4Bm8gjfnyXlx3p2PWeuSU8wcgD9wPn8AqRCUrA==</latexit>

kk⇢i ⇠ 1
<latexit sha1_base64="0h2KfgOz7AsMshNbod+52CiIT8s="></latexit>
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<latexit sha1_base64="oOWJ1isNi2ruxfp7FzcHQD4DlU4="></latexit>

=) ṽwv(0.93) ⇡
0.31

⌧exp⌫e↵,ob (0.93)
⇡ 0.84

�i
, ṽwv(kk⇢i) '

kk⇢i
�i

for                 .   
<latexit sha1_base64="H5oLZxyh/BoYAFZ/WtM9tiFJmJM=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRSH8uCG5cV7AOaECbTSTp0MhNmJkKI9VfcuFDErR/izr9x2mahrQcuHM65l3vvCVNGlXacb6uytr6xuVXdru3s7u0f2IdHPSUyiUkXCybkIESKMMpJV1PNyCCVBCUhI/1wcjPz+w9EKir4vc5T4ico5jSiGGkjBXZ9EhTe4xR6ciwCCr04hm5gN5ymMwdcJW5JGqBEJ7C/vJHAWUK4xgwpNXSdVPsFkppiRqY1L1MkRXiCYjI0lKOEKL+YHz+Fp0YZwUhIU1zDufp7okCJUnkSms4E6bFa9mbif94w09G1X1CeZppwvFgUZQxqAWdJwBGVBGuWG4KwpOZWiMdIIqxNXjUTgrv88irpnTfdy+bFXavRbpVxVMExOAFnwAVXoA1uQQd0AQY5eAav4M16sl6sd+tj0Vqxypk6+APr8wfB7ZQn</latexit>

kk⇢i � 1



An explicit form for the collision operator III
Q: can we do anything more sophisticated (e.g. determine                  ,                   and                   analytically)?  

<latexit sha1_base64="WXKMFZOenRMDDsGR54HFoHHnqXo=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnMctqE/28z04qnlm16tYM8C+xC1IFBVqe+ekMIpyEhCvMkJR924qVmyKhKGYkqziJJDHCYzQkfU05Col009kJGTzWygAGkdDFFZypPydSFEo5DX3dGSI1koteLv7n9RMVXLkp5XGiCMfzj4KEQRXBPA84oIJgxaaaICyo3hXiERIIK51aHoK9ePJf0jmr2xf189tGtdko4iiDQ3AEasAGl6AJbkALtAEGD+AJvIBX49F4Nt6M93lryShm9sEvGB/fd+SWyw==</latexit>

⌫e↵,pl(vk)
<latexit sha1_base64="C+QlU2fQPRecFGjjzWCyfpjsgcc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqY9lwY3LCvYBTQiT6aQdOpmEmUmhxODGX3HjQhG3foU7/8ZJm4VWD1w4c869zL3HjxmVyrK+jNLS8srqWnm9srG5tb1j7u51ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPr3O/OyFC0ojfqWlM3BANOQ0oRkpLnnng8MRLHRFCEgSnkZ/VJvp5n51UPLNq1a0Z4F9iF6QKCrQ889MZRDgJCVeYISn7thUrN0VCUcxIVnESSWKEx2hI+ppyFBLpprMTMnislQEMIqGLKzhTf06kKJRyGvq6M0RqJBe9XPzP6ycquHJTyuNEEY7nHwUJgyqCeR5wQAXBik01QVhQvSvEIyQQVjq1PAR78eS/pHNWty/q57eNarNRxFEGh+AI1IANLkET3IAWaAMMHsATeAGvxqPxbLwZ7/PWklHM7INfMD6+AWbJlsA=</latexit>

⌫e↵,ob(vk)
<latexit sha1_base64="GJNgmaIH3M7K5ySAQ8LRDRE//q4=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhahgpRE6mNZcOOygn1AG8JkOmmHTh7MTCIlZunGX3HjQhG3foI7/8ZJm4W2Hrhw5px7mXuPGzEqpGl+a6Wl5ZXVtfK6vrG5tb1j7O61RRhzTFo4ZCHvukgQRgPSklQy0o04Qb7LSMcdX+d+JyFc0DC4k5OI2D4aBtSjGEklOcYhTJPMSfvch/fJacSyaqJeD9kJ1GEOx6iYNXMKuEisglRAgaZjfPUHIY59EkjMkBA9y4yknSIuKWYk0/uxIBHCYzQkPUUD5BNhp9NDMnislAH0Qq4qkHCq/p5IkS/ExHdVp4/kSMx7ufif14uld2WnNIhiSQI8+8iLGZQhzFOBA8oJlmyiCMKcql0hHiGOsFTZ6SoEa/7kRdI+q1kXtfPbeqVRL+IogwNwBKrAApegAW5AE7QABo/gGbyCN+1Je9HetY9Za0krZvbBH2ifP8Oyl9I=</latexit>

vwv,pl(vk)

A: some progress, but not fully solved (solvable?)… Recall distribution function anisotropy:   
<latexit sha1_base64="niiEUB/mbwkPzWD2VaKNJFXhwlo="></latexit>

=) 1

2ṽ
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+

ṽk
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�
.

Secondary parallel firehose marginality cont.: can also estimate                 using expression for growth rate:                   
<latexit sha1_base64="211mxk3JvefXnOgq+jcaJxmJYk8="></latexit>
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Unanswered questions: 

1. Why does our numerical measurement of                  depend on     ? 

2. Why is                   sharply peaked? Could this lead to quasilinear theory breaking asymptotically?

3. What happens to particles with small     ?  

<latexit sha1_base64="eWF551Y0HISLgSihfYqOkEgf2VM=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFc1aTUx7LUjcsK9gFNDJPJpB06k4SZiVBCdm78FTcuFHHrL7jzb5y2WWjrgcs9nHMvM/f4CaNSWda3sbS8srq2Xtoob25t7+yae/sdGacCkzaOWSx6PpKE0Yi0FVWM9BJBEPcZ6fqj64nffSBC0ji6U+OEuBwNIhpSjJSWPPMocwLCFIJNL3MEhwnL72v5Wdb0LN2hZ1asqjUFXCR2QSqgQMszv5wgxiknkcIMSdm3rUS5GRKKYkbyspNKkiA8QgPS1zRCnEg3m96RwxOtBDCMha5Iwan6eyNDXMox9/UkR2oo572J+J/XT1V45WY0SlJFIjx7KEwZVDGchAIDKghWbKwJwoLqv0I8RAJhpaMr6xDs+ZMXSadWtS+q57f1SqNexFECh+AYnAIbXIIGuAEt0AYYPIJn8ArejCfjxXg3PmajS0axcwD+wPj8AW9vmFk=</latexit>
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1. Weakly collisional and collisionless magnetised            plasmas often become susceptible to the firehose 
instability in the course of  their macroscopic evolution, altering their basic physical properties, and 
generating anomalous collisionality. 

2. We have characterised the effective collision operator associated with firehoses in Alfvén-enabling statse 
(the astrophysically relevant regime) by a simple quasilinear pitch-angle scattering operator
• The box-averaged collision frequency is                      , in agreement with previous results
• Certain sub-populations of  particles experience collisions at a much greater (or smaller) rate 

depending on their velocity in the direction parallel to the magnetic field.

Conclusions
<latexit sha1_base64="T1vlAoB+OHzaI4VM/VawFrbt8Ks=">AAAB+HicbVBNSwMxFMzWr1o/uurRS7AInspuKeqx4MVjBdsK3aVk02wbmmSX5K1Ql/4SLx4U8epP8ea/MW33oK0DgWFmHu9lolRwA5737ZQ2Nre2d8q7lb39g8Oqe3TcNUmmKevQRCT6ISKGCa5YBzgI9pBqRmQkWC+a3Mz93iPThifqHqYpCyUZKR5zSsBKA7caRAwIDkZgMxL7A7fm1b0F8DrxC1JDBdoD9ysYJjSTTAEVxJi+76UQ5kQDp4LNKkFmWErohIxY31JFJDNhvjh8hs+tMsRxou1TgBfq74mcSGOmMrJJSWBsVr25+J/XzyC+DnOu0gyYostFcSYwJHjeAh5yzSiIqSWEam5vxXRMNKFgu6rYEvzVL6+TbqPuX9abd81aq1HUUUan6AxdIB9doRa6RW3UQRRl6Bm9ojfnyXlx3p2PZbTkFDMn6A+czx/xJJKV</latexit>

� & 1

<latexit sha1_base64="Ag0svCgdl5nQORL3aWMJW+nn2VQ=">AAACCHicbVA9SwNBEN2L3/EramnhYhCs4l0IainYWCqYGMiFY28zp0t2947dOSEcKW38KzYWitj6E+z8N25iCk18MPB4b4aZeXEmhUXf//JKc/MLi0vLK+XVtfWNzcrWdsumueHQ5KlMTTtmFqTQ0ESBEtqZAaZiCTdx/3zk39yDsSLV1zjIoKvYrRaJ4AydFFX2Qp1HRWgUhSQZ0tAKRcMYkEXiKESWR5WqX/PHoLMkmJAqmeAyqnyGvZTnCjRyyaztBH6G3YIZFFzCsBzmFjLG++wWOo5qpsB2i/EjQ3rglB5NUuNKIx2rvycKpqwdqNh1KoZ3dtobif95nRyT024hdJYjaP6zKMklxZSOUqE9YYCjHDjCuBHuVsrvmGEcXXZlF0Iw/fIsadVrwXGtcdWontUncSyTXbJPDklATsgZuSCXpEk4eSBP5IW8eo/es/fmvf+0lrzJzA75A+/jG0fEmXY=</latexit>

⌫e↵ ⇠ �i/⌧

<latexit sha1_base64="r1UNye5iuXkZO/VlSXbZxprQhcU="></latexit>

Cf [f ] =
1

2

@

@⇠

(
(1� ⇠2)⌫e↵,pl(w⇠)


@fi
@⇠
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