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“Seed motivation”: relativistic turbulence
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Why are nonthermal, power-law distributions so common?
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• Collisionless plasma processes exhibit irreversibility, but characterizing it is 
nontrivial due to nonthermal nature 

• Prevalence of power-law particle distributions in systems with varying acceleration/
trapping/escape mechanisms suggests universal underlying principles 

• Why don’t collective effects cause collisionless plasmas to relax to thermodynamic 
state of maximum entropy (the thermal distribution)? 

• What is role of entropy in all of this? Can it be used as a constraint or as a guiding 
principle? Many current theories of energization are agnostic to entropy… 

• There is a gap in our understanding…
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How does entropy fit in?

“If someone points out to you that your pet theory of the universe is in disagreement 
with Maxwell’s equations — then so much the worse for Maxwell’s equations. If it is 
found to be contradicted by observation — well, these experimentalists do bungle 
things sometimes. But if your theory is found to be against the second law of 
thermodynamics I can give you no hope; there is nothing for it but to collapse in the 
deepest humiliation.” — Arthur Eddington



What this talk is about

• New/speculative ideas for understanding entropy production (irreversibility) in 
collisionless plasmas and its role in shaping nonthermal distributions 

• How should we characterize entropy in a collisionless plasma? 

• Dimensional representation of generalized entropy: “Casimir momenta” 

• What happens to entropy during dissipative processes in collisionless plasmas? 

• Case study: particle-in-cell simulations of relativistic turbulence 

• What is generalized entropy “useful” for? 

• Modeling power-law energy distributions arising from dissipative processes
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Part I: Characterizing generalized entropy
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What happens to entropy in a collisionless plasma?

1. Entropy production via violations of Vlasov equation? 

• Nonlinear entropy cascades (Schekochihin+ 2009, Eyink 2018; see Nastac+) 

• Other routes to singularities (e.g., phase mixing) 

2. Coarse-grained entropy production, fine-grained entropy conservation? 

• Vlasov valid microscopically, but system irreversible macroscopically (see Ewart+) 

• Scrambling of information at small (kinetic) scales where nobody can see/care 

3. Entropy conservation at both coarse-grained and fine-grained scales? 

• Would explain prevalence of nonthermal distributions 

• Consistent with low entropy production rates in PIC simulations (Liang+ 2019) 

• But how does one understand irreversibility? 

“Competition” between entropy conservation and entropy production?                      
(combo of irreversible “thermal heating” and reversible “nonthermal acceleration”?)
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• A note before proceeding… Boltzmann-Gibbs entropy S is not the only game in town! 

• Infinite number of “generalized entropies” exist from information theory 

• Generalized entropies are nonextensive/nonadditive, useful for systems with long-
range correlations where “information” not expected to be additive 

• Applications to finances, cold atoms, solar wind, dusty plasmas, spin glass relaxation, 
turbulent flow, galactic dynamics, … 

• Notably, Tsallis statistics have been suggested as a framework for explaining kappa 
distributions of nonthermal populations in solar wind (e.g., Milovanov & Zelenyi 
2000, Leubner 2002, Livadiotis & McComas 2009)
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Roll over Boltzmann, and tell Gibbs the news…
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Renyi (1961):

Tsallis (1988):

“Superstatistics” (Beck & Cohen 2003), etc.

reduce to Shannon (Boltzmann-Gibbs) 
entropy when                  or                ↵ ! 1
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• Vlasov equation for collisionless plasma [feel free to add collisions]: 

where 

• “First principles”… but possibly incomplete (singularity formation?) 

• Collisions ultimately needed? 

• Finite N effects? 

• Note: in practice, must consider “coarse-grained” particle distribution, which may 
deviate from Vlasov equation
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Vlasov framework
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is force field (Lorentz force + external force + …)

is “fined-grained” plasma distribution for a given species
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is number of particles (assumed asymptotically large)

is (relativistic) velocity



• Vlasov: 

• Conserves phase-space volume: parcels of       are pushed around reversibly 

• Equivalently, for closed/periodic boundary conditions, conserves the infinite set of 
“Casimir invariants”: 

• Casimir invariants include Boltzmann-Gibbs entropy S (for                         ) and infinite 
number of other quantities (e.g.,                )… these are generalized entropies!

10

Casimir invariants
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where              is any differentiable function (subject to convergence)g(f)
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• For simplicity, consider power-law functions: 

• Issue: these Casimir invariants do not have physically meaningful dimensions, since 
distribution has units of inverse phase volume;                       

• Get physical dimensions (of angular momentum) by raising to another power: 

• Interpretation: Length scale related to a typical number density       , momentum 
scale to a typical momentum/energy 

• For applications with fixed mean density, but injected energy, can factor out              …
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How do we make sense of Casimir invariants?

where              is a “weight” parameter
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<latexit sha1_base64="WCQbM/L8wDunaFGutPT7+0xDJW8=">AAACA3icbVDLSsNAFL3xWesr6k43g0VwY0m0ohuh6MaFiwr2AWksk+mkHTp5MDMRSii48VfcuFDErT/hzr9xmmahrQcGzj3nXu7c48WcSWVZ38bc/MLi0nJhpbi6tr6xaW5tN2SUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG1yN/eYDFZJF4Z0axtQNcC9kPiNYaalj7jq+iy7QzX16dDJCbcUCKlGcVR2zZJWtDGiW2DkpQY5ax/xqdyOSBDRUhGMpHduKlZtioRjhdFRsJ5LGmAxwjzqahljvctPshhE60EoX+ZHQL1QoU39PpDiQchh4ujPAqi+nvbH4n+ckyj93UxbGiaIhmSzyE45UhMaBoC4TlCg+1AQTwfRfEeljgYnSsRV1CPb0ybOkcVy2K+XT20qpepnHUYA92IdDsOEMqnANNagDgUd4hld4M56MF+Pd+Ji0zhn5zA78gfH5A5LFljg=</latexit>

n0

<latexit sha1_base64="azfVSDVJeNmdEfX10ql8XIeeHOY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9V3++WKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwD9eY2d</latexit>

hpi

<latexit sha1_base64="S0LTJpVKOwTSp4BQSwDuZumiLrw=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJVHRZdOOygr1AE8pketIOnUzCzEQpsY/ixoUibn0Sd76N0zQLbf1h4OM/53DO/EHCmdKO822V1tY3NrfK25Wd3b39A7t62FFxKim0acxj2QuIAs4EtDXTHHqJBBIFHLrB5GZe7z6AVCwW93qagB+RkWAho0Qba2BXPU7EiANOsCdzGtg1p+7kwqvgFlBDhVoD+8sbxjSNQGjKiVJ910m0nxGpGeUwq3ipgoTQCRlB36AgESg/y0+f4VPjDHEYS/OExrn7eyIjkVLTKDCdEdFjtVybm//V+qkOr/yMiSTVIOhiUZhyrGM8zwEPmQSq+dQAoZKZWzEdE0moNmlVTAju8pdXoXNedxv1i7tGrXldxFFGx+gEnSEXXaImukUt1EYUPaJn9IrerCfrxXq3PhatJauYOUJ/ZH3+AMRkk7E=</latexit>

C1/3(1��)
�

<latexit sha1_base64="Xs1JZmGLx4z1gZSjxFo5gkoIUp4=">AAACCHicbZC7TsMwFIYdrqXcAowMWFRIZaAkUARjRRfGItGL1ITIcd3WquNEtoNURRlZeBUWBhBi5RHYeBucNgO0/JKlT/85Rz7n9yNGpbKsb2NhcWl5ZbWwVlzf2NzaNnd2WzKMBSZNHLJQdHwkCaOcNBVVjHQiQVDgM9L2R/Ws3n4gQtKQ36lxRNwADTjtU4yUtjzzIHECpIYYMVhPPQcP6X1in56X7ZOMj1PPLFkVayI4D3YOJZCr4ZlfTi/EcUC4wgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVyFFApJtMDknhkXZ6sB8K/biCE/f3RIICKceBrzuzreVsLTP/q3Vj1b9yE8qjWBGOpx/1YwZVCLNUYI8KghUba0BYUL0rxEMkEFY6u6IOwZ49eR5aZxW7Wrm4rZZq13kcBbAPDkEZ2OAS1MANaIAmwOARPINX8GY8GS/Gu/ExbV0w8pk98EfG5w/ULJiR</latexit>

[C1/3(1��)
� ] = L⇥ p

<latexit sha1_base64="Vtb6tDFuR/kHa+htvp9wF6I+cjE=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoC2OiFd0IxW5cuKhgH9DEMplO2qGTBzMToYT8hRt/xY0LRdzqzr9x0mahrQcGDufcy51z3IhRIU3zWyssLC4trxRXS2vrG5tb+vZOS4Qxx6SJQxbyjosEYTQgTUklI52IE+S7jLTdUT3z2w+ECxoGd3IcEcdHg4B6FCOppJ5udBPbR3KIEYP1tGfjIb1PrOPTinWU8cPUgZfwBtqS+kTAqKeXTcOcAM4TKydlkKPR07/sfohjnwQSMyRE1zIj6SSIS4oZSUt2LEiE8AgNSFfRAKkzTjLJlcIDpfShF3L1Agkn6u+NBPlCjH1XTWYZxKyXif953Vh6F05CgyiWJMDTQ17MoAxhVhLsU06wZGNFEOZU/RXiIeIIS1VlSZVgzUaeJ60Tw6oaZ7fVcu0qr6MI9sA+qAALnIMauAYN0AQYPIJn8AretCftRXvXPqajBS3f2QV/oH3+ANumndY=</latexit>

� > 0

<latexit sha1_base64="Hp0eJFR6kQpkBsCskJml+Dcl0hc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoicJevEYwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVFtmJIPdpzQUOCBZDEj2Dqp2SVDdu33yhW/6s+AlkmQkwrkqPfKX92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm107QSdO6aNYaVfSopn6eyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp66jPNCWWjx3BRDN3KyJDrDGxLqCSCyFYfHmZNM+qwXn14v68UrvJ4yjCERzDKQRwCTW4gzo0gMAjPMMrvHnKe/HevY95a8HLZw7hD7zPH/Y+jrw=</latexit>



• A dimensional representation of generalized entropy, with units of momentum: 

• Represents a characteristic “spread” of distribution in momentum space 

• Ideally conserved by Vlasov equation! 

• Evolution indicates violation of Vlasov (irreversibility!) at corresponding energy:   
large weight              is low energy, small weight             is high energy 

• Integral resembles generalized (non-extensive) entropies of Renyi (1961) and Tsallis 
(1988), with overall form similar to “exponential entropy” of Campbell (1966) 

• Upon energy injection, measures nonthermality of dissipation: 

• For thermal dissipation,                                       for all  

• For nonthermal dissipation,                 will vary with 
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Casimir momenta

pc,�(f) = n1/3
0

✓
1

N

Z
d3xd3pf�

◆�1/3(��1)

<latexit sha1_base64="6IqYjG91zARVNpfwwvGnz2pzy60="></latexit>

� � 1

<latexit sha1_base64="cggO5oBgt3Vbnsq7oZPPdzTjqCg=">AAAB8XicbVBNS8NAEJ2tX7V+VT16WSyCp5JIRY9FLx4r2A9sQtlsN+nSzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG8f5RqW19Y3NrfJ2ZWd3b/+genjU0UmmKGvTRCSqFxDNBJesbbgRrJcqRuJAsG4wvp353SemNE/kg5mkzI9JJHnIKTFWevToiGMvirA7qNacujMHXiVuQWpQoDWofnnDhGYxk4YKonXfdVLj50QZTgWbVrxMs5TQMYlY31JJYqb9fH7xFJ9ZZYjDRNmSBs/V3xM5ibWexIHtjIkZ6WVvJv7n9TMTXvs5l2lmmKSLRWEmsEnw7H085IpRIyaWEKq4vRXTEVGEGhtSxYbgLr+8SjoXdbdRv7xv1Jo3RRxlOIFTOAcXrqAJd9CCNlCQ8Ayv8IY0ekHv6GPRWkLFzDH8Afr8AVyYkBE=</latexit>

� . 1

<latexit sha1_base64="9nhk4TM83Ob8De0WmvbERmK8PPo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiih6LXjxWsB/QhLLZbtqlu5uwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrW9sbpW3Kzu7e/tV9+CwrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040vp35nUeqNEvkg5mkNBR4KFnMCDZW6rvVgIwYCjjVWjOB/L5b8+reHGiV+AWpQYFm3/0KBgnJBJWGcKx1z/dSE+ZYGUY4nVaCTNMUkzEe0p6lEguqw3x++BSdWmWA4kTZkgbN1d8TORZaT0RkOwU2I73szcT/vF5m4uswZzLNDJVksSjOODIJmqWABkxRYvjEEkwUs7ciMsIKE2OzqtgQ/OWXV0n7vO5f1C/vL2qNmyKOMhzDCZyBD1fQgDtoQgsIZPAMr/DmPDkvzrvzsWgtOcXMEfyB8/kD+GGSpg==</latexit>

“Casimir momenta” 

pc,�(t)

<latexit sha1_base64="PdWH3UZOngNEeHvWVFnYEvEAfxc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQQcKuRPQY9OIxgnlAsoTZyWwyZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7m19Y3Nrfx2YWd3b/+geHjU1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4Enecsb3c381pgrLaLwEScxdwM6CIUvGEUjuXEvZRddNhTTMp73iiW7Ys9BVomTkRJkqPeKX91+xJKAh8gk1brj2DG6KVUomOTTQjfRPKZsRAe8Y2hIA67ddH70lJwZpU/8SJkKkczV3xMpDbSeBJ7pDCgO9bI3E//zOgn6N24qwjhBHrLFIj+RBCMyS4D0heIM5cQQypQwtxI2pIoyNDkVTAjO8surpHlZcaqVq4dqqXabxZGHEziFMjhwDTW4hzo0gMETPMMrvFlj68V6tz4WrTkrmzmGP7A+fwAfk5Gv</latexit>

�

<latexit sha1_base64="N2TZvf2SkEoPSStPeXR4j+J0Nrs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5Ca8MbPmExSQyVZLgpTjkyM8sfRmClKDJ9Zgoli9lZEIqwwMTaeig3BW315nXSv6l6j3nxo1Fq3RRxlOINzuAQPrqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gACUo46</latexit>

(VZ, PRX 2022)

pc,�(t) / hpi(t)

<latexit sha1_base64="7npDC+CerCrzYWpQOAtPbYPdZgI=">AAACFHicbVDLSgMxFM3UV62vUZdugkWoKGVGKrosunFZwT6gMwyZNG1DM0lIMkIZ+hFu/BU3LhRx68Kdf2PazkKrBwKHc+7l5pxYMqqN5305haXlldW14nppY3Nre8fd3WtpkSpMmlgwoTox0oRRTpqGGkY6UhGUxIy049H11G/fE6Wp4HdmLEmYoAGnfYqRsVLknsgow6cBHtJJxRzDQCohjYABQ3zACJQwUHNm3cgte1VvBviX+DkpgxyNyP0MegKnCeEGM6R11/ekCTOkDMWMTEpBqolEeIQGpGspRwnRYTYLNYFHVunBvlD2cQNn6s+NDCVaj5PYTibIDPWiNxX/87qp6V+GGeUyNYTj+aF+yqCNPW0I9qgi2LCxJQgrav8K8RAphI3tsWRL8Bcj/yWts6pfq57f1sr1q7yOIjgAh6ACfHAB6uAGNEATYPAAnsALeHUenWfnzXmfjxacfGcf/ILz8Q3+BJ2F</latexit>

�

<latexit sha1_base64="N2TZvf2SkEoPSStPeXR4j+J0Nrs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5Ca8MbPmExSQyVZLgpTjkyM8sfRmClKDJ9Zgoli9lZEIqwwMTaeig3BW315nXSv6l6j3nxo1Fq3RRxlOINzuAQPrqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gACUo46</latexit>



Interpreting the index   

•             recovers dimensionalized Boltzmann-Gibbs entropy S: 

• For uniform isotropic distribution,      maps to different values of momentum/energy 

• Example: thermal (Maxwell-Juttner) distribution
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pc,�!1 = n1/3
0 eS/3N

<latexit sha1_base64="AbChTAcZS9/Eh8sjnfq7eUw0jzo=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxoDahRbAgVbAwoSLoQ2rayHHd1qrjRLaDVEX5AxZ+hYUBhFhZ2fgb3DYDtBzJ0tE59+r6HC9kVCrL+jYyC4tLyyvZ1dza+sbmlrm9U5dBJDCp4YAFoukhSRjlpKaoYqQZCoJ8j5GGN7wa+40HIiQN+L0ahaTtoz6nPYqR0pJrHoZuHOPk2MED6qgA2gm8gNy1OrFdLCWQdOK7Yukmcc28VbAmgPPETkkepKi65pfTDXDkE64wQ1K2bCtU7RgJRTEjSc6JJAkRHqI+aWnKkU9kO57kSeCBVrqwFwj9uIIT9fdGjHwpR76nJ32kBnLWG4v/ea1I9c7bMeVhpAjH00O9iEEdfFwO7FJBsGIjTRAWVP8V4gESCCtdYU6XYM9Gnif1k4JdLpzelvOVy7SOLNgD++AI2OAMVMA1qIIawOARPINX8GY8GS/Gu/ExHc0Y6c4u+APj8wc595re</latexit>

�

<latexit sha1_base64="N2TZvf2SkEoPSStPeXR4j+J0Nrs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NCQRG1Vrbt1dAK0TryA1KNAeVb+G45ikgkpDONZ64LmJ8TOsDCOczivDVNMEkyme0IGlEguq/Wxx6xxdWGWMwljZkgYt1N8TGRZaz0RgOwU2kV71cvE/b5Ca8MbPmExSQyVZLgpTjkyM8sfRmClKDJ9Zgoli9lZEIqwwMTaeig3BW315nXSv6l6j3nxo1Fq3RRxlOINzuAQPrqEF99CGDhCI4Ble4c0Rzovz7nwsW0tOMXMKf+B8/gACUo46</latexit>

pc,� = n1/3
0

✓
1

N

Z
d3xd3pf�

◆�1/3(��1)

<latexit sha1_base64="bCAmtcIS4CQ5Hwf02N6Q0xHEsVM="></latexit>

� ! 1

<latexit sha1_base64="JeO02TkZR6GAh3y4uEofHQBQrto=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ad2hpJJ77ShmcyQZIRS+hduXCji1r9x59+YtrPQ1gOBwzn3kntOmAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCalGwSU2DTcCO6lCGocC2+Hodua3n1BpnsgHM04xiOlA8ogzaqz06LMhJ75JiNcrV9yqOwdZJV5OKpCj0St/+f2EZTFKwwTVuuu5qQkmVBnOBE5LfqYxpWxEB9i1VNIYdTCZXzwlZ1bpkyhR9klD5urvjQmNtR7HoZ2MqRnqZW8m/ud1MxNdBxMu08ygZIuPokwQG3EWn/S5QmbE2BLKFLe3EjakijJjSyrZErzlyKukdVH1atXL+1qlfpPXUYQTOIVz8OAK6nAHDWgCAwnP8ApvjnZenHfnYzFacPKdY/gD5/MHfKOQJg==</latexit>

f =
n0

4⇡m2cTK2(mc2/T )
exp

 
�
p
m2c4 + p2c2

T

!

<latexit sha1_base64="UBEkzSoOCcMRzGOyz2rREgQCTN8="></latexit>

pc,� =
⇡

2
�1/2(��1)hpi

<latexit sha1_base64="b0uzVCXI1v+s+2WrQysqnsytuE8="></latexit>

Ultra-relativistic limit:

Non-relativistic limit:

pc,� =
(8⇡)1/3

3
�1/(��1)hpi

<latexit sha1_base64="DFTakeIhNMrvqPxvuXMgV/MeJT8="></latexit>

Casimir momenta:

�

<latexit sha1_base64="DCtAzizRh1jzwXXBEug2JbERd5s=">AAAB63icdVDLSgMxFM34rPVVdekmWARXQ0ZbrbuiG5cV7APaoWTSTBuaZIYkI5Shv+DGhSJu/SF3/o2Z6QgqeuDC4Zx7ufeeIOZMG4Q+nKXlldW19dJGeXNre2e3srff0VGiCG2TiEeqF2BNOZO0bZjhtBcrikXAaTeYXmd+954qzSJ5Z2Yx9QUeSxYygk0mDciEDStV5NaRd3mOIHJRjpw0vDMPeoVSBQVaw8r7YBSRRFBpCMda9z0UGz/FyjDC6bw8SDSNMZniMe1bKrGg2k/zW+fw2CojGEbKljQwV79PpFhoPROB7RTYTPRvLxP/8vqJCRt+ymScGCrJYlGYcGgimD0OR0xRYvjMEkwUs7dCMsEKE2PjKdsQvj6F/5POqevV3Pptrdq8KuIogUNwBE6ABy5AE9yAFmgDAibgATyBZ0c4j86L87poXXKKmQPwA87bJzPLjlw=</latexit>

�1/(��1) ! 1 as � ! 0

<latexit sha1_base64="aYDTvouRx+K7rTyAJPgsP6MvT7Y=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIdWGd0Youi25cVrAX6NSSSTNtaCYzJGfEMvRB3Pgqblwo4saF4NuYTrvQ1gOBj/8/h5Pze5HgGmz728osLC4tr2RXc2vrG5tb+e2dug5jRVmNhiJUTY9oJrhkNeAgWDNSjASeYA1vcDX2G/dMaR7KWxhGrB2QnuQ+pwSM1MmfurTP7xLnuDiGI+dwhF0IsculD0OD7AESTDQ2svFTz+7kC3bJTgvPgzOFAppWtZP/dLshjQMmgQqidcuxI2gnRAGngo1ybqxZROiA9FjLoCQB0+0kPW6ED4zSxX6ozJOAU/X3REICrYeBZzoDAn09643F/7xWDP5FO+EyioFJOlnkxwKbE8dJ4S5XjIIYGiBUcfNXTPtEEQomz5wJwZk9eR7qJyWnXDq7KRcql9M4smgP7aMictA5qqBrVEU1RNEjekav6M16sl6sd+tj0pqxpjO76E9ZXz+1hJ/n</latexit>

�1/(��1) ! 1 as � ! 1

<latexit sha1_base64="K8C+G0LQi3sMf2cXLtSAAbxn6zs=">AAACHHicbVDLTgIxFO3gC/GFunTTSExwIc4oRpdENy4xkUfCIOmUDjR0OpP2jpFM+BA3/oobFxrjxoWJf2MZWCh4kjYn59yb9hwvElyDbX9bmYXFpeWV7GpubX1jcyu/vVPXYawoq9FQhKrpEc0El6wGHARrRoqRwBOs4Q2uxn7jninNQ3kLw4i1A9KT3OeUgJE6+VOX9vld4hwXx+TIORxhF0LsmJs9QIKJxkYxViq7XPow7OQLdslOgeeJMyUFNEW1k/90uyGNAyaBCqJ1y7EjaCdEAaeCjXJurFlE6ID0WMtQSQKm20kaboQPjNLFfqjMkYBT9fdGQgKth4FnJgMCfT3rjcX/vFYM/kU74TKKgUk6eciPBTY5x03hLleMghgaQqji5q+Y9okiFEyfOVOCMxt5ntRPSk65dHZTLlQup3Vk0R7aR0XkoHNUQdeoimqIokf0jF7Rm/VkvVjv1sdkNGNNd3bRH1hfP6fGn+g=</latexit>

(T/mc2 � 1)

<latexit sha1_base64="WEVUbvD2ZuMqP55Zqzwq+6swMa0=">AAAB9XicdVDLSgMxFM34rPVVdekmWIS6qUmptt0V3bis0Be005JJM9PQzIMko5Sh/+HGhSJu/Rd3/o2ZtoKKHrhwOOde7r3HiQRXGqEPa2V1bX1jM7OV3d7Z3dvPHRy2VRhLylo0FKHsOkQxwQPW0lwL1o0kI74jWMeZXKd+545JxcOgqacRs33iBdzllGgjDQrNc58OSrDveRCfDXN5VEQIYYxhSnDlEhlSq1VLuApxahnkwRKNYe69Pwpp7LNAU0GU6mEUaTshUnMq2CzbjxWLCJ0Qj/UMDYjPlJ3Mr57BU6OMoBtKU4GGc/X7REJ8paa+Yzp9osfqt5eKf3m9WLtVO+FBFGsW0MUiNxZQhzCNAI64ZFSLqSGESm5uhXRMJKHaBJU1IXx9Cv8n7VIRl4sXt+V8/WoZRwYcgxNQABhUQB3cgAZoAQokeABP4Nm6tx6tF+t10bpiLWeOwA9Yb59AIZET</latexit>

(T/mc2 ⌧ 1)

<latexit sha1_base64="IPO99BnqHvdYUXMk1DfCmLreYOs=">AAAB9XicdVDLTgIxFO34RHyhLt00EhPcYEtQYEd04xITXgkMpFM60NDpTNqOhhD+w40LjXHrv7jzb+wAJmr0JDc5Oefe3HuPFwmuDUIfzsrq2vrGZmorvb2zu7efOThs6jBWlDVoKELV9ohmgkvWMNwI1o4UI4EnWMsbXyd+644pzUNZN5OIuQEZSu5zSoyVern6eUB7BdgVAuKzfiaL8gghjDFMCC5dIksqlXIBlyFOLIssWKLWz7x3ByGNAyYNFUTrDkaRcadEGU4Fm6W7sWYRoWMyZB1LJQmYdqfzq2fw1CoD6IfKljRwrn6fmJJA60ng2c6AmJH+7SXiX14nNn7ZnXIZxYZJuljkxwKaECYRwAFXjBoxsYRQxe2tkI6IItTYoNI2hK9P4f+kWcjjYv7itpitXi3jSIFjcAJyAIMSqIIbUAMNQIECD+AJPDv3zqPz4rwuWlec5cwR+AHn7RNPbJEd</latexit>



Reduction of entropy by anisotropy and inhomogeneity

• Inhomogeneities and anisotropies will decrease the Casimir momenta relative to the 
uniform/isotropic case: 

      

     This follows from Holder’s inequality: 

• Generalized maximum entropy state will be isotropic, uniform! 

• Interpretation: any nontrivial structure will lower entropy

14

f(x,p) = f(p) + �f(x,p)

<latexit sha1_base64="Pf0bVCFmELdqDu/AKELYyAL+KlM=">AAACU3ichVFNS8MwGE7r1DmdVj16CQ5hooxWJnoRhl48TnAfsI6RpukWlzYlScVR+h9F8OAf8eJB022HuQm+EPLked6P5IkXMyqVbX8Y5lphfWOzuFXa3inv7ln7B23JE4FJC3PGRddDkjAakZaiipFuLAgKPUY63vgu1zvPREjKo0c1iUk/RMOIBhQjpamB9RRUXY8zX05CvaUv2fniMc5O4Q10ue6QD0iDrLosn0HXJ0wh+F+j0sCq2DV7GnAVOHNQAfNoDqw31+c4CUmkMENS9hw7Vv0UCUUxI1nJTSSJER6jIelpGKGQyH469SSDJ5rxYcCFXpGCU3axIkWhzC+nM0OkRnJZy8m/tF6igut+SqM4USTCs0FBwqDiMDcY+lQQrNhEA4QF1XeFeIQEwkp/Q26Cs/zkVdC+qDn12uVDvdK4ndtRBEfgGFSBA65AA9yDJmgBDF7BJ/g2gPFufJmmWZilmsa85hD8CrP8A5dwtX8=</latexit>

✓Z
d3xf/V

◆�


Z

d3xf�/V

<latexit sha1_base64="acHdOLAId27XRyvlDKi7kkzllnI=">AAACI3icbVC7TgJBFJ31ifhatbSZSEywgV3FaKyINpaYyCNhFzI7zMKE2Udm7hoJ4V9s/BUbCw2xsfBfHGALBE8yyck552buPV4suALL+jZWVtfWNzYzW9ntnd29ffPgsKaiRFJWpZGIZMMjigkesipwEKwRS0YCT7C617+b+PUnJhWPwkcYxMwNSDfkPqcEtNQ2bxzBfMg7PATcaV08Yx8Xa9iRvNuDs5ZDexzrBJ7zZ2IR19pmzipYU+BlYqckh1JU2ubY6UQ0CVgIVBClmrYVgzskEjgVbJR1EsViQvuky5qahiRgyh1ObxzhU610sB9J/fQuU3V+YkgCpQaBp5MBgZ5a9Cbif14zAf/aHfIwToCFdPaRnwgMEZ4UhjtcMgpioAmhkutdMe0RSSjoWrO6BHvx5GVSOy/YpcLlQylXvk3ryKBjdILyyEZXqIzuUQVVEUUv6A19oE/j1Xg3xsbXLLpipDNH6A+Mn18VVaIQ</latexit>

if � < 1

<latexit sha1_base64="G068yw+3Gc2zLtfupUsEw7exgi0=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiaGMZwXxAcoS9zVyyZG/v3N0TwpE/YWOhiK1/x85/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbqt55QaR7LBzNO0I/oQPKQM2qs1O6yISfXxOuVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/N7p2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIrP+MySQ1KNl8UpoKYmEyfJ32ukBkxtoQyxe2thA2poszYiEo2BG/x5WXSPKt659WL+/NK7SaPowhHcAyn4MEl1OAO6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AKOBjw8=</latexit>

✓Z
d3xf/V

◆�

�
Z

d3xf�/V

<latexit sha1_base64="D+E5gNE3CPpfRY5EAZ4oNUI0aPE=">AAACI3icbVDLTgJBEJz1ifhCPXqZSEzwAruK0XgievGIiaAJC2R26IUJs4/M9BoJ4V+8+CtePGiIFw/+i8PjgGAlnVSqutPd5cVSaLTtb2tpeWV1bT21kd7c2t7ZzeztV3WUKA4VHslIPXpMgxQhVFCghMdYAQs8CQ9e92bkPzyB0iIK77EXQz1g7VD4gjM0UjNz5UrwMeeKEGmrcfZMfVqoUleJdgdPGi7vCOq2gc74E7FAq81M1s7bY9BF4kxJlkxRbmaGbiviSQAhcsm0rjl2jPU+Uyi4hEHaTTTEjHdZG2qGhiwAXe+PfxzQY6O0qB8pU+aWsTo70WeB1r3AM50Bw46e90bif14tQf+y3hdhnCCEfLLITyTFiI4Coy2hgKPsGcK4EuZWyjtMMY4m1rQJwZl/eZFUT/NOMX9+V8yWrqdxpMghOSI54pALUiK3pEwqhJMX8kY+yKf1ar1bQ+tr0rpkTWcOyB9YP78NU6IL</latexit>

if � > 1

<latexit sha1_base64="Xl0DwQ0Sh1I6QQ2Duw6Izm9zxcY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt1O/9YRK81g+mHGCfkQHkoecUWOldpcNObkmXq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx274ScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLIheIsvL5PmWdU7r17cn1dqN3kcRTiCYzgFDy6hBndQhwYwEPAMr/DmPDovzrvzMW8tOPnMIfyB8/kDpo2PEQ==</latexit>

f(x,p) = fiso(p) + �f(p, ✓,�)

<latexit sha1_base64="K3DruLDxoFO/BjgVeof9mY1TuRg="></latexit>

pc,�(f)  pc,�(fiso)

<latexit sha1_base64="U8SManBvSi786Ap1IKZb0CYWkmw=">AAACFXicbZDLSsNAFIYn9VbrLerSzWARWiglkYoui25cVrAXaEKYTCft0EkmzkyEEvISbnwVNy4UcSu4822cthG09YeBn++cw5nz+zGjUlnWl1FYWV1b3yhulra2d3b3zP2DjuSJwKSNOeOi5yNJGI1IW1HFSC8WBIU+I11/fDWtd++JkJRHt2oSEzdEw4gGFCOlkWfWYi9NcVZz8IhmlaAKHUbuoIb4B3mpI0JIJc+qnlm26tZMcNnYuSmDXC3P/HQGHCchiRRmSMq+bcXKTZFQFDOSlZxEkhjhMRqSvrYRCol009lVGTzRZAADLvSLFJzR3xMpCqWchL7uDJEaycXaFP5X6ycquHBTGsWJIhGeLwoSBhWH04jggAqCFZtog7Cg+q8Qj5BAWOkgSzoEe/HkZdM5rduN+tlNo9y8zOMogiNwDCrABuegCa5BC7QBBg/gCbyAV+PReDbejPd5a8HIZw7BHxkf35iNnng=</latexit>

pc,�(f)  pc,�(f)

<latexit sha1_base64="9RbGcTk1IwNJfxULM+9CJJ92LFM=">AAACFnicbVDNS8MwHE3n15xfVY9egkPYQEcrEz0OvXic4D5gLSXN0i0sbWqSCqP0r/Div+LFgyJexZv/jenWg04fBB7v/V6S3/NjRqWyrC+jtLS8srpWXq9sbG5t75i7e13JE4FJB3PGRd9HkjAakY6iipF+LAgKfUZ6/uQq93v3REjKo1s1jYkbolFEA4qR0pJnnsRemuLs2MFjmtWCOnQYuYNaxIXkcB3Pb0+DrO6ZVathzQD/ErsgVVCg7ZmfzpDjJCSRwgxJObCtWLkpEopiRrKKk0gSIzxBIzLQNEIhkW46WyuDR1oZwoALfSIFZ+rPRIpCKaehrydDpMZy0cvF/7xBooILN6VRnCgS4flDQcKg4jDvCA6pIFixqSYIC6r/CvEYCYSVbrKiS7AXV/5LuqcNu9k4u2lWW5dFHWVwAA5BDdjgHLTANWiDDsDgATyBF/BqPBrPxpvxPh8tGUVmH/yC8fEN65+fPQ==</latexit>

=)

<latexit sha1_base64="2t7pGD6Ry72bC70K8hqO/4G1SPk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9WvVy/tapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0TDkCE=</latexit>

=)

<latexit sha1_base64="2t7pGD6Ry72bC70K8hqO/4G1SPk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRS0WPRi8cK9gPaUDbbSbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0nGqKDZpzGPVCYlGziQ2DTMcO4lCIkKO7XB8O/PbT6g0i+WDmSQYCDKULGKUGCt1ekzYLaj75YpX9eZwV4mfkwrkaPTLX71BTFOB0lBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LZVEoA6y+b1T98wqAzeKlS1p3Ln6eyIjQuuJCG2nIGakl72Z+J/XTU10HWRMJqlBSReLopS7JnZnz7sDppAaPrGEUMXsrS4dEUWosRGVbAj+8surpHVR9WvVy/tapX6Tx1GEEziFc/DhCupwBw1oAgUOz/AKb86j8+K8Ox+L1oKTzxzDHzifP0TDkCE=</latexit>



Growth of Casimir momenta for global distribution

• Casimir invariants of global (system-averaged) distribution evolve via: 

• Compare to “heating” rate (increase in average                                     ) given by: 

• If energy injected to system, then               and              must have net positive part… 

• If        is monotonically decreasing with     , then                          will tend negative 

• (1) then implies                will typically grow if                 and decline if                  

• Taking                  ,  then                  will tend to grow for all values of      ! 

• While heuristic, this suggests: when energy is injected to a system, spatial structure 
will develop that lowers entropy, which (via Vlasov) must be compensated by 
increasing entropy of global distribution, as measured by Casimir momenta

15

dCg(f)

dt
=

Z
d3pg0(f)@tf =

Z
d3pg00(f)

@f

@p
·F

<latexit sha1_base64="jOAeQEoAlNJ9q5sSp54SdsHIoA4="></latexit>

Q

V
=

d

dt

Z
d3pd3x

Ef

V
=

Z
d3pE@tf =

Z
d3pv ·F

<latexit sha1_base64="Y+9Rw9HJEtOVpzJSVrGUeBVCpLY="></latexit>

E = (m2c4 + p2c2)1/2

<latexit sha1_base64="mMRvstUK5wmaCv/je4fQb+MXPho=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEilCTUNGNUBTBZQV7gTYtk+m0HTqZhJmJUEJ3bnwVNy4UcesruPNtnKRZaOsPAx//OYcz5/dCRqWyrG9jYXFpeWU1t5Zf39jc2jZ3dusyiAQmNRywQDQ9JAmjnNQUVYw0Q0GQ7zHS8EbXSb3xQISkAb9X45C4Phpw2qcYKW11zYMbeAmLfseBuFOGJzBMyTnuxPapM8l3zYJVslLBebAzKIBM1a751e4FOPIJV5ghKVu2FSo3RkJRzMgk344kCREeoQFpaeTIJ9KN0zsm8Eg7PdgPhH5cwdT9PREjX8qx7+lOH6mhnK0l5n+1VqT6F25MeRgpwvF0UT9iUAUwCQX2qCBYsbEGhAXVf4V4iATCSkeXhGDPnjwPdadkl0tnd+VC5SqLIwf2wSEoAhucgwq4BVVQAxg8gmfwCt6MJ+PFeDc+pq0LRjazB/7I+PwBxw2VdA==</latexit>

(1)

(2)

Q > 0

<latexit sha1_base64="kxG0dab770xGk6j6y0C5qaChGYw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRE8S9OIxQfOAZAmzk95kyOzsMjMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5aMYJ+hEdSB5yRo2VHuo3bq9YcsvuHGSVeBkpQYZar/jV7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5qVNyZpU+CWNlSxoyV39PTGik9TgKbGdEzVAvezPxP6+TmvDan3CZpAYlWywKU0FMTGZ/kz5XyIwYW0KZ4vZWwoZUUWZsOgUbgrf88ippXpS9SvmyXilVb7M48nACp3AOHlxBFe6hBg1gMIBneIU3RzgvzrvzsWjNOdnMMfyB8/kDnyaNXw==</latexit>

v ·F

<latexit sha1_base64="Bw1SE9J3nkCIL2+quPLjzbILniM=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMxIRZdFQVxWsA/oDCWTybShmWRIMoUy9Cfc+CtuXCjiVnDn35hpZ1FbL4QczrmXe+4JEkaVdpwfa2V1bX1js7RV3t7Z3du3Dw5bSqQSkyYWTMhOgBRhlJOmppqRTiIJigNG2sHwNtfbIyIVFfxRjxPix6jPaUQx0obq2edeIFioxrH5stEEejgUGs6TXoz0ACMG7yY9u+JUnWnBZeAWoAKKavTsby8UOI0J15ghpbquk2g/Q1JTzMik7KWKJAgPUZ90DeQoJsrPpldN4KlhQhgJaR7XcMrOT2QoVrlH05lbVItaTv6ndVMdXfsZ5UmqCcezRVHKoBYwjwiGVBKs2dgAhCU1XiEeIImwNkGWTQju4snLoHVRdWvVy4dapX5TxFECx+AEnAEXXIE6uAcN0AQYPIEX8AberWfr1fqwPmetK1YxcwT+lPX1C9Ctn9k=</latexit>

@f/@p ·F

<latexit sha1_base64="UhSJ8WTvuCEnQeXIktP3gXBi8do=">AAACN3icbVDLSsNAFJ3UV62vqEs3g0VwVROp6LIoiCupYB/QhDKZTNqhk0yYmQgl5K/c+BvudONCEbf+gZM2oG29MMzh3HNfx4sZlcqyXozS0vLK6lp5vbKxubW9Y+7utSVPBCYtzBkXXQ9JwmhEWooqRrqxICj0GOl4o6s833kgQlIe3atxTNwQDSIaUIyUpvrmrRMjoShi0OFal7dJgwyewF/e48yX41B/aZxBB/tczZBOiNQQa+V1VumbVatmTQIuArsAVVBEs28+Oz7HSUgihRmSsmdbsXLTfDZmJKs4iSQxwiM0ID0NIxQS6aaTuzN4pBkfBlzoFyk4Yf9WpCiU+ZJame8o53M5+V+ul6jgwk1pFCeKRHg6KEgYVBzmJkKfCoIVG2uAsKB6V4iHSCCstNW5Cfb8yYugfVqz67Wzu3q1cVnYUQYH4BAcAxucgwa4AU3QAhg8glfwDj6MJ+PN+DS+ptKSUdTsg5kwvn8AnFmtkA==</latexit>

f

<latexit sha1_base64="kVAB17y9B1dDL4IeS59daLDMa6c=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIiy6LblxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1TJVhHaI5FL1Q6wpZ4J2DDOc9hNFcRxy2gund7nfe6JKMykezSyhQYzHgkWMYGMl35fWzLNZNB9Wa27dXQCtE68gNSjQHla//JEkaUyFIRxrPfDcxAQZVoYRTucVP9U0wWSKx3RgqcAx1UG2uHmOLqwyQpFU9gmDFurvRIZjrWdxaCdjbCZ61cvF/7xBaqKbIGMiSQ0VZLkoSjkyEuUFoBFTlBg+swQTxeytiEywwsTYmiq2BG/1y+uke1X3GvXmQ6PWui3qKMMZnMMleHANLbiHNnSAQALP8ApvTuq8OO/Ox3K05BSZU/gD5/MHpriSGA==</latexit>

p

<latexit sha1_base64="n3g2bHEDl6pPMXjqx0bMdoTx8HA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3LGM/A==</latexit>

Cg(f)

<latexit sha1_base64="of0CiCp0hrraVKYTDuoLkZRpIAE=">AAACBnicbVDLSgMxFM34rPU16lKEYBHqpsxIRZfFblxWsA/oDEMmzbShmWRIMkIZunLjr7hxoYhbv8Gdf2OmnYW2Hggczj335t4TJowq7Tjf1srq2vrGZmmrvL2zu7dvHxx2lEglJm0smJC9ECnCKCdtTTUjvUQSFIeMdMNxM693H4hUVPB7PUmIH6MhpxHFSBspsE8yL0Z6FEk0hs1pMKx6wtjzaVk0PQ/silNzZoDLxC1IBRRoBfaXNxA4jQnXmCGl+q6TaD9DUlPMyLTspYokCI/RkPQN5Sgmys9mZ0zhmVEGMBLSPK7hTP3dkaFYqUkcGme+s1qs5eJ/tX6qo2s/ozxJNeF4/lGUMqgFzDOBAyoJ1mxiCMKSml0hHiGJsDbJlU0I7uLJy6RzUXPrtcu7eqVxU8RRAsfgFFSBC65AA9yCFmgDDB7BM3gFb9aT9WK9Wx9z64pV9ByBP7A+fwBbZpkP</latexit>

g00 < 0

<latexit sha1_base64="ZuKkHGvBEQpzhmMUid9HLSylkoU=">AAAB7HicbVA9SwNBEJ2NXzF+RS1tFoPEKtxJRAuLoI1lBC8JJEfY2+wlS/b2jt09IRz5DTYWitj6g+z8N26SKzTxwcDjvRlm5gWJ4No4zjcqrK1vbG4Vt0s7u3v7B+XDo5aOU0WZR2MRq05ANBNcMs9wI1gnUYxEgWDtYHw389tPTGkey0czSZgfkaHkIafEWMkbVqs3Tr9ccWrOHHiVuDmpQI5mv/zVG8Q0jZg0VBCtu66TGD8jynAq2LTUSzVLCB2TIetaKknEtJ/Nj53iM6sMcBgrW9Lgufp7IiOR1pMosJ0RMSO97M3E/7xuasJrP+MySQ2TdLEoTAU2MZ59jgdcMWrExBJCFbe3YjoiilBj8ynZENzll1dJ66Lm1muXD/VK4zaPowgncArn4MIVNOAemuABBQ7P8ApvSKIX9I4+Fq0FlM8cwx+gzx9/So3V</latexit>

g00 > 0

<latexit sha1_base64="ydLsqaRLu/eDWHBtl1E26/SISfQ=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvUU9mVip6k6MVjBbcttEvJptk2NJtdkqxQlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0gE18ZxvlFhbX1jc6u4XdrZ3ds/KB8etXScKso8GotYdQKimeCSeYYbwTqJYiQKBGsH47uZ335iSvNYPppJwvyIDCUPOSXGSt6wWr1x+uWKU3PmwKvEzUkFcjT75a/eIKZpxKShgmjddZ3E+BlRhlPBpqVeqllC6JgMWddSSSKm/Wx+7BSfWWWAw1jZkgbP1d8TGYm0nkSB7YyIGellbyb+53VTE177GZdJapiki0VhKrCJ8exzPOCKUSMmlhCquL0V0xFRhBqbT8mG4C6/vEpaFzW3Xrt8qFcat3kcRTiBUzgHF66gAffQBA8ocHiGV3hDEr2gd/SxaC2gfOYY/gB9/gCCVI3X</latexit>

pc,�(f)
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Casimir momenta in PIC simulations

• Now that we’ve introduced the Casimir momenta,  

     let’s see what happens to them in PIC simulations! 

• Recall: upon energy injection, 

• For thermal dissipation,                                       for all  

• For nonthermal dissipation,                  will vary with  

• 2D PIC simulations (3D in momentum) using Zeltron (code: Cerutti+ 2013) 

• Relativistically hot pair plasma (motivated by nonthermal particle acceleration) 

• Casimir momenta calculated from distribution on “coarse-grained” grid 

• Up to 642 position-space bins (322 cells per bin), 2563 momentum-space bins 

• Momentum space bin size adapts to local average:
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Casimir momenta in (2D) turbulent flow

Global f

Local f

Verdict: Vlasov is violated 
(especially at high energy) 

Entropy is produced! 

Probable cause: entropy cascade

2D PIC

High-energy Casimir

Low-energy Casimir
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Spatial structure of entropy
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Local Casimir momenta are proxy 
for irreversible dissipation

High-energy Casimir

Low-energy Casimir

Plasma energy



Part I summary: characterizing generalized entropy

• Anomalous entropy production can be characterized by non-conservation of infinite 
set of Casimir momenta (representing generalized entropy): 

• Growth of Casimir momenta (following injection of energy) indicates violation of 
Vlasov equation, and thus irreversibility 

• By this merit, PIC simulations indicate that (relativistic) turbulence leads to efficient 
entropy production in collisionless plasmas, mainly at high energies 

• Future directions:  

• local Casimir momenta as a proxy for sites of energy dissipation (applications to 
solar wind and Earth’s magnetosphere; see Pezzi+ 2021) 

• more analytical investigation on simplified problems (e.g., density fluctuation) 

• more numerical investigation on complex problems (e.g., 3D turbulence) 

• connections with other areas of statistical physics (e.g. gravitational dynamics)
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Part II: Generalized maximum entropy 
and particle acceleration
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Back to the motivation…
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2D 3D

2D

3D

Werner &  
Uzdensky 2017

Comisso & 
Sironi 2019

Alves+ 2018

Sironi &  
Spitkovsky 2009

Sironi+ 2021

Inchingolo+ 2018

Magnetic 
reconnection

Shocks

Turbulence

Kelvin-Helmholtz  
instability

Kink 
instability

Magnetorotational 
instability

2D
3D

2D

2D

3D

all around!
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• Acceleration mechanisms are often Fermi-type processes described by quasilinear 
theory: 

• However, knowledge of acceleration mechanism alone is insufficient to predict 
power law and its index  

• Classical picture: Fermi acceleration must be balanced by escape or trapping 
mechanism to get a power law 

• PIC simulations: no escape (periodic box), unclear trapping, diverse mechanisms 

• Not obvious how to model power-law distributions seen in PIC simulations

Why do power law distributions even exist?
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• Relativistic turbulence and magnetic reconnection both exhibit similar scalings of 
power-law index       versus magnetization, or beta (e.g., Werner+ 2018, VZ+ 2017) 

• Similar in 2D and 3D domains (e.g., Werner & Uzdensky 2017 for relativistic 
reconnection, Comisso & Sironi 2019 for relativistic turbulence)

Mysteries of particle acceleration

23

VZ+ 2017

� � 1

<latexit sha1_base64="GnwUKdA3q9t0ugWfmXfRkjXL9Sc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQtlsN+nS3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW8n3NYoGRH8fIG1Zrbt1dAK0TryA1KNAeVr/8UUIyQaUhHGs98NzUBDlWhhFOZxU/0zTFZIJjOrBUYkF1kC9unqELq4xQlChb0qCF+nsix0LrqQhtp8BmrFe9ufifN8hMdBPkTKaZoZIsF0UZRyZB8wDQiClKDJ9agoli9lZExlhhYmxMFRuCt/ryOule1b1GvfnQqLVuizjKcAbncAkeXEML7qENHSCQwjO8wpuTOS/Ou/OxbC05xcwp/IHz+QP+g5EC</latexit>

Werner+ 2018

↵
(e
le
ct
ro
n
s)

<latexit sha1_base64="G6JCBPT2iReswy9zNVKuxKkpuss=">AAACA3icbVC7SgNBFJ31GeNr1U6bwSDEJuxKRMugjWUE84AkhNnJTTJkdnaZuSuGJWDjr9hYKGLrT9j5N04ehSYeGDiccy93zgliKQx63reztLyyurae2chubm3v7Lp7+1UTJZpDhUcy0vWAGZBCQQUFSqjHGlgYSKgFg+uxX7sHbUSk7nAYQytkPSW6gjO0Uts9bDIZ9xltIjxgSvMggaOOlDkdtd2cV/AmoIvEn5EcmaHcdr+anYgnISjkkhnT8L0YWynTKLiEUbaZGIgZH7AeNCxVLATTSicZRvTEKh3ajbR9CulE/b2RstCYYRjYyZBh38x7Y/E/r5Fg97KVChUnCIpPD3UTSTGi40JoR2gbWQ4tYVwL+1fK+0wzjra2rC3Bn4+8SKpnBb9YOL8t5kpXszoy5IgckzzxyQUpkRtSJhXCySN5Jq/kzXlyXpx352M6uuTMdg7IHzifP7N5l5I=</latexit>

� = B2/4⇡h

<latexit sha1_base64="qyIkIJRMJM4c/9Bb1xBDRKOWr/s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqialohuh1I3LCvYBTSyT6aQdOjMJMxMhhPorblwo4tYPceffOG2z0NYDFw7n3Mu99wQxo0o7zrdVWFvf2Nwqbpd2dvf2D+zDo46KEolJG0cskr0AKcKoIG1NNSO9WBLEA0a6weRm5ncfiVQ0Evc6jYnP0UjQkGKkjTSwy56iI47gNWw+1M7rXkzheGBXnKozB1wlbk4qIEdrYH95wwgnnAiNGVKq7zqx9jMkNcWMTEteokiM8ASNSN9QgThRfjY/fgpPjTKEYSRNCQ3n6u+JDHGlUh6YTo70WC17M/E/r5/o8MrPqIgTTQReLAoTBnUEZ0nAIZUEa5YagrCk5laIx0girE1eJROCu/zyKunUqm69enFXrzSaeRxFcAxOwBlwwSVogFvQAm2AQQqewSt4s56sF+vd+li0Fqx8pgz+wPr8AV3mk00=</latexit>

Magnetization:

↵

<latexit sha1_base64="a7YqkBbA1xhFAP7RlPgy5wTlbxw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI4ZjyA=</latexit>

Relativistic turbulence Relativistic magnetic reconnection

� � 1

<latexit sha1_base64="GnwUKdA3q9t0ugWfmXfRkjXL9Sc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY9FLx4r2A9oQtlsN+nS3U3Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW8n3NYoGRH8fIG1Zrbt1dAK0TryA1KNAeVr/8UUIyQaUhHGs98NzUBDlWhhFOZxU/0zTFZIJjOrBUYkF1kC9unqELq4xQlChb0qCF+nsix0LrqQhtp8BmrFe9ufifN8hMdBPkTKaZoZIsF0UZRyZB8wDQiClKDJ9agoli9lZExlhhYmxMFRuCt/ryOule1b1GvfnQqLVuizjKcAbncAkeXEML7qENHSCQwjO8wpuTOS/Ou/OxbC05xcwp/IHz+QP+g5EC</latexit>

vA/c =
p
�/(1 + �)

<latexit sha1_base64="ngSRq3G7dBAPnpxrYNyWg1TazoI=">AAACCXicbZDLSsNAFIYn9VbrLerSzWARKkKbSEU3QtWNywr2Ak0Ik+mkHTqZxJlJoYRu3fgqblwo4tY3cOfbOG2z0NYfBj7+cw5nzu/HjEplWd9Gbml5ZXUtv17Y2Nza3jF395oySgQmDRyxSLR9JAmjnDQUVYy0Y0FQ6DPS8gc3k3prSISkEb9Xo5i4IepxGlCMlLY8Ew69qwqGl9CRD0KljqS9EFVK9smMjseeWbTK1lRwEewMiiBT3TO/nG6Ek5BwhRmSsmNbsXJTJBTFjIwLTiJJjPAA9UhHI0chkW46vWQMj7TThUEk9OMKTt3fEykKpRyFvu4MkerL+drE/K/WSVRw4aaUx4kiHM8WBQmDKoKTWGCXCoIVG2lAWFD9V4j7SCCsdHgFHYI9f/IiNE/LdrV8dlct1q6zOPLgAByCErDBOaiBW1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffBHxucPcaqY7A==</latexit>



• Suppose dynamics cause irreversible dissipation mainly at a super-thermal energy 

• Model: maximize Casimir momentum at that scale! (“dissipation momentum”            ) 

• Generalized maximum entropy distribution: 

• One “free” parameter: index         representing dissipation scale 

• Power law if                , thermal if                 , and flat-topped if 
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Modeling particle acceleration with Casimir momenta

L = N1/3

✓Z
d3pf�d/N

◆�1/3(�d�1)

� �1

✓Z
d3pf �N

◆
� �2

Z
d3pE(p)f �NE

�

<latexit sha1_base64="W03M7BlkqVUMLCE3Gf2HzpmUxeI="></latexit>

E(p) = (m2c4 + p2c2)1/2 �mc2

<latexit sha1_base64="iEy72YHTjPvOToF8mL0QdBgptKE=">AAACDXicbVDLSgMxFM3UV62vUZduglVoEevMUNGNUBTBZQX7gHZaMmnahiYzQ5IRytAfcOOvuHGhiFv37vwbM+0stHog5OSce7m5xwsZlcqyvozMwuLS8kp2Nbe2vrG5ZW7v1GUQCUxqOGCBaHpIEkZ9UlNUMdIMBUHcY6Thja4Sv3FPhKSBf6fGIXE5Gvi0TzFSWuqaB9eFsAgvYIF3HNwpH4XJ5RQ7sX3iTOAx5FA/u2beKllTwL/ETkkepKh2zc92L8ARJ77CDEnZsq1QuTESimJGJrl2JEmI8AgNSEtTH3Ei3Xi6zQQeaqUH+4HQx1dwqv7siBGXcsw9XcmRGsp5LxH/81qR6p+7MfXDSBEfzwb1IwZVAJNoYI8KghUba4KwoPqvEA+RQFjpAHM6BHt+5b+k7pTscun0tpyvXKZxZMEe2AcFYIMzUAE3oApqAIMH8ARewKvxaDwbb8b7rDRjpD274BeMj28iZZfU</latexit>

�d < 1

<latexit sha1_base64="mNnC8BVoE8N8ykU0W1Q8K8Lqp9o=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiaGMZwXxgcoS9vb1kyd7esTsnhJB/YWOhiK3/xs5/4ya5QhMfDDzem2FmXpBKYdB1v53Cyura+kZxs7S1vbO7V94/aJok04w3WCIT3Q6o4VIo3kCBkrdTzWkcSN4KhrdTv/XEtRGJesBRyv2Y9pWIBKNopccuG4heSK6J1ytX3Ko7A1kmXk4qkKPeK391w4RlMVfIJDWm47kp+mOqUTDJJ6VuZnhK2ZD2ecdSRWNu/PHs4gk5sUpIokTbUkhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRlf+WKg0Q67YfFGUSYIJmb5PQqE5QzmyhDIt7K2EDaimDG1IJRuCt/jyMmmeVb3z6sX9eaV2k8dRhCM4hlPw4BJqcAd1aAADBc/wCm+OcV6cd+dj3lpw8plD+APn8wcbnI/m</latexit>

�d = 1

<latexit sha1_base64="aaLJEvg/VSlKXr13e/SJJhjXGdE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgv3ANpTNZtMu3WzC7kQopf/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmvEGS2Si2wE1XArFGyhQ8naqOY0DyVvB8Hbqt564NiJRDzhKuR/TvhKRYBSt9NhlA9ELyTXxeuWKW3VnIMvEy0kFctR75a9umLAs5gqZpMZ0PDdFf0w1Cib5pNTNDE8pG9I+71iqaMyNP55dPCEnVglJlGhbCslM/T0xprExoziwnTHFgVn0puJ/XifD6MofC5VmyBWbL4oySTAh0/dJKDRnKEeWUKaFvZWwAdWUoQ2pZEPwFl9eJs2zqndevbg/r9Ru8jiKcATHcAoeXEIN7qAODWCg4Ble4c0xzovz7nzMWwtOPnMIf+B8/gAdIo/n</latexit>

VZ, JPP 2020

pc,�d

<latexit sha1_base64="/RMcYxeFbZ6KEMTlcreC7WIi84g=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AE8Jms22XbjbL7kYooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMiyRn2rjut1NaW9/Y3CpvV3Z29/YPqodHHZ1mitA2SXmqehHWlDNB24YZTntSUZxEnHaj8d3M7z5RpVkqHs1E0iDBQ8EGjGBjJV+GObnwyYiF8TSs1ty6OwdaJV5BalCgFVa//DglWUKFIRxr3fdcaYIcK8MIp9OKn2kqMRnjIe1bKnBCdZDPb56iM6vEaJAqW8Kgufp7IseJ1pMksp0JNiO97M3E/7x+ZgY3Qc6EzAwVZLFokHFkUjQLAMVMUWL4xBJMFLO3IjLCChNjY6rYELzll1dJ57LuNepXD41a87aIowwncArn4ME1NOEeWtAGAhKe4RXenMx5cd6dj0VrySlmjuEPnM8f8wCRow==</latexit>

�d

<latexit sha1_base64="xPriay89CJJQn7fBcIoyi/8kfao=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWw2m3btZjfsboQS+h+8eFDEq//Hm//GbZqDtj4YeLw3w8y8IOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqBVhTzgRtG2Y47SWK4jjgtBtMbud+94kqzaR4MNOE+jEeCRYxgo2VOgMyZsNwWK25dTcHWiVeQWpQoDWsfg1CSdKYCkM41rrvuYnxM6wMI5zOKoNU0wSTCR7RvqUCx1T7WX7tDJ1ZJUSRVLaEQbn6eyLDsdbTOLCdMTZjvezNxf+8fmqiaz9jIkkNFWSxKEo5MhLNX0chU5QYPrUEE8XsrYiMscLE2IAqNgRv+eVV0rmoe4365X2j1rwp4ijDCZzCOXhwBU24gxa0gcAjPMMrvDnSeXHenY9Fa8kpZo7hD5zPH3dCjxE=</latexit>

where

Casimir momentum Density constraint Energy constraint

f(p) / [E(p)/Eb + 1]�1/(1��d)

<latexit sha1_base64="CP2uMIwt2//t8wL45sqp2PMNyx0="></latexit>

�L = 0

<latexit sha1_base64="PY7NGHwHZhY4Bgspt5tTgWzDBDo=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCqJVHQjFN24cFHBPqAJZTKZtEMnD2YmQgnZ+CtuXCji1s9w5984abPQ1gMXDufcy733eAlnUlnWt7G0vLK6tl7ZqG5ube/smnv7HRmngtA2iXkseh6WlLOIthVTnPYSQXHocdr1xjeF332kQrI4elCThLohHkYsYAQrLQ3MQ8enXGGUOSFWI4I5usvRFbIGZs2qW1OgRWKXpAYlWgPzy/FjkoY0UoRjKfu2lSg3w0IxwmledVJJE0zGeEj7mkY4pNLNpg/k6EQrPgpioStSaKr+nshwKOUk9HRncaac9wrxP6+fquDSzViUpIpGZLYoSDlSMSrSQD4TlCg+0QQTwfStiIywwETpzKo6BHv+5UXSOavbjfr5faPWvC7jqMARHMMp2HABTbiFFrSBQA7P8ApvxpPxYrwbH7PWJaOcOYA/MD5/AAtElWY=</latexit>

upon variations �f

<latexit sha1_base64="yZcUfdlDmzWJu+7wbB9xvCXQAPA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWw2m3bpZhN3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6wHHK/ZgOlIgEo2ilTi/kEimJ+uWKW3XnIKvEy0kFcjT65a9emLAs5gqZpMZ0PTdFf0I1Cib5tNTLDE8pG9EB71qqaMyNP5nfOyVnVglJlGhbCslc/T0xobEx4ziwnTHFoVn2ZuJ/XjfD6NqfCJVmyBVbLIoySTAhs+dJKDRnKMeWUKaFvZWwIdWUoY2oZEPwll9eJa2LqlerXt7XKvWbPI4inMApnIMHV1CHO2hAExhIeIZXeHMenRfn3flYtBacfOYY/sD5/AGuFY++</latexit>

Eb

<latexit sha1_base64="eWCZhvQm8bqQnyMTTJ1bDIqger4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WNRBI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0cNsLeuWKW3VnIMvEy0kFctR75a9uP2ZphNIwQbXueG5i/Iwqw5nASambakwoG9EBdiyVNELtZ7NTJ+TEKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8MrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadkg3BW3x5mTTPqt559eL+vFK7zuMowhEcwyl4cAk1uIM6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w8K2o2m</latexit>

is determined by E

<latexit sha1_base64="6aNjAAn8p0Ih5oJADsAZhDqvRxE=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFEVxWsA/oDCWTZtrQTDIkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3cG9OmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMl35fWzLPZ3WxQrbl1dw60SryC1KBAa1D98oeSpDEVhnCsdd9zExNkWBlGOJ1V/FTTBJMJHtG+pQLHVAfZ/OYZOrPKEEVS2ScMmqu/ExmOtZ7GoZ2MsRnrZS8X//P6qYmug4yJJDVUkMWiKOXISJQXgIZMUWL41BJMFLO3IjLGChNja6rYErzlL6+SzkXda9QvHxq15k1RRxlO4BTOwYMraMI9tKANBBJ4hld4c1LnxXl3PhajJafIHMMfOJ8/dJOR9w==</latexit>

�d > 1

<latexit sha1_base64="UYWWX9Yf5VtmwfvpQgePvvOruuw=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisYD+wDWWz2bRLN5uwOxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777RRWVtfWN4qbpa3tnd298v5B0ySZZrzBEpnodkANl0LxBgqUvJ1qTuNA8lYwvJ36rSeujUjUA45S7se0r0QkGEUrPXbZQPRCck28XrniVt0ZyDLxclKBHPVe+asbJiyLuUImqTEdz03RH1ONgkk+KXUzw1PKhrTPO5YqGnPjj2cXT8iJVUISJdqWQjJTf0+MaWzMKA5sZ0xxYBa9qfif18kwuvLHQqUZcsXmi6JMEkzI9H0SCs0ZypEllGlhbyVsQDVlaEMq2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDO6hDAxgoeIZXeHOM8+K8Ox/z1oKTzxzCHzifPx6oj+g=</latexit>



• Fair fit to PIC simulations of relativistic turbulence 

• Equivalent to “Tsallis distribution” obtained from maximizing Tsallis entropy 

• Reduces to kappa distribution in non-relativistic limit, commonly used in space and 
astrophysical applications (e.g., Livadotis & McComas 2009)
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Generalized maximum entropy distribution

Model fit to PIC 
(data from VZ+ 2018)

f(p) / [E(p)/Eb + 1]�1/(1��d)

<latexit sha1_base64="BtQ47alqfhWAoCl+O3C/bhnsskA="></latexit>

Generalized maximum 
entropy distribution:



• Power-law index of energy distribution,       , can be related to ratio between 
“entropy-maximizing” momentum                and “typical” momentum 

• Can we predict                          for given plasma parameters and energization 
mechanism? 
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Connecting power-law index to Casimir momenta

pc,�d

pc,1

UR��!
✓
↵+ 1

↵� 2

◆(↵+2)/3

<latexit sha1_base64="uMX+/sFC3jMossITJU0emLslNHo="></latexit>

pc,�d

pc,1

NR��!
✓
↵� 1/2

↵� 2

◆(2↵+1)/6

<latexit sha1_base64="kGs4wanJ1/TS5t4Jeg8dhmNF5LE="></latexit>

↵

<latexit sha1_base64="a7YqkBbA1xhFAP7RlPgy5wTlbxw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oUy2m3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKrR6KZIT9csWtunOQVeLlpAI5Gv3yV28Q0zRi0lCBWnc9NzF+hspwKti01Es1S5COcci6lkqMmPaz+bVTcmaVAQljZUsaMld/T2QYaT2JAtsZoRnpZW8m/ud1UxNe+xmXSWqYpItFYSqIicnsdTLgilEjJpYgVdzeSugIFVJjAyrZELzll1dJ66Lq1aqX97VK/SaPowgncArn4MEV1OEOGtAECo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AI4ZjyA=</latexit>

pc,�d/pc,1

<latexit sha1_base64="C/bRk0+dL0rAp3bLdpakssUFit4=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCC6mJVHRZdOOygn1AG8JkMmmHTiZh5kYoIbjxV9y4UMStX+HOv3HaZqGtBy6cOede5t7jJ5wpsO1vo7S0vLK6Vl6vbGxube+Yu3ttFaeS0BaJeSy7PlaUM0FbwIDTbiIpjnxOO/7oZuJ3HqhULBb3ME6oG+GBYCEjGLTkmQeJl5HTPhkyL8jPZg8mQhjnnlm1a/YU1iJxClJFBZqe+dUPYpJGVADhWKmeYyfgZlgCI5zmlX6qaILJCA9oT1OBI6rcbHpCbh1rJbDCWOoSYE3V3xMZjpQaR77ujDAM1bw3Ef/zeimEV27GRJICFWT2UZhyC2JrkocVMEkJ8LEmmEimd7XIEEtMQKdW0SE48ycvkvZ5zanXLu7q1cZ1EUcZHaIjdIIcdIka6BY1UQsR9Iie0St6M56MF+Pd+Ji1loxiZh/9gfH5A0r4l2E=</latexit>

Ultra-relativistic limit:

Non-relativistic limit:

(pc,�d)

<latexit sha1_base64="5cSjai3jXPPjVRskMfjRvqoh2NA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgpREKnosevFYwX5AG8Nms2mXbjZhd6OU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+QlnStv2t1VYWV1b3yhulra2d3b3yvsHbRWnktAWiXksuz5WlDNBW5ppTruJpDjyOe34o5up33mkUrFY3OtxQt0IDwQLGcHaSA/VxMvIWZ8MmRdMTr1yxa7ZM6Bl4uSkAjmaXvmrH8QkjajQhGOleo6daDfDUjPC6aTUTxVNMBnhAe0ZKnBElZvNrp6gE6MEKIylKaHRTP09keFIqXHkm84I66Fa9Kbif14v1eGVmzGRpJoKMl8UphzpGE0jQAGTlGg+NgQTycytiAyxxESboEomBGfx5WXSPq859drFXb3SuM7jKMIRHEMVHLiEBtxCE1pAQMIzvMKb9WS9WO/Wx7y1YOUzh/AH1ucPvnqSCA==</latexit>

(pc,1)

<latexit sha1_base64="HZCfiBiv6lb3elGjVoJm1g/CjiQ=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BItQQUoiFT0WvXisYD+grWWz3bRLN5uwO1FC6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPzvEhwjY7zbeVWVtfWN/Kbha3tnd294v5BU4exoqxBQxGqtkc0E1yyBnIUrB0pRgJPsJY3vpn6rUemNA/lPSYR6wVkKLnPKUEjPZSjfkrPulz6mExO+8WSU3FmsJeJm5ESZKj3i1/dQUjjgEmkgmjdcZ0IeylRyKlgk0I31iwidEyGrGOoJAHTvXR29cQ+McrA9kNlSqI9U39PpCTQOgk80xkQHOlFbyr+53Vi9K96KZdRjEzS+SI/FjaG9jQCe8AVoygSQwhV3Nxq0xFRhKIJqmBCcBdfXibN84pbrVzcVUu16yyOPBzBMZTBhUuowS3UoQEUFDzDK7xZT9aL9W59zFtzVjZzCH9gff4ADHSSOw==</latexit>

(E � mc2)

<latexit sha1_base64="XutgwbXFmSaM+pGeOsLeHVmCQeo=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahXkpSKnosiuCxgv2ANpbNdpMu3U3i7qZQQn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZ58WcKW3b31ZubX1jcyu/XdjZ3ds/KB4etVSUSEKbJOKR7HhYUc5C2tRMc9qJJcXC47TtjW5mfntMpWJR+KAnMXUFDkLmM4K1kdzyLeoFARKIPFbP+8WSXbHnQKvEyUgJMjT6xa/eICKJoKEmHCvVdexYuymWmhFOp4VeomiMyQgHtGtoiAVVbjo/eorOjDJAfiRNhRrN1d8TKRZKTYRnOgXWQ7XszcT/vG6i/Ss3ZWGcaBqSxSI/4UhHaJYAGjBJieYTQzCRzNyKyBBLTLTJqWBCcJZfXiWtasWpVS7ua6X6dRZHHk7gFMrgwCXU4Q4a0AQCT/AMr/Bmja0X6936WLTmrGzmGP7A+vwBUWKQhA==</latexit>

(E ⌧ mc2)

<latexit sha1_base64="1F/76X9M1NAPtGAQnE94/Aav9LM=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXspuqeixKILHCvYD2rVk02wbmmTXJFsopb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zMC2LOtHHdbyeztr6xuZXdzu3s7u0f5A+PGjpKFKF1EvFItQKsKWeS1g0znLZiRbEIOG0Gw5uZ3xxRpVkkH8w4pr7AfclCRrCxkl+8RR3OkUDksXzezRfckjsHWiVeSgqQotbNf3V6EUkElYZwrHXbc2PjT7AyjHA6zXUSTWNMhrhP25ZKLKj2J/Ojp+jMKj0URsqWNGiu/p6YYKH1WAS2U2Az0MveTPzPaycmvPInTMaJoZIsFoUJRyZCswRQjylKDB9bgoli9lZEBlhhYmxOORuCt/zyKmmUS16ldHFfKVSv0ziycAKnUAQPLqEKd1CDOhB4gmd4hTdn5Lw4787HojXjpDPH8AfO5w9g1ZCO</latexit>



• Idealized model: suppose particles are energized by an amount comparable to the 
free magnetic energy before equilibration
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Power-law index from “magnetic dissipation”

pc,�d

pc,1
=


Ec,�d(Ec,�d + 2mc2)

Ec,1(Ec,1 + 2mc2)

�1/2

⇠

(eE0 + ⌘Efree)(eE0 + ⌘Efree + 2mc2)

E0(E0 + 2mc2)

�1/2

⇠

[e+ ⌘(�B/B0)2/�c][e+ ⌘(�B/B0)2/�c + 2/✓c]

1 + 2/✓c

�1/2
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✓c = E0/mc2
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�c = 8⇡n0E0/B
2
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fluctuation amplitude

characteristic temperature 

characteristic plasma beta
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is conversion efficiency 
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Comparison of “magnetic dissipation” model to PIC

Model prediction (ultra-relativistic limit):

�c = 1/4�

<latexit sha1_base64="IA6U8taTzJh179914m0oH/7uwl4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5pIRS9C0YvHCvYDmhAm2027dLMJuxuhhPpXvHhQxKs/xJv/xm2bg1YfDDzem2FmXphyprTjfFmlldW19Y3yZmVre2d3z94/6Kgkk4S2ScIT2QtBUc4EbWumOe2lkkIcctoNxzczv/tApWKJuNeTlPoxDAWLGAFtpMCueiHVEBB8hd3ThqfYMIbArjl1Zw78l7gFqaECrcD+9AYJyWIqNOGgVN91Uu3nIDUjnE4rXqZoCmQMQ9o3VEBMlZ/Pj5/iY6MMcJRIU0LjufpzIodYqUkcms4Y9EgtezPxP6+f6ejSz5lIM00FWSyKMo51gmdJ4AGTlGg+MQSIZOZWTEYggWiTV8WE4C6//Jd0zupuo35+16g1r4s4yugQHaET5KIL1ES3qIXaiKAJekIv6NV6tJ6tN+t90Vqyipkq+gXr4xvpxJOp</latexit>

In relativistic turbulence, 

(⌘ = 1)
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Idealized model: particles are energized by free magnetic energy before equilibrating

Theory close to relativistic turbulence simulations (VZ+ 2017, Comisso & Sironi 2019) 

Similar to relativistic magnetic reconnection simulations (e.g. Werner+ 2019, Ball+ 2018)



Merits and limitations of generalized max entropy model

Merits: 

• Explains ubiquitous appearance of power-law tails in particle distributions 

• Predicts similar particle acceleration in 2D and 3D domains (a priori) 

• May apply to turbulence and magnetic reconnection 

Limitations: 

• Assumes dynamics are sufficiently complex to enable generalized maximum 
entropy state, which may not always be the case 

• Ignores dynamical constraints (such as anisotropy of global distribution) 

• Assumes entropy maximization at a “single” energy scale, while mechanisms 
might compete over a range of energy scales in realistic cases 

• Hysteresis (memory of initial distribution and time-dependent parameters) not 
accounted for
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Part II summary: maximum entropy modeling

• Casimir momenta form a foundation for modeling particle acceleration from 
maximum entropy principles 

• Generalized maximum-entropy distribution provides a fair fit to PIC simulations 
(which may be improved with more sophisticated modeling) 

• Simple model for power-law index from “magnetic dissipation” is able to reproduce 
scaling of index versus magnetization observed in turbulence 

• Future work:  

• more rigorous treatment of dissipation mechanisms 

• connect maximum-entropy modeling with Fokker-Planck equation, quasilinear 
theory, etc. 

• broader tests of model: numerical + experimental (e.g., solar wind distributions 
consisting of core and halo populations) 

• other processes: shocks, wave damping, etc.
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Take-home messages

• Entropy is at the frontier of plasma physics 

• New mathematical approaches such as the Casimir momenta, as well as increasing 
quality of kinetic simulations, may allow us to finally confront fundamental questions 
about entropy production in collisionless plasmas 

• Incorporating entropy production into reduced modeling of nonthermal particle 
distributions is a promising avenue, and should be taken seriously 
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Thank you!

xkcd.com/2318 

For more details:   
1) V. Zhdankin PRX 2022, arXiv:2110.07025 
2) V. Zhdankin JPP 2022, arXiv:2203.13054



Open questions on generalized entropy

• Are Casimir momenta a sufficient basis, or does one need to expand to even more 
generalized entropies? 

• Are Casimir momenta a useful measure of free energy? 

• Can one build a generalized statistical mechanics? (see Schekochihin, Ewart, etc.) 

• Are there other statistical applications? (note widespread use of Tsallis entropy in 
modeling nonlinear systems)
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Uncharged particles, shear force:
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Example: Casimir momenta in a neutral shear flow

F shear(x) = F0 sin (kx)ŷ

<latexit sha1_base64="/WgytYKFubFwKIHHjZ63y30nEJk="></latexit>

Solid: Local f 
Dotted: Global f

Increase in Casimir momenta is small relative to amount of energy injected

Verdict: Vlasov is satisfied (dynamics are reversible) 
Implication: linear phase-mixing only leads to modest entropy production

2D PIC

Low-energy Casimir

High-energy Casimir



Pair plasma, parallel shear flow:
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Example: Casimir momenta in parallel shear flow

F shear(x) = F0 sin (kx)ŷ

<latexit sha1_base64="/WgytYKFubFwKIHHjZ63y30nEJk="></latexit>

Dotted: Global f

Solid: Local f

Increase in Casimir momenta is small relative to amount of energy injected

Verdict: Vlasov is satisfied at microscale (dynamics are reversible)

2D PIC

Low-energy Casimir

High-energy Casimir

B0 = B0ŷ
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Perpendicular shear force:
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Example: Casimir momenta in perpendicular shear flow

F shear(x) = F0 sin (kx)ŷ

<latexit sha1_base64="/WgytYKFubFwKIHHjZ63y30nEJk="></latexit>

Solid: Local f 
Dotted: Global f

Increase in Casimir momenta is small relative to amount of energy injected

Verdict: Vlasov is satisfied at microscale (dynamics are reversible)

2D PIC

Low-energy Casimir

High-energy Casimir

B0 = B0ẑ
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Future: connecting entropy with Fokker-Planck equation
Quasilinear theory suggests particle acceleration is described by Fokker-Planck equation:

2nd order Fermi acceleration / 
gyroresonance by Alfven waves:

(advection-diffusion in energy space)
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Kai Wong, VZ+ 2020

Known 
physics

Unknown 
physics

Coefficients from tracked particles in PIC

Fokker-Planck solution

Confirmed by PIC simulations of relativistic turbulence!


