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  Kinetic blockings and 1/N2 kinetic theory

Collisional dynamics

Total (specific) Hamiltonian H =

N

∑
i=1

Uext(wi) +

N

∑
i<j

m U(wi, wj)

Scaling m =
Mtot

N
;

1

N
≪ 1

Plasma Galaxy

Uext =
1

2
v2

U = 1/ |x − x′!|

Φ0 = 0

w = (x, v)

F = F(v)

Uext =
1

2
v2

U = − 1/ |x − x′!|

Φ0 = Φ0(x)

w = (θ, J)

F = F(J)
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Balescu-Lenard equation

Homogeneous Balescu-Lenard equation

∂F(v)

∂t
= m

∂

∂v
⋅ [∫ dk k∫ dv′ !δD[k⋅(v − v′ !)]

|ψkk |
2

|εk(k⋅v) |
2

× (k⋅
∂

∂v
− k⋅

∂

∂v′!) F(v) F(v′ !)]

∂F(J)

∂t
= m

∂

∂J
⋅ [∑

k,k′!

k∫ dJ′!δD[k⋅Ω(J) − k′!⋅Ω(J′!)] |ψd
kk′!

(J, J′!) |
2

× (k⋅
∂

∂J
− k′!⋅

∂

∂J′!) F(J) F(J′!)]

Inhomogeneous Balescu-Lenard equation

Orbital frequencies
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Balescu-Lenard in 1D

Homogeneous Balescu-Lenard equation

∂F(v)

∂t
= m

∂

∂v [∫ dk |k |∫ dv′!δD[v − v′!]
|ψkk |

2

|εk(kv) |
2

× (
∂

∂v
−

∂

∂v′!) F(v) F(v′!)]
Local resonance condition

v′ ! = v

∂F(v)

∂t
=

1

N
× 0

Exact cancellation of the flux Kinetic blocking

Trelax ≃ N2 Tdyn
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Balescu-Lenard in 1D

Inhomogeneous Balescu-Lenard equation

Additional symmetry constraints

ψd
kk′!

∝ δkk′!

J′ ! = J

Local resonances Kinetic blocking

Trelax ≃ N2 Tdyn

∂F(J)

∂t
= m

∂

∂J [∑
k,k′ !

k∫ dJ′!δD[kΩ(J) − k′!Ω(J′!)] |ψd
kk′!

(J, J′!) |
2

× (k
∂

∂J
− k′!

∂

∂J′!) F(J) F(J′!)]

J ↦ Ω(J) monotonic

1:1 resonance

∂F(J)

∂t
=

1

N
× 0

Vanishing of the flux
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What is the 1/N2 

kinetic theory?
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Balescu-Lenard from BBGKY

N identical particles of mass                in phase spacem=
Mtot

N
wi =(xi, vi)

Total specific Hamiltonian

HN =

N

∑
i=1

Uext(wi) +

N

∑
i<j

m U(wi, wj)

∂PN

∂t
+ [PN, HN]

N
= 0

System characterised by the N-body PDF PN(w1, …, wN, t)

Continuity equation in phase space

∂PN

∂t
+ ∑

i

∂

∂wi

⋅ (PN
·wi) = 0

Exact Liouville equation

Uext =
|v |

2

2

U = −
G

|x − x′ !|

3D self-gravitating systems

  Kinetic blockings and 1/N2 kinetic theory

Poisson bracket
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BBGKY hierarchy

Reduced DFs

Fn(w1, …, wn, t) = mn
N!

(N − n)! ∫ dwn+1…dwN PN(w1, …, wN, t)

BBGKY hierarchy

∂Fn

∂t
+ [Fn, Hn]n

+ ∫ dwn+1 [Fn+1, δHn+1]n
= 0

With

Hn =

n

∑
i=1

Uext(wi) +

n

∑
i<j

m U(wi, wj)

δHn+1 =

n

∑
i=1

U(wi, wn+1)

n-body system

Interactions with (n+1)

  Kinetic blockings and 1/N2 kinetic theory



 9

BBGKY at 1/N
Cluster representation

{
F2(w, w′!) = F1(w) F1(w′ !) + G2(w, w′ !)

F3(w, w′!, w′!′ !) = … + G3(w, w′ !, w′!′!)
⟹ {

G2 ∼ 1/N

G3 ∼ 1/N2

Truncation at order 1/N: 2 dynamical quantities

F(w, t)

G(w, w′!, t)

1-body DF

2-body correlation

BBGKY - 1

BBGKY - 2

∂F

∂t
+ [F, H0]w

+ ∫ dw′ ![G, U(w, w′!)]
w

= 0

∂G

∂t
+[G, H0]w

+ ∫ dw′ !′!G(w′ !, w′ !′!) [F(w), U(w, w′!′!)]
w

+m [F(w) F(w′!), U(w, w′!)]
w

+ (w↔w′ !) = 0

  Kinetic blockings and 1/N2 kinetic theory



∫ dw′ !′!G(w′!, w′!′!) [F(w), U(w, w′!′!)]
w
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BBGKY - 1

∂F

∂t
+ [F, H0]w

+ ∫ dw′![G, U(w, w′!)]
w

= 0

BBGKY - 2

[F, H0]w

∫ dw′ ![G, U(w, w′ !)]
w

[G, H0]w

m [F(w) F(w′!), U(w, w′!)]
w

∂G

∂t
+[G, H0]w

+ ∫ dw′!′ !G(w′!, w′!′ !) [F(w), U(w, w′!′ !)]
w

+m [F(w) F(w′ !), U(w, w′ !)]
w

+ (w↔w′!) = 0

Mean-field advection

Collision term

Mean-field advection

Collective effects

1-body DF sourcing

  Kinetic blockings and 1/N2 kinetic theory
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How to solve BBGKY

Adiabatic approximation  

       i.e. evolution along quasi-stationary states

F = F(J, t) ; H0 = H0(J, t) ⟹ [F0(J) , H0(J)]
w

= 0

Timescale separation

∂F

∂t
= − ∫ dw′ ![G, U(w, w′!)]

w

∂G

∂t
+[G, H0]w

+ (…) = 0

{
TG ≃ Tdyn

TF ≃ N × TG

∂G

∂t
= BBGKY2[F = cst , G]

Bogoliubov’s Ansatz

∂F

∂t
= BBGKY1[F , G(t→ + ∞)]

Collision operator

Mean-field equilibrium

  Kinetic blockings and 1/N2 kinetic theory



 12

BBGKY at order 1/N2

Describing the system

  Kinetic blockings and 1/N2 kinetic theory

F(w1) ∝ 1 G2(w1, w2) ∝ 1/N G3(w1, w2, w3) ∝ 1/N2

1-body DF 2-body correlation 3-body correlation

Correlation splitting

G2 =
1

N
G(1)

2
+

1

N2
G(2)

2

Neglecting collective effects

∫ dw3 G(1)

2
(w2, w3) U(w1, w3) → 0

Neglecting the cold crossed term

Hot limit

G(1)

2
× G(1)

2
→ 0 in ∂G3/∂t Hot limit
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A well-posed hierarchy

Solving in sequence

  Kinetic blockings and 1/N2 kinetic theory

∂G(1)
2

∂t
+ [G(1)

2
, H0] = S[F]

∂G3

∂t
+ [G3, H0] = S[F, G(1)

2
]

∂G(2)
2

∂t
+ [G(2)

2
, H0] = S[F, G3]

∂F

∂t
= C[G(2)

2
] (4 terms in the rhs)

(2 terms in the rhs)

(24 terms in the rhs)

(2 terms in the rhs)

After re-injecting and expanding all the derivatives

~1,000 terms
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Simplifying the collision operator

Large time limit

  Kinetic blockings and 1/N2 kinetic theory

lim
t→+∞ ∫

t

0

dt′ !ei(t−t′!)ωR = πδD(ωR) + i �(
1

ωR
)

Number of terms keeps growing: ~10,000 terms

Do NOT perform these calculations by hand!

Using a custom grammar in Mathematica

Interaction potential

U(w, w′!) = ∑
k

Uk[J, J′!] eik(θ−θ′ !)

Monotonic frequency profile

J ↦ Ω(J)



Simplifying the collision operator

Typical shape
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∂F(J)

∂t
=

∂

∂J [∑
k1,k2

∫ dJ1dJ2 . . . ]
Relabellings

{J1, J2, k1, k2} → ωR = (k1+k2)Ω[J] − k1Ω[J1] − k2Ω[J2]

Integration by parts

δ′!D → δD; ∂2
J1

F → ∂J1
F

Scaling relations

δD[αωR] = δD[ωR]/ |α |

Monotonic frequency profile

∫ dJ2 f(J1, J2) δD(Ω[J1] − Ω[J2]) = f(J1, J1)/ |Ω′ ![J1] |



Final equation

  Kinetic blockings and 1/N2 kinetic theory
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∂F(J)

∂t
= 2π3m2

∂

∂J [∑
k1,k2

1

k2
1(k1+k2)

�∫
dJ1

(Ω[J] − Ω[J1])
4

× ∫ dJ2 �k1k2
(J) δD[k⋅Ω] (k⋅

∂

∂J ) F3(J)]

The 1D 1/N2 inhomogeneous Landau equation

The DF appears three times

J = (J, J1, J2); F3(J) = F(J) F(J1) F(J2)

3-body resonances

k = (k1+k2, − k1, − k2); Ω = (Ω[J], Ω[J1], Ω[J2])



Coupling coefficient

  Kinetic blockings and 1/N2 kinetic theory
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Kinetic equation

Coupling coefficient

Interaction potential

U(w, w′!) = ∑
k

Uk[J, J′!] eik(θ−θ′ !)

�k1k2
(J) = [(Ω[J]−Ω[J1]) �(1)

k1k2

(J) + k2 �(2)

k1k2

(J)]
2

∂F(J)

∂t
= 2π3m2

∂

∂J [∑
k1,k2

1

k2
1(k1+k2)

�∫
dJ1

(Ω[J] − Ω[J1])
4

× ∫ dJ2 �k1k2
(J) δD[k⋅Ω] (k⋅

∂

∂J ) F3(J)]



Coupling coefficient
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Coupling coefficient

Two parts

�(1)

k1k2

(J) = k2(k1+k2) {Uk1+k2
(J, J2) ∂J2

Uk1
(J1, J2) − Uk2

(J, J2) ∂JUk1
(J, J1)}

+k1(k1+k2) {Uk1
(J, J1) ∂JUk2

(J, J2) − Uk1+k2
(J, J1) ∂J1

Uk2
(J1, J2)}

−k1k2 {Uk2
(J1, J2) ∂J1

Uk1+k2
(J, J1) − Uk1

(J1, J2) ∂J2
Uk1+k2

(J, J2)}

�(2)

k1k2

(J) = (k1+k2)
dΩ

dJ
Uk1

(J, J1) Uk2
(J, J2)

−k1

dΩ

dJ1

Uk1+k2
(J, J1) Uk2

(J1, J2)

−k2

dΩ

dJ2

Uk1
(J1, J2) Uk1+k2

(J, J2)

�k1k2
(J) = [(Ω[J]−Ω[J1]) �(1)

k1k2

(J) + k2 �(2)

k1k2

(J)]
2

Homogeneous limit 

easily follows



Properties
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Conservation laws

ε(ω) = 1 −
1

Q
Z′!(ω) Q ∝ k2λ2

D ∝
J0Ω0

GMtot

Dynamical temperature

Relaxation time

Trelax ∝ N2 Q4 Tdyn

M(t) = ∫ dJ F(J, t) (total mass)

P(t) = ∫ dJ J F(J, t) (total momentum)

E(t) = ∫ dJ H0(J) F(J, t) (total energy)

Q >> 1 is hot



Well-posedness
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High-order resonant denominator

∂F(J)

∂t
∝ �∫ dJ1

K(J, J1)

(Ω[J] − Ω[J1])
4

∝ �∫ dΩ1

K(Ω, Ω1)

(Ω − Ω1)
4

Symmetrisation using fundamental resonances

K(Ω, Ω+δΩ) = �[(δΩ)3]

Principal value is well-posed

�∫ dΩ1

K(Ω, Ω1)

(Ω − Ω1)
4

≃ �∫
dδΩ

δΩ

Most deft calculation



H-Theorem
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Boltzmann entropy

S(t) = − ∫ dJ s[F(J, t)] with s(F) = F ln(F)

Rate of entropy growth

dS

dt
=

2π3m2

3 ∑
k1,k2

∫ dJ
1

k2
1(k1+k2)

2
�(

1

(Ω[J] − Ω[J1])
4) �k1k2

(J)

×
δD[k⋅Ω]

F3(J) {(k1+k2)
F′!(J)

F(J)
− k1

F′!(J1)

F(J1)
− k2

F′ !(J2)

F(J2) }
2

H-Theorem
dS

dt
≥ 0



Steady states

  Kinetic blockings and 1/N2 kinetic theory

 22

Boltzmann DF

Recovering the Boltzmann DF

FB(J) ∝ e−βH0(J)+γJ

Constraint from H-Theorem

∂FB

∂t
∝ − β δD[k⋅Ω] (k⋅Ω) = 0

dS

dt
∝ δD[k⋅Ω]{(k1+k2)

F′ !(J)

F(J)
− k1

F′!(J1)

F(J1)
− k2

F′!(J2)

F(J2) }
2

(with a non-vanishing coupling)

Line constraint

G(Ω) =
F′ !(J[Ω])

F(J[Ω])
⇒ ∀Ω1, Ω2 : G(

k1Ω1+k2Ω2

k1+k2
) =

k1G(Ω1)+k2G(Ω2)

k1+k2

F′!(J)

F(J)
= − βΩ(J) + γ ⇒ F(J) ∝ e−βH0(J)+γJ
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Does it work?

  Kinetic blockings and 1/N2 kinetic theory

Spin dynamics

H =

N

∑
i=1

Uext(wi) +

N

∑
i<j

m U(wi, wj)

Uext(w) ∝ ( ̂n ⋅ ̂z )
2
; U(w, w′ !) ∝ w⋅w′!

Interaction potentials

n

n′!

Dynamics

n
·n

Ω

·n =
∂H

∂n
× n

Rotations preserve the geometric structure

|n | = 1
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Does it match?

  Kinetic blockings and 1/N2 kinetic theory

∂F

∂t
=

∂

∂J
ℱ(J)Diffusion flux

-1.0 -0.5 0.5 1.0
J

5

5
ℱ (J,t=0)/m2 [×103]

N-body
Prediction



Second-order kinetic blocking
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Constraint from H-Theorem

dS

dt
∝ δD[k⋅Ω] �k1k2

(J) {(k1+k2)
F′ !(J)

F(J)
− k1

F′!(J1)

F(J1)
− k2

F′!(J2)

F(J2) }
2

Killing the interaction

∀k1, k2, J, J1 : �k1k2
(J, J1, Jres

2 ) = 0

Simple frequency profile

Ω[J] ∝ J

Second-order kinetic blocking

U(w, w′ !) ∝ |J − J′!|
α

+∞

∑
k=1

1

|k |
α cos[k(θ − θ′!)]

Trelax ∝ N3 Q6 Tdyn

Extremely slow relaxation



Second-order kinetic blocking
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Constraint from H-Theorem

dS

dt
∝ δD[k⋅Ω] �k1k2

(J) {(k1+k2)
F′ !(J)

F(J)
− k1

F′!(J1)

F(J1)
− k2

F′!(J2)

F(J2) }
2

Killing the interaction

∀k1, k2, J, J1 : �k1k2
(J, J1, Jres

2 ) = 0

Simple frequency profile

Ω[J] ∝ J

Second-order kinetic blocking

Trelax ∝ N3 Q6 Tdyn

Extremely slow relaxation

U(w, w′!) ∝ |J − J′ !|
2n B2n[

1

2π
w2π(θ − θ′!)]

Bernoulli 

polynomial

Angle  

wrapping

(Challenging simulations)
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Next steps

Klimontovich approach

Crossed termSecond-order kinetic blocking

Collective effects

  Kinetic blockings and 1/N2 kinetic theory

∂G3

∂t
∝ G(1)

2
× G(1)

2

ψkk → ψkk /εk(k Ω)

∂F(J)

∂t
∝

1

N3
× ⋯

∂F

∂t
∝ ⟨[δF, δΦ]⟩



1/N2 inhomogeneous Landau equation
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∂F(J)

∂t
= 2π3m2

∂

∂J [∑
k1,k2

1

k2
1(k1+k2)

�∫
dJ1

(Ω[J] − Ω[J1])
4

× ∫ dJ2 �k1k2
(J) δD[k⋅Ω] (k⋅

∂

∂J ) F3(J)]

with

J = (J, J1, J2); F3(J) = F(J) F(J1) F(J2)

k = (k1+k2, − k1, − k2); Ω = (Ω[J], Ω[J1], Ω[J2])


