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Primer: Waterbags and Lynden Bell statistics
We begin with the Vlasov equation

∂fα
∂t

+ v ·∇fα −
qα
mα

(∇ϕ) · ∂fα
∂v

= 0,

This conserves phase volume:

Γα(η) =

∫∫
dr dvH (fα(r,v)− η)

where, H(x) is the Heaviside function

H(x) =

{
0 for x < 0

1 for x ≥ 0
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Primer: Waterbags and Lynden-Bell statistics (#2)
Declare that P (r,v, η) is the probability density (in η) of finding
the exact phase-space density to be η at position (r,v).

Maximise the Entropy

S = − V

∆Γ

∫∫
dv dη P0(v, η) lnP0(v, η), f(v) =

∫
dη ηP0(v, η)

Must be maximised subject to the constraints∫
dη P0(v, η) = 1,

∫∫
dv dη

1

2
mv2ηP0(v, η) = E0,∫

dv P0(v, η) = ρ(η).

This gives the equilibrium

P0(v, η) =
e−β∆Γη( 1

2mv
2−µ(η))∫

dη′ e−β∆Γη( 1
2mv

2−µ(η))
.
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P (v, η) =
e−β∆Γη( 1

2mv
2−µ(η))∫

dη′ e−β∆Γη( 1
2mv

2−µ(η))
, f(v) =

∫
dη ηP (v, η)

v

f(v)

(a)

v

f(v)

(b)

v

f(v)

(c)

v

f(v)

(d)
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How do we get there?

Pick your favourite method quasilinear method

At some point during the calculation, you’ll make some
assumption about correlations (the microgranulation ansatz )

〈
δfα(r,v)δfα′(r′,v′)

〉
≈ ∆Γαδαα′δ(r − r′)δ(v − v′)

〈
δf2
α

〉
(v)

This gives a ‘Proto-collision integral’

∂f0α

∂t
=
∑
α′′

16π3q2
αq

2
α′′

mαV

∂

∂v
·
∑
k

kk

k4
·
∫

dv′′
δ(k · (v − v′′))

|εk,k·v|2[
∆Γα′′

mα

〈
δf2
α′′

〉
(v′′)

∂f0α

∂v
− ∆Γα
mα′′

〈
δf2
α

〉
(v)

∂f0α′′

∂v′′

]
.
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The Closure Problem
The microgranulation ansatz partially resolves the closure
problem, but it is still present:〈

δf2
α

〉
(v) =

〈
f2
α

〉
(v)−

〈
fα
〉2

(v)

=

∫
dη η2P0α(v, η)−

(∫
dη ηP0α(v, η)

)2

In general, the second moment isn’t determined by the first, but
we could ask what the maximum entropy assignment of Pα(v, η)
should be, subject to knowing the only the first moment.

S = − V

∆Γα

∫∫
dv dη P0α(v, η) lnP0α(v, η)

Must be maximised subject to the constraints∫
dη P0α(v, η) = 1,

∫
dv P0α(v, η) = ρ(η),

∫
dη ηP0α(v, η) = f0α(v),
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I maximise that entropy subject to those constraints and I get
the expression for the probability P0(v, η)

P0α(v, η) =
e−ψα(v)η−γα(η)∫

dη′ e−ψα(v)η′−γα(η′)
,
〈
fnα
〉
(v) =

∫
dη ηnP0α(v, η).

Note that now ψα(v) and γα(η) must be computed at each point
in time... by solving a set of coupled integral equations

∂f0α

∂t
= −

∑
α′′

16π3q2
αq

2
α′′

mαV

∂

∂v
·
∑
k

kk

k4
·
∫

dv′′
δ(k · (v − v′′))

|εk,k·v|2(
∆Γα′′

mα

∂ψα
∂v
− ∆Γα
mα′′

∂ψα′′

∂v′′

)
∂f0α

∂ψα
(v)

∂f0α′′

∂ψα′′
(v′′).

8 / 19



I maximise that entropy subject to those constraints and I get
the expression for the probability P0(v, η)

P0α(v, η) =
e−ψα(v)η−γα(η)∫

dη′ e−ψα(v)η′−γα(η′)
,
〈
fnα
〉
(v) =

∫
dη ηnP0α(v, η).

Note that now ψα(v) and γα(η) must be computed at each point
in time... by solving a set of coupled integral equations

∂f0α

∂t
= −

∑
α′′

16π3q2
αq

2
α′′

mαV

∂

∂v
·
∑
k

kk

k4
·
∫

dv′′
δ(k · (v − v′′))

|εk,k·v|2(
∆Γα′′

mα

∂ψα
∂v
− ∆Γα
mα′′

∂ψα′′

∂v′′

)
∂f0α

∂ψα
(v)

∂f0α′′

∂ψα′′
(v′′).

8 / 19



I maximise that entropy subject to those constraints and I get
the expression for the probability P0(v, η)

P0α(v, η) =
e−ψα(v)η−γα(η)∫

dη′ e−ψα(v)η′−γα(η′)
,
〈
fnα
〉
(v) =

∫
dη ηnP0α(v, η).

Note that now ψα(v) and γα(η) must be computed at each point
in time... by solving a set of coupled integral equations

∂f0α

∂t
= −

∑
α′′

16π3q2
αq

2
α′′

mαV

∂

∂v
·
∑
k

kk

k4
·
∫

dv′′
δ(k · (v − v′′))

|εk,k·v|2(
∆Γα′′

mα

∂ψα
∂v
− ∆Γα
mα′′

∂ψα′′

∂v′′

)
∂f0α

∂ψα
(v)

∂f0α′′

∂ψα′′
(v′′).

8 / 19



What closure problem: Hyperkinetics
It would be better if we could just write an evolution equation for
P (r,v, η)

Pα(r,v, η) = δ(fα(r,v)− η),

∂Pα
∂t

+ v ·∇Pα −
qα
mα

(∇ϕ) · ∂Pα
∂v

= 0.

One plays all the same games

∂Pα
∂t

=
∑
α′

16π3q2
αq

2
α′

mαV

∂

∂v
·
∑
k

kk

k4
·
∫

dv′
δ(k · (v − v′))

|εk,k·v|2

∫
dη′ η′{

∆Γα′

mα

[
η′ − f0α′(v′)

]
P0α′(v′, η′)

∂P0α

∂v

∣∣∣∣
η

− ∆Γα
mα′

[
η − f0α(v)

]
P0α(v, η)

∂P0α′

∂v′

∣∣∣∣
η′

}
.
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But what now?
This collision integral has the right conservation laws, steady
states, H-theorem. What now?

If this collision integral is valid, is the previous closure ever a
valid limit to take (i.e., do waterbags reach local equilibrium
before reaching a global equilibrium)
When could this collision integral be valid? It has a collision rate
like

νeff ∼ ∆Γηeff
ωpe

nλ3
De

.

This has to be much slower than a plasma frequency for the
timescale separation (Bogoliubov hypothesis) to be valid
What must it be quicker than:

ωpe

nλ3
De︸ ︷︷ ︸

True colls. on f

� ωpe

(nλ3
De)1/3︸ ︷︷ ︸

True colls. onδf

� T−1
Nastac � ∆Γηeff

ωpe

nλ3
De

� ωpe.
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When could this collision integral be valid? It has a collision rate
like

νeff ∼ ∆Γηeff
ωpe

nλ3
De

.

This has to be much slower than a plasma frequency for the
timescale separation (Bogoliubov hypothesis) to be valid
What must it be quicker than:

ωpe

nλ3
De︸ ︷︷ ︸

True colls. on f

� ωpe

(nλ3
De)1/3︸ ︷︷ ︸

True colls. onδf

� T−1
Nastac � ∆Γηeff

ωpe

nλ3
De

� ωpe.
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Strange relaxation

Consider the electron-ion hyperkinetic collision operator
(Landauified) and compare with the Landau collision operator
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γei

me

∂

∂v
·
∫

dv ′

w

(
I− ww

w2

)
·
∫

dη′ η′{
∆Γi

me
[η′ − fi(v

′)]Pi(v
′, η′)

∂Pe

∂v

∣∣∣∣
η

−∆Γe

mi
[η − fe(v)]Pe(v, η)

∂Pi

∂v′

∣∣∣∣
η′

}
,

C̃ei =
γ̃ei

me

∂

∂v
·
∫

dv ′

w

(
I− ww

w2

)
·

[
1

me
fi(v

′)
∂fe

∂v
− 1

mi
fe(v)

∂Pi

∂v′

]
.
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Strange relaxation # 2

For the purpose of electron-ion collisions (to lowest order) we can
port over a great deal of intuition from collisional theory with the
simple change

fi(v)→ ∆Γi

∫
dη [η − fi(v)]

2
Pi(v, η)

ni =

∫
dv fi(v)

ui =
1

ni

∫
dv vfi(v)

F ei ∝ − (ue − ui)

→

na
i =

∫∫
dv dη [η − fi(v)]

2
Pi(v, η)

ua
i =

1

na
i

∫∫
dv dη v [η − fi(v)]

2
Pi(v, η)

F ei ∝ − (ue − ua
i )
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Strange relaxation # 3

na
i =

∫∫
dv dη [η − fi(v)]

2
Pi(v, η)

ua
i =

1

na
i

∫∫
dv dη v [η − fi(v)]

2
Pi(v, η)

ua
i 0 v

fi(v)

i g2
i (v)

13 / 19



‘Real’ Collision integrals
Back to the (forced) Vlasov-Poisson equation

∂fk
∂t

+ ik · vfk = i
q

m
ϕkk ·

∂f0

∂v
+ i

q

m

∑
k′ 6=k

ϕk′k′ · ∂fk−k
′

∂v

ϕk = χk + φk = χk +
4πqα
k2

∫
dv′ fk(v′)

For maximum simplicity (hopefully) let me take χk to be a
Gaussian white-noise forcing

〈
χk(t)

〉
= 0,

〈
χk(t)χ∗k′(t′)

〉
=

2m2

q2
δkk′Dkδ(t− t′)

The evolution of the mean distribution function is

∂
〈
f0

〉
∂t

=
q

m

∂

∂v

∑
k

kIm
〈
χ∗kfk(v)

〉
+

4πq2

m

∂

∂v
·
∑
k

k

k2

∫
dv′

〈
fk(v)f∗k(v′)

〉
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‘Real’ collision integrals # 2

I need to know how to handle
〈
χkf

∗
k

〉
and

Ck(v,v′) =
〈
fk(v)fk(v′)

〉
Gaussian white-noise forcing is easy to handle via the
Furutsu-Novikov theorem

〈
χ∗kfk

〉
= i

m

q
Dkk

∂
〈
f0

〉
∂v′

∂
〈
f0

〉
∂t

= D
∂2
〈
f0

〉
∂v2

+
4πq2

m

∂

∂v
·
∑
k

k

k2

∫
dv′ Ck(v,v′)

We will try to compute Ck(v,v′) by writing down its evolution
equation and looking for steady states
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‘Real’ collision integrals # 3

∂Ck

∂t
+ ik·(v − v′)Ck = Sk(v,v′) +Nk(v,v′)

+ i
4πq2

mk2

∫
dv′′ Ck(v′′,v′)k · ∂f0

∂v
− Ck(v′,v′′)k · ∂f0

∂v′

Sk(v,v′) = 2Dkkk :
∂f0

∂v

∂f0

∂v′

Nk(v,v′) = D̃

(
∂

∂v
+

∂

∂v′

)2

Ck + 2
∑
k′

D̃k′k
′k′ :

∂2

∂v∂v′
(Ck−k′ − Ck)

For now, I’m going to aim to solve this within the Bogoliubov
hypothesis

Ck(v,v′, t) = C
(0)
k (v,v′, τ, T ) + C

(1)
k (v,v′, τ, T ) + ...
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‘Real’ collision integrals: The schematic plan
Solve the lowest order correlation function in steady state and
plug it into the evolution equation for f0(v)

∂C
(0)
k

∂τ
+ ik · (v − v′)C

(0)
k = Sk(v,v′) + (...)(0)

∂
〈
f0

〉
∂T

= D
∂2
〈
f0

〉
∂v2

+
4πq2

m

∂

∂v
·
∑
k

k

k2

∫
dv′ C

(0)
k (v,v′)

Use this expression to fake the long time evolution of C(0)
k , plug

that back in to the next order to find the short time evolution of
C

(1)
k

∂C
(1)
k

∂τ
+ ik · (v − v′)C

(1)
k = −

∂C
(0)
k

∂T
+ (...)(1)

Iterate until satisfied

∂
〈
f0

〉
∂T

= D
∂2
〈
f0

〉
∂v2

+
4πq2

m

∂

∂v
·
∑
k

k

k2

∫
dv′ C

(0)
k (v,v′)+C

(1)
k (v,v′)
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Bonus slides: H-theorem

S = −
∑
α

1

∆Γα

∫
dr dv dη P0α lnP0α.

dS

dt
= −

∑
α

V

∆Γα

∫
dv dη

(
1 + lnP0α

)∂P0α

∂t

=
∑
α

∑
α′′

16π3q2
αq

2
α′′

∆Γα∆Γα′′

∫
dv dv′′

∑
k

δ(k · (v − v′′))

k4|εkk·v|2

∫
dη dη′′ η′′

[
∆Γ2

α′′

m2
α

(η′′ − f0α′′(v′′))
P0α′′(v′′, η′′)

P0α(v, η)

(
k · ∂P0α

∂v

∣∣∣∣
η

)2

−

∆Γα∆Γα′′

mαmα′′
(η − f0α(v) )k · ∂P0α

∂v

∣∣∣∣
η

k · ∂P0α

∂v′′

∣∣∣∣
η′′

]
.

(1)
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Bonus slides: H-theorem # 2

dS

dt
=
∑
α

∑
α′′

16π3q2
αq

2
α′′

∆Γα∆Γα′′

∫
dv dv′′

∑
k

δ(k · (v − v′′))

k4|εkk·v|2

∫
dη dη′′

(
∆Γα′′

mα
(η′′ − f0α′′(v′′))

√
P0α′′(v′′, η′′)

P0α(v, η)
k · ∂P0α

∂v

∣∣∣∣
η

− ∆Γα
mα′′

(η − f0α(v))

√
P0α(v, η)

P0α′′(v′′, η′′)
k · ∂P0α′′

∂v′′

∣∣∣∣
η′′

)2

≥ 0.
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