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Vlasov—-Poisson equation and weak turbulent scaling

@ Vlasov—Poisson:

f+v-Vif+ 1E.Vyf=0, E=-vo, 7A¢:ﬂ( dvf—1).
m €0 R

teR, xeT¥:=(R/27Z) veR?, Q=T xRY=phasespace
@ Weak turbulent regime:

> ¢ € (0,1) be a small dimensionless parameter

> 71, = 1/~ = inverse of the instantaneous growth/damping rate of electric field.
> Eq = electric energy.

> Exin = kinetic energy.

ti=1, X:=Xp, Vi=vp —=-—0 =g —=c".

@ Rescaled Vlasov—Poisson equation:

EE
OfF + = - Vnf*+ — - VufF =0, (t,x,v) € RF x T9 x R,
I3 15

Es = —Vo©, —A¢€:/ dv e —1.
R
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Necesseary condition for non-degenerate diffusion 1/2

Theorem (A)

Let {5 }o~0 be a sequence of non-negative initial data and Cy be a positive constant such that

== VA*‘(/ fodv — 1)
rd

Let (f¢, E€).~0, be a sequence of weak solutions of the rescaled Vlasov—Poisson system with
initial data f<| _ = f5, whose existence is known or proved (Arsenev 75, Diperna—Lions 88, ...) for
alle > 0.

Then:

i) There exists a function f = f(t, v), independent of x, such that f € L>°(R*t; L' n L>°(RY)),
and up to subsequences one has,

< Co.

N1 on + 115 Il ooy < Co, /f5|v|2dxdv§ Co, ’
[URVAN(®)] 0 (Q @ 0 20

£~ fin [(RY;L°(Q)) weak—x,
][dxfs —  fin L®(RT; L®(RY)) weak—x.

i) The electric field E€ converges weakly to zero as e — 0, more precisely,

ES —0 in L2(@®R"; W+2/9(T9)) weak—x.
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Necessary condition for non-degenerate diffusion 2/2
Theorem (A)

€

iii) The expression, E=fe
VV ° ][ dX )

is uniformly (with respect to ) bounded in D' (R™ x R?). Hence, up to a subsequence, it
converges in D' (R* x R?) and we obtain

=0, in DR xRY), (1)

iv) Letd < 4. Moreover, if we suppose that there exists a constant x, independent of e such that
”EEHVVIS (R+;L1 (Td)) S K, Wlth S > 0, and ||81¢EHL11 (R+;L1 (Td)) S K,

then,

][dx EF L o D'([0, T] x RY),

g
E5 — 0 in L'([0, T] x T%) strong,

as e — 0, and equation (1) degenerates into the following equations,

af =0 inD(0,T]xRY), £, = ][dxfo.

_4
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Remarks on the previous theorem

@ The proof is based on the ergodicity of the free-flow in a periodic torus, and on the
spatial strong compactness or regularity of the electric field given by the Poisson equation.

@ Point iv) of theorem (A) shows that the lack of time compactness or regularity is in fact a

necessary condition for obtaining a genuine or a non-degenerate diffusion equation in the
limite — 0.

Nicolas BESSE (03/08/22) Around the quasilinear approximation of the Vlasov eq Vienna 25/07-05/08 7/42



Treatment of the flux term: Duhamel formula and Fick-type law

Now, we derive formally a Fick-type law for the flux term,

€ fe
][dXEf7
I3

appearing in (1).

@ Most of developments are formal.
They point out the difficulties for showing rigorously the diffusion limit.

@ This Fick-type law can be obtained from two ways.
The first way is a global-in-time approach, which involves the initial condition ¢, while
the second one, a local-in-time approach, does not.

@ Each approach has its advantages and drawbacks.

@ For both approaches, the absence of time decorrelation properties prevent us to determine
the structure and the properties of the diffusion matrix.

@ Nevertheless a formal WKB approximation allows us to obtain the structure of a non-negative
diffusion matrix in the non-selfconsistent case.
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Global-in-time approach for the flux term
Using Duhamel formula, the solution of the rescaled Vlasov—Poisson equation is

1 t
F(t) = Siff — 7/ ds S;_E°(s) - VuF(s). @)
€ Jo
where the map ¢+ S; is the group on L9(Q), 1 < g < oo, generated by the free-flow, i.e.

(S79)(x,v) = exp (= v+ Vx)gx,v) = glx — v/, ), Vg € LP(Q).

Substituting (2) into the weak formulation of the divergence of the flux term,

Ecfe A
—/ dt/ dv:va-][dx :7/ dt/ dv][dxvvcp~EEfE, Vo € D(RT x RY),
R+ RY € g Jr+ Rd

we obtain

Eefe
[t [ avevs e EE =T+ T3,
Rt Rd €
where 1
Te(o) = / dt/ v 19 ,0(t, v) -][dx E=(t, )5 (x — vt/<2, V),
R+ R £
and

1
O 7/R+ dt/Rd oV =5 V(L. V)
/t ds][ dx E2(t, X)E= (s, X — V(1 — 8)/2) - (Vyf5)(, X — v(t — §) /€2, V).
0
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Global-in-time approach for the flux term: term T7

For the term Tf we have

Lemma

Assume that f5 satisfies the hypotheses of Theorem (A). In addition we suppose that there exists
a constant Cy, independent of e, such that for || < 1, the initial condition fs satisfies

~ 2 .
> (K108 0l gay)” < Co, ifd =1, and,
kezd
% 1+2/d )
> (I 210g T ey /" < Co,  ifd > 2.
kezd
Then
TF — 0 in D'(RT x RY).
v
Remark

In this lemma , the regularity assumption for f5 might be refined but with the presence of the
factor = in the term T5, some mixing-type hypotheses seem compuisory.

Nicolas BESSE (03/08/22) Around the quasilinear approximation of the Vlasov eq Vienna 25/07-05/08 10/ 42




Global-in-time approach for the flux term: term T3
We now deal with the term T; that we can rewrite as

T3 (v) = J°(0) + M*(¢),
where

S () = / dt/ dv f(t,v)Vy - (/ do][dx X[O’[/sgl(U)EE(t — %0, X) ® ES(t, X + vo) Vot v)),
R+ RrA R+

and
ME(SD) = ‘/]R-p dt/Rd dv /]R+ do‘f dXX[O,t/EZ](O.)

(fs(t — 20, x,v) — f(t, v))VV : (Es(t — 20, %) ® E5(t, X + vo)Vye(t, v)).
If we assume that
lim J°(¢) exists, and lim M°(¢) =0,
e—0 e—0
then we obtain
fim TS (o) = / dt/ av f(t, v)V (@(r, Vet v)),
with

2(t,v) = lim da][dx X[o ‘/52](J)Es(t, X) ® ES(t — €20, x — vo).
4 .

e—=0JR

Finally, putting all pieces together, we obtain the following diffusion equation,

Af(t,v) — V- (@(t, V)V (t, v)) =0, in D'([0, T] x RY).
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Global-in-time approach for the flux term: open issues and remarks

1. All computations involving the term T3 are formal and must be justified in a convenient
functional framework.

> In order to show existence of the limit lim._,o J°(¢) we have to show that the term
RE(t, 0, %, V) == X912, (0) Vv - (EE(t — %0, %) ® E5(t, X + vo)V,e(t, v))
converges weakly in L' (R” x RY x Q).
> In order to prove lim._,o M*(¢) = 0, and justify the diffusion equation, we have to show that
R® converges strongly in L' (R x R x Q),
since f°(t — 2o, x,v) — f(t,v) — 0 in L®(R; x R} x Q) weak—x.

> We observe that a crucial point is to obtain enough integrability with respect the time variable o,
uniformly in e.

2. Strong time compactness would help to justify the above formal computations for the term T .
However, lack of time compactness is in fact necessary if we do not want to obtain a trivial
equation, as stated in point iv) of Theorem (A).

3. Without time compactness, the electric field E€ always converges weakly to zero, but not the
quadratic electric tensor E€ ® E* (this is a property of weak convergence), which implies a
non-trivial diffusion matrix 2. Therefore, weak convergence seems mandatory to obtain a
diffusion limit.

4. Fast oscillations in time should produce the diffusion, WKB expansion seems relevant for this.

5. Instead of time compactness, time decorrelation properties could help to justified rigorously
above computations (cf. the non-selfconsistent stochastic part).
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Global-in-time approach for the flux term: weak limit, fast-time oscillations, WKB ansatz
We can obtain an explicit form of the diffusion matrix in the non-selfconsistent deterministic case.

Using Fourier expasion,
E<(t,x) = Z e " XE=(t, k),
kezd
we assume the formal WKB expansion for the Fourier mode Es(t, k),

E=(t,k) = E(t K, Qt, k)/2), (3)
j=0

where complex vector-valued functions (k, 7) — Ej(t, k,T) are 2w-periodic with respect to the
variable 7. As a first approximation of (3), we obtain

E=(t, k) = Eo(t, k) exp (—i@) +0(e), (4)

where the real vector-valued function k — Eo(t, k) is even with respect to the variable k.
Using (4) and time Taylor expansions, we obtain from the definition of the diffusion matrix 2,
I(tv)=n Z Eo(t, k) ® Eo(t, k)5 (09t k) — k - v).
kezd
If we assume Q(t, k) = [ d6w(6, k), then we obtain
2(t,v)=n Z Eo(t, k) ® Eo(t, k)8 (w(t, k) — k- v).

kezd
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Local-in-time approach for the flux term: term 7°
Integrating in time the space-averaged Vlasov equation against a test function ¢(t, v), we obtain

<Ws@> - le/R dt/Rd dv/,w ds][dx £(S)E*(s) - Vweplt, v).

Using the Duhamel representation formula for f¢(s),
o 1 [
F(s) = 82, ,F (=) - g/t_édasg_aEe(a)-vaa(a),

with & an arbitrary non-negative time we obtain

<f5(t+6) — (1)

=0 0) = Te(e) + TE (),

where

TE (o) - /W dt/Rddv/ ds][dx—Ee(s) Vet VISE_, ,F(t =),

and
T;(@::/ at [ v
R

t+6
/ ds/ da][dx S (o) - (S;aEE(U, X) @ E5(s,X)Vye(t, v)).
t—0
For the term 7.7, we assume that
Tf — 0 in D'(R* x RY).
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Local-in-time approach for the flux term: term 7
We now deal with the term 7, which can be recast as

Ts (9) = TE(p) + ME(p),

where, using the change of variables 6 = =2t and § = &2y,

T (@) = /R+ dt/Rd avf(t,v)Vy - (% /OTds/j] daj[dx

E=(t+ (s — 1 — 0)e?, %) ® E=(t + 562, X + V(o + ) Vvep(t, v)),

and

ME(p) = /]R+ dt/Rddv%/;ds/_:da][dx(fe(t+(s—n—a)52,x, V) — f(t,v))

v, - (Ef(t +(s—1—0)e?,x) @ E(t + 862, x + v(o + 1)) Vyo(t, v)).

The next lemma justifies that in the case where © and 7 are finite, the term J¢(¢) has a limit
as ¢ — 0. Defining

T S r
2°(t,v) = %/O ds/ dcrfdeE(t+552,x)®EE(tJr(sfnfcr)sz,xf V(o +n))
-n

we have the following lemma,
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Local-in-time approach for the flux term: term 75

Lemma

Let = and n be finite. Then, J¢ has a limitin D’(Rt x RY) such that
lim 7°(¢) :/ dt/ dvivy - (2TVvp), Ve e DR x RY),
e—0 R+ R

where 9 is the weak limit of ¢ (up to a subsequence) in the following sense,

9° ~9 in L

loc

(R; W (RY)) weak,

and
2° —~ 9 in L®(R"; L®(RY)) weak—x.

Finally, if we now assume
lim M*(p) =0,
e—0
putting all pieces together, we obtain the following diffusion equation

aif(t,v) = Vv - (2(t,V)Vf(t,v)) =0, in D'([0, T] x RY).
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Local-in-time approach for the flux term: open issues and remarks

1. In order to justify lim._,o M®(¢) = 0, we have to prove that the term
v, - (EE(r L (s—71—0)e2, %) @ EX(t + 822, x + V(o + 0)) Vvt v)),
converges strongly in L'(R” x R x R¥ x Q) ase — 0.
2. Show that 77 — 0 in D’(R* x RY) remains an open issue.
Nevertheless, we may expect that there exist some mixing-type hypotheses, which could

justify such limit.

4. The parameter T is reminiscent of the autocorrelation time of particles T, which will be
introduced in case of the non-selfconsistent stochastic electric field.

5. As before we can use a WKB expansion to obtain the structure of the diffusion matrix in the
non-selfconsistent deterministic case.
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Local-in-time approach for the flux term: weak limit, fast-time oscillations, WKB ansatz
Using the following WKB ansatz for the Fourier modes of the electric field,

(T k)

E=(t,k) = Eo(t, k) exp ( ) + 0(e),

in the definition of 2, we obtain
2 AQ
9t v) = Z sin(tAQ/2) sin((t/2 4+ n) )E S (6 K) @ Eo(t K).

TAQ/2 AQ
kczd

with
AQ = 9Q(t, k) —
1. Limit n — +o0:
2(tv)=n Z Eo(t, k) ® Eo(t, k)8 (0:9(t, k) — k- v).
kezd
2. Limitn — 0O:

- 2
ZEEDY (sz(?(atﬂ - )))) Eo(t, k) ® Eo(t, k).
2

ot k) —
kezd

3. Limit T — 400 with 7 fixed and finite:

2(t,v) == Z Eo(t, k) ® Eo(t, k)8 (0Q(t, k) — k- v).

kezd
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Q The non-selfconsistent stochastic case
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The turbulent electric field

Here, electrostatic turbulence is modeled through a given random vector field E-.

Let (Q, F,P) be a probability space, with P being a o-finite measure. A random vector F is real
vector-valued function defined on Q. When F : Q — R is an integrable random vector, its

expectation is given by
E[F] = / dP(w) F(w).
Q
The turbulent electric field E€ has two time scales, one slow and the other fast, and is given by
ES(t,x) = E(t,1/€%, x; w),
where, the integrable random vector field E satisfies the following “stochastic” assumptions:
(H1): The random vector field E is centered, i.e.
E[E(t,7,X)] =0, ¥(t,7,x) € Rt x Rt x T
(H2): There exists a constant T > 0 such that for every x,y € R? and for every 7,0 € RT the
electric fields E(t,,x) and E(s,o,y) are independent random vector fields as soon as
|t —o] >
The autocorrelation time T is supposed fixed and finite, hence independent of «.
(H3): There exists a matrix-valued function R : RT x Rt x R x T¢ — R?9, called the
autocorrelation matrix or the Reynolds electric stress tensor, such that
]E[E(t77-7x) ® E(37 U:y)] = RT(t7 S, T—0,X— y)

(H4): The regularity of E is such that

Ecr(®" xEHW2=(1%), and E[|IE]

3 —_.
Loo (R+ XR+;W2’°O(Td))} =: Cg < oo.
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Theorem (B)

e Let E be an integrable random vector field satisfying assumptions (H1)-(H4), and let E¢ be
given by E5(t, x) = E(t,t/€?, x; w).

o Let {f§}.>0 be a sequence of independent random non-negative initial data and Cy be a
positive constant such that for a.e. w € Q, [|f5 [l 1) + 15 [l Loo (@) < Co < 0.

e Let v = 2+(t, v) be the matrix-valued function defined by
T
D(t,v) = / do R<(t, t,o,0V).
0

fe

e Letfc be the unique weak solution of the rescaled Vlasov equation with initial data f¢ e

lt=o =
Then up to extraction of a subsequence,

E[ff] — h L' NL®(Q) in L>®(Q) weak—,
E[fs] — fe L®®R*;L'NL2(RY)) in L®(RT;L®(Q)) weak—x,
]E[fdxfg] = fel®®Y; LA L®[RY)) in L®@RY; L(Q)) weak—.

Moreover E[f dx f¢] converges in (0, T; LP(RY) — weak) to f, for1 < p < oo and forall T > 0.
The limit point f = f(t, v) is solution of the following diffusion equation in the sense of distributions:
f —Vy - (2<Vyf) =0, in D'(RT x RY),

f|r:0 = ][deo.
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Properties of the diffusion matrix 7.

Proposition (properties of the diffusion matrix %)

Under assumptions (H1)-(H4), the matrix-valued function R : Rt x Rt x R x T¢ — R29, and
the diffusion matrix 2. : Rt x RY — R29 satisfy the following properties:

i) Re(t t,7,x) = RI(tt,—7,—x), and Re(t,t,7,x +27wk) = R(t,t,7,x), Vk € Z.
i) Re € L®(RT x RT x R; W2°°(T9)), and supp(R.) C Rt x Rt x [—7,7] x T?.
iil)y P € L®°(Rt; W2°(RY)), and supp(Z:) C Rt x RY.

iv) The symmetric part of - is non-negative, i.e. X 2.X >0,V € X € R?.
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Proof of Theorem (B): time decorrelation
Let us rewrite the rescaled Vlasov equation in the following form,

of + lchE = NFF,
15
Pl =T

where the linear operators £ and Ny are defined by

1 1
L=V Vi, Nf=——E(t,x)-Vy=——E(t 1t/ x) V.
€ €

@ The operators £ and Ny are skew-adjoint for the scalar product of L2(Q).

@ The operator £ and the deterministic group Sf, generated by 2L commute with the

statistical average E.
@ The space and statistical averages commute.

From hypothesis (H2), the random operators N and N§ are independent as soon as

[t — 8| > €t

The next useful proposition states that time decorrelation of the stochastic electric field also entails

time decorrelation between the distribution function and the electric field.

Proposition (time decorrelation property between /¢ and E¢)

Assume (H2). Suppose that the random initial data f§ and the electric field E* are independent.

Then N¥ is independent of f¢(t) as soonas s >t -+ &°t.
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Proposition (Existence of limits in the proof of Theorem (B))
Assume (H4) and consider a sequence {f§}.~q of initial data such that

f5 20, andfora.e. w e Q, [If5lly1q) + 15 lle(@ < Co < co.

Then, for any € > 0, the rescaled Viasov equation has a unique non-negative solution
fe € ¢(R*, L' N L>(Q)), which is given by

fs(t7 X7 V) = fOE(XE(O; t’ X7 V)7 Vs(o; t? X7 V))7
where the characteristic curves (X<, V<) are solutions to the ODEs,

dave

dxe 1
Z ()= - VE(t), ——
g O=2V0, —

(t) = %Eg(t, X(t), X°(0;0,x,v)=x, V€(0;0,x,v)=v.

In addition, there exist a function fy € L' 0 L>°(R?), and a function f € L>°(RT; L' N L>°(RY)),
such as, up to subsequences,
E[ff] = fo in L°(Q) weak—+, and E[ff] — f in [®(R*;L(Q)) weak—x.

The limit point f is such that f dx f = f € L°(R*; L' N L°(RY)). The function E[f dx f¢] is
the solution of

OE {][dxff} YV, -E [][dx ET } —0, in D'(R* xRY),

€

E|farr| =E f oxt5].

v
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Proof of Theorem (B): double Duhamel iteration, and decomposition of the flux term
Using the group S§ and the Duhamel formula, the formal solution to the rescaled Viasov equation
is given by

t
() = S () + | ar SiNEF (). )

Taking s =t — 27 in (5), and making the change of variable = = t — ¢, we obtain from (5),
EZT
(1) = S;ng(t—szr)—i—/ do SENF F(t — o). ®)
0

In the integral term of (6), we observe that the electric field and the distribution function are
evaluated at the same time t — 0. As a consequence, if we substitute (6) to ¢ in the flux term of
the space-averaged rescaled Vlasov equation we obtain a quadratic term with respect to the
electric field that we cannot decorrelate in time from the distribution function. For this reason we
iterate a second time the Duhamel formula. In the same way that we obtained (5), we obtain

fF(t—o) =55

210

2e2t—0
fe(t — 2¢7) +/ dsSINF , [f(t—o—s). @)
0

Substituting the right-hand side of (7) to (¢t — o) in the right-hand side of (6), and using the
properties of the group Sf, we obtain
2

fa(z):sngff(t—e%H/ do SENF S5 S5, f7(t — 2:%7)
0

t—o“Y—o%o2r
2t 26210
+/ da/ dsSNF  SINF , Jf(t—o—5). (8)
Jo 0
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Applying the operator N to (8), and then applying successively the average in space and the
expectation value, we obtain

-Vyv-E [][dx @} = ][de NESS, fE(t—eZT)]

+/ do][de NESENE S 850 (1 —2:20)] + 4, (9)
with
&2t 2e21—0
e :/0 da/o ds][dx]E [N SINE , SENE o (t— o —5)].

Using Proposition 2, we obtain that f¢(t) is independent of N as soonas s >t +¢?t. Then,
using hypothesis (H1), we obtain

E[NF S5, f5(t — &%1)| = E[NF] 8%, E[ff(t — %1)] =0.

Since Proposition 2 implies that NV and Nf_
0 < o < £21, we obtain from (9),

52'1' o
_V,-E [fdx M} _ / dafdxlE [NFSINE .S, ] B[Sy fo(t — 2:20)] + pif

are independent of f¢(t — 2¢21), for

o

/ da][deE NESNE ,SZ, | EIfF (1] + 1§

+/ da][dxlE NESNE 82, | B850, f7(t = 26%T) — £°(1)]
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Proof of Theorem (B): limit of the flux term, the Fick-type law

Proposition
We define the differential operator ©F as
CREES /OT do (aVx - +Vy-)E [E*(t — %0,x — av) ® E°(t,X)| Vv, ¢ € D(RT x RY), (10)
and the bilinear form v; as
D)= / dt/ dv][dxw@tgo, Vi € L°(R* x Q), Vi € D(RT x RY).

Then, the weak formulation of the flux term reads: Vo € D(RT x RY),

o (1) E= (1)
/wdt/Rddewp-E[][dx—e ]
= f (BIF (D), 0) + vf (B [S5a,Fo(t — 220 — ()] 1) + 1),

where the remainder term 5 () is given by

T 2T—0
VB () = 754/ dt/ dv/ da/ ds][dx
R+ RY 0

E[f(t— (0 + )N 2y 157 2aNF o2y 57 2, N -

v
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Proof of Theorem (B): some lemmas

Lemma
Under hypothesis (H3), for all ¢ € D(Rt x R?), the operator ©f defined by (10) becomes

T
©fp=Vy- ((/ do R(t — €20, t, —0, —crv)) chp) ,
0

and we obtain
050 — 0 in L'(R* x RY) strong,

where the operator e? is defined by

T
@?Lp =Vy- ((/ do R(t, t,—o, —av)) chp) .
0

Lemma

Under hypothesis (H3), for all p € D(Rt x RY), we obtain
lim vi (E[S]
e—0 Yt ( [

221

fe(t — 26%t) — f5(1)], ) = O.

Lemma
Under hypothesis (H4), for all o € D(Rt x R?), we obtain

|15 ()] < ev* CoCellpll oo (a1 (meyy — 05 @S € — 0.
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Proof of Theorem (B): the end.
We are now able to conclude the proof of Theorem (B). Indeed we have

€ €
/ dt/ dvE [fdxfa] Orp — / dt avVyep - IEI[][dx’r E } =0,
R+ RA R+ RA
with
€ €
/ dt/ dewp-E[][dxfE}
Rt R €

= v (B[f], ) + vf (E[S50.f°(t —26%1) — ()] , ) + mf ().
From lemmas above we have

/dt dvIE[fdxff} Dy — dt/ dv for,  ase— 0,
R+ RA

Ve (E[F], ¢) —>/ dt/ dviely, asc 0,
and
vi (B[S f(t—2%1) = ()] ,¢) — 0 in D'(RT xRY), as e—0,
ui — 0 in D'(R* xRY), as ¢—0.

Using (13)-(16) to pass to the limite — 0in (12) and (11), we obtain

T
-V, - ((/ do Re(t, 1, a,av)) V.,f) =0, in D'(R* x RY).
0
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Links with some kinetic turbulence theories of plasma physics
The diffusion matrix 2. obtained in Theorem (B), can be recast as

De(t,v) = /OT do E[E(t,0,X) ® E(t,—0,x — aV)]. (17)

Introducing the Fourier series decomposition of E,
E(t,7,x) Ze'kxEtTk)
kezd
we can suppose without loss of generality that
E(t, 7, k) = e 0T E(t, 7, k),
where the real-valued function Z9 > k +— w(k) € R is odd, i.e. w(—k) = —w(k) forall k € Z9.
In the same spirit as assumption (H3), we now make the following assumption:
(H3') : There exist a non-negative real-valued function £(t, k) : R* x Z¢ — R*, with

E(t, k) = E(t,—k ) and |k|?|E(t, k)|1/2 € L>°(RT; £1(29)), and a bounded function
A(7, k) : [-71,1] x Z¢ — R*, even and compactly supported in 7, such that

k® k

!
s UK.

E[E(t,7,k) @ E(t,0,k")| = Ac(r — o, K)E(t, k)
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Links with some kinetic turbulence theories of plasma physics
Actually, the property (H3’) implies the property (H3), in other words the property (H3') is less
general than the property (H3). Indeed, we obtain from (H3’),

E[E(t, 7, x) ® E(t,0,y)] = Z Ac(r — o, K)E(L, k)ﬁf\)zk
kezd

from which we easily observe that the spatio-temporal autocorrelation function
E[E(t,T,Xx) ® E(t,0,y)] is invariant under time and space translations. In terms of the
autocorrelation matrix R+, hypothesis (H3') is equivalent to

Re(t, t,0,X) = Ze*w 7 A (o, K)E(E, k) K |k|2 eifx,

gik-(x=y) g-iw(k)(T—0)

kezd
Using assumption (H3') in definition (17) of _@T, we obtain

_ —i(w k-v)o
@T(t,v)_ZE(t,k T / do e~ 0KV A k).
kezd
The diffusion matrix (18) can be rewritten as
k® k
Dn(t, V) Z £(t, k) T Re(w(k) — k - v, k),
kezd
where the resonance function R is given by

(18)

T ) 1 +oo )
Re(w(k) — k- v, k) = §Re/0 do e~ (WK =kvio g (5 k) = > / do e~ Wk =kv)o A (5 k).

Nicolas BESSE (03/08/22) Around the quasilinear approximation of the Vlasov eq Vienna 25/07-05/08

31/42



Corollary

e Let E be an integrable random vector field satisfying the assumptions (H1)-(H2) and (H3')-(H4).

e Let E€ be given by E=(t,x) = E(t, t/<?, x; w).

o Let {f5}-~0 be a sequence of independent random non-negative initial data and Cy be a
positive constant such that for a.e. w € Q, ||f05||L1(Q) + |5 lLeo (@) < Co < oo

e Let 7 be the matrix-valued function defined by (18).
e Let f¢ be the unique weak solution of the rescaled Vlasov equation , with initial data ¢
Then

1. Up to extraction of a subsequence,

lieo = 15
E[ff] — h L' nL>®(Q) in L>(Q) weak—,
E[f] — fe LR L'NL®RY)) in L®(RF;L®(Q)) weak—x,
E[][dxff] — fe L®@®*;L'NL2(RY)) in L®(RT;L®(Q)) weak—x.

The limit point f = f(t, v) is solution of the following diffusion equation in the sense of
distributions:

Of —Vy - (2:V,f) =0, in D'(RT x RY),

flo = ][dx fo-

2. The diffusion matrix 9~ is symmetric, non-negative and analytic in the velocity variables.

”
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Remarks
@ Our diffusion matrix 2. is reminiscent of the diffusion matrix %,;, of the resonance
broadening theory (RBT).

@ RBT: finite t. The important difference is that in the resonance broadening theory, t
depends on the quasilinear diffusion matrix itself (through a nonlinear integral functionnal),
whereas in our derivation T is a free parameter. Indeed for the RBT we have,

A(0, k) = exp(—(o/7)3/3), with T=(kQk : Dw(o,v))~1/3, ie.
Ac(o, k) = Ap (0, Kk, D(0, V) = exp (f%k QK : Dy (o, v)03) .

and

k®k e —i(w(k)—k-v)o
Talt,v) = Ze(nk)wme /0 do 0K A, (5. k. T, V)

—k-v,k, D).

I
™
=
=
=
E
l\)
P
=
ﬁ
=

@ QLT: infinite t. By taking the formal limit T — +o0, for an autocorrelation function A, such
that Ax — 1 a.e.as T — +oo (€.9. Ac(0, k) = 1{_1 (o)), and using Plemelj formula, we

obtain
lim Re(w(k) —k-v,k) =mé(w(k) — k- v), (19)
T—r+0o0
for the resonance function. Then, we recover the QL diffusion matrix of plasma physics
literature

Too(tV) =7 (LK) ) KOK Sk) — k- v).

k|2
kezd
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Remarks

@ The limit T — 400 is a singular limit from different points of view:

1. When t© — oo, the autocorrelation matrix R is no nore integrable with respect to correlation time
o, but only locally integrable.

This loss of integrability entails a loss of regularity in the velocity variables for the diffusion matrix.
This loss of regularity in velocity variables is even more striking when we observe the singular limit
(19) for a smooth resonance function R~.

2. When Tt — oo, hypothesis (H2) does not hold anymore. Indeed the stochastic electric field E° no
longer satisfies a time decorrelation property since its decorrelation time tends to infinity. It is like
falling back to the deterministic case.

When t — oo, the autocorrelation time of particles tends to infinity and the time decorrelation of the
stochastic electric field E€ occurs at infinite time. This can be interpreted as follows. The electric field
becomes deterministic and particles trajectories are almost straight lines. This seems consistent with
the original deterministic derivation of the QL theory performed by physicists.

@ Finally, we note that the RBT is actually a statistical (probabilistic) theory of the Vlasov
equation and does not have a deterministic counterpart in the plasma physics literature.
Nevertheless, for the deterministic case above, we have been able to introduce a finite
autocorrelation time of particles T, and to derive formally a diffusion matrix that is consistent
with the quasilinear one in the limit T — oco.
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o The quasilinear theory in a short time.
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Well-prepared initial data

@ Our main theorem relies on well-prepared initial data, which roughly speaking are solutions of
the linearized Vlasov—Poisson system around an unstable velocity profile.

@ Initial distributions f5 are of the form
f££(x,v) = Fo(v) + eho(x,v), x€T9 veR?,

where € > 0 is a small real parameter, and the functions (Fy, hy) satisfy the following
constraints

/ Fo(v)adv =1, ][hodx:o.
Rd

@ Fy > 0 is a stationary solution of the Vlasov—Poisson system, which is unstable, i.e. giving
birth to an electrostatic instability when it is perturbed by the initial small perturbation ehy.

@ For the regularity of Fy, we suppose
Foe A" >0, pu>d, m>d/2

where the space A} is defined below.

o A" is the space of analytic functions on the phase space T x R, with radius of
analyticity r, a Sobolev correction (weight) of order p, and a velocity (moment) weight of
order m.
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Well-prepared initial data

@ From the spectral analysis of the linearized Vlasov—Poisson system around a velocity profile
Fo satisfying the Penrose criterion for instability, the real wavenumber k € Z¢ and the
complex frequency A =~ — iw (with v, w € R) of an unstable electric wave satisfy the
dispersion equation

Do(k,\) =0, (20)

where the dielectric function (k, \) — Dg(k, \) is given by

i K VFo(v)
Do(k, A) =1 — — [ gy L Y70 21
o(k. 2) |k|2/]Rd kv @)

@ [t can be shown that the number of solutions, called roots or zeroes, to equation (20) with
Re A > §y > 0 is finite. Let N be this finite number of roots. Without loss of generality for our
purpose, we suppose that these N roots are simple, i.e. with multiplicity one. Therefore we
denote by

{(kon, Aon)}n=1,...,n, the simple roots of Dg(k, A\) = 0, such that Re g, > o > 0. (22)

@ Moreover it can be shown that there exist two positive real numbers §y < Ag < co and
1 < kg < oo, such that

0 < dp <Redgn <N, and 1§|k0,,|<li07 Vn€{1,..‘,N}.
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Well-prepared initial data
@ From the dielectric function (21), if there exists A € C and k € Z¢ such that the dispersion
equation (20) is satisfied then
Do(—k,X) = 0.
The spectrum is symmetric with respect to the real axis and the number N is always even.
Physically this corresponds to the fact that an unstable plasma wave (k, \) propagates in
similar way in both directions k and —k. Therefore there is N/2 simple roots
{(Kons Mon)}n=1,...,n/2 going hand-in-hand with their complex conjugate
{(=kons Mon)}n=1,....N/2-

@ We now precise the choice for hp. Let T2, be the one-dimensional eigenspace associated
with the eigenvalue \qp, i.e. a simple root of the set (22). We have

Kon - VFo(v) . }
E =S —— = exp(ikon - X) ¢ -
Xon pan { Nom 1 Thon - V p(ikon - X)
We choose hg as an element of the space @yﬁE}\ow i.e.

N

PN k()n . VF()(V) .
hy := i®o(kon) ——————— exp(ikon - X),
o g o( 0n)>\0n+ o -V p(ikon - X)

n=1
where the given complex-valued function k — $o(k) is hermitian, i.e. go(k) = t/ﬁo(fk).
@ hg enjoys the following regularity

. [ _
ho € A" gozmln{—o,ro }, uw>d, m>d/2.
)
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Theorem (C)

e Let (d,m,N) be some integers such that d > 1, m> d/2 and N > 1.
e Let u > d be a positive real constant.
e Let (g, Mo, ko, I, 00,€) be some positive real constants such that

. (b _
0<dp<Ng<oo, 1<Kyp<o0o, 0<np<oo, O0<exk, QOZmln{—O,ro}.
Ko

o Let f§ := Fo +ehy be an initial data for the Vlasov—Poisson system posed on T9 x RY, such
that Fy and hy are designed as above. In particular we have f5 € A%H - and there exist

{ (Kons Aon) € (29 x (C)}n:1 \»  Simple roots of Dg(k, A) =0,
suchthat 0 < dg < ReAgn < Ng, and 1< |kon| < kg, Vne{1,...,N},

I/dvk'v{:O(v).
|k|2 Jgrd A+ik-v

where
Do(k,)\) = 1 = —
e Recall that, by well-known results, there exists a time Ty > 0 such that for any time T, with
0 < T < Ty, there exists a unique solution f¢(t) € A‘-;,(,')’“ to the Vlasov—Poisson system for all
t € [0, T], with o(0) = gg-

We define F¢ = F=(t,v) by

Fe(t,v):= ][dx =t x, v).
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Theorem (C)
Then,

(i) There exist a time Ty > 0 such that Ty < Ty, and N distinct complex-valued functions
t — An(t), analyticon [0, T1] with An(0) = Xopn, and such that

An(t) = yn(t) — iwn(t), wn €R, 0< 8y <yn=Rern <Ay, Vne{l,... N}

Moreover these N distinct functions An € A([0, T1]; C) are simple roots of the following
dielectric function,

i
Dt(k,A) =1 W

)

/ ” k-VyFe(t,v)
RA A+ik-v

namely

]Dt(kOm )\n(t)) =0, Vvte [07 T1]7 Vn e {17 ceey N}
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Theorem (C)

(i) Let sy be a positive real constant such that 0 < sy < o1 with o1 > min{r;, do/r0}, and
rn = inf,e[()’m o(t) > 0.

Forany s € (0,sy) there exist a small parameter ¢ = £(s) > 0 and atime T. = T.(s) >0
such that for all t € [0, T.], the function F< € L°°([0, T.]; AT"") with

or, = infiepo, 7,1 0(t) > 0, satisfies, in the classical sense, the following diffusion equation
with remainder,

OFe(t,v) = Vv (2(t, v)VVF(t,v)) = R(t,x, V),
where the positive-definite-symmetric diffusion matrix 2, of order O(2), is given by

N = 2 to (r\dr
| ®o(kon)| (1) i

9(t,v) = 2¢2 kon ® Kon,
v Z; B0+ (wnll) —hon V"

and where the remainder R(t, x,v) satisfies the following estimate,

sup [|R(1)]| ysn = O(®), 0<s< s
te[0, Ty ] m

More precisely, the time T. is such that 0 < T, < min{(sp — s)/v, T1}, where v isa
positive real constant depending on Ty, e, and Fe e L>=([0, Tq]; A2H).

Proof. The proof is based on the same spirit as Nash—-Moser-type implicit-function
problems. )

Nicolas BESSE (03/08/22) Vienna 25/07-05/08 41/42




THANK YOU FOR YOUR ATTENTION

Nicolas BESSE (03/08/22) Around the quasilinear approximation of the Vlasov eq



	The selfconsistent deterministic case
	The non-selfconsistent stochastic case
	The quasilinear theory in a short time.

