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Introduction

of gyrokinetics has proven useful for calculating
turbulence at k, p ~ 1 and on saturation time scales

Challenge: extending turbulence calculations to
transport time scales (huge time scale separation)

Special focus on axisymmetric E, field
Important: ExB shear «» turbulence decorrelation
Hard to compute due to axisymmetry
— undetermined toroidal rotation <» undetermined E,
Need toroidal angular momentum transport
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Gyrokinetics

Keep k,p~1
Variables R, E, uz and ¢ defined with dR/dt, dE/dt,
duldt and de /dt independent of ¢

= fast gyromotion absorbed in GK variables
Here d/dt = Vlasov operator

Need to find f(r, v, t) from f(R, E, 4, t)

Gyrokinetic variables are not constants of the
motion! Gyrokinetics Is an asymptotic expansion!

Simplification: electrostatic gyrokinetics
B slowly varying and time independent
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Orderings

Small parameter 0 = — ~ — ~ — <<1
fand g have k p~1but L ~1
For k,L ~1, e/ T~ 1 and f = f,, = Maxwellian

For k,p~1, epJT~ 1, [Ty~ 0O

e, N Sk . 1
T fM kJ_L

Vo~ TleLand Vf,.~ Vfy,

Drift ordering vg,g ~ ov; << v;

For general k|,
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Gyrokinetic variable R

Define R such that dR/dt = {dR/dt) + negligible

where d/dt=o0lot+ v-V —ZeIM V¢ -V ,— Qol0og,
Here (...) = gyroaverage holding R, E, u, tfixed

R=r+R; +R,, Ry = O(6L) and R, = O(6°L)
To firstorder R=r +R, = v-Q0R, /0¢,

Imposing dR/dt = {(dR/dt) to first order,
R=i-Q0R, /dp, = (R) = (i)

Then, R, = Q_ljdgpo i <>)— Q'vxb

Similarly, R Q‘ljdgoo(r+R <r+R >)=
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Gyrokinetic variable R
Gyrocenter position R (using R; and R,)
dR _ <d_R
dt dt
Parallel velocity defined by u?/2 + uB(R) = E

Drift velocity v, =v,, - %VR<¢> x b

> = ub(R) + v, (=gyrocenter motion)

2

- bh(R)x “_B(R) x
M = BR) b(R) x V. B(R) + R b(R) x k(R)

with (¢) = ——fdo p(R - R,(p)- R, (p).t)
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Gyrokinetic variables E, i and ¢
Kinetic energy E=v?42 + E, + E,,

dE dE Ze -
o = <E> = —ﬁe[Ub(R) T VM]' VR<¢>

where E, = Z—e¢, with ¢ = ¢—(¢)
C 5&) : = @ ~
E,=—%, with® = ["d¢’ §(¢

Magnetic moment x = v,%/2B + 1, such that
{(duldty = 0 to requisite order

Only need 1, fis f,,to lowest order
Gyrophase ¢ = ¢, + ¢,, with v, =v, (¢, cosg, + &, sing,)
Only need ¢,, gyrokinetics = ¢ - dependence weak
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Fokker-Planck eguation
Fokker-Planck equation
ZJZ+R \% ]‘+E—f+y—f+goi C{f}
o 0p
Gyroaveraging
0 - V/ 0
ALt v () - 2wl L1 - elr)

Also possible to use parallel velocity and to write
In conservative form

Gyrophase dependent piece

~y

f=r-(f)=-*[ dp(cifi-(cir)) = osv/f,)
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Quasineutrality (QN): Zn, = n,
Taylor expanding f;
f(R,E, 1,t) ;fi(r+Q_1V><B,EO,,uO,t) Ze¢ — fu +

For electrons (ITG ordering), n= n0+e;° (¢ <¢>9)
Here (...), = flux surface average E

For kJ) ~ 1 and to O(on),

L eng

T (¢ <¢> )_ZN_no
HereN Idvf (r+ Q" lv x b By, 1y, t)

For k,L ~ 1 and axisymmetry, QN independent of
(P)y10 O(0%n) due to INTRINSIC AMBIPOLARITY
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Intrinsic ambipolarity

In axisymmetric systems and for k, L~ 1, nand T
evolution does not depend on or in any way
determines (¢), through O(5?)

Symmetry = free toroidal rotation of flux surfaces

= rotation ~ ogloy = free (@), (without viscosity)
No poloidal symmetry = relation between V & o@loy

Viscosity (rz,,) = toroidal momentum transport

—> constraint on rotation and ¢( )
7~ transport coeff. x V(nMV) ~ (dpv)x(nMov/L) ~ O°p
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Intrinsic ambipolarity & viscosity

Flux surface average of toroidal angular

momentum conservation (o/ot = 0)

%%V'(a}?vw-ﬁi V¢) =(R'(IxB)-V¢) =(3-Vy) =0

Here V' = volume of a flux surface
i, =P - p,1-(p, — p. Job, where P, = Id3v f.Mvv
(#), solved from <R2ng-7ri -V§>H =0

In general stellarators, no direction similar to ¢

= it is enough to keep (p, - p,)
(ST
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For k, L ~ 1, steady-state & - pinch, to O(6?)
) (valr)-Zvai0) 2L - iy

M OE

For axisymmetric solutions, <C{fi }> =0
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@ - pinch solution
With Krook C{f} =- v(f- f;,) and {...) to O(5°f;))

. MV _ (cn, - Mv? ) M )
. — — 1 _L V l v + v + e o o
M\ M(v -V, MY ME
with f,, = nl(zﬁTl] exp[— oT ], Juo = n{zﬂle exp(— Tij

To find (¢),, QN needed to O(6?n) (valid for any n,)

Zen. Zn.Mc? ) -
v Ly @ |+ 2= \V/ A )
( BO L¢j 2T, B* ‘ L¢‘ e

VVDp,
2MQ?
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@ - pinch and tokamak potential

Substitute f; into QN =0 = 0 = any (¢), satisfies!

Typically, 62f;, terms MISSING = non physical {¢),
But even with §2f,, terms,

Muv? Cn. ]
(t=0) = 1-— LV LV .G |+...|, G arbitrar
fi(t=0) fM{ 2D (BQ 0 j } y

Use QN tofind: o= G
f; steady-state solution: f;= f;(t=0) and ¢= Gat any ¢t
Only need f;to O(6%f;) if using(J),=0= 7,,=0
Zea¢+ L %P =rB|dr— S 9L, §ElnB—El P oL o
or n. or rB or | 30r or r or or

Same in tokamaks. In both, z,,.= 0 gives (¢), at 5°p
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Vorticity for of models

For k, p~ 1, /ot of quasineutrality

Py | Per
ot
where p,, Is the polarization charge density

V% B} =V |J p+J, +3,]+coll.

Zecn
P = | v =Y W( BQ VM)

- - - cp,, -
J, szLbb-be+C£lb><VB+%b><K

2

v

Must construct algorithm to recover intrinsic
ambipolarity = (@), constant in time
a<pcp>9
ot

=(V-(..)),=0at k,L ~1
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Moment approach

Solve a gyrokinetic equation for (f— f;,)

Find n_, V,, J, T,, T, and ¢ from moment equations

on,
ot

(n.V,)=0
A

0
8t(nMV)+V [pLIJr(pII pL)bb+n] —J><B

s ~ ~ en
V- [peJ_I + (pe| | peJ_)bb] — enev¢ i .

*V,xB+F,

o (3
— | —nT |+V-Q.=—Zen.V. - Vo -W._.
at(z llj Ql 1 A ¢ el

o (3
nT, |+V: =—en.V_-Vo+W..
at(z j Qe e e ¢ el

sl 17



Energy and momentum fluxes

Moments of the Fokker Planck equation = higher
order results than direct evaluation of Q,, Q_, and 7,

Using the Mv2v/2 moment

1 - Muv* .
Qu=Qb><V-Ud3 VVf} ( pz||+2pujBV¢xb

EAX —“bx|d® M’ 0|1 O xb
+—bx (VY b Jav="—vClf}- at[ QY b}

Using the Mvv moment,
7, :%:ﬁxf(.(i+3BB)—(i+3BB)-f<><B]

= (0)
om;

F_ o Udsv Mvwfi:+ Zen (Vo V, + VVg)— jdav Mvv C{f,}+ py
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Vorticity in general

Plugging J, from momentum into V-J =0

%—?zV-[JHB+Jd+%Bx(V-ﬁi)}

Vorticity=@ = V - @niVi «b |z v.| 2 V.$+——(V-P)
Q BQ BQ

3y = Lbbv xh+ LLhx VB

B2

y

Pii§ o

Electron dynamics along B determine b- V¢
J must adapt to provide the right value of b-Vg

. matters for k,p ~ 1 due to gradients ~ p%
7. matters for k, L ~ 1 determines rotation = (),

(Vorticity), gives conservation of toroidal momentum
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Tokamak vs. Stellarator

Vorticity
0w
ot

[

=V{J||B+Jd+36x(v-ﬁ.)}
B

~ ~ ~ ~ C ~
Jd=CI;Lbb-be+Cprva+ TR

2

For tokamaks, d@/ot = F(r) = O(d*en v, /L)
— At~ LYD g~ L /52,

For stellarators, 0@ /ot = F(J ) = O(o6%en,v;/L)
= At~ L /v,
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Comparison with full fapproach

Full fsolves for all time and length scales!!
Moment approach can separate scales

Current gyrokinetic equations only good to O(9) but
need O(6?) to see radial transport

For k, L ~ 1, take moment G of gyrokinetic equation

%jd?’qui V[ 0 GF[ub(R) + v, ] Vr )= jd3vGJZWe ‘Z (SJ; + ; Zf;‘j

+jd3vfi% RVG+EZ }+_[d3vG (Cif:))
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Particle and energy transport in full
Flux surface averaging moment Mv?/2 = ME,

o /3 1 0O Mv * C .
—(=nT ) + ——V'"{|d% v, ——Veoxb |-V
8t<2 L l>9 V,aw <J‘ 2 fl( MO B ¢ ) l//>

%

~ Ze<V¢-_[d3v fi(vHB + VMO)> + ...

0

Except for neoclassical pieces, it coincides with
moment approach! Similar for particle transport

Full f models retain the turbulent radial particle
and energy transport at k, L ~ 1

BUT do not keep the particle radial transport to
high enough order to compute (¢),
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Conclusions

Intrinsic ambipolarity means f;to O(6°f,, doesn't
determine (@), In axisymmetric, kK, L ~ 1 limit

Explicit demonstration given for - pinch
Typically, gyrokinetic fonly to O(o) = faulty (¢),
First solution: vorticity equation for of codes that
Insures dp,,/ot = 0 for axisymmetry and ik, L~ 1
Second solution: moment approach

Moment approach only requires f;to O(6%f;,)

Full f codes may recover the right particle and
energy transport but not the right electric field
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