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Overview

of or local gyrokinetics has proven useful to treat local core
turbulence at k,p ~ 1 on turbulent saturation time scales

BUT there are global or full f subtleties and complications
Global axisymmetyric radial electric field in a tokamak
Turbulent calculations in the pedestal and SOL

Turbulent calculations on transport time scales

Topics
. Intrinsic ambipolarity & edge gyrokinetics

. Transport time scale gyrokinetics




Terminology

Full Fokker-Planck (FP) equation:
of /9t + V- VI + (Ze/M)(=VD + ¢V xB)- V f = C

Drift kinetic equation (DKE): E=v?/2 + Ze®/M & (du/dt),=0
of /0t + (v + V) - VE + (Ze/M)(dP/at)af /OB = C{f}

Gyrokinetic equation (GKE): E=v2/2 + Ze®/M & (du/dt),=0
of /ot + (vyn + <{;d>cp) Vit + (Ze/M)(8<(I)>cp /0t)0f /0E = <C{f}>cp

Drift kinetic gyroaverage holds r or (r, 6 ,C) fixed

—

Gyrokinetic gyroaverage holds R =7 + Q-'vxn fixed
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Typical drift kinetic orderings

Small parameters: 1 >>k p~38~ p/L, ~v/Q
Assumes kL, ~ 1~k L, (allows L,/p >>k L, >>1)
Drift kinetics can order Q-19/dt ~ 8 but typically Q-19/9t ~ 82
For zonal flow e® /T ~d so ed®, /ot ~ T2

Global f and @: f = f,; = Maxwellian &
ed/T ~ 1 with edd/at ~ TQH?

Fluctuations: e®, /T ~f /f,;,~ 0 <<1
Allows V& ~ T/eL, ~ k, @, and V1, ~ Vi,

Drift ordering: Vg, g ~ 0v; << v;
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Drift kinetics in tokamak core

Using canonical angular momentum
VP,=y - (Mc/Ze)R2VC - v streamlines derivation of DKE

Let f=f,+f, +f,+... & gyroaverage at fixed

Lowest order: Qv xn-V f, =-Q0df,/dp =0

Lowest order Maxwellian: fo =vn- Vi, =Cy{fy,} =0
f,=f, = f,(p,E) with E = v2/2 + (Ze/M)d

But ¢ =y, suggests using f = f. + h with
f. = fy(W.,E) = fu(w,E) + (.~ ) ofy(p,E) oy +...
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Axisymmetric B ion drift kinetics

B = IVC + VT x V4 = Bn and electrostatically
df./dt = c(ad/aC)af\, /o, + (Ze/M)(ad/ot)of,,/0E

Fokker-Planck equation becomes
dh/dt + (Ze/M)(a®/ot)ofy,/0E + c(od/dC)df\/op, = C{f. + h}

Lowest order using h << f,, & r,E,u,q variables gives

- Qoh,/op = Cy{fy(w.E)} =0 with h=h,+h, + ...
Next order: using dfy,/oy = f,(Mv2/2T2)oT/oy
- Qoh,/d¢ + dh,/dt = C.{h,- (Mc/Ze)R2V C - Vofy,/op}
+ (Zef,/[T)od/at - c(aP/aC)ofy, /o,
Gyroaveraging gives desired O(5) DKE:
dhi/9t + vyii- Vhy= C{h- fyg (Iv,MvZ2/2T2Q)dT /oy}
+ (Zefyj/T)oD /ot — c(0P/0C) oty /0.
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Intrinsic ambipolarity

Use Ivii- V|, (vi/Q) = Vq-Vy &  fi = hy— (Iv)/Q)dfy /oy
to recover standard O(d) form in steady axisymmetric state

V||I_i’Vf1— Cl{fl} = —{;dean/aw = _{;d.VfM

First form more convenient in steady axisymmetric state:

vin- Vh,= C,{h,— (Iv;/Q)f\;(Mv2/2T = 5/2)3¢nT/dy}
Only a aT/o drive: no o®/oyp appears!

Intrinsically ambipolar to O(d ) so far
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Toroidal angular momentum

Flux surface averaging source free conservation of total

toroidal angular momentum in a quasineutral plasma

(3 V) =\Cf' a‘ipv'<szc i V), +Mc%<nR2\7-V§>e

with 5, =MJd>vf(v-v21/3)  R2VC-IxB=J-Vy

(X), = (1/V")$dOdTX/B-V6

In the steady state must be consistent with charge
conservation & Ampere’s law

(c/4ﬂ:)<V1p V x 1§>6 —0= <3 ~ pr>e

Axisymmetric, steady state radial electric field determined
2 (R2VE -5t V). =
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Intrinsic ambipolarity to O( ?)
Direct evaluation of #;=M/ d3vfv - v2I/3) using
f, = hy = (Mc/Ze)R2VT - vofy /oy + 0 2) gives Vy-it; - VZ=0
since h; doesn’t matter

Using f to O(82) can show (notice f doesn’t matter)

(R2V4-3t; - VE) — ((MI/B) [ dVfvjvy - Vi), + small =0

(this is non-trivial to prove!)
d®/oy does not enter to O(p,p/L?) ~ O(6?)

To determine 0®/dy need to evaluate <R2V1p-5ii ~ VZ;>6 to
O(p,pv/QL?) neoclassically =
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Gyrokinetic ®(y)

Sources
Neoclassical + Reynolds stress: V&~ T/eL, ~k &,

Zonal flow generated by turbulence: V @, ~ k T/ek,L, ~T/eL,

Gyrokinetic quasineutrality presumably gets zonal flow
contribution correct, but not the neoclassical since
gyrokinetic equation only good through O(p /L )

Gyrokinetics gives correct neoclassical relation between
poloidal ion flow & d®/dy since it calculates f to O(p,/L,)

[coefficient sensitive to collision operator]

“Potential” problem if slowly varying part of ®(y) helps to
regulate turbulence since it violates intrinsic ambipolarity
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Gyrokinetic implications

Gyrokinetics is normally only good to O(8) for k, p ~ 1

Therefore, it should not determine the axisymmetric, long radial
wavelength portion of ®(y) - zonal flow is short wavelength so ok

If it does determine global ®, then you can’t believe it and must
make sure your results are insensitive to it!

Global (or full f) gyrokinetics should not determine the
axisymmetric, long wavelength portion of ®(y) to O(6?)

Can we check this?
How does gyrokinetics get into trouble?




Gyrokinetic orderings

0 %
L Q Q
fand ® have k p ~ I but kL ~ 1

Small parameters: o =

For k, L ~1, e®/T ~ 1 and f = f;, = Maxwellian

f |
For general k: P Tk
T fy, k,L
Note V& ~ T/eL ~ k, @, and Vi, ~ Vi,

Drift ordering: Vg, g ~ 0v;, <<v;
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Gyrokinetic details

Evaluate the GK variables G = G, + G, + G, +... by
removing gyrophase dependence order by order using

To keep u an adiabatic invariant must retain the gyrophase
independent piece that makes (du/dt) =0

The u variable is only obtained to O(6) since it is unclear
how to make (dw/dt), = 0 to higher order and the lowest

order f is presumed to be near Maxwellian
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Gyrokinetic variable R

Define R such that dR/dt = (dR/dt)_+ small

where d/dt = /ot + v-V — (Ze/M)VD -V_|— Q0d/dp
with (...), = gyroaverage at fixed R

R=r+R;+R, R;=0(L) and R, = O(d4L)
To first order R=T+R;=v-Q4R,/0¢

Imposing dR/dt = (dR/dt), to first order

—

ﬁ =V- Qaﬁl/acp = <R> = <{7> = V||ﬁ
Then R =Q ' [dopT-(r)=Q Vxi

Similarly R, =Q"'fdo@+R;-(t+R}))
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Gyrokinetic validity

GKE normally derived using R =T +Q"'vxn for which

(dR/dt), = Vg +ui and dR/dt—{(dR/dt), ~dv; ~ V4 ~ v,

Therefore 5 L.

df/dt - (df/dt)cp =-Q0df/dp + (R - (R)cp) VI + ...
gives . 5 =

f ~ Q_lfd(p(R — <R>Cp) : VfM + ...~ 62fM
GKE normally gives f (r, v, t) = f (R, E, u, t) + O(82) error
even though GKs good for arbitrary k  p:

Desire GK variables to O(8?) at k,L~1 with leading

collisional gyrophase dependence [it can be evaluated to
0(89)]:
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Gyrokinetic equation

Variables G = R, E = v2/2 + Ze®/M, u, ¢

Changing variables, Fokker-Planck equation becomes:

of = of . of Zed®d of
—+ R Vi +¢p—+ + =C{t
ot T g “au Mot gE

Variables G constructed so dG/dt - (dG/dt), + small.
Leading ¢ dependence from -Qdf/dp = C{f} —(C{f}),

Gyroaveraging at fixed ﬁ E,u (recall (du/dt), = 0) gives

of = Ze 6<(I>>(p of

— +R- Vit + —Cf
ot UM ot (i

to 0(6) when we ignore O(d?) from f & variable change
Here R = uii(R) + V4 with u parallel velocity & v 4 drift velocity
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Alternate gyrokinetic forms

Numerically often easier to use kinetic energy K or parallel
velocity u =[2(K - uB(R)]"?2

Using kinetic energy K = v4/2 + Ze(CI>—<<I>> )M +...

f
a—+(un+vd) [VRf—%VR((D (<I>>(p) ] (G

ot
Va=Vy - (C/B)Vg(®),xn (D), = 2m)'$dg (I)(R ~R, - flz,t)
Also possible to write in conservative form
Will use the K form for discussion of quasineutrality
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Quasineutrality (QN): Zn, = n_
Taylor expanding for ions to O(9)

EREKW) = £(F + Q17 x 7L v2/200.t) = %(cp (D) )ty

|

en,
T

c

For electrons (ITG ordering), n.=ng + —=(® - (®);)

with (...), = flux surface average

Fork p~1andto
7% en
T SA3V(D - (D) )y + Teo
with N = [d3v{(F + Qv x 1, v2/2,u,,1)
For k,L ~ 1 & axisymmetry, need QN independent
of (d), to O(6°n) due to intrinsic ambipolarity!

CRICDE Zﬁi — Do
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0 - pinch solution to O(§?)

Use Krook C{f} =—v (f-fy)and(...), to

Mv?2 cn. Mv? |\ Mc?2 2
f =(fy)=fyl|l-—=V|—=V, D |+|2-——= V, 0+ ...
_<M> MO[ 2p; (BQ - ) ( 2Ti)2TiB2 14 ]
with

f\i =n M 3/zex —M({]_\?y fun =n idl 3/2ex —MK
M 1 2 i P 2T ’ MO 1 2 Ti p '

|

To find (®),, need QN to O(8?n) (valid for any n_)

. . 2 ~
V- (chl V@) L MG B - 7R, -,

BQ 2T.B?
with . vy -

= - __._ VVp,
N. =fd3v(l+—n"-V xn)f.(1,v?/2,uy) + (I —nn): !
Ja>v( O )i( Wo) + ( ) NIO2

Yellow O(82) terms in f. result in exact cancellation:
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0 - pinch and tokamak potential

Any global axisymmetric, long wavelength (®), should
satisfy QN to O(8?)

Typically 6%f,; terms MISSING in QN = giving a non-
physical (®),

Even with full §fy, terms, (®), must be undetermined: any
Initial guess works!

Only need f; to O(8fy) if use (R2Vy-it; - VE) =0

.0 1 0p; 3 aTiF 9 )

=rBf dr InB-—1In
or n; Or rB or | 3 or or

Same in tokamaks: <R2V1p i V§> =0 gives (D), at O(5°p)
for f. to O(8%fy)
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Bottom line!

Gyrokinetic quasineutrality works for k p ~ 1

BUT it cannot determine the self-consistent
axisymmetric electric field in long wavelength
limit [see Felix Parra for more detalls]

Need an alternative equation for k,L ~ 1:
probably a moment approach similar to drift
kinetics (next time)
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Edge gyrokinetics

Simplification: electrostatic gyrokinetics
B slowly varying and time independent

To handle conveniently replace radial gyrokinetic
variable by canonical angular momentum

w* =1P—(MC/Z€)R2§;' VC =w+ Q‘W/Xﬁ'Vl{)—(IV”/Q)

Variables R —,,%,,C, E+« and u. defined with dﬁ/dt,
dE./dt and du./dt independent of gyrophase ¢
=> fast gyromotion absorbed in GK variables

d/dt = Vlasov operator

Gyrophase dependence from —Q&f/acp =C{f} - <C{f}>(p

Needto find f (r, v, t) = f (R, E, u, t) + f & f ~O(fy6v/Q)
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Exact isothermal ion solution

An exact solution to the ion kinetic equation exists in the
iIsothermal limit when ion-electron collisions are neglected

Function of total energy & canonical angular momentum to
make Vlasov operator vanish

f0 = fO (w*aE)

Must be Maxwellian to make ion-ion collision operator
vanish fo = fu(W..E)

Therefore (T, n ,w constants)
fu (., E) = (M /2xT)3?exp(-ME /T - eamn,/cT)
fu (.. E) =n(M /2nT) 2exp[-M (V- wR?*V()?/2T]




Axisymmetric steady state edge GKs

Conveniently retains finite poloidal gyroradius effects

Preserves V. and total energy = E as constants of the
motion in steady state axisymmetric limit to exactly recover
Isothermal limit

Axisymmetric steady state: 9,0f, /09, = (C{fy}),,

In axisymmetric steady state can prove the ion temperature
must vary slowly compared to a poloidal ion gyroradius

Pp— 0 : (fd3v/nfy(C{fy}),)s =0 gives fo =1y incore
p,—=L,: fpedd3rfd3V€nf0<C{f0}>(p =0 with df;/00.=0
gives rigidly rotating Maxwellian f, = f,({,,E) =1y so
P,VInT <<1 when p,V/nn~1 inbanana regime
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Pedestal pressure balance

Assume pedestal flow subsonic (as in C-Mod): Vi<< v,
Since banana T variation slow: V. ~ ».R2VZ where

(dCI) 1 dp; cI'lRdn p,

dy en dy vendy L,
lons electrostatically confined: d® 1 dp; T, dn

—_— Y o ————

W; =—

~1

)zO and

~ R ]

dp endy endy
Electrons magnetically confined: V. = meR2V2; +u.()B

W —C d(I) 1 dpe _ C d(pe'l'pi)
; dl]) endyp/ en dy

Not clear what establishes a p ~ L pedestal

Another reason sonic ordering inappropriate!
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Edge zonal flow GKE

Subsonic zonal flow gyrokinetic equation (axisymmetric):

Let f, = (V.. E;T(Y)) + h(y,,9,,C..E,u,,t)

then

. 2
a—h+ﬁ*a—h—<Cfi{g—IV” Mv~= 0T

e 00D, k,v
fM}>cp=_$ It fMJO( ngj_

)e'Q
ot 00, Q 2T? oy
with ®(,t) = Oy (t)exp[iS(p)] & D.(P.,t) = Py(t)exp[iS(.)]
Taylor expanding S leads to Q = S’lv;/Q
Same as Hinton & Rosenbluth

Can retain finite orbit effects in &, and d, [see Kagan for
more detalls]
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Full f edge gyokinetic equation

Full electrostatic full f gyrokinetic equation:

D), of A of Lt of N ea<c1>>(p of

—+c

= <C{f}> Q

gt 9T, P, 99, 9T, M ot
with gyroaverage holding 1. fixed

ﬂ* = (Vﬁﬁ* + {;d) ' (Vﬂ)* + (IV”/Q)G(V”ﬁ ' Vﬁ)/aw
Co = (Viifi, + V) - (V). + (Ivy/Q)a(vyii - VT) /
Va = Vi + (c/B)i x (V)

Can use different energy variable or parallel velocity
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Edge gyrokinetic subtleties

In a subsonic p, ~ L, with global ® () satisfying
ed®/0y = -T,0/nn/oP + O(d/nT;/0p) = -T,0/nn/o
Zonal flow ®,(y,t) can have k,p, > 1>>Kk,p

Poloidal ExB drift can be significant: 9, ~ (v + cI®(/B) /qR
since cl®,'/B = -(clT/eBn)on/oy ~ vip /L, ~V;

Poloidal ExB and orbit squeezing due to @, alter zonal flow!

Poloidal ExB and orbit squeezing effects on neoclassical

Use f = f. + h with f. = f,(y,,E) and expand T, about v

vii + cI®n/B) dh _ IMv?2 cl®y o/mT
Sl o/B) L_Ci{h;-fiy (v + Oy }
qR 00 2TQ B NP

Transit average of C, involves cl®,'/B = -(clT/eBn)an/oy altering
ion flow and heat flux, but not altering ion = electron particle xport
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Discussion

Gyrokinetics should be made to satisfy intrinsic ambipolarity
Can only turbulently evolve n & T; GKs can’t evolve the full ®

Edge gyrokinetics conveniently formulated using canonical
angular momentum as radial variable

In the banana regime radial ion temperature variation must be
slow compared to the poloidal ion gyroradius

Subsonic pedestal: ions electrostatic & electrons magnetic
Zonal flow in pedestal different than in core
Also works on axis and in internal transport barrier

Next time: Hybrid gyrokinetic-fluid description

Density, temperatures, potential, ion flow, current evolved by
conservation equations
Gyrokinetic f only used for closure and (almost) anyones will do!
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