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The collective behavior of a fully ionized plasma in which the number of particles in a sphere.
of radius @, the Debye length, is very large compared to0 one is governed by the collisionless Boltz-
mann or Vlasov equation. In an infinite homogeneous plasma of this type, it is well known that
in the ‘“‘linearized” theory a velocity distribution f, (v) consisting of a main part that is a mono-
tonically decreasing function of energy plus a small gentle bump on the tail of the main part
(e.g. a Maxwellian plus runaway electrons) leads to unstable (growing) plasma oscillations, and
that the unstable oscillations are those for which v @ f, (v)/d v> 0 for v = w/k (w is the frequency
and k the wave number). :

After a sufficient time these waves grow to such an amplitude that the non-linear terms in
the Vlasov equation are important and the linearization is no longer valid. The question then
arises as to the behavior of these waves in the non-linear region and it is this question which we.
consider.

The method is to divide the non-linear terms into two groups, one of which combined with
the linear terms yields a non-linear dispersion relation, while the other provides a weak coupling
between the different modes. The non-linear dispersion relation leads to the establishment of
an equilibrium spectrum, which then decays slowly to zero due to the mode-coupling terms. The
limiting of the wave amplitudes to the equilibrium spectrum is due to flattening of the bump in
the velocity distribution by non-linear effects. The slow decay of the equilibrium spectrum leads
to further changes in the velocity distribution so that asymptotically the distribution function
is a monotonically decreasing function of energy and hence stable. Analytic expressions for the
equilibrium spectrum and the equilibrium velocity distribution are obtained. An approximate
value for the maximum energy in the equilibrium electric field is given by the geometric mean
of the thermal energy and the drift energy of the particles in the bump.

1. Introduction

The collective behavior of a fully ionized plasma

in which the number of particles in a sphere of radius a,

the Debye length, is very large compared to one
is governed by the collisionless Boltzmann or Vlasov
equation. In an infinite homogeneous plasma of this
type it is well known that certain velocity distributions
lead to unstable (growing) oscillations. The frequen-
cies and growth rates of these oscillations are obtained
by linearizing the Vlasov equation about the unper-
turbed distribution funcfion, and this leads to ex-
ponentially damped (stable) or exponentially growing
(unstable) solutions. After a sufficient time the
unstable solutions evidently grow to such an amplitude
that the non-linear terms become important and the
linearizing of the Vlasov equation is no longer valid.
The question then arises as to the ultimate fate of
such unstable oscillations. It is this question that
we wish to consider.

It will be shown that the development in the
non-linear regime for certain types of unstable modes
can be followed in considerable detail for long times.
This is illustrated for the case of unstable electron-
plasma oscillations. The result is that these waves,
which are initially unstable, grow in a short time
to an equilibrium spectrum (in k space) and then
decay slowly to zero. The limiting of these waves

to an equilibrium spectrum is a result of a diffusion
in the velocity distribution due to non-linear effects
and cannot be“obtained in the magnetohydrodynamic
(MHD) approximation. The decay of this spectrum
is due to a combination of non-linear changes in the
distribution function and MHD effects.

The method is to divide the non-linear terms into
two groups. One of these, combined with the linear
terms, yields a non-linear dispersion relation, and
leads to the establishment of an equilibrium spectrum.
The other group of non-linear terms provides coupling
between the different modes, and it is this coupling -
that leads to the eventual damping of the spectrum. ;
In practical cases, this decay time may be so long '
that collision effects will dominate the damping °
process.

The instabilities to which the theory applies are
those for which the growth rate depends on the
velocity gradient of the distribution function, and
the dispersion relation is such that the interaction
between modes is non-resonant.

In Section 2 the linearized solutions are discussed,
and the non-linear dispersion relations are developed
in Section 3. In Section 4 the non-linear dispersion
relations are applied to a one-dimensional example.
The damping due to mode coupling is discussed in
Section 5, and the results are discussed in Section 6.
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2. Linearized theory

In treating the dynamics of the electrons we shall
treat the ions as a uniform background of positive
charge. In so doing we neglect the influence of the
ionic polarizability, an approximation which is valid
for phenomena occurring at frequencies large com-
pared to characteristic ionic frequencies. We study
the Vlasov equation which governs the time rate of
change of the single-particle distribution function,
F (r,v,t), according to

—+ VF~——— V., F (2.1)
e
Here E is the electric field produced by the particles,
and is determined by Poisson’s equation

V.E=fdne(n—o) = +4m[n-—fd3v1r(v)]
2.2)

where g (r,t) is the local electron density, and n is
the average electron and ion density, and e and m
are the electronic charge and mass respectively.

The use of Eq. (2.1) represents an approximation
of the following kind [1, 2]. First, it is valid only
when

na® > 1 (2.3)
where a is the Debye length,
a? =k T[4 ne? (2.4)

and T is the electron temperature. This approximation
is well satisfied in all classical plasmas of physical
interest. Next we remark that in general the right-
hand side of (2.1) should not be zero but should
contain Fokker-Planck-type collision terms, which
are themselves non-linear functions of F. These
collision terms give rise to relaxation phenomena in
the electron gas which are characterized by a time
T =na’wp (2.5)
when wp=(4nne?/m)? is the plasma frequency. Our
use of Eq. (2.1) is therefore only valid as long as
the phenomena we consider take place in a time
short compared to 7.
The solution of Eqgs. (2.1) and (2.2) is obtained by
splitting F into two parts

F,v,t)y=F, (}') + f(r (2.6)

Here F,(v) is the unperturbed homogeneous time-
independent distribution function, while f(r, v, ¢)
represents the correction to F (v) brought about by
the Coulomb interaction between the electrons. If
we expand f in a-Fourier series in a box of size I3,

f(r: v, t) =Z fk (V, t) eik-r
k.

, ¥, 1)

fu(nt) = gz [ i@y pe-tr (27)
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we obtain
afk +ik-Vhe= + By U, Fy +—ZE“ a'Vvfa
(2.8)
and
Eq () = £5%iq [0 v/a (0 (29)

where we have made use of the fact that we consider
only longitudinal electric fields.

In this section we consider the perturbation series
solution of Egs. (2.8) and (2.9), in which f(v,¢) is
regarded as representing a small correction to the
initial velocity distribution, F, (v). Our motivation
in doing so is, first, to bring out the nature of the
difficulties that arise when F (v) is such as to yield
growing plasma waves; and second, to provide a
framework within Which to view the non-perturbation
solution discussed in the following section.

The perturbation-theoretical solution consists in
expanding f, and E; as follows

k=hO 4+ LD+ 41O + ...

Ex=E® +EO+E® + ... (210

while regarding F, (v) as a zero-order quantity. The
first three equations are

L 2.11)

T ik-vi® = (;)Ekm-vm

afko Likev fk(z)_(%) [Ek@)‘VvFo

+2 B-a® Vo fo®]  212)
: |

6fk()

+ ik-v i@ = (o) (B2 V, F,
+ 2 [ a® Vo s+ B - o]} (213)
q

and

4dre

Eq® = __qudsv fo® (v) (2.14)
with corresponding equations connecting Eq® and
fa®, Eq® and fq®. One then finds, from (2.11) and
(2.14) that a non-zero solution of E,® with a time
dependence of the form exp — if2% exists only for
frequencies £2 which satisfy the dispersion relation

q-Vv Fo (v) =0
Q—qv

e (q, Q) = 1 4 27¢ [y (2.15)
Here @ (q, Q) is the first-order dielectric constant
of the plasma, and Im Q>0. & (q, 2) is thus defined
only for © in the upper half of the complex Q plane
and is to be continued analytically into the lower
half plane where necessary to obtain solutions for
which Im Q2<0.
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In the present paper we confine our attention ‘to
distribution functions F, (v) which are such that one
will find for certain values of ¢ growing plasma
oscillations with )

Q(q) = wg® + iyg® (2.16)

such that the growth rate yq® is small compared to '

the oscillation frequency, wq®, the latter being given
by its long wavelength expansion

o & o +3 [ PVE W) (V2 + -+ (217)

In addition we require yq/gdv<1 where Av is the
characteristic velocity increment in which F, (wp/q)
changes. The growth rate y4®, is then given by

rat
wq®

2 2,2 .
= e [V B () 8 (0q® — g-v) < B
(2.18)

In the second order one finds, on substituting the
appropriate first-order solutions for fi® and E,® into
(2.12), that E,® (and f£i®) oscillaté at the sum and
difference frequencies wq--wy—q as one might expect.
These solutions, when substituted into the equation
for fo® (2.13) will yield corrections to the dispersion
relation (2.15). There is also in second order a correc-
tion to F (v) arising from fo® (v). The equation for
the time ra/.te of change of f,® (v) reads

2fo@® (V) O 8m [ e\ yq®
ET) -—ZF('}’—[) éyq (t)q'VV(w(l)_q_:)g +»(}'q(1))2
q . . .

X Q'VVFO(V')

the electrostatic

" (2.19)

where we have introduced &g (t),
energy in the gth plasma mode

__ 1 EBq(®)?
ﬂf’q (t‘) = gx (2.20)
According to (2.16), one further has
’ %4 _ 2yqm &, (2.21)

Plasma waves that are damped (and which possess
an initial energy level &q not much greater than the
thermal level, k7") do not make a sizeable contribution
to fo® (v). Their contribution is such that f,® (v)
will be of order 1/na® compared to F (v) and therefore
represent a small correction consistent with the
assumptions underlying the use of perturbation theory.
In fact, under these circumstances, the terms on the
right-hand side of (2.19) are of the same order as
certain of the Fokker-Planck terms we have neglected.
Again, for damped plasma waves, it is necessary to
consider corrections to (2.21) that are contained in
the more complete Fokker-Planck equation, which
correspond to spontaneous emission of plasma waves,
and which we have neglected.

In third order one finds corrections to the dispersion
relation (2.15) the most important of which comes
from f,® (v) and is of the form
2ne?

T @V Vo 1@ (v, 8 (0a— v (2.22)

wq mq 2

This correction term dyq is of order (1/na®)yq for
damped waves or waves with energies &) (f) near
the thermal level k7. Similar behavior is found for
the other third-order terms; so for these circumstances
the use of perturbation-theory is well justified.
For growing plasma waves the situation is quite
different. If one begins with a thermal level of energy
kT in such a wave, after a few e-folding times
(t>1/yq), the corrections to (2.19) and (2.21) arising
from the Fokker-Planck collision terms will be small.
Moreover, as the energy in these growing plasma
modes increases, the correction to yq arising from
fo® (v) will eventually become comparable to yq.
Further inspection shows that at this point the cor-
rections to yq from f,®, f(®), etc., are also comparable
to yq and thus the perturbation-theory solution
breaks down. One is forced, then, to search for a
more accurate set of equations to describe this time-
dependent interrelationship between the spatially
homogeneous part of the distribution function

g(v,t) = Fo (V) & fo (v, 1)
and the growth rate, now also time dependent y (q, t).

(2.33)

3. Non-linear theory -

The breakdown in the perturbation-theoretical
solution of (2.8) and (2.9) for plasmas in which growing
waves exist leads us to consider an alternative set
of solutions in which the spatially homogeneous part
of the distribution function g¢ (v,t) plays a special
role. From among the terms in the sum over ¢ on
the right hand side of Eq. (2.8) we single out the term
with =0 so that the non-linear Vlasov equation
becomes

% . . !
L LK vik= + = B Veg + = Bxoq Vifa
: q

(3.1)

where g (v, 8)=F, (V)+f, (v, t) and the prime in the
summation indicates that. the term with ¢=0 is to
be deleted. For K=0, 9f,/ot=0g/0t, we likewise have
og e e - )
C Pt By Vgt Beg Vefa (32)
: q

In the term E,-V,g in Eq. (3.2), E, is determined
by the boundary conditions. If the different boundaries
are held at different fixed potentials E, is non-zero.
However, if we apply periodic boundary conditions
(to the potential), Eq=0. We shall take Ej=0 for
the sake of simplicity.

The non-linear terms in the second term on the right-
hand side of (3.1) représent an interaction between
different modes whereas the non-linear part of Eg-Vg
combined with (3.2) leads to a slow variation of
the frequency and growth rate with time.

Our procedure is first to solve Egs. (3.1) and (3.2)
neglecting the mode-coupling terms and then to
treat these terms as a perturbation. The justification
for this is that when we neglect mode coupling we
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find that the energy &q in the unstable modes does
not grow indefinitely as in the linearized theory but
instead comes rapidly to an equilibrium spectrum
the amplitude of which is of order yq®/wq and hence
small. Since the equilibrium amplitude is small, the
non-linear mode coupling can be treated by per-
turbation-theoretical methods and leads to a rather
slow decay of the equilibrium spectrum.

The basic equations which we consider with (2.9),

are therefore

ok

i KR = B Vg (3.3)

3 ’
S =+ > Ba- Vol (3.4)
q

Our solution is based on the fact that the frequency
and growth rate determined from these equations are
slowly varying functions of time. Thus we wish to
assume that the change in y (or ) during a time
of interest (y~! or w™*) is small compared to y (or w)
and then demonstrate that this assumption is con-
sistent. The derivation is based on a type of WKB
approximation, and is given in the appendix. The
resulting equations are

ag(v) _ '8merbq(l) v (q, 8)
ot - mzqz v (wq_q.v)Z_l_yZ q'vvg(v,t)
q
(3.5)
2n2e?
y(q,t) = gt wqfd?’vq-vvg (vV,t) 6 (g — q-V)
(3.6)
08
5. =27 (¢,1) &q (3.7)

It is instructive to compare these equations with
their  perturbation-theoretical counterparts. We
remark that (3.5) differs from (2.19) in that g (v,¢)
now relaxes toward itself rather than toward F (v, ).
Equation (3.6) (there is an analogous equation for
wq (t) of which we shall not have need) states that
the growth rate is determined by the total spatially
homogeneous distribution function existing at the
time ¢ rather than the initial value F (v). This result
seems eminently reasonable since one would expect
the plasma dispersion relation to follow ¢ (v,¢)
adiabatically provided the latter changed slowly over
characteristic plasma times. Indeed one is so naturally
led on intuitive grounds to write down (3.5) and (3.6)
that it is hardly surprising that their derivation is
possible.

We may further remark that from the point of
view of a perturbation-theoretical approach, we have
essentially summed a whole class of higher-order
terms (those corresponding to fo®, f4(®, f,®, etc.)
in writing down these basic equations. We also note
that these equations may be obtained by means of a
quantum treatment based on the explicit introduction
of collective coordinates, a plasmon distribution func-
tion and the random phase approximation [3].
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We consider some general properties of (3.5) and
(3.6). First we note that (3.5) resembles the diffusion
term in a Fokker-Planck equation. Thus we may

write
Bg(vt) 8 0
— 1 —Z B Ti; v, g(v,?) (3.8)
ij
where the diffusion coefficient T'; is given by
ey NV 87?8 (2) 7 (4,9 o
TU (V) _Z mzqz (wq —q- V)Z + yqz qiq;j (39)

q

T (v) possesses a rather different character depend-
ing on whether or not v is such that q-v~ wq. Where
4V~ wq, since y € wq, the denominator displays a
characteristic resonance behavior, and we have

7 (4,2

(Ga—q- 17§ g~ TO(@a— V)

We thus find an explicit plasma-oscillation diffusion

“coefficient

‘8ne?
- me qz
q

Ty*" (v) 2iqi0 (wqg—q-v) &4 (3.10)

These equations have a physical significance which
is most easily understood in a one-dimensional case.
In this case particles traveling slightly slower than
the phase velocity of a particular wave are accelerated
by the wave and thus take energy from the wave,
whereas particles traveling slightly faster than the wave
are slowed down and give up energy to the wave. Thus
if there are more particles going slightly faster than
the wave than there are particles going slightly slower
than the wave, ie., if 8ffov>0 for v=wq/q, then
there is a net energy transfer to the wave. In three
dimensions it is the projection of the particle velocity
in the direction of wave propagation that determines

the growth or damping, and thus iffd3v q-Vyg(v,t)0

(wq—q-¥)>0, the wave grows. This is the physical
significance of Eq. (3.6). The accompanying diffusion
of the particle distribution function is given by
Eq. (3.8) and is such as to reduce the growth rate.

This process continues until the particle distribution

functionisreadjustedsuchtha,tfd3 v -Vyg(v,1) 0 (wq

—q-v)=0 for those particles which interact with
the waves. The waves then have reached an equili-
brium spectrum and their amplitude no longer
changes. This process is discussed in detail for a one-
dimensional example in the next section.

Next on a time scale longer compared to that of the
above process the mode-coupling terms act to distort
and damp the equilibrium spectrum. This process is
considered in detail in Section 5. Before going to
that, we wish to discuss the question of energy conser-
vation as determined by Egs. (3.5)-(3.7).

Particle energy U is given by

ma?
59 (V)

U =_fd3v (3.11)
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We have, using (3.5)

aU ‘8w e?
T =D e a0 [V Y
a
. v{g?) . . 9
x |0V el 0 g (nn)]312)

From the integral over velocities, there will be two
distinct contributions to dU/d¢, according to whether
or not one has resonant transfer of energy to plasma
waves at -V~ wp.

We consider the resonant contribution first. We
then have

(ﬂ) _Same
dt Jres m? g®
a
X [0 (wq—q-V)q-Vyg (v,1)]
If we integrate by parts, we find

dU) __Z'Sn‘z e?
de Jres mq?
q

X fd“v Cvo(wg—q-V)q-Vyg(v,t) (3.14)

fd"v mv? (q-Vy)

&q(t)

The integrated part vanishes since ¢-Vyg (V,?)
vanishes for the limits at which growing waves no
longer occur. We then see, on comparing (3.14) and
(3.6) (and making use of the replacement of ¢-v
in the integrand by wq according to the properties
of the ¢ function), that

au o0&
Uy ___ = —2ytos
dt )res Z‘-‘V(‘l”) a= Z
q

Thus where the resoniances occur, the particle energy
is transferred directly to the plasma waves, as we
might expect.

There is also the non-resonant contribution to
(3.12). The major contribution to this comes from
small v. After integrating by parts twice we obtain

(3.15)

aUu ’ 8rel
(W) non-res NZ :ne (oﬁq (t) Y (q, t)
q
[ 1
sy L
X [V s (h) (3.16)

The bar over the integral denotes that principal
parts are to be taken, and we neglect a term of order

(qa)?. If we now make use of the dispersion relation
dre s 1
ST [d (w—q v)2+,, =g (v,5)  (3.17)
we see that
M“ (3.18)

(57 e = 20 (@) a (0=
q

This result possesses a simple physical interpreta-
tion. Those particles with velocities near the phase
velocity of the waves give up an energy 224 &4 to
the waves. Half of this, 24 &4, goes to potential energy

q

68

(3.13).

and the other half goes into the kinetic. energy of .
oscillation of the bulk of the particles. The over-all
energy transfer is therefore given by

o )=
-q

4. Application to one-dimensional case

(3.19)

We now specialize to the one-dimensional case and
examine in detail the development of the equilibrium
spectrum. We take g (v, 0)=F, (v) to consist of a
main part which is a monatonically decreasing func-
tion of energy plus a small gentle bump on the tail
of the main part (see Fig.1).

Fotv)

1 Av

Vb v

Fig. 1 Initial velocity-distribution function for one-
dimensional case has bump on tail of monotonically
decreasing main part.

The mean drift velocity of the bump is denoted by
v and the width of the bump by Av. The number
of particles in the bump is denoted by =b, and it

<1 and

np vp? €% where v is the root-mean-square velo-
city of the main part, so that the approximations
made in Section 3 are satisfied.

Denoting &, (t) by & (v, t) where v=w,/q, Eqgs.
(3.5) to (3.7) become, for v near. vo,

_ (1)
is assumed that np/n < 302 (Av)2fvpd, ¥ b,
wp Adv

& (v, 2
el —a@ ey Ll @
0 7} 7}
wed — Zlpwewy ‘””")] (4.2
where o (v) = 4n?*?/mwp, f=8nLe?/m?v, and we

have neglected (ka)*=s(vjvp)2<K1.

The temporal behavior of this pair is described as
follows: If ag/ov is positive at v, then & (v) increases -
in time. However f & (v) plays the role of a diffusion
coefficient in Eq. (4. 2) and hence as & (v) increases,
¢ (v) diffuses in such a way as to reduce dg/dv at v.
Thus the behavior of the pair of equations is such as
to limit the amplitude of & (v).

To determine the resulting equilibrium spectrum
we combine Egs. (4.1) and (4.2) to obtain

8 p o&

99 _
ﬁ‘”@av ov a o0t

ot
and therefore

P 2 B o\ _

2 (g 3;—;@@)_0 (4.3)

We assume that — ﬂ a is negligible at {=0 and thus
o9&

%%‘ =g @) —Fo(v) (4.4)
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We seek a solution as {—>oco for which 8&’/9t = ag[ot=0.
This is given by

L) =[—FoloNlds, w<v<n
. - (4.5)
=0 V<<V, V>N

where g, is a constant which together with v, and v,
is determined by :

flgwdv = o (1 —vov) =f1Fo (1;) dv

g . Yo

This result is illustrated in Fig. 2. It is worth noting
. that the equilibrium spectrum is independent of the
initial data, provided only that the initial data are
smooth enough so that the sum in Eq. (3.9) can be
evaluated by replacing y/(w;—gv)? 4% by nd(w;—qv).
From Fig. 2 we also note that the energy given up to
the plasma waves is of the order of |g,,—F () |max for
vy <v <, times mwvpAv and is thus much less than the
drift energy of the particles in the bump.

The development of this equilibrium spectrum in
time has been calculated numerically for a typical

2" /FO(V)"
9y (V)
s Vo V1 v
€, (V) /\
4 Yo vy v

Fig. 2 Equilibrium velocity distribution and electric field
spectrum from one-dimensional calculation.

to 49
08
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03

02

01

003 L
. 10000 wpt

1
8000

1 L i
2000 4000 6000

Fig. 3 Development in time of &(v) for several values
of ». L

1.80 Swpt =2000

\mpl =10000

150

158 1 1 L 1 1 1

«ij<

Fig. 4 Diffusion of g(v).
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(4.6)
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Fig. 5. Spectrum of & (v) at different times.

case and is illustrated in Tigs. 3, 4, and 5. Fy(v) was
taken to be

—(2—7-.-1{1/_25—{62(1) [___;_(_:_;}_)2]

4 1 /v 2

and the initial data were taken to be constant in the
region of interest and of such a magnitude that equi-
librium was reached after a few e-folding times. Fig. 3
shows the development in time of &(v) for several
values of », and we note that the linear theory is
valid for small times even for the relatively large initial
data used. Figure 5 shows the spectrum of &(v) at
different times while Fig. 4 shows the accompanying
diffusion -of g (v).

From Eq. (4.5) we can estimate the amplitude of the
equilibrium spectrum. We have
2 (g Fo) Ao 550
and the total electrostatic energy in the equilibrium
spectrum is approximated by

G~

(A’!))ZN—(A;)Z @

zg,,:%qucsqmémq
q 0

n mo?

1 (dv\{Adv)2 (D _
~ o () ) e <
Thus the amplitude of the equilibrium spectrum is
in fact of order yV/w,, which is extremely small. As
discussed in the next section, the mode-coupling terms
that affect the equilibrium spectrum are. of order &,
&7, ete., compared to the terms of the non-linear dis-
persion relation. Thus we may view the non-linear
dispersion relation as the lowest order result of an
expansion in powers of y/wp, and the mode-coupling
terms can be safely treated by perturbation-theoretical
methods.

5. Mode coupling

We now wish to consider for the one-dimensional
case the effect of the non-linear mode-coupling terms
in Eq. (3.1) on the equilibrium spectrum. We first
note that the equilibrium spectrum is relatively narrow
and f;, and Hi are large only if |g|, [kb—g|~|k,|,
where k, denotes the center of the spectrum. It follows
that k& must lie near 0 or 4-2k,. Thus to second order
(in E) the mode coupling terms lead to waves near
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k=0 or 42k, and to no change in the amplitude
near k,. Moreover, since the natural frequency of these
waves Wk~ wp is- very different from wi4+ wy=0 or
2 w,, there are no “time proportional” transitions to
these waves. In third order (in E) we find that the
mode-coupling terms introduce an additional time
dependence of the waves near k, which is given by

P~ — 1&23 (k,0,9) Big (6) B g () By (0
249"

g<k (51

The prime on the sum denotes that the terms with
g=0 are to be deleted. In what follows only Im
[H(k, ¢, k)+H(k, q, ¢—k)] for g< k, is needed and
this is given, after some tedious algebra, by

—ofk\ K (e afp, 01
'_Q(q) wp‘(m‘) (l k) Ime(q,wq—qf

+ wg)
g<k

Onkt (e
op \m

‘)2 (1_%)zia

99
algl le* @

where vy=3|k|[1—(2¢/k)] av <¥.

‘We consider first the terms in Eq. (4.1) that are in
phase with Ej. These have ¢'=k or g—¢'=Fk, and it is
only the imaginary parts of these that give a change in
amplitude. Thus

(5.2)

v | o=,

Tt = Tm > [H (b, g, B)+ Hlk, g, g— ) bl Bt

ot
q
g<ky (5.3)
and the in-phase coupling terms yield
| E 1
I%“l ]Eklzwkgﬂ:k“( ) =
(= %) 10 s
S s e

q

g<ky

This term arises from the fact that in second order
in E the waves interact with the distribution function
at v=wv,. For k> k,this interaction is such as to damp
the waves while for k<k, this interaction leads to
growth. However, it is easy to show that 20| Ex[2/0t=0
and thus there is no net transfer of energy between
the particles and the waves, and the interaction
simply distorts the equilibrium spectrum towards
the lower k values. It should be noted that formally
this “in-phase” mode coupling is of the same order in
¥/ wp as terms in the non-linear dispersion relation and
might have been considered as part of the non-linear
dispersion relation. However, for the problem considered

68+

it is numerically small and can thus be treated as a
perturbation.

To estimate the size of this interaction we note
that

Th i~ (gt and (35) o= 5

us .

J%IN,-%‘!‘—“"(%)%%;M%@_%)&

| [ o (2] oren
- (5.5)

Thus the in-phase mode-coupling terms have a
time scale long compared to that of the initial growth.
For the example considered in Section 4, it is longer by

" a factor of about 103.

The out-of-phase terms in Egq. (4.1) lead to time-
proportional transitions and can be treated by the
familiar methods of quantum mechanics. For these
terms we obtain for the transitions to the kth mode

| (k, t+ )2 —
= (%)ZZH (k.q,¢) H* (k, p, p)

“d
20

% ( expli (wk—wpq—0g_g —0g) 7] — 1 )
1(0g — wpg— g g — wg)

|E (k, 0)[*

(5.6)

v, ( exp i (wg — wp_p—wp_p' — wp)z] — 1 )
i(we— wp_p— wp_p — wp’)

X @k—q @q._q’ @q’ @k-p @p—p' @p’
where the * denotes complex conjugate and Ep =
=G exp —iwryt, By =C4y exp —iwgyt, ete.

We assume that the phases of the initial data are
random and since no phase correlation is introduced
by the non-linear dispersion relation the only terms

which survive the ¢, ¢', p, p’ summation are those
for which the phases cancel. The result is

B (k¢ + 0t~ B (ko = (%] ZlEx-qlzlEq PIEA
oxp[i (wk—wk—g— wgg —wg) TI—1[2
1(0ke~— Wk—g— 0g-¢ —0g)

X H* (k,q,q) {H* (k,q,¢) + H* (k, 0,9 — ¢)

+H*(bk+q —qo+H*(kk+ ¢ —¢k—q)

+H* bk —q,q—q)+H*(k,k — ¢,k — @)}
(6.7)

X

The term

oxp [i (wp — wp_q— wgg — o) 7] — 12
i(we — wp_g — wg-q — 0g)

X

has resonances at ¢'=£k, g—Fk, for g<k,, ¢~ 2k and at
g¢=0 for ¢'~ + k,. Evaluating the ¢, ¢’ sum at these
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resonances thus yields for the transition rate to the
kth mode

O| Ee® . L | B2t _
( 127 )z»x‘ 12a® lEkIZZ(k—A( | Hr 12 (A= k)
A

(5.8)
where |
‘#k"l:H(k’k_l’k)_}_H(k’k——l!—l)‘*_H(k,k—l—l’k)

+ H(kk+2,2)+ H(k0,— 2) + H(k,0,7) (5.9)

Similarly the transitions from the kth mode to all
other modes are given by

(5|EkI2 | B IEzl [Hiel®

5 )K__l— —y (A~ k)

1242
(5.10)

and fhe net change of the kth mode is given by

0|Ekl* _ eyl | Bal* | #kal® — | Bi || Eal* | # 2]
3: =Toa? JE"IZZ = [k—4]
) .
A~k (5.11)

This term arises from the scattering of waves from
each other and we note that for those k’s for which
|Ek|? is less than the average 8|Eg|2/ot>0 while for
I’s near the peak of the spectrum 8]E|?/ot <0. Thus
the scattering of waves tends to flatten the spectrum.
Hra is relatively complicated but since this term
turns out to be extremely small the exact form of
Hra is unimportant. However, it is worth noting that
the leading term of ¥k is proportional to (k2/wp?)
(e/m)? (ka)?.
Estimating 06/t we obtain
\ }wz &L (kay (f’Vi)‘M (5.12)
Thus, the out-of-phase mode-coupling terms have
a:time scale longer than that of the initial growth.
For the example of Section 4, it is longer by a factor
of about 108, and we can neglect the out-of-phase-
mode-coupling terms compared to in-phase terms.
The damping due to the in-phase mode-coupling
terms arises from the distortion of the spectrum
towards the lower values of k. This feeds energy into
those modes that have phase velocities greater than
v, and hence for which dg/ov<0. However since
these modes are naturally damped, their amplitude
will be small and the rate of energy transfer will be
correspondingly small. On the other hand the Fokker-
Planck terms, which we have neglected, may have a
time scale comparable to that of the in-phase mode-
coupling terms and -these will tend to drive &ffdv
negative over the entire range of interest, and the
ultimate decay may actually be dominated by
collisions.

6. Conclusions

The basic requirements for validity of the theory
described above are two fold. First, the solution of
the, linearized problem must yield a growth rate v,
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‘of very-small-amplitude [&, of order

which depends o6n the velocity gradient of the distri-
bution function and y/w< 1. This is necessary in
order that the non-linear dispersion relation lead
to a diffusion of the distribution function. Second,
the dispersion relation is such that neither the sum
nor difference of the frequencies of two of the unstable
modes is equal to the natural frequency of another
mode. It is this requirement that keeps the energy of
the unstable modes from being fed into harmonics.

These restrictions apply to a large class of waves
in a plasma with a magnetic field and the method can
be generalized in a straightforward way to these
waves. The result as in the case illustrated above will
be a non-linear dispersion relation that leads to the
establishment of an equilibrium spectrum of waves.
This result represents a special type of turbulence in
which the wave spectrum is confined to a relatively
narrow band of wave-lengths.

Although there are no ‘‘time-proportional” tran-
sitions to waves outside of the equilibrium spectrum,
the second order interaction between waves in the
equilibrium spectrum do produce a stationary spectrum
(y/w)?] waves
near ¢=0. These waves will interact with the bulk
of the particles and produce a diffusion of the bulk
of the particles, an effect which is important for the
case of a plasma with a magnetic field.
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Appendix

We wish to show that for y/w<1, Egs. (3.3),
(3.4) and (2.9) reduce to Eqs. (3.5), (3.6) and (3.7).
Integrating Eq. (3.3) along the unperturbet orbits
yields
t

fi = [t G (t— ) Bx (1) - Vg (€)

—oo

(AD)

where we have set the lower limit to —oo and ne-
glected fk (v, 0)—a good approximation for growing
waves. Integrating over velocities then yields

“4me?
Exl)=— 1%

fdavfdt' Gx (t — ) Ex (¢') -Vy g (t)



NON-LINEAR STABILITY OF PLASMA OSCILLATIONS

We expect the solution of Eq. (A2) to have the
same general form as the solution of the linearized
problem except that the frequency and growth rate
will be slowly varying functions of time. We then
take Ex (t') to be of the form

Ex (t) = Ex (0) exp {fsx =) dr}
(]

% (0) exp{ fSK }

= Ex (t) exp {— Sk (¢) (

)
o fa By

and g (v, £')="F(v)+fo (v, 1)4-(9fo/0t) (' —O)+. ..

We shall assume and verify later that Sk (t) changes
slowly in a period of oscillation and that the change
in frequency and of growth rate are of the same
order of magnitude. In particular we make use of the
result, Eq. (A8), that Sgx—OSk,/Sk depends linearly
. on fo(v, t) and that ofy/ot~2yf, so that

1 98k 2y SK Sk, SK SK,,
Sk® 3t Bk K, . <

. (A4)

where Sk, is the solution of the linearized problem.
Using Egs. (A3) and (A4), Eq, (A2) yields

1 25 o2 -
Bx(t) = Bx Ol — 555 5qm -
4me? iK-Vv
{szfd3 Sk () +iK- v[‘p0 + fol
41':62 iK-Vv
T mET a8x fda Sk +iK-v) a;fﬂ ”} (AB)

The term involving F (v) has the same form as in the
linearized theory and thus we have

1 aSx o°
Bx®{l — 5 55 5a + -} o K, Sk (0]
iK-Vvf,

_ 1 0k & \ 4met
—{1_? a1 an}mKﬁfdsvSK(t)+iK.v
+... (A6)

4nme? 0 3
+ v Te &

Now (Sx (£)—>Sk,)/Sk,<1 and thus we can expand
e (K, Sk(t)] about Sk, to obtain

iK-Vy  0f
Sk@)+iK-v ot

o B
e [K, S (1)) = & (K, Sx,) + 5.~ (S — Sx,) +
de %)
~ e Sk — Sk) v — 25 . [Sx(t)—sxl
~ 2 [Sk (t) — Sk,}

Sk,

U iam
.I(A3)

since ¢(K, Sk,)=0. The correction term on the left-
hand side of Eq.(AS6) is, since e~ 1+ wy?/Sx? of
the order of

95K o o _ 3 08k

Sk, — Sk
at " Skt T wpt 9t

<

and can thus be neglected.

fo(v, t) is non zero only in the small neighborhood
Av. Defining (for simplicity we consider only the one-
dimensional case)

dv (0fpl0v) (0f /o) dv
I= +ozK v Pf wo— Kv)

n 8f0

K v v= wi/K

(A7)

021/98% is thus of the order of I/(KAv)? and the first
correction term on the right-hand side of Eq. (A6)
is of order
o8 1
"ot (Kdv)?

_ 288 1 Sk — 8k,
~I(A'v) "0t (Kuwp)? < Sk

where Kvpa wp. Similarly since 0fy/dta2yf,, the
second correction term on the right-hand side of
Eq. (A6) can be neglected.

The result, neglecting (Ka)2<l, is

{'n.' afo
YKATK ov

+i pJ'd“a—fo/a”} (A8)
Using Sk (t)=—iwxk (t)+ vk (f) we obtain

2me? folovdoe
Pf o— Kv) ]

21:6

Sk, =

v= wK/K

ey o1 - (49)

YK _ 27':29,? ag (v.2)

oK Kim  ov

wk (¢) =

v= wK/w

and the three-dimensional result is given by Eq. (3.6).
The change in wx (¢) is of the same order as the change
in yg and since yx/wk < 1 we canneglect the correction
to wg. The change in ypg is however significant.
The energy in the Kth mode thus grows according
to

— 2|Ex|2yk ()

9| Bk |*
Sk (A10)

In the same way Eq. (Al) can be integrated to
obtain

e Eyg ag

fk=—— Sk+iKv 8v (ALL)
and thus
09 _(ep o |El g
o (—WT) v L, (Sq+igv) v (A12)

q=—0o0

and the three-dimensional result is given by Eq. (3.5).
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