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We present an mvestlgaUon of the massless, two-dimensional, interacting field theories Their 
basic property is their invanance under an lnfimte-dlmenslonal group of conformal (analytic) 
transformations It is shown that the local fields forlmng the operator algebra can be classified 
according to the irreducible representations of Vtrasoro algebra, and that the correlation functions 
are bmlt up of the "conformal blocks" which are completely determmed by the conformal 
mvanance Exactly solvable conformal theones associated with the degenerate representations are 
analyzed In these theories the anomalous dimensions are known exactly and the correlation 
functions satisfy the systems of hnear differential equations 

1. Introduction 

Conformal symmetry was introduced into quantum field theory about twelve 
years ago due to the scaling ideas in the second-order phase transmon theory (see [1] 
and references therein). According to the scahng hypothesis, the interaction of the 
fields of the order parameters m the cnucal point ~s mvarlant with respect to the 
scale transformations 

~a ~X~", (1.1) 

where ~" are the coordinates, a = 1, 2 . . . . .  D. In the quantum field theory the scale 
symmetry (1.1) takes place provided the stress-energy tensor ~s traceless 

r2(t )  = o (a.2) 

Under the condmon (1.2) the theory possesses not only the scale symmetry but is 
also mvanant w~th respect to the coordinate transfonnauons 

~a ~ ffa(~) (1.3) 

hawng the property that the metric tensor transforms as 

O U  O~ b' 
g~b-~ Orj~ Orfb ga'~' = P(~t)g:b, (1.4) 
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Conformal mvanance constrmns the form of correlahon functions near a free surface In two 
d~menslons, for a wtde class of models, it completely deternunes the correlation functions at the 
critical point, and yields the exact values of the surface critical exponents They are related to the 
bulk exponents m a non-trivial way For the Q-state Potts model (0 ~< Q ~< 4) we find ~/11 = 2/(3v - 
1), and for the O(N) model ( - 2  ~< N~< 2), 7/11 = (2v - 1)/(4v - 1) 

1. Introduction 

I t  has  been  recognized for some t ime that  a s tat is t ical  system at a c rmca l  po in t  1s 
no t  on ly  scale mvar lant ,  but  also conformal ly  mvar l an t  [1,2]. Tilts add i t iona l  
s y m m e t r y  imposes  const ra ints  on the form of  the bu lk  corre la t ion  funct ions  In  two 
&mens ions ,  confo rma l  i nvanance  is much  stronger.  More  recently,  Belavm, 
P o l y a k o v  a n d  Zamolo dch lk ov  [3], Do t senko  [4], and  Fr l edan ,  Qlu and  Shenker  [5] 
have  shown tha t  conformal  m v a n a n c e  comple te ly  deterrmnes  the cri t ical  exponents  
a n d  bu lk  cor re la t ion  funct ions  of  a wide class of two-&mens lona l  theories at  
c r i u c a h t y  

In  this p a p e r  we app ly  these ideas  to surface cnUcal  behav ior  [6]. F o r  defini teness,  
cons ide r  a serrn-mflmte d -d imens iona l  system b o u n d e d  by  a ( d - 1 ) - d i m e n s i o n a l  
p l a n e  surface.  W e  are in teres ted m the o rd ina ry  and special  t r ansmons ,  at which the 
b u l k  and  the surface order  s imul taneous ly  in the absence  of  symmet ry -b reak ing  
fields.  I t  is k n o w n  from e-expansion methods ,  as well as o ther  exact  and  approx i -  
m a t e  ca lcula t ions ,  that  cor re la t ion  funct ions  near  the surface decay  with cri t ical  
exponen t s  d i f fe ren t  f rom their  bu lk  values, and  that  their  funct ional  form is more  
c o m p h c a t e d  than  m the bulk  

The  resul ts  of  the present  pape r  fall in to  two classes. F o r  general  d imens ion  d, we 
show tha t  con fo rma l  mvar lance  cons t ra ins  the form of  the general  two-po in t  
func t ions  at  cn t l cah ty ,  to wlt lun an unknown  funct ion  of  a single scahng var iable  
The  func t iona l  forms of  the corre la t ions  be tween surface and bu lk  quant i t ies  are, 
however ,  comple t e ly  de te rmined  by  conformal  mvanance .  
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Boundary conditions in CFT

T(z),
-

T(z)

_CFT

Txy = 0 at the boundary ⇒ T(z) = T(z̄)

T(z̄) is the analytic continuation of T(z)

boundary CFT is simpler than bulk CFT!
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Classifying boundary conditions

Nuclear Physics B324 (1989) 581-596 
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BOUNDARY CONDITIONS, FUSION RULES 
AND THE VERLINDE FORMULA 

John L. CARDY 

Department of Physics, University of California, Santa Barbara, CA 93106, USA 

Received 27 February 1989 

Boundary operators in conformal field theory are considered as arising from the juxtaposition 
of different types of boundary conditions. From this point of view, the operator content of the 
theory in an annulus may be related to the fusion rules. By considering the partition function in 
such a geometry, we give a simple derivation of the Verlinde formula. 

1. Introduction 

Recently there has been considerable progress made in understanding the prob- 
lem of classifying conformal theories, following the observation of E. Verlinde [1] 
that the fusion rules of the underlying algebra are related by formula 

j i J J J = ( 1 )  
i 

to the elements S/ of the matrix which represents the modular transformation 
r --* - 1 / r  acting on the Virasoro characters. 

A conformal field theory defined on a manifold without boundaries has as its 
underlying symmetry two algebras ~¢ and zJ  which act respectively on the 
holomorphic (z) and antiholomorphic (~) dependences of the physical fields of the 
theory. In a rational conformal field theory, the irreducible representations of these 
algebras are constructed by acting on a highest weight vector with all possible 
lowering operators, and then projecting out null states. The fusion rule coefficients 
Nj.~, of the algebra d give the number of distinct ways that the representation i 
occurs in the "fusion" of two fields transforming according to the representations 
j ,  k respectively. This process of fusion corresponds to considering only the holo- 
morphic, or only the antiholomorphic part of the operator product expansion of two 
physical operators. The decoupling of the null states after this fusion process then 
gives strong constraints on the Nj~,, first analysed for the case of the Virasoro 
algebra by Belavin et al. [2]. 

0550-3213/89/$03.50©Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 
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Annulus partition function

A B

H

H
open

closed

Zannulus = Tr e−L ĤAB
open

= 〈A|e−W Ĥclosed|B〉

for a rational CFT, this allows us to
classify boundary states
the states C that can propagate in HAB

open

are given by the fusion rules NC
AB of the

CFT
in string theory, this is the consistency
between the open and closed string
sectors: the boundary states tell us how
open strings can end, eg on D-branes
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Quantum Impurity Problems [Affleck, Ludwig]

localised impurity (eg magnetic
moment) interacting with gapless
bulk degrees of freedom (eg a
Fermi sea of electrons)
only S-waves matter:
1+1-dimensional problem r > 0

t

r

CFT

impurity acts as boundary
condition on CFT
allowed conformal boundary
conditions⇒ different
possibilities for how the electrons
screen the impurity
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Changes in boundary conditions

CFT

BA

C

the fusion rules NC
AB tell us which operators can sit at a

point where the boundary conditions change (boundary
condition changing operators) and which states can
propagate from there into the bulk
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LETTER TO THE EDITOR 

Critical percolation in finite geometries 

John L Cardy 
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Received ZS November I991 

Abstract. The methods of conformal field theory arc used to compute the crossing prob- 
abilities between segments of the boundary of a compact two-dimensional region at the 
percolation threshold. There probabilities are shown to be invariant not only under changes 
of scale, but also under mappings of the region which are conformal in the interior and 
continuous on the boundary. This is a larger invariance than that expected for generic 
critical systems. Specific predictions are presented for the crossing probability between 
opposite sides of a rectangle, and are compared with recent numerical work. The agreement 
is excellent. 

Conformal field theory has been very successful in determining universal quantities 
associated with two-dimensional isotropic systems at their critical points [l, 21. The 
range of predictions which can be made appears to be bounded by the enthusiasm 
and industriousness of the theorist rather than by any intrinsic limitations of the theory. 
However, the underlying assumptions of conformal field theory, and their appropriate- 
ness for describing the scaling limit of critical lattice systems, are not rigorously 
founded, and it remains important to perform precise numerical tests of the theory 
whenever possible. 

Recently [3], extensive numerical work has been carried out to estimate crossing 
probabilities in rectangular geometries for critical percolation in very large but finite 
lattices, with the principal aim of establishing their universality between different 
models. Percolation provides an important test of the ideas of conformal field theory 
because large-scale numerical simulations are more readily performed. In this letter 
we consider the general problem of crossing probabilities in the language of conformal 
field theory, and derive exact expressions which may be compared with the numerical 
work. 

The most familiar way to think about percolation as a critical phenomenon is 
through the q +. 1 limit of the q-state Potts model [4]. In that model, spins s( r )  at the 
sites of the lattice are allowed to be in one of q possible states (a, p, . . .), and the 
partition function is the trace of a product over links of the form 

z = n (1  +-%,,,,',,d. (1) 
(,,.'I 

The terms in the expansion in powers of Z in powers of x are in 1-1 correspondence 
with configurations of bonds appearing in the bond percolation problem, and in the 
limit q + l  they are weighted appropriately if x = p / ( I - p ) .  Two sites in the same 
cluster are necessarily in the same state of the Potts model. Consider now two disjoint 
segments S,  and S, of the piecewise differentiable boundary of a simply connected 
compact region. Let Zme be the partition function of the q-state Potts model with the 

0305-4470/92/04020l+06$04.50 0 1992 IOP Publishing Ltd U01 

Percolation crossing formula, 1991
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Percolation

each hexagon independently coloured black or white with
probability p or 1− p
what is the probability P of a left-right crossing on only
black hexagons as the lattice spacing→ 0?
for p > pc = 1

2 , P→ 1; for p < pc, P→ 0
at p = pc it is a non-trivial function of the shape of the
rectangle

Boundary CFT



colour each black cluster one of Q colours (red, green,. . .)
impose red boundary conditions on the left, green on the
right

1− P = lim
Q→1

Z(red|green)

partition function Z(red|green) can be viewed as a
correlation function of boundary condition changing
operators:

〈φ(red|free) φ(free|green) φ(green|free) φ(free|red)〉

this satisfies a BPZ-type differential equation

Boundary CFT



The answer is

P =
Γ(2

3)

Γ(1
3)2 η

1/3
2F1(

1
3 ,

2
3 ,

4
3 ; η)

where

η = ((1− k)/(1 + k))2 with width/height = K(1− k2)/2K(k2)

this formula led to the mathematical development of
Schramm-Loewner Evolution (SLE) [Schramm, 2000] and
was finally proven rigorously by Smirnov [2001]
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Quantum Quenches

Time Dependence of Correlation Functions Following a Quantum Quench

Pasquale Calabrese1 and John Cardy2

1Institute for Theoretical Physics, University of Amsterdam, Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands
2Oxford University, Rudolf Peierls Centre for Theoretical Physics, 1 Keble Road, Oxford, OX1 3NP, United Kingdom

and All Souls College, Oxford, United Kingdom
(Received 13 January 2006; published 3 April 2006)

We show that the time dependence of correlation functions in an extended quantum system in d
dimensions, which is prepared in the ground state of some Hamiltonian and then evolves without
dissipation according to some other Hamiltonian, may be extracted using methods of boundary critical
phenomena in d! 1 dimensions. For d " 1 particularly powerful results are available using conformal
field theory. These are checked against those available from solvable models. They may be explained in
terms of a picture, valid more generally, whereby quasiparticles, entangled over regions of the order of the
correlation length in the initial state, then propagate classically through the system.

DOI: 10.1103/PhysRevLett.96.136801 PACS numbers: 73.43.Nq, 11.25.Hf, 64.60.Ht

Suppose that an extended quantum system in d dimen-
sions (for example, a quantum spin system) is prepared at
time t " 0 in a pure state j 0i which is the ground state of
some Hamiltonian H0 (or, more generally, in a thermal
state at a temperature less than the gap m0 to the first
excited state.) For times t > 0 the system evolves unitarily
according to the dynamics given by a different Hamiltonian
H, which may be related toH0 by varying a parameter such
as an external field. This variation, or quench, is supposed
to be carried out over a time scale much less than m#1

0 .
How do the correlation functions, expectation values of
products of local observables, then evolve? The answer to
this question would appear to depend in detail on the
system under consideration. It was first addressed in the
context of the quantum Ising-XY model in Refs. [1] [see
also [2] ]. Until recently it was, however, largely an aca-
demic question, because the time scales over which most
condensed matter systems can evolve coherently without
coupling to the local environment are far too short, and the
effects of dissipation and noise are inescapable. However,
with the development of experimental tools for studying
the behavior of optical lattices of ultracold atoms, and
quantum phase transitions in these systems [3], there has
been renewed interest in this theoretical problem [see, for
example, [4,5] ].

In this Letter we study such problems in general and
argue that, if H is at or close to a quantum critical point
(while H0 is not), there is a large degree of universality in
the behavior at sufficiently large distances and late times,
despite the fact that correlations typically fall off exponen-
tially, rather than the power laws characteristic of the
ground state near a quantum critical point. Our arguments
are based on the path integral approach and the well-known
mapping of the quantum problem to a classical one in
d! 1 dimensions. The initial state plays the role of a
boundary condition, and we are able to then use the renor-
malization group (RG) theory of boundary critical behav-
ior [see, e.g., [6] ]. From this point of view, particularly
powerful analytic results are available for d " 1 and when

the quantum critical point has dynamic exponent z " 1
(or, equivalently, a linear quasiparticle dispersion relation
! " vjkj) because then the 1! 1-dimensional problem is
described asymptotically by a boundary conformal field
theory (BCFT) [7,8]. Some of these methods have recently
been applied [9] to studying the time evolution of the
entanglement entropy, but, as we shall argue, they are
more generally applicable. Further details of these calcu-
lations will appear elsewhere [10].

The results we find from CFT suggest a rather simple
picture which is, however, more generally applicable: the
state j 0i, which has an (extensively) high energy com-
pared with that of the ground state ofH, acts as a source for
quasiparticle excitations. Those quasiparticles originating
from closely separated points (roughly within the correla-
tion length !0 of the ground state of H0) are quantum
entangled. However, once they are emitted they behave
semiclassically, traveling at speed v. They have two dis-
tinct effects. First, incoherent quasiparticles arriving a
given point r from well-separated sources cause relaxation
of (most) local observables at r towards their ground-state
expectation values. (An exception is the local energy den-
sity which, of course, is conserved.) In the CFT case this
relaxation is exponential $ exp%#"xvt=2#0&. Here #0 $
m#1

0 is nonuniversal, but x, the bulk scaling dimension of
the particular observable, is related to the critical expo-
nents of the quantum phase transition, and is universal.
Hence ratios of decay constants for different observables
should be universal. Second, entangled quasiparticles ar-
riving at the same time t at points with separation jrj ' !0
induce (quantum) correlations between local observables.
In the case where they travel at a unique speed v, therefore,
there is a sharp ‘‘light-cone’’ effect: the connected corre-
lations do not change significantly from their initial values
until time t$ jrj=2v. In the CFT case this light-cone effect
is rounded off in a (calculable) manner over the region t#
jrj=2v$ #0, since quasiparticles remain entangled over
this distance scale. After this they rapidly saturate to
time-independent values. For large separations (but still

PRL 96, 136801 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
7 APRIL 2006
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prepare an extended quantum system in a pure state |ψ0〉
for times t > 0, evolve the state unitarily with hamiltonian H

how do correlation functions of local observables
〈Φ1(x1, t)Φ2(x2, t) · · · 〉 evolve?
do they become stationary? If so what is the stationary
state?
we studied this in the case when

H = HCFT and |ψ0〉 = e−τ0H|B〉

where |B〉 is a conformally invariant boundary state
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2
0

τΦ

Φ

in imaginary time:

〈B|e−τ0HeitH Φ1(x1)Φ2(x2) · · · e−itHe−τ0H|B〉

= 〈Φ1(x1, τ)Φ2(x2, τ) · · · 〉slab with τ → τ0 + it

this can be computed by conformal mapping to the upper
half plane, with the results:

correlations in region of length ` become stationary after a
time t = `/2v
thermalisation: reduced density matrix is Gibbs ensemble

ρ` ∝ e−βHCFT where β = 4τ0

quench from a more general state leads to a generalised
Gibbs ensemble
this suggests a more generally applicable physical picture
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A Plea for Curiosity-Driven Theoretical Physics

none of the above results were ever part of a formal
research proposal

no ‘milestones’
no ‘beneficiaries’
no ‘post-doctoral training programme’
no box-ticking on some research assessment

there was no scramble to post them on the arXiv
they never appeared on the front of Nature or Science
they grew out of pure scientific curiosity (in a way that I
hope Dirac would have approved)
current funding, research assessment and academic
promotion procedures are stifling this central aspect of
our subject!
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