
DRAFT 1

General solution to the wave equation

Felix I. Parra

Rudolf Peierls Centre for Theoretical Physics, University of Oxford, Oxford OX1 3PU, UK

(This version is of 23 February 2021)

1. Introduction

In these notes, we give the general solution to the wave equation. The wave equation
is one of the rare PDEs that we can solve analytically with complete generality. We
will use this analytical solution to explain that PDEs need two types of conditions:
initial conditions (similar to those needed for Ordinary Differential Equations, ODEs)
and boundary conditions (a new concept).

2. The d’Alembert solution

We start from the wave equation
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where c is a constant with units of velocity. To solve this equation, we perform first a
change of variables from x and t to

u = x− ct (2.2)

and

v = x+ ct. (2.3)

Note that, since the relation between (u, v) and (x, t) is univocal, a solution in the new
coordinates, y(u, v), is necessarily the solution in x and t.

We need to rewrite equation (2.1) in the new coordinates u and v. We will start
rewriting the time derivatives. Using the chain rule, we find
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For clarity, we have made the coordinate being held constant explicit. Noting that
∂u/∂t|x = −c and ∂v/∂t|x = c, we find
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Using the chain rule again, we can write
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Substituting equation (2.5) into equation (2.6), we finally obtain
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where we are not indicating the coordinate being held constant to avoid cluttering nota-
tion. Similarly,
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Substituting equations (2.7) and (2.9) into equation (2.1), we obtain the extremely simple
expression
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= 0. (2.10)

Equation (2.10) implies that ∂y/∂v is independent of u, that is,

∂y

∂v
= h(v), (2.11)

where h(v) can be any function as long as it only depends on v. Integrating this equation,
we find

y(u, v) = f(u) +

∫
h(v) dv. (2.12)

Here the function f(u) is the ‘constant’ of integration. Renaming the indefinite integral∫
h(v) dv as g(v), we obtain the complete d’Alembert solution,

y(u, v) = f(u) + g(v). (2.13)

In the coordinates x and t,

y(x, t) = f(x− ct) + g(x+ ct). (2.14)

Solution (2.14) is the reason why equation (2.1) is known as the wave equation. Any
solution to the wave equation can always be split into the two functions f(u) and g(v)
in equation (2.14), and these two functions move rigidly along x: the function f towards
positive x and the function g towards negative x. Indeed, as time advances, the function
that initially was f(x) becomes f(x − ct). Thus, the value f0 of f located at x = x0
moves to

x = x0 + ct, (2.15)

i.e. it moves towards positive x. All values of f move at the same speed c, giving the
rigid displacement that we announced above. A similar argument can be applied to show
that g(v) moves rigidly towards negative x. These two rigidly moving functions are the
waves of the wave equation. From here on, we refer to f(x − ct) as the right-traveling
wave, and to g(x+ ct) as the left-traveling wave.

We proceed to discuss what determines the functions f(u) and g(v): initial conditions
and boundary conditions.

3. Initial conditions

The physical systems that we have studied (the stretched string, the solid bar and the
gas in a pipe) are a good justification for the need of initial conditions: to determine the
time evolution of a body in mechanics, we need the initial position and velocity. In the
case of the stretched string, that means knowing the initial vertical displacement,

y(x, t = 0) = y0(x), (3.1)
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and the initial vertical velocity,

∂y

∂t
(x, t = 0) = ẏ0(x). (3.2)

This is a general property of any PDE: one needs as many initial conditions as the order
of the highest order partial derivatives with respect to time in the PDE. In this case,
there is a second order derivative with respect to time in the wave equation, and hence
we need two initial conditions.

It is possible to find the solution given the initial conditions above (and ignoring
boundary conditions, which we will discuss in the next section). Using the d’Alembert
solution (2.14) and equation (2.5) for ∂y/∂t, the two initial conditions become

f(x) + g(x) = y0(x) (3.3)

and

−c [f ′(x)− g′(x)] = ẏ0(x), (3.4)

where f ′ and g′ are the derivatives of f and g with respect to their arguments. We can
integrate equation (3.4) in x to obtain

f(x)− g(x) = f(0)− g(0)− 1

c
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ẏ0(s) ds. (3.5)

We will see shortly that we are free to choose the value of f(x)− g(x) at x = 0. We can
solve for f(x) and g(x) using equations (3.3) and (3.5), finding
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With these results, equation (2.14) gives

y(x, t) =
y0(x− ct) + y0(x+ ct)

2
+

1

2c
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x−ct
ẏ0(s) ds. (3.8)

Note that the difference f(0)− g(0) does not contribute to the final answer, that is, the
constant of integration in equation (3.5) is, in the end, irrelevant. The idea is that the
functions f(u) and g(v) are only defined up to a constant: we can add a constant to f(u)
if we subtract the same constant from g(v).

We proceed to solve a few examples of initial conditions.

3.1. Stationary initial condition

We start with a case in which ẏ0(x) is zero. Consider the infinite stretched string in
figure 1(a). It is held in place such that the points at x = −L and L are not displaced,
y(x = ±L, t) = 0, and such that the point at x = 0 is displaced a distance a, y(x =
0, t) = a. Since the string is being held in place, ∂2y/∂t2 = 0, and the wave equation (2.1)
simply becomes ∂2y/∂x2 = 0. This equation is valid only for x 6= −L, 0, L because at
these points we are applying forces to hold the string in place. From ∂2y/∂x2 = 0, we
find that the slope of y is constant, and hence we obtain the piecewise linear function in
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<latexit sha1_base64="GoKFlNyqR+NkavXfQ5J78Xlv6RE=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCs4l1QtBGCNhYWEcwHJCHsbfaSJXt75+6cEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz8/xYCoOu++0sLa+srq3nNvKbW9s7u4W9/bqJEs14jUUy0k2fGi6F4jUUKHkz1pyGvuQNf3gz8RtPXBsRqQccxbwT0r4SgWAUrdREckXuTsusWyi6JXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNN7x+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHZSoeIEuWKzRUEiCUZk8jzpCc0ZypEllGlhbyVsQDVlaCPK2xC8+ZcXSb1c8s5L7v1ZsXKdxZGDQziCE/DgAipwC1WoAQMJz/AKb86j8+K8Ox+z1iUnmzmAP3A+fwBE4o7P</latexit>

t = L/2c
<latexit sha1_base64="Q3gK/kicWMSgZloMA72mmJk7wt8=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCs4p0o2ghBGwuLCOYDkiPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHg78ZtPXBsRq0ccJdyPaF+JUDCKVmoiuSb3p6xbKrsVdwqySLyclCFHrVv66vRilkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9NwxObZKj4SxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKYZXfiZUkiJXbLYoTCXBmEx+Jz2hOUM5soQyLeythA2opgxtQkUbgjf/8iJpnFW8i4r7cF6u3uRxFOAQjuAEPLiEKtxBDerAYAjP8ApvTuK8OO/Ox6x1yclnDuAPnM8f0n2Okw==</latexit>

t = L/c

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0
<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="n75MYU9GLOI54U0p1ZKTGGSRq58=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qklR9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpgZ5Xe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14l1W3PuLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwCifY1e</latexit>

a/2

<latexit sha1_base64="n75MYU9GLOI54U0p1ZKTGGSRq58=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qklR9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpgZ5Xe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14l1W3PuLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwCifY1e</latexit>

a/2
<latexit sha1_base64="n75MYU9GLOI54U0p1ZKTGGSRq58=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4qklR9Fj04rGi/YA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpgZ5Xe6WyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieO1nQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk2a14l1W3PuLcu0mj6MAx3ACZ+DBFdTgDurQAAYDeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwCifY1e</latexit>

a/2

Figure 1. (a) Initial position of a stationary string (red) and the resulting right- and left-trav-
eling waves (blue and purple, respectively). For times (b) t = L/2c and (c) t = L/c, we sketch,
in blue and purple, the right- and left-traveling waves, and in red the position of the string.

red in figure 1(a),

y(x, t = 0) = y0(x) =

 a(1 + x/L) for − L 6 x < 0,
a(1− x/L) for 0 6 x < L,
0 otherwise.

(3.9)

In addition, we know that ẏ0(x) = 0.

Using equations (3.6) and (3.7) and choosing f(0)− g(0) = 0, we find

f(u) =
y0(u)

2
(3.10)

and

g(v) =
y0(v)

2
, (3.11)

that is, the solution is composed of two equal waves moving in opposite directions. We
represent these waves in blue and purple in figure 1(a). It is unsurprising that there are
two waves moving in opposite directions because the initial conditions do not have a
preferred direction.

By rigidly moving the two waves f(u) and g(v) and adding them, we can obtain
the solution for any time t. We give examples of the solution at t = L/2c and L/c in
figures 1(b) and 1(c).

Note that the solution that we have obtained does not have continuous first order
derivatives, and one might wonder how it could be a solution to a PDE that contains
second order derivatives. We were able to bypass the problem with the second derivatives
by using the d’Alembert solution (2.14). Thanks to the d’Alembert solution, we now know
that the wave equation works even for discontinuous functions, and it only moves these
discontinuities around, without smoothing them out. In a real physical systems, there is
usually some dissipation present, and these discontinuities tend to disappear with time.
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<latexit sha1_base64="10t7KwuZqEfHC++jlYNi4XjJ3cU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGJ/Y1O</latexit>

(a)
<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)

<latexit sha1_base64="uPBuNr9E8jmcYZ4uoZMYV0+2JN8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UGFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGNB41Q</latexit>

(c)

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x <latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="GoKFlNyqR+NkavXfQ5J78Xlv6RE=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCs4l1QtBGCNhYWEcwHJCHsbfaSJXt75+6cEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz8/xYCoOu++0sLa+srq3nNvKbW9s7u4W9/bqJEs14jUUy0k2fGi6F4jUUKHkz1pyGvuQNf3gz8RtPXBsRqQccxbwT0r4SgWAUrdREckXuTsusWyi6JXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNN7x+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHZSoeIEuWKzRUEiCUZk8jzpCc0ZypEllGlhbyVsQDVlaCPK2xC8+ZcXSb1c8s5L7v1ZsXKdxZGDQziCE/DgAipwC1WoAQMJz/AKb86j8+K8Ox+z1iUnmzmAP3A+fwBE4o7P</latexit>

t = L/2c
<latexit sha1_base64="Q3gK/kicWMSgZloMA72mmJk7wt8=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCs4p0o2ghBGwuLCOYDkiPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHg78ZtPXBsRq0ccJdyPaF+JUDCKVmoiuSb3p6xbKrsVdwqySLyclCFHrVv66vRilkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9NwxObZKj4SxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKYZXfiZUkiJXbLYoTCXBmEx+Jz2hOUM5soQyLeythA2opgxtQkUbgjf/8iJpnFW8i4r7cF6u3uRxFOAQjuAEPLiEKtxBDerAYAjP8ApvTuK8OO/Ox6x1yclnDuAPnM8f0n2Okw==</latexit>

t = L/c

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x <latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0
<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0
<latexit sha1_base64="q4CW5NqLSCDI2eGHjCe6WIuoEv4=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrmoiii6LblxWsA9oQ5lMJ+3QySTMTIQQCv6KGxeKuPU73Pk3Ttog2npg4HDOvXfuPX7MmdKO82WVlpZXVtfK65WNza3tHXt3r6WiRBLaJBGPZMfHinImaFMzzWknlhSHPqdtf3yT++0HKhWLxL1OY+qFeChYwAjWRurbB70YS80wR+npD9V9u+rUnCnQInELUoUCjb792RtEJAmp0IRjpbquE2svy+cRTieVXqJojMkYD2nXUIFDqrxsuv4EHRtlgIJImic0mqq/OzIcKpWGvqkMsR6peS8X//O6iQ6uvIyJONFUkNlHQWLui1CeBRowSYnmqSGYSGZ2RWSEJSbaJFYxIbjzJy+S1lnNvag5d+fV+nURRxkO4QhOwIVLqMMtNKAJBDJ4ghd4tR6tZ+vNep+VlqyiZx/+wPr4BuOvlW8=</latexit>

@y/@t <latexit sha1_base64="Y6Q3IX+jnEX5vHSW+OoCVbeDy6w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPXLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtAOM3g==</latexit>

V
<latexit sha1_base64="fZaXMrxqkHcjvNCON768e5T2+Y8=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l1QtAzaWFhE8JJAcoS9zVyyZG/v2N0TQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ36zSdUmify0YxSDGLalzzijBor+Y378yrrlspuxZ2BLBMvJ2XIUe+Wvjq9hGUxSsME1brtuakJxlQZzgROip1MY0rZkPaxbamkMepgPDt2Qk6t0iNRomxJQ2bq74kxjbUexaHtjKkZ6EVvKv7ntTMTXQdjLtPMoGTzRVEmiEnI9HPS4wqZESNLKFPc3krYgCrKjM2naEPwFl9eJo1qxbusuA8X5dpNHkcBjuEEzsCDK6jBHdTBBwYcnuEV3hzpvDjvzse8dcXJZ47gD5zPH+bJjhY=</latexit>

V L/2c

<latexit sha1_base64="Pp9eSTzXVtkjMmdGRH9yDQFW7ZU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7wLipZBGwuLCOYDkiPsbTbJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1O/eYT10ZE6hHHMfdDOlCiLxhFKzXPSOP+vMK6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzs6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+tZ8KFSfIFZsv6ieSYESmv5Oe0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNCpl77LsPlyUqjdZHHk4gmM4BQ+uoAp3UIM6MBjBM7zCmxM7L8678zFvzTnZzCH8gfP5A6cUjnc=</latexit>�V L/2c
<latexit sha1_base64="XzwM0yxPDoxT9TWbFzLCAIsaKto=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDabTbt0swm7E6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh0p41iuV3ao7A1kmXk7KkKPeK311w4RlMVfIJDWm47kp+mOqUTDJJ8VuZnhK2ZD2ecdSRWNu/PHs1Ak5tUpIokTbUkhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WKg0Q67YfFGUSYIJmf5NQqE5QzmyhDIt7K2EDaimDG06RRuCt/jyMmmeV73Lqnt/Ua7d5HEU4BhOoAIeXEEN7qAODWDQh2d4hTdHOi/Ou/Mxb11x8pkj+APn8weOjI1R</latexit>

(d)

<latexit sha1_base64="fZaXMrxqkHcjvNCON768e5T2+Y8=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l1QtAzaWFhE8JJAcoS9zVyyZG/v2N0TQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ36zSdUmify0YxSDGLalzzijBor+Y378yrrlspuxZ2BLBMvJ2XIUe+Wvjq9hGUxSsME1brtuakJxlQZzgROip1MY0rZkPaxbamkMepgPDt2Qk6t0iNRomxJQ2bq74kxjbUexaHtjKkZ6EVvKv7ntTMTXQdjLtPMoGTzRVEmiEnI9HPS4wqZESNLKFPc3krYgCrKjM2naEPwFl9eJo1qxbusuA8X5dpNHkcBjuEEzsCDK6jBHdTBBwYcnuEV3hzpvDjvzse8dcXJZ47gD5zPH+bJjhY=</latexit>

V L/2c

<latexit sha1_base64="Pp9eSTzXVtkjMmdGRH9yDQFW7ZU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7wLipZBGwuLCOYDkiPsbTbJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1O/eYT10ZE6hHHMfdDOlCiLxhFKzXPSOP+vMK6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzs6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+tZ8KFSfIFZsv6ieSYESmv5Oe0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNCpl77LsPlyUqjdZHHk4gmM4BQ+uoAp3UIM6MBjBM7zCmxM7L8678zFvzTnZzCH8gfP5A6cUjnc=</latexit>�V L/2c
<latexit sha1_base64="Pp9eSTzXVtkjMmdGRH9yDQFW7ZU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgY7wLipZBGwuLCOYDkiPsbTbJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRDNeZ5GMdCughkuheB0FSt6KNadhIHkzGN1O/eYT10ZE6hHHMfdDOlCiLxhFKzXPSOP+vMK6xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzs6dkBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+tZ8KFSfIFZsv6ieSYESmv5Oe0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNCpl77LsPlyUqjdZHHk4gmM4BQ+uoAp3UIM6MBjBM7zCmxM7L8678zFvzTnZzCH8gfP5A6cUjnc=</latexit>�V L/2c

<latexit sha1_base64="O3DAxsfj9wzMa75dTkh2T6D1Uao=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01E0WPRiwcPFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2bg7Y+GHi8N8PMvDDhTBvP+3ZKK6tr6xvlzcrW9s7unrt/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/mfvuJKs1i+WgmCQ0EHkoWMYJNLrXuz0jfrXo1bwa0TPyCVKFAo+9+9QYxSQWVhnCsddf3EhNkWBlGOJ1WeqmmCSZjPKRdSyUWVAfZ7NYpOrHKAEWxsiUNmqm/JzIstJ6I0HYKbEZ60cvF/7xuaqLrIGMySQ2VZL4oSjkyMcofRwOmKDF8YgkmitlbERlhhYmx8VRsCP7iy8ukdV7zL2vew0W1flPEUYYjOIZT8OEK6nAHDWgCgRE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fdRSN2g==</latexit>

V L/c
<latexit sha1_base64="fZaXMrxqkHcjvNCON768e5T2+Y8=">AAAB7HicbVA9SwNBEJ3zM8avqKXNYhCs4l1QtAzaWFhE8JJAcoS9zVyyZG/v2N0TQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL0wF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ36zSdUmify0YxSDGLalzzijBor+Y378yrrlspuxZ2BLBMvJ2XIUe+Wvjq9hGUxSsME1brtuakJxlQZzgROip1MY0rZkPaxbamkMepgPDt2Qk6t0iNRomxJQ2bq74kxjbUexaHtjKkZ6EVvKv7ntTMTXQdjLtPMoGTzRVEmiEnI9HPS4wqZESNLKFPc3krYgCrKjM2naEPwFl9eJo1qxbusuA8X5dpNHkcBjuEEzsCDK6jBHdTBBwYcnuEV3hzpvDjvzse8dcXJZ47gD5zPH+bJjhY=</latexit>

V L/2c

Figure 2. (a) Initial velocity of the wave (red). (b) Initial position of the string (red) and
right- and left-traveling waves (in blue and purple, respectively). For times (c) t = L/2c and
(d) t = L/c, we sketch, in blue and purple, the right- and left-traveling waves, and in red the
position of the string.

3.2. Impulsive initial condition

We now consider a stretched string that starts at y0(x) = 0, but it is given an impulse
such that its initial velocity is given by

∂y

∂t
(x, t = 0) = ẏ0 =

{
V for − L 6 x 6 L,
0 otherwise.

(3.12)

The function ẏ0 is sketched in figure 2(a).
Using equations (3.6) and (3.7) with f(0)− g(0) = 0, we find

f(u) = − 1

2c

∫ u

0

ẏ0(s) ds (3.13)

and

g(v) =
1

2c

∫ v

0

ẏ0(s) ds, (3.14)

where

1

2c

∫ x

0

ẏ0(s) ds =

 −V L/2c for x < −L,
V x/2c for − L 6 x < L,
V L/2c for x > L.

(3.15)

These waves are represented as blue and purple curves in figure 2(b). Using them, we
can obtain the vertical position of the string at all times t (see figure 2 for a few time
slices).

3.3. Single wave initial condition

In both cases considered so far, we have obtained two waves traveling in opposite direc-
tions. If we wanted a wave of the shape y0(x) traveling towards positive x, what would
we need to do initially? We would simply need to ensure that it has the right initial
velocity. Since we want to have

y(x, t) = f(x− ct) = y0(x− ct), (3.16)



6 Felix I. Parra
<latexit sha1_base64="10t7KwuZqEfHC++jlYNi4XjJ3cU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGJ/Y1O</latexit>

(a)

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0
<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)
<latexit sha1_base64="YUlEhKsCj2zC3fvwx/tVGxmE36s=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0WXRjcsK9gFNKJPppB06eTAzEULIyo2/4saFIm79Bnf+jZM2oLYeGDicc+/MnOPFnEllWV9GZWl5ZXWtul7b2Nza3jF39zoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0602uC797T4VkUXin0pi6AR6FzGcEKy0NzEPHF5hkToyFYpijNP/hKh+YdathTYEWiV2SOpRoDcxPZxiRJKChIhxL2betWLlZcSHhNK85iaQxJhM8on1NQxxQ6WbTGDk61soQ+ZHQJ1Roqv7eyHAgZRp4ejLAaiznvUL8z+snyr90MxbGiaIhmT3kJzpghIpO0JAJShRPNcFEMP1XRMZY96J0czVdgj0feZF0Thv2ecO6Pas3r8o6qnAAR3ACNlxAE26gBW0g8ABP8AKvxqPxbLwZ77PRilHu7MMfGB/fBT+ZeA==</latexit>

@y

@t
<latexit sha1_base64="zJ8JwJlE2J7XWMDwSH69zT2Nuys=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01E0WPRiwcPFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2bg7Y+GHi8N8PMvDDhTBvP+3ZKK6tr6xvlzcrW9s7unrt/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/mfvuJKs1i+WgmCQ0EHkoWMYJNLhF8dt93q17NmwEtE78gVSjQ6LtfvUFMUkGlIRxr3fW9xAQZVoYRTqeVXqppgskYD2nXUokF1UE2u3WKTqwyQFGsbEmDZurviQwLrScitJ0Cm5Fe9HLxP6+bmug6yJhMUkMlmS+KUo5MjPLH0YApSgyfWIKJYvZWREZYYWJsPBUbgr/48jJpndf8y5r3cFGt3xRxlOEIjuEUfLiCOtxBA5pAYATP8ApvjnBenHfnY95acoqZQ/gD5/MHhhGN5Q==</latexit>

ca/L

<latexit sha1_base64="+j4XBdq4NwjrIkCv+H4rXMJkhe4=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbBxngnipZBGwuLCOYDkiPsbfaSNXu7x+6eEI78BxsLRWz9P3b+GzfJFZr4YODx3gwz88KEM20879spLC2vrK4V10sbm1vbO+7uXkPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHN5M/OYTVZpJ8WBGCQ1i3BcsYgQbKzVOEMGnd1237FW8KdAi8XNShhy1rvvV6UmSxlQYwrHWbd9LTJBhZRjhdFzqpJommAxxn7YtFTimOsim147RkVV6KJLKljBoqv6eyHCs9SgObWeMzUDPexPxP6+dmugqyJhIUkMFmS2KUo6MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQCUbgj//8iJpnFX8i4p3f16uXudxFOEADuEYfLiEKtxCDepA4BGe4RXeHOm8OO/Ox6y14OQz+/AHzucPRguORg==</latexit>�ca/L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L

Figure 3. Initial (a) position and (b) velocity of a semi-infinite string with a pin at x = 0.

we need to impose the initial velocities

ẏ0(x) =
∂y

∂t
(x, t = 0) = −cy′0(x). (3.17)

4. Boundary conditions

In all the cases in section 3, we have ignored the ends of the stretched string by
assuming that it is infinite, but stretched strings do have ends where they are being
pulled to ensure that they are tensioned. For example, we can consider a semi-infinite
string that extends from x = 0 to +∞, as sketched in figure 3. This string is kept in
tension by being pinned to the wall at x = 0 and by the pull of something or someone
a very long distance away from x = 0. The motion of such a string should be solvable
given initial conditions.

To show the problems that arise for a semi-infinite string, we will try to solve the
problem with initial conditions

y(x, t = 0) = y0(x) =

 ax/L for 0 6 x < L,
a(2− x/L) for L 6 x < 2L,
0 for x > 2L,

(4.1)

and

∂y

∂t
(x, t = 0) = ẏ0(x) = cy′0(x) =

 ca/L for 0 6 x < L,
−ca/L for L 6 x < 2L,
0 for x > 2L,

(4.2)

sketched in figure 3. Using formulas (3.6) and (3.7) with f(0)− g(0) = 0, we find

f(u) =

{
?? for u < 0,
0 for u > 0,

(4.3)

and

g(v) =

{
?? for v < 0,
y0(v) for v > 0.

(4.4)

We cannot determine f(u) or g(v) for negative values of their arguments! This is not a
problem for g(v) since v = x+ ct is positive at all positive times for x > 0, but we need
to do something for f(u) since sufficiently small values of x will give negative values of
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<latexit sha1_base64="10t7KwuZqEfHC++jlYNi4XjJ3cU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGJ/Y1O</latexit>

(a)

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L

<latexit sha1_base64="+/CUQonf34uopg80OLOl88jMibg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRY9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2eE9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs3zqndZde8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gCDto1K</latexit>�a

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L

<latexit sha1_base64="+/CUQonf34uopg80OLOl88jMibg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURRY9FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1iOOE+xEdKBEKRtFKD2eE9soVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs3zqndZde8vKrWbPI4iHMExnIIHV1CDO6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+B8/gCDto1K</latexit>�a

<latexit sha1_base64="uPBuNr9E8jmcYZ4uoZMYV0+2JN8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UGFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGNB41Q</latexit>

(c)<latexit sha1_base64="GoKFlNyqR+NkavXfQ5J78Xlv6RE=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCs4l1QtBGCNhYWEcwHJCHsbfaSJXt75+6cEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz8/xYCoOu++0sLa+srq3nNvKbW9s7u4W9/bqJEs14jUUy0k2fGi6F4jUUKHkz1pyGvuQNf3gz8RtPXBsRqQccxbwT0r4SgWAUrdREckXuTsusWyi6JXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNN7x+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHZSoeIEuWKzRUEiCUZk8jzpCc0ZypEllGlhbyVsQDVlaCPK2xC8+ZcXSb1c8s5L7v1ZsXKdxZGDQziCE/DgAipwC1WoAQMJz/AKb86j8+K8Ox+z1iUnmzmAP3A+fwBE4o7P</latexit>

t = L/2c
<latexit sha1_base64="Q3gK/kicWMSgZloMA72mmJk7wt8=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCs4p0o2ghBGwuLCOYDkiPsbfaSJXt7x+6cEI78CBsLRWz9PXb+GzfJFZr4YODx3gwz84JECoOu++0sLa+srq0XNoqbW9s7u6W9/YaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHg78ZtPXBsRq0ccJdyPaF+JUDCKVmoiuSb3p6xbKrsVdwqySLyclCFHrVv66vRilkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ9NwxObZKj4SxtqWQTNXfExmNjBlFge2MKA7MvDcR//PaKYZXfiZUkiJXbLYoTCXBmEx+Jz2hOUM5soQyLeythA2opgxtQkUbgjf/8iJpnFW8i4r7cF6u3uRxFOAQjuAEPLiEKtxBDerAYAjP8ApvTuK8OO/Ox6x1yclnDuAPnM8f0n2Okw==</latexit>

t = L/c

Figure 4. (a) Right- and left-traveling waves (in blue and purple, respectively) for the initial
conditions and the boundary condition in figure 3. For times (b) t = L/2c and (c) t = L/c, we
sketch, in blue and purple, the right- and left-traveling waves, and in red the position of the
string. Note that at t = L/c, the whole string satisfies y(x, t = L/c) = 0. Note as well that at
all times, y(x = 0, t) = 0, as we wanted.

u = x− ct at finite times t. The value of f(u) for u < 0 is determined by the boundary
condition at x = 0: we need to specify what the string is doing at x = 0.

In general, a PDE requires as many boundary conditions as the order of its highest
order derivative with respect the spatial variable. The wave equation has a second order
spatial derivatives and hence it requires two boundary conditions, one on each end of the
string. One then might wonder how we solved the problems in section 3 without imposing
boundary conditions on the ‘ends’ of the infinite string. We did in fact impose hidden
boundary conditions: we did not let any waves travel into our domain from infinity, that
is, we assumed that no other person was twiddling with the string at a large distance
from us (here large means large compared to the extent of the initial condition). These
boundary conditions are known as outgoing wave boundary conditions because we allow
waves to leave our domain but we do not allow any waves to come into it.

We proceed to discuss three examples of boundary conditions for the semi-infinite
string and one example with two simultaneous boundary conditions.

4.1. Dirichlet boundary condition

The Dirichlet boundary conditions are the ones in which the value of the function y(x, t)
is set at one point. One example of a Dirichlet boundary condition is the case in figure 3
that shows a string pinned at x = 0,

y(x = 0, t) = 0. (4.5)

Imposing boundary condition (4.5) on the d’Alembert solution (2.14), we find

f(−ct) + g(ct) = 0. (4.6)

Using the change of variables u = −ct, we obtain

f(u) = −g(−u), (4.7)

that is, f(u) for negative values of u is a reflection of g(v) with respect to the point



8 Felix I. Parra
<latexit sha1_base64="10t7KwuZqEfHC++jlYNi4XjJ3cU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGJ/Y1O</latexit>

(a)

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L
<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="+Oct97yBJ/oVia5D2Nkybg/eyDo=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhBsDHeiaBm0sbCIaD4gOcLeZi5Zsrd37O4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S339BxqhjWWSxi1QqoRsEl1g03AluJQhoFApvB8GbiN59QaR7LRzNK0I9oX/KQM2qs9HBK7rqlsltxpyCLxMtJGXLUuqWvTi9maYTSMEG1bntuYvyMKsOZwHGxk2pMKBvSPrYtlTRC7WfTU8fk2Co9EsbKljRkqv6eyGik9SgKbGdEzUDPexPxP6+dmvDKz7hMUoOSzRaFqSAmJpO/SY8rZEaMLKFMcXsrYQOqKDM2naINwZt/eZE0zireRcW9Py9Xr/M4CnAIR3ACHlxCFW6hBnVg0IdneIU3RzgvzrvzMWtdcvKZA/gD5/MHY+KNNQ==</latexit>�L
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Figure 5. (a) Neumann boundary condition for a stretched string. (b) Right- and left-traveling
waves (in blue and purple, respectively) for the initial conditions in figure 3. For times (c)
t = L/2c and (d) t = L/c, we sketch, in blue and purple, the right- and left-traveling waves,
and in red the position of the string. Note that ∂y/∂x(x = 0, t) vanishes for almost every time.
Time t = L/c is one of the times at which the boundary condition is not satisfied, but note that
it is satisfied for times infinitesimally close to t = L/c. This problem is due to the fact that the
initial condition does not have continuous first derivatives.

x = 0, y = 0. Thus, the function f(u) is

f(u) =

{
−y0(−u) for u < 0,
0 for u > 0.

(4.8)

The functions f(u) and g(v) are sketched in figure 4(a). By rigidly moving these functions
and summing them, we find y(x, t), as shown in figure 4.

4.2. Neumann boundary condition

The Neumann boundary conditions are the ones in which the value of the spatial deriva-
tive ∂y(x, t)/∂x is set at one point. One example of Neumann boundary condition is the
set-up shown in figure 5(a). The string is kept stretched in this case by tying it in a knot
around a frictionless column (represented as a thick vertical line in figure 5(a)). Since
the column is frictionless, the only vertical force on the knot is the one exerted by the
string,

Fy(x = 0, t) ' Tθ(x = 0, t) ' T ∂y
∂x

(x = 0, t). (4.9)

We assume that the knot has negligibly small mass, giving Fy(x = 0, t) = 0, that is,

∂y

∂x
(x = 0, t) = 0. (4.10)

To show the effect of the Neumann boundary condition on the string, we solve the
problem with the initial conditions (4.1) and (4.2) that lead to the partial solutions for
f(u) and g(v) in equations (4.3) and (4.4). Imposing boundary condition (4.10) on the
d’Alembert solution (2.14), we find

f ′(−ct) + g′(ct) = 0. (4.11)

Using the change of variable u = −ct, this expression becomes

f ′(u) = −g′(−u). (4.12)
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Figure 6. Example of general boundary condition for a stretched string.

Integrating this equation once and recalling that we had chosen f(0) = g(0) to obtain
equations (4.3) and (4.4), we find

f(u) = g(−u), (4.13)

that is, f(u) for negative u is a reflection of g(v) with respect to the axis x = 0. With
this result, we obtain the value of f(u) for negative u,

f(u) =

{
y0(−u) for u < 0,
0 for u > 0.

(4.14)

The functions f(u) and g(v) are sketched in figure 5(b), and we can construct the solution
for t > 0 by displacing them rigidly and summing them, as shown in figure 5 for a few
times.

4.3. General boundary condition

In general, boundary conditions give ∂y/∂x at a given point x as a function of y and its
time derivatives at that point. An example of a general boundary condition is given in
figure 6. In this case, the string is knotted around a frictionless column, but the knot has
a mass M and it is tied to a vertical spring with spring constant K. Thus, in addition to
the vertical force due to the string, T (∂y/∂x|x=0), the knot is pulled down by the force
of the spring, −Ky(x = 0, t), giving the equation of motion

M
∂2y

∂t2
(x = 0, t) = T

∂y

∂x
(x = 0, t)−Ky(x = 0, t). (4.15)

The application of this boundary condition to the d’Alembert solution is left as an exercise
for the reader. We will see in a few lectures that these complex boundary conditions are
usually easier to treat by using a technique different from the one that we have used so
far.

4.4. Problems with two boundary conditions

We will now consider a finite stretched string with two boundary conditions. The string
is of length 2L and it is pinned at both ends, located at x = 0 and 2L. Thus, it has the
Dirichlet boundary conditions

y(x = 0, t) = 0 (4.16)

and

y(x = 2L, t) = 0. (4.17)

We consider the motion of this string for the initial conditions

y(x, t = 0) = y0(x) =

{
ax/L for 0 6 x < L,
a(2− x/L) for L 6 x < 2L,

(4.18)



10 Felix I. Parra

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="siklIgqfVgFGDOMmKiXmTp/5fuk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUoP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo2Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4AxK+M6Q==</latexit>a

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="YUlEhKsCj2zC3fvwx/tVGxmE36s=">AAACBnicbVDLSsNAFL2pr1pfUZciDBbBVUlE0WXRjcsK9gFNKJPppB06eTAzEULIyo2/4saFIm79Bnf+jZM2oLYeGDicc+/MnOPFnEllWV9GZWl5ZXWtul7b2Nza3jF39zoySgShbRLxSPQ8LClnIW0rpjjtxYLiwOO0602uC797T4VkUXin0pi6AR6FzGcEKy0NzEPHF5hkToyFYpijNP/hKh+YdathTYEWiV2SOpRoDcxPZxiRJKChIhxL2betWLlZcSHhNK85iaQxJhM8on1NQxxQ6WbTGDk61soQ+ZHQJ1Roqv7eyHAgZRp4ejLAaiznvUL8z+snyr90MxbGiaIhmT3kJzpghIpO0JAJShRPNcFEMP1XRMZY96J0czVdgj0feZF0Thv2ecO6Pas3r8o6qnAAR3ACNlxAE26gBW0g8ABP8AKvxqPxbLwZ77PRilHu7MMfGB/fBT+ZeA==</latexit>

@y

@t
<latexit sha1_base64="zJ8JwJlE2J7XWMDwSH69zT2Nuys=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU01E0WPRiwcPFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2bg7Y+GHi8N8PMvDDhTBvP+3ZKK6tr6xvlzcrW9s7unrt/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/mfvuJKs1i+WgmCQ0EHkoWMYJNLhF8dt93q17NmwEtE78gVSjQ6LtfvUFMUkGlIRxr3fW9xAQZVoYRTqeVXqppgskYD2nXUokF1UE2u3WKTqwyQFGsbEmDZurviQwLrScitJ0Cm5Fe9HLxP6+bmug6yJhMUkMlmS+KUo5MjPLH0YApSgyfWIKJYvZWREZYYWJsPBUbgr/48jJpndf8y5r3cFGt3xRxlOEIjuEUfLiCOtxBA5pAYATP8ApvjnBenHfnY95acoqZQ/gD5/MHhhGN5Q==</latexit>

ca/L

<latexit sha1_base64="+j4XBdq4NwjrIkCv+H4rXMJkhe4=">AAAB7XicbVA9SwNBEJ2LXzF+nVraLAbBxngnipZBGwuLCOYDkiPsbfaSNXu7x+6eEI78BxsLRWz9P3b+GzfJFZr4YODx3gwz88KEM20879spLC2vrK4V10sbm1vbO+7uXkPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHN5M/OYTVZpJ8WBGCQ1i3BcsYgQbKzVOEMGnd1237FW8KdAi8XNShhy1rvvV6UmSxlQYwrHWbd9LTJBhZRjhdFzqpJommAxxn7YtFTimOsim147RkVV6KJLKljBoqv6eyHCs9SgObWeMzUDPexPxP6+dmugqyJhIUkMFmS2KUo6MRJPXUY8pSgwfWYKJYvZWRAZYYWJsQCUbgj//8iJpnFX8i4p3f16uXudxFOEADuEYfLiEKtxCDepA4BGe4RXeHOm8OO/Ox6y14OQz+/AHzucPRguORg==</latexit>�ca/L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L

<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="/MwrbhYLKsh7Sh5aEd+gOoCyMik=">AAAB6XicbVA9SwNBEJ3zM8avqKXNYhCswl1QtAzaWFhEMR+QHGFvM5cs2ds7dveEcOQf2FgoYus/svPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWeqje9Uplt+LOQJaJl5My5Kj3Sl/dfszSCKVhgmrd8dzE+BlVhjOBk2I31ZhQNqID7FgqaYTaz2aXTsipVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpm+TPlfIjBhbQpni9lbChlRRZmw4RRuCt/jyMmlWK95Fxb0/L9eu8zgKcAwncAYeXEINbqEODWAQwjO8wpszcl6cd+dj3rri5DNH8AfO5w8VyI0Q</latexit>

2L
<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="ur+6RhdJcBLKE6jnF+P+/yRVYwU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ERxXxAcoS9zVyyZG/v2N0TwpF/YGOhiK3/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB+1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5tdOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmb5N+lwhM2JsCWWK21sJG1JFmbHhlGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDEJ7hFd6ckfPivDsf89aCk88cwh84nz8Y0o0S</latexit>

4L
<latexit sha1_base64="/kI3YRcWkyq4HTqAqU8IdFcfv60=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPUcwDkiXMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00v35ba9ccavuDOQv8XJSgRz1Xvmz249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezSyfkyCp9EsbalkIyU39OZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMn2b9IXmDOXYEsq0sLcSNqSaMrThlGwI3uLLf0nzpOqdVd2700rtKo+jCAdwCMfgwQXU4Abq0AAGITzBC7w6I+fZeXPe560FJ5/Zh19wPr4BG9yNFA==</latexit>

6L

<latexit sha1_base64="ur+6RhdJcBLKE6jnF+P+/yRVYwU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ERxXxAcoS9zVyyZG/v2N0TwpF/YGOhiK3/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB+1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5tdOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmb5N+lwhM2JsCWWK21sJG1JFmbHhlGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDEJ7hFd6ckfPivDsf89aCk88cwh84nz8Y0o0S</latexit>

4L
<latexit sha1_base64="/kI3YRcWkyq4HTqAqU8IdFcfv60=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPUcwDkiXMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00v35ba9ccavuDOQv8XJSgRz1Xvmz249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezSyfkyCp9EsbalkIyU39OZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMn2b9IXmDOXYEsq0sLcSNqSaMrThlGwI3uLLf0nzpOqdVd2700rtKo+jCAdwCMfgwQXU4Abq0AAGITzBC7w6I+fZeXPe560FJ5/Zh19wPr4BG9yNFA==</latexit>

6L

<latexit sha1_base64="ur+6RhdJcBLKE6jnF+P+/yRVYwU=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoY2ERxXxAcoS9zVyyZG/v2N0TwpF/YGOhiK3/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Gbqt55QaR7LRzNO0I/oQPKQM2qs9HB+1ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5tdOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmb5N+lwhM2JsCWWK21sJG1JFmbHhlGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDEJ7hFd6ckfPivDsf89aCk88cwh84nz8Y0o0S</latexit>

4L
<latexit sha1_base64="/kI3YRcWkyq4HTqAqU8IdFcfv60=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiwcPUcwDkiXMTmaTIbOzy0yvEJb8gRcPinj1j7z5N06SPWi0oKGo6qa7K0ikMOi6X05haXllda24XtrY3NreKe/uNU2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo+up33rk2ohYPeA44X5EB0qEglG00v35ba9ccavuDOQv8XJSgRz1Xvmz249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezSyfkyCp9EsbalkIyU39OZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMn2b9IXmDOXYEsq0sLcSNqSaMrThlGwI3uLLf0nzpOqdVd2700rtKo+jCAdwCMfgwQXU4Abq0AAGITzBC7w6I+fZeXPe560FJ5/Zh19wPr4BG9yNFA==</latexit>

6L

<latexit sha1_base64="vQrKaDy00h8o4A76bjiarDLRPBk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevHgIYJ5QLKE2clsMmRmdpmZFcKSX/DiQRGv/pA3/8bZZA+aWNBQVHXT3RXEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3md9+okqzSD6aSUx9gYeShYxgk0ln6PK+X664VXcGtEy8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSE137KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSeu86l1U3YdapX6Tx1GEIziGU/DgCupwBw1oAoERPMMrvDnCeXHenY95a8HJZw7hD5zPH9sljXU=</latexit>�6L
<latexit sha1_base64="5+KmyeUe/T9gnaEv107HQ66WH8U=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7iTBC2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6sevWq+1CrNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9gbjXM=</latexit>�4L

<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="vQrKaDy00h8o4A76bjiarDLRPBk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevHgIYJ5QLKE2clsMmRmdpmZFcKSX/DiQRGv/pA3/8bZZA+aWNBQVHXT3RXEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3md9+okqzSD6aSUx9gYeShYxgk0ln6PK+X664VXcGtEy8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSE137KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSeu86l1U3YdapX6Tx1GEIziGU/DgCupwBw1oAoERPMMrvDnCeXHenY95a8HJZw7hD5zPH9sljXU=</latexit>�6L
<latexit sha1_base64="5+KmyeUe/T9gnaEv107HQ66WH8U=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7iTBC2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6sevWq+1CrNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9gbjXM=</latexit>�4L

<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="vQrKaDy00h8o4A76bjiarDLRPBk=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgxbAr8XEMevHgIYJ5QLKE2clsMmRmdpmZFcKSX/DiQRGv/pA3/8bZZA+aWNBQVHXT3RXEnGnjut9OYWV1bX2juFna2t7Z3SvvH7R0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsa3md9+okqzSD6aSUx9gYeShYxgk0ln6PK+X664VXcGtEy8nFQgR6Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6LfUSTWNMxnhIu5ZKLKj209mtU3RilQEKI2VLGjRTf0+kWGg9EYHtFNiM9KKXif953cSE137KZJwYKsl8UZhwZCKUPY4GTFFi+MQSTBSztyIywgoTY+Mp2RC8xZeXSeu86l1U3YdapX6Tx1GEIziGU/DgCupwBw1oAoERPMMrvDnCeXHenY95a8HJZw7hD5zPH9sljXU=</latexit>�6L
<latexit sha1_base64="5+KmyeUe/T9gnaEv107HQ66WH8U=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7iTBC2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0r6sevWq+1CrNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9gbjXM=</latexit>�4L

<latexit sha1_base64="17Ey66PLYjUipemvGME7sNrL3Jg=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgY7gLES2DNhYWEcwHJEfY2+wlS3b3jt09IRz5CzYWitj6h+z8N+4lV2jig4HHezPMzAtizrRx3W+nsLa+sblV3C7t7O7tH5QPj9o6ShShLRLxSHUDrClnkrYMM5x2Y0WxCDjtBJPbzO88UaVZJB/NNKa+wCPJQkawyaQLVLsflCtu1Z0DrRIvJxXI0RyUv/rDiCSCSkM41rrnubHxU6wMI5zOSv1E0xiTCR7RnqUSC6r9dH7rDJ1ZZYjCSNmSBs3V3xMpFlpPRWA7BTZjvexl4n9eLzHhtZ8yGSeGSrJYFCYcmQhlj6MhU5QYPrUEE8XsrYiMscLE2HhKNgRv+eVV0q5Vvcuq+1CvNG7yOIpwAqdwDh5cQQPuoAktIDCGZ3iFN0c4L86787FoLTj5zDH8gfP5A9URjXE=</latexit>�2L

<latexit sha1_base64="10t7KwuZqEfHC++jlYNi4XjJ3cU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UKFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGJ/Y1O</latexit>

(a)

<latexit sha1_base64="5x71RCs6R8UhDPtRSL7AKu0KT+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UAnOeqWyW3VnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5Oa8NrPuExSg5LNF4WpICYm079JnytkRowtoUxxeythQ6ooMzadog3BW3x5mTTPq95l1b2/KNdu8jgKcAwnUAEPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOLgo1P</latexit>

(b)

<latexit sha1_base64="uPBuNr9E8jmcYZ4uoZMYV0+2JN8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UGFnvVLZrbozkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnVe+y6t5flGs3eRwFOIYTqIAHV1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AGNB41Q</latexit>

(c)

<latexit sha1_base64="XzwM0yxPDoxT9TWbFzLCAIsaKto=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDabTbt0swm7E6GU/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh0p41iuV3ao7A1kmXk7KkKPeK311w4RlMVfIJDWm47kp+mOqUTDJJ8VuZnhK2ZD2ecdSRWNu/PHs1Ak5tUpIokTbUkhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WKg0Q67YfFGUSYIJmf5NQqE5QzmyhDIt7K2EDaimDG06RRuCt/jyMmmeV73Lqnt/Ua7d5HEU4BhOoAIeXEEN7qAODWDQh2d4hTdHOi/Ou/Mxb11x8pkj+APn8weOjI1R</latexit>

(d)

<latexit sha1_base64="ZZcDl55r89w1ZnQX8C3pOEG4kVU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0lE0WPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0UMGzXqnsVt0ZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs3zqndZde8vyrWbPI4CHMMJVMCDK6jBHdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gCQEY1S</latexit>

(e)

<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>

??
<latexit sha1_base64="yNPTtogjmWrSiNDwjK+zNJ7bZ78=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0VuLXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHrT4YeLw3w8y8IBFcG9f9cgorq2vrG8XN0tb2zu5eef+gpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPxzcxvP6LSPJYPZpKgH9Gh5CFn1Fjpvlbrlytu1Z2D/CVeTiqQo9Evf/YGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JSdWGZAwVrakIXP150RGI60nUWA7I2pGetmbif953dSEV37GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8st/Seus6l1U3bvzSv06j6MIR3AMp+DBJdThFhrQBAYhPMELvDpj59l5c94XrQUnnzmEX3A+vgEV1Y0Q</latexit>
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<latexit sha1_base64="kQb7f6ygqy1tgIRRhvI7gQeuxj4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ9OKxgrGFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NaWV1b3yhvVra2d3b3qvsHjybJNOM+S2Si2yE1XArFfRQoeTvVnMah5K1wdDv1W09cG5GoBxynPIjpQIlIMIpW8pFcE7dXrbl1dwayTLyC1KBAs1f96vYTlsVcIZPUmI7nphjkVKNgkk8q3czwlLIRHfCOpYrG3AT57NgJObFKn0SJtqWQzNTfEzmNjRnHoe2MKQ7NojcV//M6GUZXQS5UmiFXbL4oyiTBhEw/J32hOUM5toQyLeythA2ppgxtPhUbgrf48jJ5PKt7F3X3/rzWuCniKMMRHMMpeHAJDbiDJvjAQMAzvMKbo5wX5935mLeWnGLmEP7A+fwBfjON0Q==</latexit>

t = 0

Figure 7. (a) Initial position of a string pinned at x = 0 and x = 2L. (b) Initial velocity of
the same string. (c) Right- and left-traveling waves (blue and purple, respectively) given by
the initial condition. (d) Right- and left-traveling waves after applying the boundary conditions
to the functions in (c). (e) Final form of the right- and left-traveling waves after repeated
application of the boundary conditions.

and
∂y

∂t
(x, t = 0) = ẏ0(x) = cy′0(x) =

{
ca/L for 0 6 x < L,
−ca/L for L 6 x < 2L.

(4.19)

These initial conditions are sketched in figures 7(a) and 7(b). Using formulas (3.6) and
(3.7) with f(0)− g(0) = 0, we find

f(u) =

{
?? for u < 0,
0 for 0 6 u 6 2L,

(4.20)

and

g(v) =

{
y0(v) for 0 6 v < 2L,
?? for v > 2L,

(4.21)

These pieces of the right- and left-traveling waves are sketched in figure 7(c).
Applying the same technique that we used to solve the wave equation with one Dirichlet

boundary condition, we find that f(u) = −g(−u) due to the boundary condition at x = 0,
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and g(v) = −f(4L − v) due to the boundary condition at x = 2L. Given the solutions
in equations (4.20) and (4.21), we can use f(u) = −g(−u) and g(v) = −f(4L − v) to
determine f(u) for −2L 6 u < 0 and g(v) for 2L 6 v < 4L,

f(u) =

 ?? for u < −2L,
−y0(−u) for − 2L 6 u < 0,
0 for 0 6 u 6 2L,

(4.22)

and

g(v) =

 y0(v) for 0 6 v < 2L,
0 for 2L 6 v < 4L,
?? for v > 4L,

(4.23)

These extended right- and left-traveling waves are sketched in figure 7(d). With the left-
traveling wave g(v) known for 2L 6 v < 4L and f(u) = −g(−u), we can obtain the
right-traveling wave f(u) from −4L 6 u < −2L, and with f(u) known for −2L 6 u < 0
and g(v) = −f(4L − v), we can calculate g(v) for 4L 6 v < 6L. Thus, we can continue
constructing f(u) and g(v) to obtain the solution to the motion of the string for all
positive times, as shown in figure 7(e).

The most important lesson to learn from this calculation is that the wave equation
needs two boundary conditions, and each of these two boundary conditions must be
applied at the two opposite extremes of the string. Over-constraining the solution by
imposing two boundary conditions at x = 0 and no boundary conditions at x = 2L
would not work. At both x = 0 and x = 2L, we need sufficient information to determine
the right- and left-traveling waves. At x = 2L, the initial condition determines the right-
traveling wave, but without a boundary condition we would not be able to find the left-
traveling wave. Conversely, at x = 0, the extra boundary condition would be impossible
to impose because the left-traveling wave is determined by the initial condition, leaving
only the right-traveling wave as an unknown.

Understanding how many boundary conditions are needed and where they should be
imposed is one of the fundamental problems in Partial Differential Equations (PDEs).
The wave equation demonstrates that to solve this problem, we need to understand how
the information is transported through the system.

It is clear how to use the d’Alembert solution to construct solutions in finite strings
with two boundary conditions, but it is also clear that such construction can be tedious,
and it can hide fundamental properties of the solutions, such as the fact that it is periodic,
as we will prove shortly. We will present a different technique to solve these problems
with two boundary conditions in a few lectures. Before doing so, we discuss the energy
balance for the stretched string to demonstrate how energy is transported via waves in
such a system.


