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Perturbative QCD at finite density:
• AV, PRD 68 (2003)
• A. Kurkela, P. Romatschke, AV, PRD 81 (2010)
• A. Kurkela, AV, PRL 117 (2016)
• I. Ghisoiu, T. Gorda, A. Kurkela, P. Romatschke, M. Säppi, AV, Nucl. Phys. 

B915 (2017)
• I. Ghisoiu, T. Gorda, A. Kurkela, P. Romatschke, M. Säppi, AV, In preparation

Holographic quark matter:
• C. Hoyos, N. Jokela, D. Rodriguez Fernandez, AV, PRL 117 (2016)
• C. Hoyos, N. Jokela, D. Rodriguez Fernandez, AV, PRD 94 (2016)
• C. Ecker, C. Hoyos, N. Jokela, D. Rodriguez Fernandez, AV, 1707.00521
• E. Annala, C. Ecker, C. Hoyos, N. Jokela, D. Rodriguez Fernandez, AV, In 

preparation

Application to neutron stars:
• E. Fraga, A. Kurkela, AV, Astrophys. J. 781 (2014)
• A. Kurkela, E. Fraga, J. Schaffner-Bielich, AV, Astrophys. J. 789 (2014)
• E. Annala, J. Nättilä, A. Kurkela, AV, In preparation
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When a hydrogen burning star runs out of fuel:
•M ≲ 9𝑀sun ⇒ White dwarf
•M ≳ 9𝑀sun ⇒ Supernova explosion

oM ≳ 20𝑀sun ⇒ Gravitational collapse into BH
oM ≲ 20𝑀sun ⇒ Gravitational collapse into…
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NSs unique lab for strong 
interaction physics: Can 
we understand their 
observable properties 
from first principles, i.e. 
from QCD? 

Main characteristics:
• Masses ≲ 2𝑀sun

• Radii ≈ 12 − 13 km
• Spin frequencies ≲ kHz 
• Temperatures ≲ keV
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Physics picture: hydrostatic 
equilibrium resulting from 
fierce competition between 
gravity and the pressure of 
QCD matter

GR description via Tolman-
Oppenheimer-Volkov eqs:
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Particle/nuclear theory 
challenge: find Equation of 
State of strongly interacting 
matter that is
• Cold and dense
• Electrically neutral:

• In beta equilibrium:

Main questions:
• Can we predict future MR measurements?
• Can we infer the QCD matter EoS from observations?
• Can deconfined matter be found inside the stars?
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By now, two accurate 
Shapiro delay 
measurements of two 
solar mass stars:
Demorest et al. (2010)
Antoniadis et al. (2013)

∴ 𝑀max > 2𝑀sun
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Radius measurements more problematic. Lately increasing
precision via cooling of thermonuclear X-ray bursts from NS 
– white dwarf binaries where NS accretes matter.

E.g. Steiner et al. (2010), Nättilä et al. (2015), …
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Breakthrough in gravitational 
wave detection: LIGO 
observation of BH mergers
>1 billion light years away

Future observations of NS 
mergers potentially ground-
breaking: ringdown pattern
sensitive to EoS
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Proceeding inwards from the crust: 
• 𝜇𝐵 increases gradually, starting from 𝜇Fe
• Baryon/mass density increases from 0 to beyond 

𝑛𝑠 ≡ 𝜌0 ≈ 0.16/fm3 ≈ 2 × 1014g/cm3

• Composition changes from nuclei to neutrons/quarks
16



• Lattice of increasingly neutron rich nuclei 
in electron sea; pressure dominated by 
that of the electron gas

• At zero pressure nuclear ground state  

• Neutron gas with 
nuclei and electrons

• NN interactions 
important for 
collective properties; 
modeled via 
experimentally highly 
constrained potential 
models

• Eventually need 3N 
interactions, boost 
corrections,…
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In order to reach (and exceed) nuclear saturation density, need to 
treat neutron interactions systematically: Chiral Effective Theory
• At 1.1𝑛𝑠, current errors ±24% - mostly due to uncertainties in 

effective theory parameters
• State-of-the-art NNNLO in chiral perturbation theory power 

counting [Tews et al., PRL 110 (2013), Hebeler et al., APJ 772 (2013)] 18



Asymptotic freedom gives asymptotic behavior. However,…
• At interesting densities (1 − 15)𝑛𝑠 system strongly interacting 

but no lattice QCD available
• For weak coupling expansions to converge, need to proceed to 

very high densities
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State-of-the-art EoS from perturbative QCD: 3 loops with quark 
masses [Kurkela, Romatschke, AV, 2009], cf. also [Freedman, McLerran, 1977]

• Uncertainty from renormalization scale dependence
• Result for unpaired quark matter; however, pairing contributions 

subdominant at high densities 
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Huge no man’s land extending from outer core to densities not 
realized in physical neutron stars

Simplest option: Interpolate EoS between known limits

21



Interpolation using 
piecewise polytropic EoSs, 
𝑝𝑖 𝑛 = 𝜅𝑖𝑛

𝛾𝑖, varying all 
relevant parameters

Require:
1) Smooth matching to 

nuclear and quark 
matter EoSs

2) Continuity of 𝑝 and 𝑛
when matching mono-
tropes, allowing for one 
1st order transition

3) Subluminality
4) Ability to support a two 

solar mass star
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State-of-the-art EoS at all densities: interpolation between
• CET result for nuclear matter up to saturation density
• pQCD result for quark matter at high densities

Nontrivial insight: Neutron star EoS constrained by pQCD limit

Kurkela, Fraga, 
Schaffner-
Bielich, AV, 
Astrophys J. 
789 (2014)
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Kurkela, Fraga, 
Schaffner-
Bielich, AV, 
Astrophys J. 
789 (2014)

State-of-the-art EoS at all densities: interpolation between
• CET result for nuclear matter up to saturation density
• pQCD result for quark matter at high densities

Nontrivial insight: Neutron star EoS constrained by pQCD limit
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Cold quark matter EoS known to three-loop order, but 
convergence less than optimal. Therefore need to:
1) Work on extending weak coupling expansion to higher 

orders [Ghisoiu, Gorda, Kurkela, Romatschke, Säppi, AV]

2) Develop nonperturbative machinery to attack cold quark 
matter at lower densities [Ecker, Hoyos, Jokela, Rodriguez, AV]
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Perturbation theory: Expansion of partition function in powers 
of gauge coupling g → Vacuum or bubble diagrams 

28



Problem in pQCD: Infrared divergences at three-loop order from 
long-range (static) gauge fields
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𝑚𝐷

2𝜋𝑛𝑇

𝝎 = 𝒊𝒑𝒏
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Problem in pQCD: Infrared divergences at three-loop order from 
long-range (static) gauge fields

Solution: Resummation of IR sensitive contributions to the EoS: 
Sum certain diagrams to infinite order or use EFT

Effective theory for 𝑛 = 0
Matsubara mode. Necessary at 
𝑇 ≠ 0; vanishes when 𝑇 → 0.

Effective description for 𝑛 ≠ 0
Matsubara modes with 𝒌 ≤ 𝒎𝑫. 
Dominates in the 𝑇 = 0 limit.  32
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New: Analytic result combining DR and HTL resummations → 
Small temperatures under control [Kurkela, AV, PRL 117, 042501]
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Main challenge at the moment: Extending 𝑇 = 0 EoS to full four-
loop order
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Main challenge at the moment: Extending 𝑇 = 0 EoS to full four-
loop order

• Need all four-loop vacuum diagrams in dimensional 
regularization but with no resummations

• Nice tool for pert. theory at 𝑇 = 0, 𝜇 ≠ 0: Cutting rules relating 
4d integrals to phase space integrals over on-shell amplitudes 
[Ghisoiu, Gorda, Kurkela, Romatschke, Säppi, AV, Nucl. Phys. B915 (2017)]

• Result will be a pure 𝑂(𝑔6) contribution
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Main challenge at the moment: Extending 𝑇 = 0 EoS to full four-
loop order

• To consistently determine the soft contributions, need to 
resum new classes of diagrams, and go up to two-loop level in 
the gluon self-energy
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Main challenge at the moment: Extending 𝑇 = 0 EoS to full four-
loop order

• HTL not enough: need ΠQCD to higher order in ext. momentum
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Main challenge at the moment: Extending 𝑇 = 0 EoS to full four-
loop order

• Result: 𝑂(𝑔6 ln2 𝑔), 𝑂 𝑔6 ln 𝑔 , and  𝑂(𝑔6) contributions, of 
which first two almost there [Ghisoiu, Gorda, Kurkela, Romatschke, Säppi, 

AV, In preparation]
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Strongly coupled Super Yang-Mills theory a very successful toy
model in heavy ion physics. However, in cold and dense QCD: 
• Need (finite density of) fundamental flavors, while 𝑁 = 4

SYM only contains adjoint fields
• 𝑁𝑐 = 3 very important: Baryon structure, color 

superconductivity, ... 
• Need to break SUSY and conformality & impose confinement
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Strongly coupled Super Yang-Mills theory a very successful toy
model in heavy ion physics. However, in cold and dense QCD: 
• Need (finite density of) fundamental flavors, while 𝑁 = 4

SYM only contains adjoint fields
• 𝑁𝑐 = 3 very important: Baryon structure, color 

superconductivity, ... 
• Need to break SUSY and conformality & impose confinement

Introduce 𝑁𝑓 D7-branes to geometry ─ corresponds to 

introduction of 𝑁𝑓 fundamental 𝑁 = 2 hypermultiplets to 

gauge theory

• Theory possesses global 𝑈 𝑁𝑓 ~ 𝑆𝑈(𝑁𝑓) × 𝑈(1) symmetry, 

with 𝑈(1) identifiable with baryon symmetry 𝑈(1)𝐵
• Finite density: Turn on gauge field in D-brane worldvolume
• Probe limit 𝑁𝑓 ≪ 𝑁𝑐: Classical SUGRA with no backreaction 
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Strongly coupled Super Yang-Mills theory a very successful toy
model in heavy ion physics. However, in cold and dense QCD: 
• Need (finite density of) fundamental flavors, while 𝑁 = 4

SYM only contains adjoint fields
• 𝑁𝑐 = 3 very important: Baryon structure, color 

superconductivity, ... 
• Need to break SUSY and conformality & impose confinement

Extrapolate to three colors in quark matter phase:
• In D3-D7 setup always in deconfined phase: Apply only for 

description of quark matter
• Ignoring quark pairing, large-𝑁𝑐 limit not necessarily a bad 

approximation for deconfined matter – works nicely at high 
T, with highly suppressed corrections

• For holographic color superconductivity, cf. talk by Mateos
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Strongly coupled Super Yang-Mills theory a very successful toy
model in heavy ion physics. However, in cold and dense QCD: 
• Need (finite density of) fundamental flavors, while 𝑁 = 4

SYM only contains adjoint fields
• 𝑁𝑐 = 3 very important: Baryon structure, color 

superconductivity, ... 
• Need to break SUSY and conformality & impose confinement

At the moment, no holographic dual to QCD exists. However, 
one can modify the vanilla setup in many ways:
• Break conformal invariance of 𝑁 = 4 SYM in a controlled

way → Additional (scalar) field on the gravity side
• Sakai-Sugimoto: Reduces to QCD at low energies
• Bottom-up models: Minimally coupled scalars with hand-

picked potential, Veneziano limit IHQCD,…
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Simple proof-of-principle: Strongly coupled 𝑁 = 2 SYM matter 
with 𝑁𝑐 = 𝑁𝑓 = 3, at 𝑇 = 0 [Hoyos, Jokela, Rodriquez, AV, PRL 117, 032501]:
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3𝜋2

from correct UV limit

309 MeV from 𝑝 𝜇𝐵 = 0

Simple proof-of-principle: Strongly coupled 𝑁 = 2 SYM matter 
with 𝑁𝑐 = 𝑁𝑓 = 3, at 𝑇 = 0 [Hoyos, Jokela, Rodriquez, AV, PRL 117, 032501]:
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Matching to state-of-the-art nuclear matter EoSs from CET:
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Matching to state-of-the-art nuclear matter EoSs from CET:

Predictions: 
• Strong 1st order transitions at 

phenomenologically reasonable 
densities: 2.4-6.9𝑛𝑠

• No quark matter inside stars 
(stars become unstable at 
transition) 
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Hope: Move beyond proof-of-principle level, and make
holography (quantitatively?) relevant for neutron stars
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Hope: Move beyond proof-of-principle level, and make
holography (quantitatively?) relevant for neutron stars

Lesson from holography in heavy ion physics: Method 
most powerful when
• Solving physics problems not feasible with traditional 

methods
• Discovering universal properties of strongly coupled 

systems
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𝑐/ 3
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Unfortunately, bound can be (easily) violated even in asymptotic. 
AdS models [Ecker, Hoyos, Jokela, Rodriquez, AV, 1707.00521]:

1) Top-down: 𝑁 = 4 SYM with massive gauginos at finite R 
charge density

2) Bottom-up:  Einstein-Maxwell minimally coupled to scalar field
with potential
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Hope: Move beyond proof-of-principle level, and make
holography (quantitatively?) relevant for neutron stars

Lesson from holography in heavy ion physics: Method 
most powerful when
• Solving physics problems not feasible with traditional 

methods
• Discovering universal properties of strongly coupled 

systems

First attempt unsuccessful, but many alternatives exist: 
transport properties a particularly promising avenue
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Final thoughts

1. Identifying properties – and identity – of neutron star 
matter from first principles a hard but perhaps feasible 
task: Interplay of theory and observations important

2. Particle theorists’ main challenge: Fill the gap between 
known EoSs of nuclear and quark matter – here input 
from high density limit surprisingly valuable

3. Future: Steady progress with standard tools (CET, 
pQCD); perhaps surprising leaps with new approaches
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