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Topology	in	ion-ion	collisions:	Chiral	Magne5c	Effect	

L or B 

+
External	(QED)	magne5c	fields		
-	1018	Gauss,	of	Magnetar		strength!	

= 

Kharzeev,McLerran,Warringa	(2007) 
Kharzeev,	Fukushima,	Warringa	(2008) 

Over	barrier	topological	(sphaleron)	
	transi5ons	…	analogous	to	proposed	mechanism		
for	electroweak	baryogenesis	

   N
CS =   -2       -1        0         1          2 

massless	quarks	
in	hot	medium	

Topological		
transi5on	
QW=	nL-nR	

CME	current	
generated	



	Topology	in	ion-ion	collisions:	Chiral	Magne5c	Effect	

External	B	field	dies	rapidly.	Life5me	of	hot	mader	~	10	Fermi:	effect	most	
significant,	for	transi5ons	at	early	5mes	

Consistent	(caveat	emptor!)	with	heavy-ion	results	from	RHIC	&	LHC	
	
	
	

	Status:	Kharzeev,	Liao,	Voloshin,	Wang,	Prog.Nucl.Part.Phys.88	(2016)	1		

CME	studies	a	major	part	of	RHIC’s	upcoming	beam	energy	scan	(BES	II)	
-possibly	defini5ve	results	from	compara5ve	study	of	isobar	collisions	

BNL	CME	task	force	report:	V.	Skokov	et	al.,	arXiv:1608.00982	



CME	in	condensed	mader	systems?	

Q.Li, et al, Nature Physics 12, 550 (2016)

Blue:	CME	model	
Red:	experimental	data	

Dirac	semi-metal:	Zirconium	Penta-Telluride	
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The	Glasma	



The	Glasma	at	LO	
Collisions	of	lumpy	gluon	``shock”	waves	
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Leading	order	solu5on:		Solu5on	of	QCD	Yang-Mills	eqns	

QS	(x,bT)	determined	from	satura5on	model	fits	to	HERA		
inclusive	and	diffrac5ve	DIS	data		
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Matching	boost	invariant	Yang-Mills	to	
hydrodynamics	

Ini5al	longitudinal	pressure	is	nega5ve:		
Goes	to	PL	=0	from	below	with	5me	evolu5on	

Glasma	energy	density	and	pressure	

Krasnitz,Venugopalan	(1998)	
Lappi	(2003)	

It’s	the	matching	of	these	results	to	hydro	that	gives	the	IP-Glasma+MUSIC	model	



The	Glasma	at	NLO:	plasma	instabili5es	

At	LO:	boost	invariant	gauge	fields		Acl
μ,a(xT,τ)	~	1/g	

	
NLO:	Aμ,a	(xT,τ,η)	=	Acl

μ,a(xT,τ)	+	aμ,a(η)	 aμ,a(η)=	O(1) 

Ø  Small	fluctua5ons	grow		
exponen5ally	as	~	
	
	
Ø  Same	order	of	classical	field	at	 
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all	orders		

(g e
p
QS⌧ )n

Tµ⌫
resum =

Z

⌧=0+
[da] Finit.[a] TLO[Acl + a]

Romatschke,Venugopalan	
Dusling,Gelis,Venugopalan	
Gelis,	Epelbaum	



Glasma	at	NLO:	Ini5al	condi5ons	for	classical-
sta5s5cal	dynamics	in	the	overpopulated	QGP	

Overpopula5on	occurs…even	star&ng	from	the	“first	principles	CGC”	ini5al	
condi5ons		

Berges,Schenke,Schlich5ng,RV,	NPA	931	(2014)	348	

Classical-sta5s5cal	real	5me	numerical	lawce	simula5ons	of	an		
expanding	gauge	theory	



Ini5al	condi5ons	in	the	Glasma	
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Ini5al	condi5ons	in	the	overpopulated	QGP	
Choose	for	the	ini5al	classical-sta5s5c	ensemble	of	gauge	fields		

Stochas5c	random	
variables			

Polariza5on	vectors		ξ	expressed	in	terms	of	Hankel	func5ons	in	Fock-Schwinger	gauge	Aτ	=0	

f(p?, pz, t0) =
n0

↵S
⇥

✓
Q�

q
p2? + (⇠0pz)2

◆

Controls	“prolateness”	or	“oblateness”	of	ini5al	momentum	distribu5on	

Occupa5on	#	

Coul.gauge	



Temporal	evolu5on	in	the	overpopulated	QGP	

Solve	Hamilton’s	equa5on	for		3+1-D	SU(2)	gauge	theory	
	in	Fock-Schwinger	gauge		

Fix	residual	gauge	freedom	
imposing	Coloumb	gauge	at		
each	readout	5me	

Berges,Boguslavski,Schlich5ng,Venugopalan	
arXiv:	1303.5650,	1311.3005	

@iAi + t�2@⌘A⌘ = 0

u Largest	classical-sta5s5cal		numerical	simula5ons	of		
expanding	Yang-Mills	to	date:	2562	×	4096		lawces	
	



Kine5c	theory	in	the	overoccupied	regime	

For	1	<	f	<	1/αS		a	dual	descrip5on	is	feasible	either	in	terms	of		
kine5c	theory	or	classical-sta5s5cal	dynamics	…	 Mueller,Son	(2002)	

Jeon	(2005)	

Proper5es	independent	of		
ini5al	condi5ons	
	
Self-similar	evolu5on	characterized		
by	universal	scaling	exponents	

f(pT , pz, ⌧) = (Q⌧)↵fS(⌧
�pT , ⌧

�pz)



Non-thermal	fixed	point	in	overpopulated	QGP	

BMSS:	Baier,Mueller,Schiff,Son	
BD:	Bodeker	
KM:	Kurkela,	Moore	
BGLMV:	Blaizot,Gelis,Liao,McLerran,Venugopalan	

Berges,Boguslavski,Schlich5ng,Venugopalan.	PRD89		(2014)	114007	



A	remarkable	universality	

Berges,Boguslavski,Schenke,Venugopalan,		
PRL	114	(2015)	061601,	Editor’s	sugges5on	

Leads	to	Bose-Einstein	
condensa5on	

In	a	wide	iner5al	range,	scalars	and	gauge	
fields	have	iden5cal	scaling	exponents		
and	scaling	func5ons	
	
Very	surprising	from	a	simple		kine5c	theory		
perspec5ve		



															Topological	transi5ons	in	the	Glasma	

Glasma	



Sphaleron	transi5ons	in	QCD	
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Chern-Simons	current:	

Chern-Simons	#:		
NCS(t) =
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Sphaleron:	spa5ally	localized,	unstable	finite	energy	classical	solu5ons		
(σφαλεροs	-``ready	to	fall”)		 EW	theory:	Klinkhamer,	Manton,	PRD30	(1984)	2212	

QCD:	McLerran,Shaposhnikov,Turok,Voloshin,	PLB256	(1991)	451	
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u 	Sphaleron	transi5on	rate	–	significant	literature	on	thermal	rate	

�eq = lim
�t�>1

h(NCS(t+ �t)�NCS(t))
2ieq

V �t
State	of	the	art	at	finite	T,	Moore,	Tassler,	arXiv:1011.1167	



Overoccupied	gauge	fields	in	a	box	

Thermaliza5on	extensively	studied	in	this	context	employing	
classical-sta5s5cal	simula5ons		
	

Berges,Schlich5ng,Sexty,	PRD86	(2012)	074006	
Schlich5ng	PRD86	(2012)	065008	
York,Kurkela,Lu,Moore,	PRD89	(2014)	074036	
	



Overoccupied	gauge	fields	in	a	box	

Clean	separa5on	of	scales	develop	a	la	thermal	field	theory:	
	
Temperature	(T)		
Electric	(Debye)	screening	(gT)	
Magne5c	screening		(g2	T)	scales	
	 Berges,Scheffler,Sexty,	PRD77	(2008)	034504	

Mace,Schlich5ng,Venugopalan,	PRD93	(2016),	074036	
Berges,Mace,Schlich5ng,	PRL118	(2017)	
	



Overoccupied	gauge	fields	in	a	box	

Mace,Schlich5ng,Venugopalan,	PRD93	(2016),	074036	

Increasing		
cooling	5me	



Topological	transi5ons	in	the	Glasma	

Distribu5on	of	Chern-Simons	charge	localizes	around	integer	
values	as	UV	modes	are	removed	
	
	

“Cooled”	Glue	configura5ons	
	in	the	Glasma	are	topological!	

Mace,Schlich5ng,Venugopalan,	PRD93	(2016),	074036	



Topological	transi5ons	in	the	Glasma	
Mace,Schlich5ng,Venugopalan,	PRD93	(2016),	074036	

Sphaleron	transi5on	rate	scales	with	string	tension	squared	



Topological	transi5ons	in	the	Glasma	
Mace,Schlich5ng,Venugopalan,	PRD93	(2016),	074036	

Sphaleron	transi5on	rate	scales	with	string	tension	squared	

Improved	determina5on	of	σ2	and	SU(3)	in	progress	

M.	Mace	



Exploding	sphalerons	

u  Couple	sphaleron	background	with	fermions		
&	external	EM	fields	to	simulate	ab	ini&o		
the	Chiral	Magne5c	Effect!	

“Exploding	sphalerons”:	Shuryak,	Zahed,	PRD67	(2003)	014006	

u  Sphaleron	transi5on	rate	very	large	in	the	Glasma	
-	much	larger	than	equilibrium	rate		

Mueller,Schlich5ng,Sharma,PRL117	(2016)	142301	
Mace,Mueller,Schlich5ng,Sharma,	arXiv:	1612.02477	

Arnold,Son,Yaffe,PRD55(1997)6264	



Classical-sta5s5cal	simula5ons	

N.	Mueller	et	al.	PRL117,	142301	(2016)	
M.	Mace	et	al.	arXiv:1612.02477	

Emergence	of	chiral		
magne5c	wave	

Kharzeev,Yee,PRD83(2011)085007	



The	limits	of	classical-sta5s5cal	simula5ons	
Slide	by	Niklas	Mueller	



Towards	a	chiral	kine5c	theory:		
	

I.	World-line	formula5on	of	QFT		
and	the	chiral	anomaly	



Kine5c	evolu5on	of	the	chiral	magne5c	current	
u  Quantum	kine5c	evolu5on	of	the	chiral	magne5c	current	depends	on	

typical	5me	scales	for	scadering,	for	sphaleron	transi5ons,	and	E&M	
conduc5vity	in	the	system	

u  Significant	work	on	chiral	kine5c	theory	
Son,Yamamoto,	PRL109	(2012),	181602;	PRD87	(2013)	085016	
Stephanov,	Yin,	PRL109	(2012)	162001	
Chen,	Son,	Stephanov,	Yee,	Yin,	PRL	113	(2014)	182302	
Chen,	Son,	Stephanov,	PRL115	(2015)	021601	
Chen,Pu,Wang,Wang,	PRL110	(2013)	262301	
Gao,Liang,Pu,Wang,Wang,	PRL109	(2012)	232301	
Stone,Dwivedi,Zhou,	PRD91	(2015)	025004	
Zahed,	PRL109	(2012)	091603;		
Basar,Kharzeev,Zahed,	PRL111	(2013)161601	
Stephanov,Yee,Yin,	PRD91	(2015)	125014	
Fukushima,	PRD92	(2015)	054009	
Manuel,	Torres-Rincon,	PRD90	(2014)	074018	
Hidaka,Pu,Yang,	arXiv:1612.04630	
	

u We	will	discuss	here	a	novel	approach	based	on	the		
					world-line	formalism	in	QCD	

Niklas	Mueller	and	RV,		arXiv:	1701.03331	and	1702.01233	
	



World-line	formalism:	preliminaries	
Review:	Corradini,	Schubert,	arXiv:1512.08694		
Also,	Strassler,	NPB385	(1992)	145	

Based	on	Schwinger’s	proper	5me	trick:		

One	loop	effec5ve	ac5on	of	massless	scalar	field		
coupled	to	background	Abelian	field	

=

Z 1
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Tr exp(�TD2

)
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Z
Dp exp(�1

2
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0
d⌧✏ p2) ε		is	the	Einbein:	square	root	of		

1D	metric		



World-line	formalism:	vector	and	axial	vector	fields	

A	is	a	vector	gauge	field	and	B	is	an	auxiliary	axial	vector	gauge	field		

Fermion	effec5ve	ac5on:		

with	

Fµ⌫ = @µA⌫ � @⌫Aµ � [Aµ,A⌫ ]

S[A,B] =

Z
d

4
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✓ = i/@ + /A+ �5 /B�W [A,B] = log det (✓)
W [A,B] = WR + iWI
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⌘Focus	first	on	the	real	part:		



World-line	formalism:	coherent	states	

D’Hoker,	Gagne,	hep-ph/9508131	

Berezin,Marinov,	Annals	Phys.	104	(1977)	336		

Doubling	dimension	of	Dirac	matrices	&	extension	of	Clifford		
algebra	essen5al	for	coherent	state	spinor	representa5on	

Coherent	states	can	be	used	to	generate	finite	dimensional		
representa5ons	of	internal	symmetry	groups	



Grassmanian	path	integral	representa5on	

In	the	fermionic	coherent	state	Grassmanian	representa5on,		
the	trace	can	be	represented	as			 Ohnuki,Kashiwa	Prog.Theo.Phys.60	(1978)548	

D’Hoker,	Gagne,	hep-ph/9512080	

and	rewriden	as	the	quantum	mechanical	path	integral…	

with	the	“point	par5cle”	Lagrangian	

Switched	here	from	3-D	complex	θ	basis	to	that	of	6-D	Majorana	fermions	ψa	
-	simple	mnemonic:		Γè√2ψ	
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Grassmanian	path	integral	representa5on	

In	the	fermionic	coherent	state	Grassmanian	representa5on,		
the	trace	can	be	represented	as			 Ohnuki,Kashiwa	Prog.Theo.Phys.60	(1978)548	

D’Hoker,	Gagne,	hep-ph/9512080	

and	rewriden	as	the	quantum	mechanical	path	integral…	
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The	vector	current	can	be	defined	as	(puwng	Bμ=0)	

hjVµ (y)i = �WR

�Aµ
=
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Phase	of	the	determinant	and	the	chiral	anomaly	
u  The	phase	of	the	complex	determinant	is	well	known		
to	be	the	origin	of	the	chiral	anomaly		

K.	Fujikawa,	PRL42	(1979)1195;	PRD21	(1980)	2848	

u  Its	treatment	in	a	world	line	path	integral	framework	is	also	well	known	

L.	Alvarez-Gaume,	E.	Widen,	NPB234	(1984)	269	
A.M.	Polyakov,	Gauge	fields	and	strings	(1987),	sec5on	6.3	

u We	will	adopt	a	different	regulariza5on	(due	to	D’Hoker&Gagne)		
and	apply	it	to	derive	the	quan5ty	of	interest	

Mueller,	Venugopalan,	1701.03331	&	1702.01233	
		



Phase	of	the	determinant	and	the	chiral	anomaly	

with		

Using	a	trick	due	to	D’Hoker	&	Gagne,	WI	can	be	rewriden	in	a	form		
very	much	like	that	for	the	real	part…	

where	the	trace	inser5on	is		

The	parameter	α	breaks	chiral	symmetry	explicitly	-	sewng	it	to	±1	restores	it		

WI = �1

2
arg det [⌦]



Phase	of	the	determinant	and	the	chiral	anomaly	
The	axial	vector	current	can	be	expressed	as		

A�er	some	algebra:	
i)		expressing	above	as	a	path	integral,			
ii)	separa5ng	zero	&	non-zero	modes	(the	Γ7	inser5on	makes		
PBC	and	Fermion	zero	modes	feasible	in	the	path	integral	construc5on)	
iii)	and	fixing	Fock-Schwinger	gauge	about	the	zero	modes,	
	one	can	show	that			

@µhJ5
µ(y)i =

1

8⇡2
Tr

⇣
F̃µ⌫F

µ⌫
⌘

which	is	the	well	known	anomaly	equa5on	

An	advantage	of	the	D’Hoker-Gagné	construc5on	is	that	the	axial		
current	has	the	same	world-line	structure	as	its	vector	counterpart	

See	our	paper	1702.01233	for	details	

hj5µ(y)i =
i�WI

�Bµ(y)
|B=0



Towards	a	chiral	kine5c	theory:	
	

II.	Pseudo-classical	equa5ons	of	mo5on	



Back	to	the	real	part:	semi-classical	world-lines	
Eg.,	G.	Dunne,	C.	Schubert,	hep-th/0507174	

Consider	our	simpler	case	of	scalar	par5cles	in	a	background	field	

Rewrite	exactly	as		

for		

Sta5onary	phase	“world-line	instanton”	of		func5onal	integral		

Equa5on	of	mo5on	of	scalar	par5cle	in	background	Abelian	field	



Spinning	(&	colored)	pseudo-classical	world-lines	
Brink,Di	Vecchia,Howe,	NPB118	(1977)	76	
Balachandran,Salomonson,Skagerstam,Winnberg,PRD15	(1978)	2308	
Barducci,	Casalbuoni,	Lusanna,	NPB124	(1977)	93	

For	a	consistent	treatment	of	the	Hamiltonian	dynamics,	introduce	
	Lagrange	mul5pliers	in	ac5on	to	impose	physical	constraints		

S =
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Here	ε	and	χ	are	the	vierbein	fields	that	impose	the	mass	shell	and	helicity		
constraints	of	the	theory		
	

Q=πμ	ψμ	+	mψ5	is	a	supersymmetric	charge	genera5ng	an	N=1	SUSY	algebra	
Canonical	momenta:		

with	

where	uμ	is	the	“anomalous”	velocity	



Spinning	(&	colored)	pseudo-classical	world-lines	
Pseudo-classical	equa5ons	of	mo5on	for	spinning	par5cles	in		
the	(x,p,ψ)	phase	space:		

One	can	also	obtain	EOM	for	the	Pauli-Lubanski	vector	

⌃µ = � i

2
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m
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⌫ + @⌫Fµ⌫�5) �5 =  0 1 2 3

u  For	homogeneous	fields,	this	is	the	covariant	form	of		
the	Bargmann-Michel-Telegdi	equa5on	
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Extension	of	framework	to	colored	Grassmanians	gives		
the	Wong	equa5ons	for	precessing	color	charges	

Barducci,Casalbuoni,Lusanna,	NPB124	(1977)	93	



Non-rela5vis5c	limit	&	Berry	phase	
Carefully	taking	non-rela5vis5c	limit	v/c	<<	1		
of	the	world-line	ac5on		

Thomas	precession	term	 Larmor	term	

In	the	adiaba5c	limit		 B · S
m

⇡ 0
spin	flips	are	suppressed	and		
par5cle	spin	is	“slaved”	to	its	mo5on	

Transi5on	amplitude	from	ini5al	to	final	states:	

T (pf , pi.+) = hpf , +(pf )|e�iH(tf�ti)|pi, +(pi)i

exp

✓
i

Z
dtṗ · A(p)

◆

where	the	Berry	connec5on	is		
A(p) = �ih +(p)|rp| +(p)i

Note:	Also	holds	for	large	μ	



Non-rela5vis5c	limit	&	Berry	phase	

Transi5on	amplitude	from	ini5al	to	final	states:	

T (pf , pi.+) = hpf , +(pf )|e�iH(tf�ti)|pi, +(pi)i

Note:	iden5cal	deriva5on	if		mass	is	replaced	by	large	chemical	poten5al	

u  Note	further	that	to	recover	this	dynamics	one	has	to	take	non-rela5vis5c,		
adiaba5c	limits	of	the	real	part	of	the	effec5ve	ac5on…	
	
u  The	chiral	anomaly	in	contrast	arises	from	the	imaginary	phase	and	is		
independent	of	any	kinema5c	limits…	



Berry	connec5on	and	chiral	kine5c	theory	
Son,	Yamamoto,…	

Canonical	example:	two	component	spinor		
sa5sfying	the	Weyl	equa5on		

has	Berry	connec5on		

and	curvature	

Fic55ous	magne5c	field	associated	with	a	“magne5c	monopole”			

Son	and	Yamamoto	consider	the	ac5on	 D.Xiao	et	al.,	PRL95	(2005)137204	
Duval	et	al.,	PLB20	(2006)	373	

with		



Rela5on	of	Berry	phase	and	anomaly?	

Fujikawa’s	lament…	 hep-ph/0501166	

and…  hep-ph/0511142	



Fujikawa’s	example	
Magne5c	moment	in	external	B	field:	 H = �µ~� ·B
~B(t) = B (sin ✓ cos�(t), sin ✓ sin�(t), cos ✓)

Solu5on	of	the	Schrödinger	equa5on	
	
	
gives		

i~@t (t) = H (t)

 ±(T ) = w±(T ) exp

"
�i

~

Z T

0
dtw†

±(t)Hw±(t)

#
exp

"
�i

~

Z T

0
A±( ~B)

d ~B

dt
dt

#

Berry connection 

For	one	full	period	of	the	mo5on,		 = 



Fujikawa’s	example	

In	the	adiaba5c	limit:  
2⇡

µBT
! 0 the	phase	is	nontrivial	

⌦± ! 2⇡(1⌥ cos ✓)

Nonadiaba5c	limit:	
2⇡

µBT
! 1 the	phase	is	trivial	⌦± = 2⇡(1⌥ 1)



Real	5me	Schwinger-Kelydysh	
formula5on	in	the	first	quan5zed	formalism	

S.	Mathur,	hep-th/9306090,hep-th/9311025	



Towards	the	anomalous	Bödeker	theory	

u  In	hep-ph/9910299,	we	developed	a	real	5me	world-line	formalism	that		
reproduced	the	non-Abelian	Boltzmann-Langevin	framework	for	hot	QCD	
developed	by	Bödeker	to	describe	sphaleron	dynamics	

Bödeker,	PLB426	(1998)	351;	NPB559	(2000)502	
Li5m,Manuel,NPB562	(1999)237	

u  Following	the	construc5on	developed	here,		
the	framework	can	be	extended	to	construct	a	covariant	quantum	
kine5c	descrip5on	of	the	transport	of	chiral	fermions	in	the	
presence	of	topological	fluctua5ons	
	 Niklas	Mueller,RV,Yi	Yin,	in	progress	

	
For	an	alterna5ve	treatment,	see		
Akamatsu,Yamamoto,	PRD90	(2014)125031	
Akamatsu,Rothkopf,Yamamoto,JHEP1603	(2016)210		



Spinning	world-lines	in	other	contexts	

u  Chiral	fermion	transport	in	astrophysical	contexts	

u  Helicity	evolu5on	in	QCD	at	high	energies	

Charbonneau,Zhitnitsky,	JCAP108	(2010)	010	
Akamatsu,Yamamoto,	PRL111	(2013)	052002	
Kaplan,Reddy,Sen,	arXiv:1612.00032		
Dvornikov,	Semikoz,	arXiv:1603.07946	

Bartels,Ermolaev,Ryskin,	Z.	Phys.	C72	(1996)	627	
Kovchegov,Pitonyak,Sievert,	PRL118	(2017)	052001	
	



Thank	you	for	your	aden5on!	















Quantum	vs	Classical	contribu5ons	to	the	Pressure	
Berges,Boguslavski,Schlich5ng,Venugopalan,	1508.03073	



Rela5on	of	Berry	phase	to	anomaly	

u A	reading	of	the	work	of	Stone	et	al.	
suggests	that	the	content	of	the	chiral	kine5c	equa5ons	can	
be	obtained	from	the	covariant	BMT	equa5on	
Stone,Dwivedi,Zhou,	PRD91	(2015)	025004	
	
	

u In	our	work,	this	arises	en5rely	from	the		
real	part	of	the	effec5ve	ac5on…	


