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Prehistory 1980-1982

Everybody was talking about the QCD phase diagram, the critical
temperature for deconfinement, . . .

Temperature?

Thermal equilibrium??

How???

=⇒ Quark-gluon transport theory (1982-83)

=⇒ A decade of frustration!
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Prehistory pre-RHIC (1978-1999):

BUT: There was evidence
for flow!
Hydrodynamic flow!
Blast waves!
Mass-splitting of
mT -slopes!
Already at the
Bevalac, then again
in Si+Si @ AGS and
in S+S @ SPS, and
finally, stronger, in
Au+Au @ AGS and
Pb+Pb @ SPS:

p⊥ ≪ mπ their slope is affected by Bose statistics and by the contamination from resonance decays (see
Fig. 6) neither of which is accounted for by Eq. (28).

4.1.8 Extracting the freeze-out temperature and flow from measured transverse momentum spectra

Equations (28) and (29) show that, as long asmi〈v⊥〉 >∼ 2Tf , the spectra are steeper at highp⊥ and bend
over becoming flatter at lowp⊥. It is therefore difficult to characterize them by a single slope, especially
when the detector measures different hadrons in differentp⊥-windows, or when two different experi-
ments measure the same hadron in differentp⊥-windows. To extract the flow velocity using Eq. (28)
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Fig. 7: Positively and negatively charged hadron spectra from central Pb+Pb collisions at 40, 80 and 160AGeV beam energy

at the SPS (left to right), measured by the NA49 Collaboration [54]. Also shown are 2-parameter fits with Eq. (30), assuming

a sharp transverse flow velocityβT (i.e. w(ρ)= δ(ρ− tanh−1 βT)) and constantτf . The resulting fit values forT andβT

are given in the figures. Positive and negativ hadrons were fitted independently; dashed lines indicate hadrons which were not

included in the fit. The dashed pion curve does not include resonance decay contributions and Bose statistics.

requires measuring all hadrons in a common interval of nonrelativistic transverse kinetic energy satis-
fying m⊥−mi

<∼mi. Since such a procedure throws away information outside thecommon window, it
is not very efficient. A much preferred method is to use the entire experimentally available information
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Prehistory 1990’s

Developed a second, phenomenologically much more successfull
research direction: looking for signs of thermal and chemical
equilibrium, developing hydrodynamic models

Mid 1990’s: transition from make-believe hydro (“global
hydrodynamics”) to real hydrodynamic simulations ((1+1)-d =⇒
(2+1)-d =⇒ (3+1)-d), joining other groups (Marburg, Jyväskylä,
Frankfurt, Stony Brook, . . . )

Hydro models yield reasonable qualitative description of pT -spectra,
mass splitting of slopes, HBT radii, but overpredict v2 @ SPS by
factor 2

But much doubt remained in the community about the
meaningfulness of such an approach.
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Last call for RHIC predictions 1999

Call for predictions closed in 1999 before the QM99 conference; as far
as I remember, no entry from Regensburg . . .

RHIC gets delayed by a year due to leaks in the He refrigeration
system

Quark Matter 2000 gets shifted into 2001; QM2000 poster becomes a
highly valued collector’s item (“the QM conference that never was”)

Kolb, Sollfrank & Heinz are given the chance for a late entry into the
RHIC predictions competition (June 2000):

“. . . If the QGP medium created at RHIC behaves hydrodynamically,
this is what the pT -spectra and elliptic flow will look like as functions
of pT and

√
s: . . . ”

(Prediction based on (2+1)-d ideal fluid dynamics code AZHYDRO)
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Last call for RHIC predictions 1999

A bolder prediction would have read:

“. . . We predict that the QGP medium created at RHIC behaves like a
fluid, and this is what the pT -spectra and elliptic flow will look like as
functions of pT and

√
s: . . . ”

Why did we not make this prediction?

I thought thermalization was needed for hydro to work, and I knew
how hard it was to get rapid thermalization from perturbative QCD,
and pQCD was all I knew how to do.
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In June 2000 RHIC turns on, and . . .
Au+Au @ 130AGeV, STAR Collaboration, R. Snellings, Quark Matter 2001

(PRL 87 (2001) 182301; NPA 698 (2002) 193);
curves: AZHYDRO (Kolb, Sollfrank, UH)
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VOILA!

Also radial flow: Originally (mis)labelled by Miklos as “the antiproton puzzle”, radial

flow pushes antiprotons to higher pT and makes them more abundant than pions at

pT > 2 GeV.
Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 9 / 49
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Paradigm change

Statistical QCD, Bielefeld, August 2001

6

compared with hydrodynamic calculations. For impact parameters b≤ 7 fm (correspond-
ing to nch/nmax≥ 0.5) and transverse momenta p⊥≤ 1.5− 2 GeV/c the data are seen to
exhaust the upper limit for v2 obtained from the hydrodynamic calculations. For larger
impact parameters b> 7 fm the p⊥-averaged elliptic flow v2 increasingly lags behind the
hydrodynamic prediction, indicating a lack of early thermalization when the initial over-
lap region becomes too small. The p⊥-differential elliptic flow stops following the hy-
drodynamic curves for p⊥> 2 GeV/c [33] (not shown in Fig. 2), indicating incomplete
thermalization of high-p⊥ particles. Both these effects are expected; what is surprising
is the excellent agreement otherwise, including the hydrodynamically predicted mass-
dependence of v2 [17] as seen in the right panel of Fig. 2.

The high level of agreement with hydrodynamics becomes even more impressive after
you begin to realize how easily it is destroyed: As stressed in Sec. 1, it requires the build-
up of momentum anisotropies during the very early collision stages when the spatial
anisotropy of the reaction zone is still appreciable, causing significant anisotropies of the
pressure gradients. A delay in thermalization by more than about 1 fm/c (2 fm/c) dilutes
the spatial anisotropy and the hydrodynamically predicted elliptic flow coefficient by 10%
(25%) [6] which is more than is allowed by the data. Parton cascade simulations with
standard HIJING input generate almost no elliptic flow and require an artificial increase
of the opacity of the partonic matter by a factor 80 to reproduce the RHIC data [8].
Hadronic cascades of the RQMD and URQMD type (in which the high-density initial
state is parametrized by non-interacting, pressureless QCD strings) predict [35] too little
elliptic flow and a decrease of v2 from SPS to RHIC, contrary to the data.

The elliptic flow is self-quenching [9]: it makes the reaction zone grow faster along
its initially short direction and thus eventually eliminates its own cause. As the spatial
deformation of the fireball goes to zero, the elliptic flow saturates [6]. The saturation
time scale times c is of the order of the transverse size of the initial overlap region (at
lower energies it is a bit longer, see Figs. 7, 9 in [6]). At RHIC energies and above, the 
time it takes the collision zone to dilute from the high initial energy density to the critical 
value for hadronization is equal to or longer than this saturation time: most or all of the 
elliptic flow is generated before any hadrons even appear! It thus seems that the only 
possible conclusion from the successful hydrodynamic description of the observed radial 
and elliptic flow patterns is that the thermal pressure driving the elliptic flow is partonic 
pressure, and that the early stage of the collision must have been a thermalized quark-gluon 
plasma.

4. THE RHIC HBT PUZZLE

Hydrodynamics not only predicts the momentum-space structure of the hadron emitting
source at freeze-out, but also its spatial structure. Bose-Einstein (a.k.a. Hanbury Brown-
Twiss (HBT)) two-particle intensity interferometry allows to access the r.m.s. widths
of the space-time distribution of hadrons with a given momentum p [36]. One of the
interesting questions one can try to address with this tool is whether at RHIC the reaction
zone really flips the sign of its spatial deformation between initial impact and final freeze-
out, as predicted by hydrodynamics [6] where the reaction zone changes from a significant
initial elongation perpendicular to the reaction plane to a smaller final elongation into the

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 10 / 49
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Paradigm change

This caused a paradigm change:

“QGP thermalizes quickly, reaching ≈ local thermal equilibrium after
τtherm . 1 fm/c” (not really true!)

QGP behaves like a liquid, not like a gas (? gasses can behave
hydrodynamically!)

=⇒ (a) The state of matter created at RHIC is actually a QGP, i.e. an
approximately thermalized state of quarks and gluons to which one can
assign a temperature! (true)

=⇒ (b) this cannot be understood with perturbative QCD (?)

=⇒ (c) the QGP must be a strongly coupled plasma (true if correctly
interpreted)

IMHO it is still not proven that perturbative QCD calculations, once carried to high

enough order, cannot reproduce the strongly coupled collective characteristics of a QGP.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 11 / 49
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Enter viscosity

Questions we started to ask ourselves in the early ’00s:

If an ideal fluid picture describes the RHIC data, how well does this
work?

Can we constrain the transport coefficients from experimental data?

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 13 / 49
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The viscosity bound

2001: Dam Son and friends (Policastro, Kovtun, Starinets) use the
AdS/CFT correspondence relating 4d conformal field theories in the
strongly coupled limit to classical gravity in 5 dimensions to obtain the
KSS bound (2005):(
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But was there any room for viscosity in the data?

Well, it turns out there was: Some early “setbacks” of the ideal hydro picture
(using better EOS and implementing chemical freeze-out at Tc) caused ideal fluid
dynamics to overpredict v2 by about 30%. This created room for viscous damping.

How to constrain the QGP shear viscosity phenomenologically?

You need a viscous relativistic hydrodynamic code!
Such codes started to appear in 2007/2008: UVH2+1, VISH2+1, MUSIC,
VISHNU, SONIC, superSONIC, aHydro, vaHydro, GPU-VH, CLVisc,
. . .

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 14 / 49
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Towards a really predictive theory of relativistic heavy-ion
collision dynamics

After tuning initial conditions and viscosity at RHIC to obtain a good
description of all soft hadron data simultaneously (Song et al. 2010) we
successfully predicted the first LHC spectra and elliptic flow measurements:

ALICE, Quark Matter 2011 (VISH2+1 prediction: Shen et al., PRC84 (2011) 044903)

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 15 / 49
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Hybrid (hydro+cascade) approaches work even better:v2(pT) in PbPb@LHC: ALICE vs. VISHNU
Data: ALICE, preliminary (Snellings, Krzewicki, Quark Matter 2011)

Dashed lines: Shen et al., PRC84 (2011) 044903 (VISH2+1, MC-KLN, (η/s)QGP=0.2)

Solid lines: Song, Shen, UH 2011 (VISHNU, MC-KLN, (η/s)QGP=0.16)
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VISHNU yields correct magnitude and centrality dependence of v2(pT ) for pions, kaons and protons!

Same (η/s)QGP =0.16 (for MC-KLN) at RHIC and LHC!

U. Heinz Kruger2012, 12/07/2012 33(47)

VISHNU yields correct magnitude and centrality dependence of v2(pT ) for
pions, kaons and protons!
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The state of the art (Bernhard, Moreland, Bass, QM2015)

Posterior distribu�on

Posterior samples

Diagonals
probability distribu�ons of each
parameter, integra�ng out all others

Off-diagonals
pairwise probabili�es showing
correla�ons between parameters

Temperature dependence of viscosity

Draw random samples from MCMC chain

Input parameters
ini�al condi�on normaliza�on
entropy deposi�on parameter
nucleon fluctua�on parameter
Gaussian nucleon width 
shear viscosity at Tc = 0.154 GeV
slope of shear viscosity above Tc

bulk viscosity normaliza�on
hydro to UrQMD switching temp. 

norm
p
k

w
η/s min

η/s slope
ζ/s norm

Tswitch

Gaussian process emulator
non-parametric interpola�on / fast surrogate to full model

C. E. Rasmussen and C. K. I. Williams, Gaussian Processes for Machine Learning (2006).

This work has been supported by NSF grant no. PHY-0941373 and by DOE grant no. DE-FG02-05ER41367.  CPU �me was provided by the Open Science Grid, supported by DOE and NSF.

Goal
Perform a systema�c model-to-data comparison
using an event-by-event heavy-ion collision model.

Simultaneously tune all model parameters
to op�mally reproduce experimental data.

Extract probability distribu�ons
for each parameter.

More informa�on about the methodology
J. E. Bernhard et. al., PRC 91 054910, 1502.0039.
S. Pra� et. al., PRL 114 202301, 1501.04042.
J. Novak et. al., PRC 89 034917, 1303.5769.
D. Higdon et. al., J. Amer. Stat. Assoc. 103 570.

Experimental data
ALICE collabora�on

Pb+Pb collisions at √s = 2.76 TeV
PRC 88 044910, 1303.0737.
PRL 107 032301, 1105.3865.

yields and mean pT: 
flows:
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Bayes' theorem
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probability of parameters
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a�er many steps, chain equilibrates to

O(102) semi-random, space-filling parameter points.
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Gaussian nucleon width ~ 0.43 fm
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(need to extend ini�al range lower)
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switching temp.
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HotQCD EOS
Tc = 0.154 GeV

preference for
finite bulk viscosity
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temperature dependence of η/s
from LHC data alone, but can
constrain a linear combina�on
of η/s min and slope

η/s at ~220 MeV appears
to be most important at LHC

ex
ce

lle
nt

 s
im

ul
ta

ne
ou

s 
fit

 t
o

di
ve

rs
e 

ex
pe

ri
m

en
ta

l o
bs

er
va

bl
es

Model
Ini�al condi�ons
TRENTo (parametric model)

p = tunable entropy deposi�on parameter
see J. Sco� Moreland's poster

Hydro
event-by-event VISH2+1
HotQCD EOS
T-dependent shear & bulk

Par�cliza�on
OSU Cooper-Frye sampler

Hadronic phase
UrQMD
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Key results

Outlook
▪ Combine RHIC and LHC data
▪ Pre-equilibrium (free streaming)

and tunable thermaliza�on �me
▪ Sensi�vity analysis

Extracted new measurement
of (η/s)(T); need RHIC data to
determine full T-dependence

▪

Found clear preference for
nonzero bulk viscosity

▪

Determined scaling of ini�al
entropy deposi�on

▪

Bayesian characteriza�on of the
ini�al state and QGP medium

Jonah E. Bernhard
J. Sco� Moreland
Steffen A. Bass
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Questions about the hydrodynamic picture

Why does it work?

How does it work?

Where does it stop working?

What about lower energies? Will it work without creation of a QGP?

What about smaller collision systems? What is the smallest droplet of
strongly interacting matter at a given collision energy that behaves
hydrodynamically?

Can we modify the theory to make it work even better?

Innumerable studies of relativistic viscous fluid dynamics have been made
in the last decade; reviewing them and the conclusions they yield would
take an entire semester course. Let me pick out a small subset that
address the “unreasonable effectiveness” of the hydrodynamic framework
that we have witnessed.
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Unreasonable Effectiveness of Hydrodynamics

1 Prehistory

2 RHIC turns on and the paradigm changes

3 Viscous hydrodynamics

4 Hydrodynamic behavior in small systems

5 Kinetic theory vs. hydrodynamics

6 Exact solutions of the Boltzmann equation
Systems undergoing Bjorken flow
Systems undergoing Gubser flow

7 Summary
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Flow in Pb+Pb, p+Pb and even p+p at the LHC!

R.D. Weller, P. Romatschke, arXiv:1701.07145

H Y D R O  I N  S M A L L  S Y S T E M S

8 B j ö r n  S c h e n k e ,  B N L

Successful description from p+p to p+A to A+A

R.D. Weller, P. Romatschke, arXiv:1701.07145

CMS Collaboration, Phys. Lett. B765, 193 (2017) 
ATLAS Collaboration, Phys. Rev. C90, 044906 (2014) 

ALICE Collaboration, Phys. Rev. Lett. 116, 132302 (2016) 
ATLAS Collaboration, 1609.06213 

CMS Collaboration, Phys. Lett. B724, 213 (2013)

P O S T E R  B Y  R .  W E L L E R

Requires fluctuating proton substructure (gluon clouds clustered around
valence quarks (K. Welsh et al. PRC94 (2016) 024919))
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Radial flow in pp collisions at the LHC

Werner, Guiot, Karpenko, Pierog (EPOS3), 1312.1233;

Data: CMS Collaboration (8, 84, 160, 235 charged tracks)
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Elliptic flow (double ridge) discovered in high-multiplicity pp by CMS at
7 TeV (and confirmed by ATLAS at 13 TeV) also reproduced by EPOS.
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Validity of viscous hydro: Knudsen number checkValidity of viscous hydro: Knudsen number check
Niemi	
  &	
  Denicol,	
  arXiv:1404.7327	
  

Pb+Pb	
   p+Pb	
  

Predicts	
  freeze-­‐out	
  at	
  higher	
  temperature	
  in	
  p+Pb	
  than	
  in	
  Pb+Pb	
  	
  

Kn	
  =	
  τmicro	
  θ	
  =	
  τmicro	
  /τmacro	
  	
  

Earlier freeze-out in p+A than A+A
Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 22 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Validity of viscous hydro: Knudsen number checkValidity of viscous hydro: Knudsen number check
Niemi	
  &	
  Denicol,	
  arXiv:1404.7327	
  

Pb+Pb	
   p+Pb	
  

A	
  strong	
  increase	
  above	
  Tc	
  of	
  (η/s)(T)	
  basically	
  invalidates	
  hydro	
  for	
  p+Pb	
  at	
  the	
  LHC!	
  

Kn	
  =	
  τmicro	
  θ	
  =	
  τmicro	
  /τmacro	
  	
  

Strong linear rise of η/s above Tc testing the limits of applicability of
hydrodynamics in p+A collisions?
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Validity of viscous hydro: Exact solution at ∞ coupling

Chesler, arXiv:1506.02209, colliding shock waves in AdS5 for p+A
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Validity of viscous hydro: Exact solution at ∞ coupling
Chesler, arXiv:1506.02209, colliding shock waves in AdS5 for p+A
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First-order terms in Re−1 large, but second-order terms small almost everywhere!

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 25 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Importance of second-order terms in Kn and Re−1 in A+A:

∆µα∆νβuλdλπαβ = − 1

τπ
(πµν − 2ησµν)− δπππ

µνθ

τπ

+
ϕ7

τπ
π〈µα π

v〉α − τππ
τπ
π〈µα σ

v〉α +
λπΠ

τπ
Πσµν ,

uλdλΠ = − 1

τΠ
(Π + ζθ)− δΠΠ

τΠ
Πθ +

λΠπ

τΠ
πµνσµν ,

with transport coefficients from Boltzmann equation for massless
Boltzmann gas.
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Importance of second-order terms in Kn and Re−1 in A+A:
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Bulk viscosity matters

Non-linear second-order terms make almost no difference
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Unreasonable Effectiveness of Hydrodynamics

1 Prehistory

2 RHIC turns on and the paradigm changes

3 Viscous hydrodynamics

4 Hydrodynamic behavior in small systems

5 Kinetic theory vs. hydrodynamics

6 Exact solutions of the Boltzmann equation
Systems undergoing Bjorken flow
Systems undergoing Gubser flow

7 Summary
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Kinetic theory vs. hydrodynamics

Both simultaneously valid if weakly coupled and small pressure gradients.

Form of hydro equations remains unchanged for strongly coupled systems.

Boltzmann Equation in Relaxation Time Approximation (RTA):

pµ∂µf (x , p) = C (x , p) =
p·u(x)

τrel(x)

(
feq(x , p)−f (x , p)

)
For conformal systems τrel(x) = c/T (x) = 5η/(sT ) ≡ 5η̄/T (x).

Macroscopic currents:

jµ(x) =

∫
p
pµ f (x , p) ≡ 〈pµ〉; Tµν(x) =

∫
p
pµ pν f (x , p) ≡ 〈pµpν〉

where

∫
p
· · · ≡ g

(2π)3

∫
d3p

Ep
· · · ≡ 〈. . . 〉
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Hydrodynamics for strongly anisotropic expansion (I)

Account for large viscous flows by including their effect already at leading
order in the Chapman-Enskog expansion:
Expand the solution f (x , p) of the Boltzmann equation as

f (x , p) = f0(x , p) + δf (x , p)
(∣∣δf /f0∣∣� 1

)
where f0 is parametrized through macroscopic observables as

f0(x , p) = f0

(√
pµΞµν(x)pν − µ̃(x)

T̃ (x)

)

where Ξµν(x) = uµ(x)uν(x)− Φ(x)∆µν(x) + ξµν(x).

uµ(x) defines the local fluid rest frame (LRF).
∆µν = gµν−uµuν is the spatial projector in the LRF.
T̃ (x), µ̃(x) are the effective temperature and chem. potential in the LRF.
Φ(x) accounts for bulk viscous effects in expanding systems.
ξµν(x) describes deviations from local momentum isotropy in

anisotropically expanding systems due to shear viscosity.
Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 30 / 49
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Hydrodynamics for strongly anisotropic expansion (II)

uµ(x), T̃ (x), µ̃(x) are fixed by the Landau matching conditions:

Tµ
νu
ν = E(T̃ , µ̃; ξ,Φ)uµ;

〈
u·p
〉
δf

=
〈

(u·p)2
〉
δf

= 0

E is the LRF energy density. We introduce the true local temperature
T (T̃ , µ̃; ξ,Φ) and chemical potential µ(T̃ , µ̃; ξ,Φ) by demanding
E(T̃ , µ̃; ξ,Φ)=Eeq(T , µ) and N (T̃ , µ̃; ξ,Φ)≡〈u·p〉f0 =R0(ξ,Φ)Neq(T , µ) (see
cited literature for R functions).
Writing

Tµν = Tµν
0 + δTµν ≡ Tµν

0 + Πµν , jµ = jµ0 + δjµ ≡ jµ0 + V µ,

the conservation laws

∂µT
µν(x) = 0, ∂µj

µ(x) =
N (x)−Neq(x)

τrel(x)

are sufficient to determine uµ(x), T (x), µ(x), but not the dissipative corrections
ξµν , Φ, Πµν , and V µ whose evolution is controlled by microscopic physics.
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Hydrodynamics for strongly anisotropic expansion (III)

Different hydrodynamic approaches can be characterized by the different assumptions
they make about the dissipative corrections and/or the different approximations they use
to derive their dynamics from the underlying Boltzmann equation:

Ideal hydro: local momentum isotropy (ξµν = 0), Φ = Πµν = V µ = 0.

Navier-Stokes (NS) theory: local momentum isotropy (ξµν = 0), Φ = 0, ignores
microscopic relaxation time by postulating instantaneous constituent relations for
Πµν , V µ.

Israel-Stewart (IS) theory: local momentum isotropy (ξµν = 0), Φ = 0, evolves
Πµν , V µ dynamically, keeping only terms linear in Kn = λmfp/λmacro

Denicol-Niemi-Molnar-Rischke (DNMR) theory: improved IS theory that keeps
nonlinear terms up to order Kn2, Kn · Re−1 when evolving Πµν , V µ.

Anisotropic hydrodynamics (aHydro): allows for leading-order local momentum
anisotropy (ξµν , Φ 6= 0), evolved according to equations obtained from low-order
moments of BE, but ignores residual dissipative flows: Πµν = V µ = 0.

Viscous anisotropic hydrodynamics (vaHydro): improved aHydro that
additionally evolves residual dissipative flows Πµν , V µ with IS or DNMR theory.
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Denicol-Niemi-Molnar-Rischke (DNMR) theory: improved IS theory that keeps
nonlinear terms up to order Kn2, Kn · Re−1 when evolving Πµν , V µ.

Anisotropic hydrodynamics (aHydro): allows for leading-order local momentum
anisotropy (ξµν , Φ 6= 0), evolved according to equations obtained from low-order
moments of BE, but ignores residual dissipative flows: Πµν = V µ = 0.

Viscous anisotropic hydrodynamics (vaHydro): improved aHydro that
additionally evolves residual dissipative flows Πµν , V µ with IS or DNMR theory.
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Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 34 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 34 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 34 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 34 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Bjorken flow

BE for systems with highly symmetric flows: I. Bjorken flow

Longitudinal boost invariance, transverse homogeneity (“physics on the light
cone”, no transverse flow) =⇒ uµ = (1, 0, 0, 0) in Milne coordinates (τ, r , φ, η)
where τ = (t2−z2)1/2 and η = 1

2
ln[(t−z)/(t+z)] =⇒ vz = z/t

Metric: ds2 = dτ 2−dr 2 − r 2dφ2 − τ 2dη2, gµν = diag(1, −1, −r 2, −τ 2)

Symmetry restricts possible dependence of distribution function f (x , p)
(Baym ’84, Florkowski et al. ’13, ’14):

f (x , p) = f (τ ; p⊥,w) where w = tpz − zE = τm⊥ sinh(y−η).

RTA BE simplifies to ordinary differential equation

∂τ f (τ ; p⊥,w) = − f (τ ; p⊥,w)− feq(τ ; p⊥,w)

τrel(τ)
.

Solution:

f (τ ; p⊥,w) = D(τ, τ0)f0(p⊥,w) +

∫ τ

τ0

dτ ′

τrel(τ ′)
D(τ, τ ′) feq(τ ′; p⊥,w)

where D(τ2, τ1) = exp

(
−
∫ τ2

τ1

dτ ′′

τrel(τ ′′)

)
.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 34 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Gubser flow

BE for systems with highly symmetric flows: II. Gubser flow
Longitudinal boost invariance, azimuthally symmetric radial dependence (“physics
on the light cone” with azimuthally symmetric transverse flow)
(Gubser ’10, Gubser & Yarom ’11)
=⇒ uµ = (1, 0, 0, 0) in de Sitter coordinates (ρ, θ, φ, η) where

ρ(τ, r) = − sinh−1
(

1−q2τ2+q2r2

2qτ

)
and θ(τ, r) = tan−1

(
2qr

1+q2τ2−q2r2

)
.

=⇒ vz = z/t and vr =
2q2τ r

1+q2τ2+q2r2 where q is an arbitrary scale parameter.

Metric: dŝ2 = ds2/τ 2 = dρ2− cosh2ρ (dθ2 + sin2 θ dφ2)− dη2,
gµν = diag(1, − cosh2 ρ, − cosh2 ρ sin2 θ, −1)

Symmetry restricts possible dependence of distribution function f (x , p)

f (x , p) = f (ρ; p̂2
Ω, p̂η) where p̂2

Ω = p̂2
θ +

p̂2
φ

sin2 θ
and p̂η = w .

With T (τ, r) = T̂ (ρ(τ, r))/τ RTA BE simplifies to the ODE

∂

∂ρ
f (ρ; p̂2

Ω, p̂ς) = − T̂ (ρ)

c

[
f
(
ρ; p̂2

Ω, p̂ς
)
− feq

(
p̂ρ/T̂ (ρ)

)]
.

Solution:
f (ρ; p̂2

Ω,w) = D(ρ, ρ0)f0(p̂2
Ω,w) + 1

c

∫ ρ
ρ0

dρ′T̂ (ρ′)D(ρ, ρ′) feq(ρ′; p̂2
Ω,w)
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Gubser flow

Exact BE vs. hydrodynamic approximations: Bjorken flow

Pressure anisotropy PL/PT vs. τ :
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Exact Solution
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In the right plot, IS theory yields negative PL/PT < 0!
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Gubser flow

Exact BE vs. hydrodynamic approximations: Bjorken flow
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vaHydro agrees within a few % with exact result, even for very large η/S!
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Gubser flow

Exact BE vs. hydrodynamic approximations: Bjorken flow

Total entropy (particle) production
n(τf )·τf
n(τ0)·τ0
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vaHydro gets both the the ideal fluid and free-streaming limits right (!)
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Gubser flow

Hydrodynamic equations for systems with Gubser flow*:

The exact solution for f can be worked out for any “initial” condition
f0(p̂2

Ω,w) ≡ f (ρ0; p̂2
Ω,w). We here use equilibrium initial conditions, f0 = feq.

By taking hydrodynamic moments, the exact f yields the exact evolution of all
components of Tµν . Here, Πµν has only one independent component, πηη.

This exact solution of the BE can be compared to solutions of the various

hydrodynamic equations in de Sitter coordinates, using identical initial conditions.

Ideal: T̂ideal(ρ) = T̂0

cosh2/3(ρ)

NS: 1

T̂

dT̂
dρ

+ 2
3

tanh ρ = 1
3
π̄ηη(ρ) tanh ρ (viscous T -evolution)

with π̄ηη ≡ π̂ηη/(T̂ ŝ) and π̂ηηNS = 4
3
η̂ tanh ρ where η̂

ŝ
≡ η̄ = 1

5
T̂ τ̂rel

IS:
dπ̄ηη
dρ

+ 4
3

(
π̄ηη
)2

tanh ρ+
π̄ηη
τ̂rel

= 4
15

tanh ρ

DNMR:
dπ̄ηη
dρ

+ 4
3

(
π̄ηη
)2

tanh ρ+
π̄ηη
τ̂rel

= 4
15

tanh ρ+ 10
21
π̄ηη tanh ρ

aHydro: see M. Nopoush et al., PRD 91 (2015) 045007

vaHydro: see M. Martinez et al., PRC95 (2017) 054907

———————-

*For Bjorken flow, including (0+1)-d vaHydro, see UH@QM14

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 39 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

Gubser flow

Hydrodynamic equations for systems with Gubser flow*:

The exact solution for f can be worked out for any “initial” condition
f0(p̂2

Ω,w) ≡ f (ρ0; p̂2
Ω,w). We here use equilibrium initial conditions, f0 = feq.

By taking hydrodynamic moments, the exact f yields the exact evolution of all
components of Tµν . Here, Πµν has only one independent component, πηη.

This exact solution of the BE can be compared to solutions of the various

hydrodynamic equations in de Sitter coordinates, using identical initial conditions.

Ideal: T̂ideal(ρ) = T̂0

cosh2/3(ρ)

NS: 1

T̂

dT̂
dρ

+ 2
3

tanh ρ = 1
3
π̄ηη(ρ) tanh ρ (viscous T -evolution)

with π̄ηη ≡ π̂ηη/(T̂ ŝ) and π̂ηηNS = 4
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow

Optimal evolution of the momentum deformation parameter ξ?

“Standard” viscous hydrodynamics (IS or DNMR):
expansion around local equilibrium =⇒ ξ ≡ 0

Anisotropic hydrodynamics:

expansion around a locally momentum-anisotropic state =⇒ ξ 6= 0

PL-matching (Tinti 2015; Molnar, Niemi, Rischke, 2016):
Additional Landau matching condition that matches ξ evolution to

that of the longitudinal pressure PL =⇒ no δf̃ corrections to PL.
In this case ξ can be eliminated, and the evolution equations can be

written entirely in terms of macroscopic variables, as in standard
viscous hydrodynamics

NSR approach (Nopoush, Strickland, Ryblewski 2015):
obtain ξ evolution equation from second moments of the BE
=⇒ PL evolution not fully captured by ξ evolution.
NLO-NSR approach (Martinez, McNelis, UH 2017):
Same ξ evolution but includes residual δf̃ contribution to PL

This captures the missing part of the pressure anisotropy.
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow
Martinez, McNelis, UH, PRC95 (2017) 054907

  

Results
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow
Martinez, McNelis, UH, PRC95 (2017) 054907

  

Results

¯̂π ≡ π̂/(4P̂)
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Gubser flow

Exact BE vs. hydrodynamic approximations: Gubser flow

Martinez, McNelis, UH, PRC95 (2017) 054907
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Summary

Viscous relativistic hydrodynamics provides a robust, reliable, efficient and
accurate description of QGP evolution in heavy-ion collisions.

It is valid even when the expansion is fast and highly anisotropic, causing large
local momentum anisotropies =⇒ local thermalization not strictly required.

While first-order viscous corrections are large in nuclear collisions, especially in
small systems, they can be handled efficiently in an optimized anisotropic
hydrodynamic approach that accounts for local momentum anisotropies at
leading order; residual dissipative flows remain small.

New exact solutions of the Boltzmann equation enable powerful tests of the
efficiency and accuracy of various hydrodynamic expansion schemes, providing
strong support for the validity and robustness of second-order viscous
hydrodynamics (especially their anisotropic variants).
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(3+1)-d vHydro and vaHydro – a comparison

4 D. Bazow, U. Heinz, M. Strickland / Nuclear Physics A 00 (2017) 1–4
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Fig. 1. Comparison between ideal hydrodynamics (solid black line), viscous hydrodynamics (green line), anisotropic hydrodynamics
(blue dotted line), and viscous anisotropic hydrodynamics (red line) plotted along the x axis at a proper times τ= 0.5 fm/c (left panels)
and τ= 3 fm/c (right panels). The indivdual panels show the x component of the fluid velocity and the pressure anisotropy PL/P⊥. The
light shaded blue region represents points outside the isothermal freeze-out surface with Tf = 155 MeV. See text for details.

and π̃µν⊥ . Comparing VH with VAH, we see about 15% more pressure anisotropy PL/P⊥ in the center of the
fireball and about 30% larger anisotropies outside the freeze-out surface near |x|= 5 fm. In fact, VH gives
negative PL outside the freeze-out surface which is not the case for VAH.

Later, at τ= 3 fm/c, the transverse expansion has had enough time to grow to similar order as the longi-
tudinal expansion rate, at least near the transverse edge of the fireball. At this time, the fluid velocities from
VH and VAH agree well with each other, while AH is more similar to ideal hydrodynamics, indicating that
the residual transverse shear viscous effects that have been ignored in AH are important for the transverse
flow velocity profile. For the pressure anisotropy, the residual dissipative corrections in VAH, responsible
for the difference between the dashed red (VAH) and blue (AH) lines, are much smaller than the dissipative
correction in VH (responsible for the difference between VH and ideal hydrodynamics). This demonstrates
the strong advantage of anisotropic over standard viscous hydrodynamic expansion schemes.
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Figure 6.14: Same as Fig. 6.13, but at a proper time value τ = 3 fm/c.
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and π̃µν⊥ . Comparing VH with VAH, we see about 15% more pressure anisotropy PL/P⊥ in the center of the
fireball and about 30% larger anisotropies outside the freeze-out surface near |x|= 5 fm. In fact, VH gives
negative PL outside the freeze-out surface which is not the case for VAH.

Later, at τ= 3 fm/c, the transverse expansion has had enough time to grow to similar order as the longi-
tudinal expansion rate, at least near the transverse edge of the fireball. At this time, the fluid velocities from
VH and VAH agree well with each other, while AH is more similar to ideal hydrodynamics, indicating that
the residual transverse shear viscous effects that have been ignored in AH are important for the transverse
flow velocity profile. For the pressure anisotropy, the residual dissipative corrections in VAH, responsible
for the difference between the dashed red (VAH) and blue (AH) lines, are much smaller than the dissipative
correction in VH (responsible for the difference between VH and ideal hydrodynamics). This demonstrates
the strong advantage of anisotropic over standard viscous hydrodynamic expansion schemes.

References

[1] J. Novak, K. Novak, S. Pratt, J. Vredevoogd, C. Coleman-Smith, R. Wolpert, Phys. Rev. C89 (2014) 034917.
[2] J. E. Bernhard, J. S. Moreland, S. A. Bass, J. Liu, U. Heinz, Phys. Rev. C94 (2016) 024907.
[3] D. Bazow, U. Heinz, M. Strickland, Comp. Phys. Comm. (2016),arXiv:1608.06577, doi:10.1016/j.cpc.2017.01.015.
[4] D. Bazow, U. Heinz, M. Strickland, Phys. Rev. C90 (2014) 044908.
[5] M. Strickland, Acta Phys. Polon. B45 (2014) 2355–2394.
[6] E. Molnar, H. Niemi, D. H. Rischke, Phys. Rev. D94 (2016) 125003.
[7] E. Molnar, H. Niemi, D. H. Rischke, Phys. Rev. D93 (2016) 114025.
[8] D. Bazow, Fluid dynamics for the anisotropically expanding quark-gluon plasma, PhD Thesis, Ohio State University, April 2017.
[9] G. S. Denicol, S. Jeon, C. Gale, Phys. Rev. C90 (2014) 024912.

[10] A. Kurganov, E. Tadmor, Journal of Computational Physics 160 (2000) 241 – 282.

Ulrich Heinz (Ohio State) Hydrodynamics for HICs Hot QFTs, 7/10/17 48 / 49



Prehistory RHIC turns on Vicous hydro Small systems Kinetic theory vs. hydrodynamics Exact BE solutions Summary

(3+1)-d vHydro and vaHydro – a comparison

6 4 2 0 2 4 6
s

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

[G
eV

/fm
3 ]

= 3.0 fm/c
0 = 0.5 fm/c

T0 = 0.6 GeV
/s = 0.2

r = (0.0, 0.0) fm

6 4 2 0 2 4 6
s

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

[G
eV

/fm
3 ]

= 3.0 fm/c
0 = 0.5 fm/c

T0 = 0.6 GeV
/s = 0.2

r = (3.0, 0.0) fm

6 4 2 0 2 4 6
s

0.6

0.4

0.2

0.0

0.2

0.4

0.6

u

Ideal
VH
VAH

6 4 2 0 2 4 6
s

0.6

0.4

0.2

0.0

0.2

0.4

0.6

u

Ideal
VH
VAH

6 4 2 0 2 4 6
s

0.0

0.2

0.4

0.6

0.8

1.0

L/

6 4 2 0 2 4 6
s

0.0

0.2

0.4

0.6

0.8

1.0

L/

6 4 2 0 2 4 6
s

0.996

0.997

0.998

0.999

1.000

ta
nh

/

6 4 2 0 2 4 6
s

0.996

0.997

0.998

0.999

1.000

ta
nh

/

Figure 6.14: Same as Fig. 6.13, but at a proper time value τ = 3 fm/c.
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