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4. (a) State Goldstone’s theorem and prove it in the context of classical scalar fields.

(b) A real scalar field has the Lagrangian density
1 Ly 4
£:§ u(ﬁa“(ﬁ‘f‘iﬂ ¢” = A7,

with 2, A > 0. What are the symmetries of this theory? Determine a vacuum solution,
(¢p) = ¢o. Writing ¢ = ¢p + P, determine the effective Lagrangian for ® including its
mass and interactions. Does the vacuum break symmetry, and are your results for the
spectrum consistent with Goldstone’s theorem?

(c) For scattering processes involving ®, write down the Feynman rules for vertices
and propagators. For the specific process @ — PP (at tree-level), draw all relevant
Feynman diagrams (you are not required to compute the scattering amplitude).

(d) We next consider a complex scalar field ¥ with standard kinetic terms and
potential
V(0,0%) = —a(T*0)? 4 B(T*T)°.

What are the dimensions of o and 87 What are the symmetries of the theory? De-
termine a vacuum solution (V) = Wy and the masses of excitations about it. Are your
results consistent with Goldstone’s theorem?

(e) Denoting heavy and light real scalar fields in your spectrum as H and L re-
spectively, by considering residual discrete symmetries determine the H?L, H3L and L3
couplings. Using these draw all tree-level diagrams contributing to LL — LL scattering.
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5. (a) A real classical scalar field has the Lagrangian density
1 1
L= 50u60"¢ — Gm*”.

Derive the equations of motion for ¢, and solve them as a mode expansion in plane
waves with coefficients a(k). Derive expressions for the conjugate momentum = (z) and
the Hamiltonian, and evaluate the Hamiltonian explicitly in terms of a(k).

(b) For a quantum scalar field, state appropriate canonical commutation relations
for the mode operators a(k) and af(k). Using these, evaluate the equal-time correlators
[6(z), ¢(y)] and [p(x), 7(y)], and also the 2-point function (0|[¢p(x4), #(zp)]|0), where
the events x4 and xp can have arbitrary space-like separation.

(¢) Now re-consider the classical scalar field of the first part, taking m = 0, with
general mode amplitudes a(k) but such that the overall energy in the field is finite.
Suppose that at time ¢ = 0 a rapid external influence causes a rescaling of the spatial
dimensions x — Ax, with the effect on the field ¢ that

Pnew (X, t = 0) = Poid (};, t= 0> :

Work out the corresponding transformation in the mode amplitudes a(k). How has the
energy in the field changed?

(d) Write down the quantum Hamiltonian for a free massless quantum scalar field
(the derivation is not required). An adiabatic transformation takes x — Ax and p — ¥.
How does the overall energy in the field transform? Qualitatively discuss how your
results here would be modified if m # 0.
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6. (a) Explain what is meant by the interaction picture and derive the Schrodinger
equation in this picture. [6]

(b) State and prove Dyson’s formula for the computation of scattering amplitudes
in quantum field theory. [7]

(c) State Wick’s theorem, defining relevant quantities, and illustrate it by obtain-
ing a formal expression for

(0T (6(21)6(22)6(w3) ¢ (24) ) [0).

Is this expression finite? [6]

(d) We now consider the decays of a massive scalar field ® with mass m. This field
interacts with both electromagnetism and an additional scalar a via the Lagrangian

L= ['kinetic + /:'intv

with . . .
Liinetic = §8Mf1>a“q> + ZFMVF#V + 5(‘%@8"@
and . . @
Lint = §m2q)2 + 57712@2 + VpFw]FMV + g(I)CLQ.

You can assume Mp > mg, ¢~ . By deriving estimates for the possible decay modes,
plot how the ® lifetime will depend on its mass mg, indicating how the different decay
Q6: 25 modes contribute. [6]
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