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Large N — Preamble

e QCD : g2 « scale, so no small expansion parameter
‘tHooft
=

try
SU(N) ~ SU(c0) + O(l/NQ)

-

= ¢°N constant at large N

e N — oo colour singlet phenomenology
't Hooft, Witten, Manohar, ...
zero decay widths; no mixing; exact OZI, n'; SU(6) for

baryons; ...



® no scattering of colour singlets — integrability?

but strongly interacting bound states

® factorisation colour singlet operators: e.g.
(P1(w1)P2(w2)) = (P1)(P2) {1+ O (55)}
= Witten’'s Master Field — translation invariant —

Eguchi-Kawai single point reduction

® Feynman diagrams on 2D surfaces :

g°’N — oo — vertices dense — stringy sheets

=

N = oo gauge theory ~ a string theory 't Hooft
N = oo gauge theory ~ dual to a string theory

Maldacena



Lattice — Preamble

Euclidean R* — hypercubic lattice on T#

z,e—eox,+ pnox . A,(x) € SU(N) Lie Algebra

—
;o fwlA.dw

r,e———ex u: PJel € SU(N) group

r,=an

1 1

an,e ———ean, +ap : U,(n) € SU(N) group

i.e. SU(N) matrices U; on each link [



gauge transformation: U,(n) — g(n)U,(n)g"(n + [i)

—— gauge invariant action?

Tr[],co.Ui gauge invariant for any closed curve c

— SO

Z = [[],dUie™?® where S =3 {1 - +ReTru,}

where wu, is product links around the plaquette p is a

suitable, although not unique, SU(N) lattice gauge the-
ory

— symmetries ensure that:

[ 11, dU;e=F% ma fDAe_g%fd4wTTF“”F””
with

2N a—=0
P =G

and we vary the parameter ¢ in order to vary the lattice
spacing a

—— Monte Carlo:

ST dU®(U)e S = L ﬁ: S(UT) + O(L)



® calculating masses from Euclidean correlators:

d(t) a gauge invariant operator

— 00

(®T(t = any)P(0)) = Z |c;| 2 e tim s || e mam:

?

where am is lightest mass with quantum numbers of ¢
in lattice units

e continuum limit :

am(a)  m(a) _ m(0)

C G/QO- a4
avola) — Jola)  Jo(oy T v T O

e large N limit :

m(N) _ m(oo) c 1
Ty = vocy v ()



using the simple plaquette for the glueball operator:
SU(3), 324, a ~0.046 ‘fm’
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Can we do accurate calculations?
SU(3), 324, a ~0.046 ‘fm’

best blocked/smeared glueball operator

C(nt) 1%~.@..| T T T T T T

= ..'@, -
0.1} . g

0.01 3 "@\@.. -

0.0015~—=~% %6 8 1012 14
n¢

t
C(t = any) 4 |c|?e—man:

fit 1 amp+4 = 0.330(7)



C(n nt—>c\>o
Cl,meff(nt) = — In C(frgt—t)l) 7 a,’mo_|_+

a’meff(nt) 04

0.39F _ ]
0.38 —@”MH}%M

0.37¢F ]
0.36 ' ' ! |

fit : amao4+ = 0.3312(67)



Continuum limit mass spectrum: SU(3)
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O(a?) continuum extrapolations:

m%* — 3.47(4) — 5.52(75)a20

m@fj — 4.93(5) — 0.61(1.36)a20

O(a*) continuum extrapolation very similar




Continuum limit mass spectrum: SU(8)
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O(a?) continuum extrapolation:

m&% = 3.53(8) — 9.3(1.0)a?c

O(a*) extrapolation

Mt = 3.13(25) + 1.664%0 — 66.0(a’0)?

this systematic error ~ 5 4+ 3x naive O(a?) statistical error !




Mass spectrum: large-N limit

B.Lucini, M. Teper, U.Wenger: hep-lat/0404008
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Linear confinement in SU(N — o0)7?

Calculate the mass of a confining flux tube winding
around a spatial torus of length [, using correlators of
Polyakov loops:

(15()1,(0)) & exp{—m, (1)t}

in pictures

where we expect, for linear confinement,

- (D — 2) 1
my(l) = ol — e + O (l_4>

® no sources, no Coulomb terms, flux tubes for I > 1/T,



SU(6)

H. Meyer, M. Teper: hep-lat/0411039

1.5 | | | |

am(l)

0.5r °

indeed we find
am(l) ~ ol
over a range of ‘string’ lengths up to

125.0x%

surely large enough to be asymptotic ...




So :

® SU(3) ~ SU(oco) for many quantities

® linear confinement persists at large N

the apparent phenomenological relevance of large-
N, provides the motivation for pursueing fur-
ther the properties of this theory ...



g°N fixed as N — o0 ?
Lucini, Teper,Wenger: hep-lat/0502003

e ¢2(1) ¢%(1) versus é with ¢ = \/LE l=ua

and using 8 =2N/g7(a) g7 = g7 /up
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SU(8) in 341 dimensions
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1st order bulk transition for N > 5 ensures clean weak-
coupling physics on weak-coupling branch
=



Is there a ‘physical’ lattice strong coupling regime?

e Why ask? AdS/CFT addresses ¢g°N — co.

e usual lattice

g’N 500 & B—=0

is presumably not relevant as essential space-time sym-
metries badly broken in that limit

e but at large N we can use the metastability of the
strong-to-weak coupling bulk transition to go to smaller
B while remaining still in a strong coupling phase

e if we are past the ‘roughening transition’ then the
space-time symmetries will begin to be restored and we
might be in a strong coupling phase that has some phys-
ical features — even if it does not have an asymptotically
free UV completion

there is some numerical evidence for this:



SU(8) , =443 ,2x62x8

(ap)?

. — E2=m2 42
with

p? — 4sin’p/2

better




Calculating masses as N — oo

We calculate masses from connected correlatorsi.e. cor-
relations between fluctuations

but

as N — oo all fluctuations vanish

=

mass calculations become impossible as N — co?
NO

the errors on the fluctuations are themselves determined
by higher order correlators, which genericall vanish at
the same rate

=

as N — oo calculations get no harder — apart from
the naive N3 factor coming from matrix multiplication,
which in principle can be partly offset by smaller finite
volume corrections at large N.



consider the ratio of connected to disconnected pieces
of a typical gluball operator

(®(H)D(0)) — (D)
(®)?

Ca(t) =

4
3.5
N2C5(0) 3
2.5
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Indeed: Ch(t =0) = 2'7]\?2(1) — 4‘]1\,(42)




fluctuations: o[C>(t)]

where

o2 (t)

3

o[C2(0)] =°
C>(0)

15F="
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and the observed ratio of error to signal for the same
number of Monte Carlo field configurations is roughly
independent of N

0.02 r 2
error } }
signal

0.015 r } } 2

0.01 r 2

0.005 r : ) . 3 2
O | | | |

o) 2 4 6 8 10

Error to signal ratio for C»(t) after 10° sweeps on 104
lattices at fixed lattice spacing, a ~ 1/5T,, and for t =0
(e and t = a (o).



Pomeron: the leading glueball Regge trajectory?
H. Meyer, M. Teper: hep-th/0409183

Chew-Frautschi plot: PC = 4+ states in SU(3) gauge theory
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N W~ 0T O

=

Pomeron in QCD?

4D SU(3) PC=++ glueballs and isosinglet mesons
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Pomeron in D=2+41

Chew-Frautschi plot: ¢ = + states in D=2+41 SU(3) gauge theory

3D SU(3) glueballs (hep-1at/9804008 data rel abelled)
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Hot Physics at Large N

e prelude

.T:TC

.T<TC

.T>TC

e conclusions



Deconfining temperature in D=3+1
B.Lucini, M.Teper, U.Wenger: hep-lat/0307017,0502003
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Confinement-deconfinement latent heat
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large- N deconfinement is ‘normal’ first order

N = 3 ‘weakly’ first order



Confinement-deconfinement wall tension
B.Lucini, M.Teper, U.Wenger: hep-lat/0502003

alT=0.2:
08 T T T T T 7 T
g4 0.6 -
T3 :
0.4+ » -
0.2r / -
/,/I
O ® | 1 1 1 1 1
2 3 4 5 6 7 8 9 10
N
fit :
9 _ 0.0138N2 — 0.104
T3
=

interface tension small



Confinement-deconfinement in QC D7
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Chiral symmetry restoration as T' — T, at large N

R. Narayanan, H. Neuberger: hep-th/0605173

35

b=0.35

b=0.3525
b=0.355 E
b=0.3575 ]
b=0.36 :

— 1.76(t-0.93)*° ]
25 . -

A » oo

the gap in the eigenvalue spectrum of the Dirac opera-
tor, D, at A~ 0 for N =23 to N = 53.
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Q
N
S =f

LQr\)
2

2nd order o ;

=

D=3+1 — D=2+1

J. Liddle, M. Teper : hep-lat/0509082; in preparation

B. Bringoltz, M.Teper : hep-th/0611286
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D=2+41 latent heat

0.7 | | | |
0.6
0.5

S
—N—
S
——
W=

0.4r
0.3r
0.2r

00— 002 004 006 008

1/N?

large- N deconfinement is ‘normal’ first order

N = 4 ‘weakly’ first order



Single or multiple deconfining transitions?
B.Lucini, M.Teper, U.Wenger: hep-lat/0502003

let 1, be the Polyakov loop (fund repn), then
(ly =0 ; confined
(ly =2 € Zy ; deconfined

i.e. deconfinement < Zy ssb

=
is there one transition or several?
e.d.
SU(4) : Zs =% 7, =1
corresponding to
T="T. : k=2 strings break — but not k=1
T="1T. : k=1 strings break

NO : there is only one transition



Polyakov loop order parameter - a problem

(ly =0 ; confined
(ly) =2z€ Zy ; deconfined ssb V =o0
BUT

if V is small enough to see C'D tunnellings, which you
need to identify 7. accurately, then

T=T. T=T.+e
OpDD S O'CD/Q — (lp> = 0
due to DD’ tunnellings just above T.

_)

usually modify the Polyakov loop operator:

By = Al])



(usual) Polyakov

loop order parameter

SU(12)
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adjoint Polyakov loop
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time-like adjoint Polyakov loop, o
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adjoint Polyakov loop

(|l[?) = 1/N?
— value random matrix (Haar measure)
in both strong and weak coupling confined phases

now

our normal Polyakov loop is a normalised trace in the
fundamental representation: [, = %Trfl

and so the loop in the adjoint representation is:

Tral = N?|I,|* — 1

_>

(Tral) =0 in the confining phase
(Trul) = O(1) in the deconfined phase
-

confined phase : adjoint string does not (easily) break
deconfined phase : adjoint string easily breaks

good order parameter even if we use an adjoint action



N counting of free energies (heuristic)

7 = er= Z e T (2)

= Z e T + Z e 7 (3)
c=singlet g=gluons

= e 7+ e (4)

and at T'="7T,. we have

but
F, ~ N? colour singlet entropy ~ N°

so reason that T, /0 as N — oo is that

E. = hadron masses + FE,q4.

and
Fyae ~ —N? ~ gluon condensate

SO
Fy=—FEyeat T=T,



T-dependence of the string tension?

extra free energy of 2 sources a distance r apart

r—00

AF(T) — ‘/eff(fr?T) = O_eff(T)T
but

exp{—AF(r)/T} T exp{—m;(l)r}

where m;(I = 1/aT) is the lightest mass coupling to
the Polyakov loop that represents the world-line of the
source, i.e. it is the mass of the lightest flux loop that
winds around the time-torus, so

O'eff(T) — ml(l — l/T)T



calculate from space-like correlations of time-like Polyakov loops
t— o0
(L)1, (0)) " exp{—m,(l = 1/T)r}

in pictures

~~

lp i) =T 1




D=341 SU(6)

H.Meyer, M. Teper: hep-lat/0411039
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what of 2nd order transitions?

NG — critical behaviour?

e.g. SU(2), D=2+41:
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- critical: oc (T — T,)*=!

) o 71.21/2
- NG: ¥7 (1 -35)



strings naturally deconfine

suppose we are at some finite 7'; what is the probability
P(l) of finding a string (long flux tube) of length [ >
1/4/o in the thermal ‘vacuum’?

roughly P(l) x n(l)eEDO/T
where n(l) is the number of strings of length [ and

n(l) o e

neglecting powers of [ and the string thickness

P(l) o ee™T x e T
with
off(IT')=0—-cT'=-0 : T—>T.=0/c

So a theory with string-like confining flux tubes naturally
deconfines at some 7. in the sense that the thermal
vacuum contains a condensate of such flux tubes

=

at T' = T, it costs no energy to increase the distance
between (already distant) sources of fundamental flux —
the effective string tension vanishes

example: Nambu-Goto

T27T(D—2)>%

(M) =0 (1-
oerf(T) 0( 3



this looks like some kind of Hagedorn transition ... can
we see a corresponding non-analyticity in the partition
function:

E

This is a sum over glueball states, and we know that
the lightest glueball mqg satisfies

mg 3o
T. 0.6y/c

so it surely looks unlikely that there is any non-analyticity
in Z at T, if the first term contributes only

el T o7 ~ 0.007

however:

e there is a class of highly excited, massive glueballs
composed of closed loops of fundamental flux of length
[>1/+/o

e the Boltzmann weight of such a state will be exp —M,(1)/T
where M, ~ ol, and the number of such states will again
be o« exp-+4c where this classical counting of states
should be reliable in this large quantum number limit
(‘classical-quantum correspondence’)

=

This contribution to Z will diverge precisely at the same
T =T, where strings condense!

It is not the lightest masses that are relevant to the
non-analyticities of Z7 — it is the density of states at
asymptotically high energies



Of course this simple picture of an apparently 2nd order
(0efs(T) — 0 as T'— 1) deconfining transition ignores
the interaction between overlapping strings or glueballs
— possible ‘excluded volume ' effects — which may be
important and may change the picture qualitatively

=

argument for a Hagedorn transition is best at N =
oo Where colour singlet objects — glueballs, closed flux
tubes — do not interact

But

we will find that the phase transition is first order, not
second order, for larger N

Why?

there is a whole ensemble of states, those composed
of a finite number of gluons per unit volume, that the
string theory knows nothing about — and while they are
unimportant at small 7', where they are suppressed by
the Boltzmann factor, the entropy is O(N?) and so at
some T the free energy, FF = E — TS5, of the ‘gluon
plasma’ will become lower than that of the colour singlet
ensemble of states whose entropy is only O(N9).

and

at this point there will be a jump between these two
distinct ensembles that will be characteristically a first
order phase transition

nonetheless lurking somewhere beyond this 1st order
transition there may be a stringy Hagedorn transition
that one might be able to locate using the strong metasta-
bility of the first order deconfining transition ...



‘Hagedorn’ string condensation — heuristics

probability flux tube of length [
x number paths length [ x Boltzmann suppression

x  exp{tcltexp{—0cl/T} o« exp{—(oc—cT)l/T}
N

oeff(T) —=0asT —Tyg=o0/c

N

a second-order deconfining transition
BUT neglects interactions (e.g. excluded volume ef-
fects) so argument best for N = oo

although Nambu-Goto values match well on to SU(2) in D=3+1
and SU(3) in D=2+41":

T./\/o = 0.7091(36) vs 0.691 in SU(2) D=3+1

T.//o = 1.007(4) vs 0.977 in SU(3) D=2+1

Can we hope to see it through the metastable window
provided by the strongly first order deconfining transi-
tion?



Searching for the Hagedorn transition
SU(12)
B. Bringoltz, M.Teper: hep-lat/0508021

use strong metastability of the 1st order deconfining transition to
stay in the confining phase for
T>1T,
and try to extrapolate to
lim O‘eff(T) =0

T—Ter




The 't Hooft string tension ...
F. Bursa, M. Teper: hep-lat/0505025
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SU(4) 't Hooft string tension in units of T' (with 2-loop

perturbative result using ¢%(T) ~ g2,;(a)).

—
hint of approximate duality
T + 7

between the confining and 't Hooft string tensions
1



also
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tension very small at T =T,
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small conf-deconf wall tension at T' = T,



Strongly Coupled Gluon Plasma - at large N7
B. Bringoltz, M. Teper: hep-lat/0506034

Consider

Z(T, V) = exp {—% = exp {—fTV} = fDUexp (—BSw).

now p =T 109 Z(T,V) = L log Z(T,V) = %fﬂﬂo 4g'2187

but #8892 = —(Sy) = N, (up)

so a*[p(T) - p(0)] = 6 [, ' ((up)r — (up)o).

e KD =6L¢ [ dF ((up)r — (up)o)-

similarly (e — 3p)/T* = 6L*((up(8))o — (up(8))7) x alog@%.



Strong Gluon Plasma - high-T" pressure anomaly

B. Bringoltz, M.Teper: hep-lat/0506034
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SGP is a large-N phenomenon: dynamics must survive at N = oo
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® not (colour singlet) hadrons above T,

e not topology (instantons)



A =¢€e—3p

B. Bringoltz, M.Teper: hep-lat/0506034

A = 0 in Stefan-Boltzman gas

Normalized A/T*
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N = 8 spatial string tension

a=1/5T,:
0.4 | |
0.3r
CLQO'S
0.2} ,
B -@-..®
O0.1r .
06 1 2
T /T

quadratic and constant fits shown



spatial k-string tensions

a=1/5T,:
2.5 | | | | I
ms(k) i %
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1.5F } -

N 5

1 ] ]

T/T.

ms(k = 2)/ms(k = 1) in SU(4),0, and SU(8),e, and ms(k = 3)/ms(k =

1) in SU(8),x. Casimir scaling shown.



Debye electric screening mass

from the lightest mass coupling strongly to the vacuum-subtracted

time-like Polyakov loop

a=1/5T:
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no topological fluctuations in deconfined
phase ...
Lucini, Teper,Wenger: hep-lat/0401028
(Del Debbio,Panagopoulos,Vicari: hep-lat/0407068)

xt = (Q?)/V in confining/deconfining phases at 7' = T.

decon
Xt (Tc)
Xgon(TC) 10 | | | | | | | | il
L ]
01k e S ?
0.01 % .......... 3
0.001 55555
N
=

deconfined topological fluctuations

vanish with N exponentially fast



instanton density at 7' = T, in confined phase

SU(8) ata =1/5T. for T =0, e ,and T = T,, O ,in confined phase.

2.25 .

1.75F .

D(,O) 1.5F o* _

1.25 ° —

0.75 o

05 B W

0.25 F n i
0 —I—I.»éW F%M

=
D(p) is independent of T in confined phase as N — oo



instanton density at 7' = 7T, in deconfined phase

SU(8) at a = 1/5T. for deconfined e ,and confined, O ,phases.

2.25 .

1.75F .

D(p) sl |

1.25 F = i -

0.75 F = - o i
0.5F = O [ ] L

0.25 - =

D(p) = 0 in deconfined phase as N — ¢



not so surprising ...
Lucini, Teper,Wenger: hep-lat/0401028

e for small instantons, p K 1/4/0,
D(p) ~ exp{—8n2/g*(p)} ~ exp{—c(p)N}
with ¢(p) = 872/g*(p)N

e for T high enough for perturbation theory in ¢?(T) to
be good,

D(p,T) ~ D(p, T = 0) exp(—23{mpT}?> — v(pT))

and instantons with p7I' > 1 again vanish exponentially
in N

So

the lattice results suggest that these two regions of ex-
ponential suppression overlap for any 7' in the deconfined
phase, so that all instantons vanish « exp{—cN}



dimensional cascade at N = oo ...
F. Bursa, M. Teper: hep-lat/0511081

e take a space-time volume lplilrls With lp K€ |1 € 1» L I3
and rescale all lengths by some common factor &

H

decrease £ so as to increase T'= 1/alp = a deconfining
phase transition at 7" = 7. such that ([,(p = 0)) /=0
forl > T.

_>

increase T' = 1/alg further = dimensional reduction to a
dimensionally reduced a [1lol3 gauge-adjoint Higgs the-
ory

_>

increase T' = 1/aly = a deconfining phase transition at
T = TP=3 such that {I,(up = 1)) ~0 forT > TP=3

_>

increase T'= 1/aly further = dimensional reduction to a
dimensionally reduced a l»l3 gauge-adjoint Higgs theory
_>

increase T' = 1/al> = a deconfining phase transition at
T = TP=2 such that (l,(p = 2)) £=0 forT > TP=2

H

increase T' = 1/al> further = dimensional reduction to
a dimensionally reduced a I3 gauge-adjoint Higgs theory

e sequence of N = oo finite volume transitions on an [4
space-time volume, as [ is decreased
R. Narayanan, H. Neuberger: hep-lat/0704.2591,0509014,0303023

e Gregory-Laflamme transitions in AdS/CFT M. Hanada, T. Nish-
ioka : arXiv:0706.0188



In Summary:

e SU(c0) has a ‘strong’ first order deconfining transition
in both D=4 and D = 3.

It is second order for N <3 in D=4 and for N < 4 in
D=3

e the ‘strong coupling gluon plasma’ (e.g. pressure
anomaly) above T. is a large-N phenomenon

=

certain explanations are excluded (e.g. some bound
states surviving close to T,)

AdS/CFT has hope of being relevant

e some quantities, such as the spatial string tension oy,
show only the dimensional dependence

os o T?

with no ¢?(T) dependence visible, while for some others,
e.g. the Debye mass, this only becomes so at larger N
=

a ‘conformal window'’ above and near 7.7

but

some quantities, such as the 't Hooft string tension,
show a very strong additional T' dependence ...



some further observations:

e the transition is first order for N > 3 in D = 3+ 1,
and for N>4inD=2+1

e at this point the O(N?) gluon plasma free energy is
entirely balanced by the O(N?) confining vacuum energy
(gluon condensate)

e we have gone beyond 7., about halfway to ‘Ty’, in
the confined metastable phase

e the 't Hooft tension decreases rapidly as T — TC+
suggesting some approximate duality with the (Wilson)
string tension, with a dual Hagedorn transition just be-
low T.

e topological fluctuations vanish as exp{—cN} at all T
in the deconfined phase (calorons?)

e a single phase transition at larger N where the whole
Zn group is broken

e a cascade of finite volume transitions at N — oo that
are essentially deconfining transitions on ever more di-
mensionally reduced gauge + adjoint scalar theories

e adjoint Polyakov loops make an elegant order param-
eter at larger N



(bosonic) strings in D=47

can long confining flux tubes in D = 4 SU(N) gauge
theories be described by some string theory?

but

there are no consistent string theories in D=4 : we need
D=26 for bosonic, and D=10 for SUSY strings

yes, but

while the properties of confining flux tubes are not that
well known, because the physics is strongly coupled,
there exist weakly coupled examples, such as Nielsen-
Olesen vortices in the Abelian-Higgs model, that pro-
vide explicit examples of string like objects in D=4

SO

effective string theories, for long strings, should certainly
exist in D = 4

indeed

the typical inconsistency in quantising a free bosonic
string of length R in D=4 is a breakdown of Lorentz
covariance: e.g. generators of rotations are anomalous
J. Arvis, Phys. Lett. 127B(1983)106

(L, L] = —L" 4+ F(R)
but one sees that

F(R) x 1/R? 25 0

so that the inconsistencies disappear in any D for long
enough strings
P. Olesen, Phys. Lett. 160B(1985)144
*same for D = 3«



analysing effective string theories

e field theory approach (non-covariant ‘gauge fixing' of
the string theory)

M. Luscher, K. Symanzik, P. Weisz : Nucl. Phys. B173
(1980) 365; M. Luscher : Nucl. Phys. B180 (1981)
317,

M. Luscher, P. Weisz : JHEP 0407 (2004) 014

e covariant effective string approach

J. Polchinski, A. Strominger : Phys. Rev. Lett. 67
(1991) 1681;

J. Drummond : hep-th/0411017; N. Hari Dass, P. Mat-
lock : hep-th/0612291

In both approaches the starting point is to consider a
long (open or closed) string of length » and to con-
sider those corrections allowed by symmetry in powers
of 1/r — the corrections being to the spectrum of the
free Nambu-Goto string theory



Nambu-Goto free string theory
fDXe—ﬁxArea

a string breaks spontaneously the transverse translation
invariance

_>

D-2 Goldstone bosons — massless transverse oscillations
of frequencies quantised by the string length

_>

these massless modes determine the effective action of
long strings

spectrum of a string of length [ winding once around a
spatial torus with zero transverse momentum

E2(1) = (01)? 4 8mo (Mtla _ D=2) 4 (219)%

for states with total momentum 2nq/l along the string
and with left and right oscillators summing to N; and
Ng
N = Zk>0 nL(k) k, Np = Zk’>0 nR(kl) k'
N — Nr = q, [T, a;™0)

J. Arvis, Phys. Lett. 127B(1983)106



Nambu-Goto ground state N, = Np =0 :

_w(D=2)c

=  tachyon of mass u? = -

+  from zero-point energies of oscillators - the Casimir
energy of a (periodic) string

> ‘Hagedorn’ deconfinement

w(D-2)

= string theory does not exist for [<l.=+/ -

=  spectrum exists and well-behaved for [ > \/w(zg_;z)



field-theoretic approach

e string of length » with fixed ends and world sheet co-
ords

z = (20, 21), 0<z<r

and displacement vector h(z) with effective action (D=2)
1

S=orT+uT+So+S1+---, So=§/dDz(aahaah)
one finds
S1 = zb [dP~12 {(01hO1h), _o + (81hO1h), .}, b =[]}
Sy = 2o [ dPz (04h8ah) (8yhSyh) co = [1]?
53 — %03 deZ (8ahabh) (8ahabh) , C3 — [l]2

since the couplings of S; are increasing powers of length,
they will contribute with increasing powers of 1/r

imposing symmetries and open-closed duality
= b =0, c3 = —2c¢o

=



e D=2+41
2 2
En=ol+5%(n—g) =55 (n—75) +00™)
which is exactly the Nambu-Goto spectrum to this order

in 1/1, and the lowest few degeneracies in the spectrum
are also maintained

e D=3+41
En:al—l—%<n—%)—CQ%<n—%>Q—I—O(l_4)

which is the Nambu-Goto spectrum up to O(1/l) — the
‘Luscher correction’ — but not necesarily beyond that

Note: the corrections to FE, that are higher order in 1/I
directly reflect the coefficients of corresponding opera-
tors S; in the action — as do the splittings of the free
string theory degeneracies in the spectrum.

=

accurate calculation of the energy spectrum as a func-
tion of [ provides a direct way to determine the effective
string action



covariant effective string theory approach

J. Polchinski, A. Strominger : Phys. Rev. Lett. 67
(1991) 1681

imagine integrating out all massive modes leaving an in-
tegration over the massless D — 2 transverse oscillators
with action

So == [drtdr=04X'0_X,

and some determinants from the massive modes. These
should be made out of the induced metric

hab — 8aXM8bXM

and suppose the determinant is as for Polyakov but re-
placing the intrinsic metric e? with the induced metric
hy_. Then the determinant (in conformal gauge) is e
where

S, = % de+dT_8_|_¢a_¢

becomes

Sp, = QEE;WD de"'dT

_P X0 X0, X-0°X
(0: X-0_X)?

Instead of pursuing this, encode the determinants in an
effective string action, with conformal invariance as the
sole restriction.
Since we are quantising around a long string, we do not
mind non-polynomial terms since the denominator will
always be large. One finds:

X-0.X0,X-82X

_ 02
S = [drtdr=10, Xro_X, + =G g 50— +O(1/1%)




coordinate invariance not anomalous
_ D-26
= ~ 12 .
which translates into the usual expression for the Luscher
string correction

we can now continue to one higher order and we find
J. Drummond : hep-th/0411017; N. Hari Dass, P. Matlock : hep-
th/0612291

T D -2 72 D -2 2
E, = ol 4+ — — — — o4
J+l(n 6 ) 20[3(n 6 )+ )

i.e. identical to Nambu-Goto to this order in 1/l for
both D=2+4+1and D=3+1

Note:

the effective action is only valid for very long strings —
[\/o > 1 — as is obvious from the denominators in the
effective action.

= it tells us nothing about light glueballs since these
are composed of small closed loops

it tells us nothing about k-strings or other multiple strings,
since the interaction between these (at the origin of their
binding) will in general involve the exchange of small
closed loops

=
what we learn about confining flux tubes with [\/o % 1
will tell us whether what we have is just an effective
string theory for very long flux tubes or possibly an ef-
fective string theory on all scales ...



Numerical calculations :

Euclidean D = 3,4

e potential between static sources
V(r) = - D=4 r<<%

V(T):%IHgQT D=3 ’I“<<ﬁ

V(T):JT—M-FO( ) 7“>>%
and corresponding excitations.
M.Luscher, P.Weisz : hep-lat/0207003
H.Meyer , hep-lat/0607015
N. Hari Dass, P.Majumdar, hep-lat/0608024 , hep-lat/0702019
M. Caselle, M. Pepe, A. Rago hep-lat/040600
Michele Caselle, Martin Hasenbusch, Marco Panero hep-lat/0501027,
hep-lat/0403004

e flux tubes wound around a spatial torus
E(l) = ol - "222) 4 0 (1) 1>, =

and corresponding excitatlons

A.Athenodorou, B.Bringoltz, M. Teper arXiv:0709.0693

J.Kuti: hep-lat/0511023

e Wilson loops vs Nambu-Goto
E(l) = ol - "222 4 0 (1) [ >, =L
and corresponding eXC|tat|ons.

M. Caselle, R. Fiore, F. Gliozzi, M. Hasenbusch, P. Provero hep-
lat /9609041




I will focus on the spectrum of strings that are
closed around a spatial torus of length [ :

e the winding states are flux ‘tubes’ for all [ down to
the phase transition at [ = 1[. = 1/7T. at which one loses
confinement

e this phase transition is first order for N >3 in D=4
and for N >4in D=3

e thus it is possible that we may have a simple string
description of the closed string spectrum for all possible
lengths (at large N)

e such a simple string description is most likely at N — oo
where complications such as mixing, e.g string — string
+ glueball, will go away

e by contrast, for the potential V(r) between static
sources there is a cross-over in r between flux tubes
and a Coulomb potential, over some ill-determined dis-
tance, and so it is not straightforward to investigate the
properties of shorter strings — although there may be
a string theory description that includes the Coulomb
potential, that is a much more challenging goal

and mostly D=3 ... from:

A.Athenodorou, B.Bringoltz, M. Teper arXiv:0709.0693
B.Bringoltz, M. Teper hep-th/0611286

A.Athenodorou, B.Bringoltz, M. Teper in progress



The spectrum of flux tubes that are closed
around a spatial torus of Inegth [ : SU(NV)
D=2+1

linear confinement?

how good are our energy calculations?
bosonic string universality class?

what happens as [ — (.7

E,(l) : expansion in 1/l or covariant Nambu-Goto?



D=2+1 ; SU(5)

Luscher:...

Eo(l) =0l -
Nambu-Goto:-

Eo(l) = ol (1 — 5%3)°



how good are the energies?

aE.p(t) = —InC(t)/C(t — 1)
0.7 T ' ' ! '
0.6
X
sk v s ¢ K X % -
0.5
0.4 R
0.3F e e e A
X 3¢ ¢ 3¢ PN > e <
0.2
x X
0.1F ” : 8 8
! I ' L :
07 3 5 7 9 11

nt



lattice sizes and MC ‘statistics’

transverse and longitudinal sizes need to be large enough
in units of the loop mass i.e. increase as [ |

I lattice MC sweeps
10 10 x 40 x 120 0.5M
12 12 x 32 x 80 1.0M
16 16 x 32 x 56 1.5M
20 20 x 32 x 40 2.0M
24 24 x 24 x 32 2.0M

32 32X 32 x 32 1.5M



effective string theory
— universality class?

central charge appears in the string ‘Casimir’ energy

- cr(D — 2) 1
Eo(l) = ol — ol + O (l_3>

where

c=1, 15 0
for bosonic, Neveu-Schwartz, Ramond strings respec-
tively

to determine the central charge numerically, calculate
the ground state energy Eg(l) for a sequence of increas-
ing lengths, and fit an effective central charge, c.rf(1),
to neighbouring values of [, i.e.

E(1) _ E@)
6 l - l/

n(D-2) L1_-1

Ceff(l7 ll) —

alternatively do the same for Nambu-Goto, solving
_ n(D=2) \ 2
Bo(l) = ol (1 = cop (1, 1) 272

Bo(t') = o' (1 = eops (1,1)"R72 )’

30l?

we refer to these as Fit 1 and Fit 2 respectively



O
O

SU(5) : ley/o ~ 1.07

2 T T T T T
C _fromFitl
= eff
o C 4 fromFit2
1.5¢ .
) i
1t : ) % : s
05 | | | | |
1 1.5 2 2.5 3.5 4 45
Vo

. cerp from Luscher
. cepy from Nambu-Goto



O
O

SU(3) : ley/o ~ 1.04

2 T T T T T
C _fromFitl
o eff
5 Ce]cf from Fit 2
[
1.5F i
= i}
=
()]
: i
. t
T
1t i
0.5 : : : ! |
1 1.5 2 2.5 3.5 4 4.5

. cerp from Luscher
. cepy from Nambu-Goto

Vo
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. ceff from Luscher
. cerp from Nambu-Goto
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[ —

for small N the phase transition to the deconfined phase
with no winding flux loops, becomes 2nd order, and then

N
Eo(l) & (I 1)

where ~ is determined by the critical exponents, which

will be the same as that of the Zy spin model in D —1

dimensions Svetitsky-Yaffe

e.g. y=1.0

for SU(2) in D=241 and Ising in D = 2

in contrast for Nambu-Goto we have
=1t

Eo() < (I1—=1.)>
so at some point the Nambu-Goto fit must break down
for small N

E.g.



SU(2) D=2+1

— — 1
lt—4(—)T—E
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Excited States

to have good overlaps onto excited string states, we
need to include many mor operators in our variational
basis — in particular operators that ‘look’ excited and
ones that have an intrinsic handedness so that we can

construct P = — as well as P = 4, e.q.
A A , -
A A
A A p—— — >

7T

S

A | A

/ \
\ /
) *l r

typically we have 100-200 operators in our basis ...

f
-

f
-




first excited state : N =3

no parameter: o from ground state

4 x
o SU(3), B=14.7172
3.5¢ < SU(3), B=21.00 l
A SU(3), B=40.00
—full NG
3+ i
%
S 25F -
Ll
2, -
1.5 §
1 ! ! l\:i ! ! ! !
1 15 2 2.5 3 3.5 4 4.5 5

— Nambu-Goto : E, = al\/l + 2% (n — )
Luscher 1980: E, = ol + %% (n — £22)

- - Luscher 2004: E, = ol + 4 (n - L) - 37; <n - i)z




3.5

1.5

first excited state :

N-dependence?

« SU(3), p=21.00
~ SU(6), p=90
——full NG

1 1.5 2 2.5




SU(2) : closed string spectrum
a\/o = 0.2733 ; l.\Jo~1.0

1 O | | | |

- . Nambu-Goto (o from ground state)
X : 4ve parity

o : -ve parity



SU(3) : closed string spectrum
a\/o = 0.17395(7) ; l./o~1.0

1 O | | | |

- . Nambu-Goto (o from ground state)
X : 4ve parity

o : -ve parity



SU(3) : smaller a
a\/o = 0.08705(7) ; l./o~1.0

1 O | | | |

- . Nambu-Goto (o from ground state)
X : 4ve parity

o : -ve parity



SU(3) : continuum limit?
a\/o ~0.174 wvs a+/o~0.087

1 O | | | |
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SU(6) : closed string spectrum
a\/o = 0.17193(7) ; lJo~1.1

1 O | | | |

- . Nambu-Goto (o from ground state)
X : 4ve parity

o : -ve parity



SU(3) vs SU(6) : same «a

1 O | | I
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- Nambu-Goto : E, = al\/l + 22 (n — )



content of NG states:

afl(k = 1)|0) P=—, q=1
af(k = 2)|0) =—, q=2
al®(k = 1)a’*(k = 1)|0) P=+4, q=2
al'(k = 2)a’(k = 1)|0) P=+, g=1
al'(k = 1)a®(k = 1)a’(k = 1)|0) P=—, q=1
af'(k = 3)a®(k = 1)|0) P=+, q=2
al'(k = 2)a®(k = 1)a’(k = 1)|0) P=—, q=2
al'(k = 1)a®(k = 1)af*(k = 1)al(k = 1)|0) P=+4, q=2

the individual sets of degeneracies tell us something spe-
cific about the interactions amongst the corresponding
phonons — usually that they are very weak ... although
there certainly should be more to be said than that

[also ¢ = —1,q = —2 degenerate within errors]



1 2 3 4 5 6

l\/o

)

- Luscher,Symanzik,Weisz 1980: FE, = ol + 47” (n — %)



- Luscher-Weisz 2004: FE, = al—l—“T7r (n — 21_4)_%2 (n — L)Q



07 5 3 Z 5 6

I\/o

- one more order of NG ...



- ... and another ...



Why 7

the covariant Nambu-Goto expression e.g. for ¢ = 0,
_ 8 D—2\\3
E(l) = ol (1 + 5% (n— —))
can only be expanded as a power series in 1/l\/o when
— 8= 1
v=75(n—5) <1

whereas in practice we have a very good fit by Nambu-
Goto even down to

x e~ 12 o ~2, n=2



l
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content of NG states:

0) P=+, q=0
a’®(k = 1)|0) P=—, q=1
al®'(k = 1)a’(k = 1)|0) P=+4, q=0
af'(k = 2)|0) P=—, q=2
af’(k = 1)af'(k = 1)|0) P=+, q=2
af'(k = 2)at(k = 1)|0) P=+, q=1
al'(k = 1)a®(k = 1)a’(k = 1)|0) P=—, q=1
al'(k = 2)a®(k = 2)|0) P=+, q=0
al'(k = 1)a®™(k = 1)a*(k = 2)|0) =—, q=0
al'(k = 2)al(k = 1)a*(k = 1)|0) =—, q=0
al'(k = 1)a®(k = 1)a(k = 1)a*(k = 1)|0) P=+4, q=0
al®(k = 3)a’(k = 1)|0) P=+4, q=2
al'(k = 2)a®™(k = 1)a*(k = 1)|0) P=—, q=2
al'(k = 1)a®(k = 1)a®*(k = 1)a’(k = 1)|0) P=+4, q=2

observed near-degeneracies for [ > 2/,/o ~ 1fm ~ width
flux tube!



e in D=2+41 SU(N) gauge theories, confining
flux tubes belong to the universality class of a
simple bosonic string theory

e more than that, the Nambu-Goto covariant
free string spectrum

Np+Ngp D=2 2mq)\ 2

E2(l) = (c1)? + 87ra< L—lz_ B 2—4> + (%) :
is very accurate down to values of [\/o where
an effective string theory expansion, z = [/o,

1
En _ 2 __
(It a) =ot -t
makes no sense (is far past its range of con-
vergence)

e S0, since in the range of [\/o where such
a power expansion is relevant, any difference
with Nambu-Goto is totally negligible, it is clear
that there is a challenge here to incorporate
string corrections to Nambu-Goto in some ‘re-
summed’ or ‘non-perturbative’ way ...



What about D=3 +4+1 7

earlier work has provided good evidence that for SU(2)
and SU(3) the universality class of the effective string
theory describing long flux tubes is bosonic e.g. for the
ground state

Eo(l) = ol — % + O(1™?)

and there is some evidence that excited states tend to-
wards the corresponding behaviour:

En(l) = ol 4% (n = 5) + 007

but only when they are very long (and hard to calcu-
late!):

I\o>1

here I show some preliminary indications that what we
found for D = 2 4+ 1 SU(N) gauge theories i.e. an
amazingly precocious onset of Nambu-Goto behaviour:

En(l) = ol(1 4 2% (n — @%

is also the case in D = 34 1 — but only an indication so
far ...



D=3+1; SU(6) ; I~ 1.6
H. Meyer, M. Teper: hep-lat/0411039

1.5+ g j[

Ceff —&—

0.5 ' ;

1 15 2 25 3 35 4 45
N

Luscher:o
Eo(l) — O'l — Ceff%
Nambu-Goto:e

Eo(l) — O'l (1 — Ceff%)%



D=3+1; SU3) ; lc~1.6
B.Bringoltz, A.Athenedorou, M. Teper: in progress

2 | | | | | |

o

Ceff

1
%

1.5F %
S
1[ T

0.5 ] ] ] ]

1 15 2 25 3 35 4
N

Luscher:o
Eo(l) = ol — Ceff%
Nambu-Goto:e 1
Eo(l) = ol (1 — Ceff%>2



H. Meyer, M. Teper: hep-lat/0411039

2

am(l)

linear 4+ bosonic string correction (—):

En(l) = ol + *(n — 75)

Nambu-Goto string action (---):

N~

En(l) = ol[1 4+ 2% (n — 5)]



flux tubes multiply wound around the torus

e confining flux tubes wound once around a spatial torus
have a spectrum that is amazingly close to that of the
free bosonic Nambu-Goto string model

e strings that wind more than once may overlap and so
non-NG interaction effects might show up here

e and a dependence on the specific SU(N) group might
also show up here, e.g.

in SU(2) a doubly wound loop could overlap with the
vacuum, as f®f contains a singlet, which cannot happen
for larger N.

e stringy interaction effects are not only outside Nambu-
Goto but also lie beyond the scope of the Polchinski-
Strominger approach since that does not deal properly
with the small closed loops whose exchange is presum-
ably part of the interaction.

e a particularly interesting subset of such loops (and
products of such loops) are k-strings



k-strings

Consider a source that is the product of k£ fundamental
sources.

The flux tube between such a static source and its con-
jugate is a k-string.

It may be energetically favourable to screen such a source
with gluons from the vacuum into another representa-
tion

However, since the gluons are adjoint and transform triv-
ially under the centre, the source, after any screening,
will transfrom the same way under z € Zy i.e.

o — 2"y,

So screening leaves sources in the same k-class subject
to the constraint zV =1

Typically a source will be screened so that it acts as a
source for the lightest string of given k.

Thus k is a good quantum number. Similarly k-strings
can wind around a torus,

Question:

Is the lightest k-string composed of k£ fundamental strings,
0. = kop—1 or do we have bound states o, < kop—1 7



k-strings in D = 4

Casimir scaling:

o — k(N—k)
o N-1
‘MQCD’:
o __ sin%”
o sm%
/0
(N,k) || Casimir scaling | this paper | ‘MQCD’
(4,2) 1.333 1.370(20) | 1.414
(4,2) 1.333 1.358(33) | 1.414
(6,2) 1.600 1.675(31) | 1.732
(6,3) 1.800 1.886(61) | 2.000
(8,2) 1.714 1.779(51) | 1.848
(8,3) 2.143 2.38(10) | 2.414
(8,4) 2.286 2.69(17) | 2.613




k-strings in D = 3

oL/o Casimir
1.3553(23) | 1.3333..
1.5275(26 | 1.5
1.6242(35) | 1.6
1.7524(51) | 1.7142..
1.8590(63) | 1.8
2.174(19 2.143..
2.373(12) | 2.286..

0o WO O K=

AW WNNDNN

higher kK and/or N less reliable
systematic error due to excited states not estimated
here: but will typically slightly reduce the ratios

Casimir scaling good at ~ 2% level
— better than D =4
— and main systematic error will improve comparison

D = 3 ratios ten times more accurate than D = 4: so
will focus on the former below



string corrections?

fit £k = 2 ground state to Nambu-Goto:
Eu(l) = oy (1 _ ”(D‘Q)f

30—1;[2
and just Luscher

_ w(D-2)
Er(l) = oxl — ==

1.6
151 : ' T
Luscher

1.41

1.3F

El(c )

1.2F

1.1r

0.9 | | | | | |
1 1.5 2 25 3 35 4 4.5
Vo

=

Much larger deviations at smaller [ than for £ = 1 flux
tube



string corrections?

fit ground state to central charge of Nambu-Goto:

Ei(l) = oyl (l — Ceffw(?)Dal;E))Q

- SU(4), a 00.13 / Vo 00.06 fm
o SU(5),a00.13/ Vo 00.06 fm

% } o SU(6), a 00.17 /Yo J0.08 fm

1.5/ ﬁ | ‘ , }

0.5

1.5 2 2.5 3
Vo

=

using NG for /o ~ 3 looks OK

3.5



Corrections: O(1/N) or O(1/N?)?

e.g.
Casimir scaling gives an O(1/N) correction:

o — k(N=k) _ g _ k(k=1)

o — N-1 N—1

while the (MQCD) sine formula gives a more conven-
tional O(1/N?) correction.

since an O(1/N) correction can feed into an O(1/N)
correction to glueball masses — think of excited glueballs
composed of closed k-strings — this is an interesting issue



Ok=2

‘L Op—n a b
fit o2 =2 — ok

L9y e/l:lt with p=2

1.8}

Fit with p=1
1.7

1.6

1.5 Casimir

0 0.05 0.1 0.15 0.2 0.25
1/N

=

p=1 fit OK ; p=2 fit poor



Ok=N/2

fit =2

N
|l
Q
_|_
=

0.7—

Fit with p=1 Fit with p=2
0.65r

0.61

r ol (NI2)

0.55F

0.5

Casimir

0.45 Il Il Il Il Il Il
0 0.05 0.1 0.15 0.2 0.25 0.3

1/N

=

p = 1 fit good, and a = 0.506(4) consistent with Casimir

scaling
p = 2 fit poor

= evidence is for O(1/N) corrections



Excited states in a given k sector

e does the spectrum know about the group or just about
the center?

e.d.

k=2a:{Tri}?—Tri?

k=2s:{Tri}?>+ Tri?

with a ground state — bound state or resonance — in
each representation?

e is there a Nambu-Goto tower of excited states built
on each of these ground states?



Excited states in the k = 2 sector

e Calulate the spectrum using the full basis of £ = 2
operators as a function of [

e Out of the original operators form separate orthonor-
mal bases of £k = 2a and kK = 2s operators (warning: not
exact here!)

e Calculate the projection of each eigenvector onto the
k = 2a and k = 2s bases separately:

State

1Fe—a— =
0.5 L
(0] = |
2 3 4 5 6
1, T T T =
07 ! } [
2 3 4 5 6
1F T T T ]
0.5M 1.,
Ok I L ; = L
2 3 4 5 6
1, T T T |
O’ L | L
2 3 4 5 6
1_5_% ) = T = T T =
0.5 >< 5
0 t b ! L
2 3 4 5 6

Vo for N=6, k=2, aV0=0.27832

=

the states organise themselves into represnetations of
SU(N), leading to accidental crossing degeneracies at
certain [



with some evidence for a Nambu-Goto tower

N =4, k=2, a/o00.13109

3.5

1.5+




so once we look at multiply wound strings and k-strings,
we find :

k-strings are strongly bound
for each k£ we have a complex spectrum of excited states

k-strings know about SU(N) e.g. the low-lying spec-
trum of k = 2 strings appears to fall spontaneously into
symmetric and antisymmetric representations

there is some evidence that on each ‘ground state’, in
each representation, we have an approximate Nambu-
Goto tower of excited states



String spectrum in D=2+41 SU(N) gauge theories

e non-perturbative linear confinement
e scale set by ¢°N ~ [m]

e dimensionless coupling for physics on scale [ is [g° N
—
UV freedom and IF slavery, just like D =3+ 1

QUESTION:

consider the spectrum of confining flux tubes around a
spatial torus of length [:

there are no sources and (for N > 3) there is a first
order phase transition at [ = [, = %
so this sector of string states should be describable by
some effective string theory VI > [. and this provides a
starting point for finding the effective string theory that
describes gauge theories (Polyakov, 't Hoost, ..)

this effective string theory should be particularly sim-
ple at N = oo where the are no decays or mixings or
screening or binding between strings and glueballs



SU(N) string tension: Karabali-Nair prediction
Barak Bringoltz, MT: hep-th/0611286

Karabali and Nair analytic Hamiltonian formalism: e.g.
hep-th /0309061, arXiv:0705.2898, 0705.0394
( also: Freidel, Leigh, Minic hep-th/0604184)

= 1
Vo _ |27 N2
gQN o 8

within ~ 3% of ‘old’ lattice calculations for all N

=

need calculations where all systematic (=hard) as well

as statistical (= easy) errors are controlled to € 1%.



Note:

the D = 2 4+ 1 (Hamiltonian) expectation value of a
Wilson loop taken with respect to the KKN ground
state wave-functional, involves 2 dimensional integra-
tions that to ‘leading order’ turn out to be precisely like

the D =1+ 1 Euclidean expectation value of a Wilson
loop

=

for sources in a representation R the corresponding string
tension satisfies Casimir scaling:

or _ Cr
o Cy
where (' is the quadratic Casimir
BUT
just asin D = 141 there is no screening e.g. of adjoint
=

KKN, to this approximation, cannot be exact, except
possibly at N = co where screening vanishes in D = 3

moreover

justasin D =141 there are no O(1/r) corrections to Wilson loops
=

even at N = oo KKN cannot be exact for finite Wilson loops,
although it might be for the string tensions — this is what we will
try to establish



systematic errors

Barak Bringoltz, MT: hep-th/0611286

e corrections in powers of 1/[ to
E(l) = ol —cg

e explicit bound on finite volume corrections

e excited string state contributions to ground state string
correlators

e correlated fits

e O(a*) corrections to usual O(a?) continuum extrapo-
lations

e O(1/N*) corrections to usual O(1/N?) large-N extrap-
olations



excited state correction e.g. SU(5) 24232

C(nt) 1%.@\;} T T T T T T
[ e, ]
i ~@‘~.@

0.1 3 @u& =

X S,
L '@,. ]
I *@..6 i
0.01 3 '@..@. 3
- ®..3
i :

O 001 I I I I

ng
a’meff(nt) 0.4 ' ! ' I !
0.39} _ .
0.38 _@MM@%M_
0.37F}
03524 6 8 10 12
nt

= am = 0.3827 + 0.0006



subtract a maximal (positivity) contribution of the first
excited state from C(t) i.e.

C(t) - C(t) — 0.015exp{—0.74t}

C(nt) 1%..@..;9 T T T T T T
0.1f T
.e"'e...@
0.01¢ Q"'@u@. E
g '@né)
0.0015~576 8 10 12 14

(157

a,meff(nt) 0.4 | | | | |

0.39} -
0.37F
036654 6 8 10 12

Nt

= am = 0.3827(6) —s 0.3815(6)

i.e. 20 systematic error



continuum limit :

since

B — % NG SN
where g3 is the dimensionful coupling that sets the mass
scale of the continuum D = 3 gauge theory, it is usual

and convenient to define
6 — 2N

b 2

ag

So we can extrapolate to the continuum limit:
%a\/a(a) — \g—g . P — o0

for example by using :

B _ Vo, a e
ﬁa\/g(a)— g2 +5+52

we shall frequently use g2 in place of gg, hopefully without confusion



some continuum limits :

Vo(a) 2
gQ—N VS. aqg N

0.2

0.195[ ;

0.19r

0.185f

0.18f

avo x B _/(2N?)

0.175F

0.17f

0.165— : :

NZ/BMF

15



smooth limit keeping ¢°N fixed?

\/O' 16 B S 7
2
g 1.2F . _
0.8} s -
(S
0.4F . _
O———~Z% %6 38 10
N
1 9> — g°N
ﬁ 0.24 | | | |
g°N
02 B s © = e B
e
0.16F ° .
012716 8 10



lim

a—0 92]\[

KKN

lattice

R woOhsWwN2

0.1728
0.1881
0.1931
0.1954
0.1967
0.1979
0.1995

0.1668(4)
0.1843(3)
0.1898(4)
0.1924(4)
0.1946(4)
0.1958(5)
0.1977(4)




N — o0

— ('\/5/92N)KKN
- (\/;/92N)Lattice

r

o g°-data

0.995r o° - linear fit| |

0.99} : , o gP-data

o - linear fit

0.985}

0.98f

~ 09751

0.971

0.965}

0.96}

0.9551

0.95 I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3

1/N?

=

lim —£% = 0.9901 4 0.0010 — 0.0025

N Vo

convincing ~ 6 sd discrepancy



N — o0

— ('\/5/92N)KKN
- (\/E/QQN)Lattice

r

0.99¢

0.98¢

0.97¢

0.96¢

0-95 0 005 01 015 0.2 025 0.3

1/N

=

lim —/% = 0.9901 4 0.0010 — 0.0025

N Vo

convincing ~ 6 sd discrepancy



the topological susceptibility

the topological susceptibility, v, is given by the fluctua-
tions of the topological charge, @), per unit space-time
volume V:

(Q2)

V
the Witten-Veneziano realisation of 't Hooft's resolu-
tion of the Uy(1) problem (that the 7' is anomalously

heavy for a Goldstone boson), leads to the large-N re-
lation:

f2m2
=74 O(mg,, 1/N
X 4N; + (mq / )

which putting in experimental numbers comes to

x ~ (180MeV)*

and lattice calculations of the SU(3) topological sucep-
tibility obtain values close to this.

However all this assumes that the SU(3) value of x dif-
fers from its SU(oco) value by modest O(1/N?) correc-
tions and that the same is true of the combination f7m;,.
For progress towards establishing the latter see:

R. Narayanan, H. Neuberger hep-lat/0501031;

G. Bali, F. Bursa arXiv:0708.3427

Here I show some results demonstrating the latter.



lattice technique

replace the continuum topological charge density by a
corresponding lattice operator:

6/1,1//)ch:11,va0 — E/J,VpJU/J,I/UpJ

where U,,(n) is the plaquette matrix in the u,v plane

and at the lattice site + = an When the fields are
smooth:

1 a—0
QL( ) — 5,uvpch€T'r{U,ul/(aj)Up0(x)} ; CL4Q(ZC)—|—O(CL6)

where Q(az) is the continuum topological charge den-
sity. To obtain a smooth lattice field from a rough
Monte Carlo generated lattice field we apply a standard
iterative ‘cooling’ (= smoothing) procedure.



to the continuum limit ...
L. Del Debbio, H. Panagopoulos, E. Vicari hep-th/0204125 ...

°
0035 g
v

0030_§+ % - |

S
e i Lt
C g
0.025— —
0.020 — —
I | I | I | I | I |
0.00 0.02 0.04 0.06 0.08 0.10



N-dependence
L. Del Debbio, H. Panagopoulos, E. Vicari hep-th/0204125
(see also: B. Lucini, M. Teper hep-lat/0307017)

0.04
0.03|- E |
C Lo i .................... ! .........
0.02{ _
i = C(N) _
o large-N extrapolation
. l . l . l , | | | |

0.00 % 0.02 0.04 0.06 0.08 0.10 0.12

1

Xi—s ~ 180(2)MeV  —  xi_._ ~ 170(3)MeV



a question ...

(Q?) measures the fluctuations of Q around (Q) = 0:
why does it not vanish as N — oo i.e.

Nioo

(Q%) "="(Q)* =07

It does not vanish because at a generic value of v = 0/N

(Q) = O(N) + (Q%) = O(N?)
so the finite limit that we observe of IimN_m(QQ)/V

is in fact the O(1/N?) correction.
B. Lucini, M. Teper, U. Wenger hep-lat/0401028



let us suppose for the moment that we have added a
O-term to the action, i.e. 6S = 20Q, and that we are
working with a generic nonzero value of 6 so that (Q) #
0. We have

d d
(Q) = i In Z(0) = zdee(G)V
where we have used Z = exp —eV where € is the vacuum
energy per unit volume. Now we expect from the usual
large-N counting arguments that ¢ o« N2 and that a
smooth large-N limit is reached if one keeps /N fixed
l.e.

e(6) = N°h(8/N)

Plugging this in and using the notation ¢ = 0/N, we
immediately see that

. d . . d
(Q) = Z@G(Q)V = NVz@h(zb) o< N



Size distribution of instantons

look at peaks in smoothened lattice topological charge
density and use the classical formula

6
72 p4

Qpeak —
to determine the instanton size p

Warning : for small p the peaks are huge and the method
is reliable; but for large p the ‘peaks’ become very wide
and low bumps that eventually might be anything ...



Instanton size density

N—co

D(p) — d(p—pc) 7

3000 | | | | | | | | |
2000+ .
D(p) 0
1000} .
: .:"i&&
0015345678610

SU(3) e ; SU(6) o ; SU(12) e




e vanishing of small instantons?

for small instantons, p < Agcp, the coupling becomes
small, ¢°(p) € 1, and the density is dominated by the
action factor;

0 _ &2 _ &2
D(p)dp "X e Em = e TN 1 A= g°N
which translates to:
p—0  un_
D(p) "< p= 72

which is more-or-less reproduced below ...
e vanishing of larger instantons?

as we increase p we see from the more complete semi-
calssical expression

dp 1| b° "
D(p)dp oc _p_{ _%}

p p

that the suppression with N becomes weaker, and dep-
nds on details, such as the effective action for overlap-
ping instantons etc.

In any case, for large instantons we lose our ability to
calculate ...

however we expect very large instantons to be sup-
pressed because the theory has a mass gap, which means
we cannot have arbitrarily large coherent chromoelectric
and magnetic fields that would exist in the core of an
arbitrarily large instantons ...



vanishing of small instantons

fit D(p) o p76ff(p)
20
e SU(2)
m SU(3)
®SU@4)
A SU(5)
15
>“.‘u'310 e __ ] + fffffffffffffffffffff
'}
,,,,,,,,,,,,,,,, A
| ?
. i* . t
T T
° A
0 ¢‘+ LY
0 2 4 6 8 10



vanishing of small instantons

=

sequence of lattice fields gets stuck in a given topolog-
ical sector:

MC is ‘local’ so the fields in the sequence change almost
continuously — one link matrix at a time

_>

to change Q we need to shrink an (anti) instanton down
to the size of a hypercube, p ~ a, and then eject it
through the hypercube, leaving an innocuous gauge sin-
gularity behind.

_>

this necessarily means passing through sizes where g2(p)
is small, and the probability of this is suppressed expo-
nentially in N

Solution? use a subvolume v K€ V which is small enough
not to care that the total charge in V is constant, and
which is large enough, v > /\égD, that it encompasses

relevant length scales.

... this still leaves many interesting questions about how
topology is encoded in large-N fields ...



Interlaced 6-vacua in SU(N) gauge theories

consider the gauge action with a 6 term

0
1672

1
S[g?,0] = e / d*xTrF,, F" + / d*xe P TrF,, F,y

Since

1
1672

/d“:ce“”’”“TrFWFpa = Q = integer

we know that S[A] and hence the vacuum energy E(0)
are periodic in 0

E(0) = E(0 +2x) VN

On the other hand, we expect that for a smooth N — oo
limit, we need to factor N from S so that the couplings
to keep fixed are 1/¢°N, 0/N, ... i.e.

E(8) = N°h(6/N)

How do we reconcile these two apparently irreconciliable
demands? E.Witten hep-th/9807109



suggestion: E(0) is a multi-branched function
E.Witten hep-th/9807109

0+ 27k

E,(0) = N°h ( ~

so that: E(0) = E(0 + 2m)
while each E,(0) is periodic in 2aN

e.g. N=10:

) ; E(G):mkinEk(G)

E(0)

- =
Eaenzl ] . .. ____.--.-.-___.-_ " LaaTEenil
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domain wall tension between different ‘k-vacua’ is O(N)

so as N — oo these will all become stable ...
Witten: AdS/CFT ; Shifman: N = co SUSY



So:

T <T.
we have N/2 vacua at any given 6

there is very nice lattice evidence for this scenario:
L.Del Debbio, H. Panagopoulos, E. Vicari, hep-th/0204125,
arXiv:0706.1479

T >T.
topology disappears exponentially in N:
feeor(T.)
Xxf"”(TC) 10 T T T T T T T T |
1L .. E
TS ]
0.1 e 3
ool el

0.001

SO no interlaced vacua — just naive 2x periodicity in 6
with exponentially small E(0) variation



—

So as N — oo there are N /2 stable vacua at § =0

For large N the lowest vacua are close to their minima
— we can use a quadratic approximation for E.(0), —

1
E,(0 =0) = EXt(QWk)Q
where x; is the topological susceptibility

Note:
Ejp—1 = 27%x: ~ (360MeV)* ~ gluon condensate

Unfortunately, we have searched for such qua-
sistable (in MC time) states but have not (yet)
found any sign of them



