
Q GaSlab
The laboratory for Quantum Gravity & Strings

Scrambling & Chaos in Quantum Networks

J.M., J-G Hartmann, D. Rosa & J. Shock

Oxford Particle Theory Seminar, 2020

based on: 1901.04561 and 2006.xxxxx

Or Things To Think About When You Can’t Fall Asleep On PlanesDuring a Global Pandemic



Jeff Murugan (UCT)

The Small-World Phenomenon
[Milgram ’67, Watts ’99]

How connected are we really?

In 1967 Stanley Milgram attempted to quantify social connectivity in the US by:
 Identifying random individuals in Iowa
 Identifying a target individual in Boston
 Having the Iowans send a letter to the target by mailing only someone they     
knew and thought would be better placed to connect with the target

Milgram’s team tracked  
the progress of the 
letter by having 
participants send a 
postcard directly to the 
researchers when they 
mailed the letter. This 
determined the links and 
nodes in the social 
network

What they found was that:
 With a small variance, the letter reached the target by 6 mailings
 The social network exhibited a small world phenomenon in that 
complete strangers were connected by a short acquaintance chain. 
 This connectivity was mediated by a number of highly connected
study participants
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Six Degrees of Separation
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A Network Theory Primer
[Watts ’99]

 A graph or network                       is a collection of vertices              G(V,E)
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and edges                                organised in a particular way.       E ✓ V ⌦ V
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 The organisation can be 
regular like a lattice or 
random like an Erdös-Rényi 
graph
 The organisation can be 

sparse or dense.
 If every node is connected to 

every other node, the graph is 
called complete.
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 A graph or network                       is a collection of vertices              G(V,E)
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<latexit sha1_base64="JzZlZ7fyQW6ks9SvcKQw43WfrsY=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBhYSkCraLQtGN3UgF+4AmhMlk0g6dPJiZFEoouPFX3LhQxK0/4c6/cfoQfB64cDjnXu69x0sYFdI037XcwuLS8kp+tbC2vrG5pW/vtEScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG1xM/PaQcEHj6EaOEuKEqBfRgGIkleTqey1YhXY2dLP6+BjWq5bN/FgKeGWPXb1oGqVK2TypwN/EMswpimCOhqu/2X6M05BEEjMkRNcyE+lkiEuKGRkX7FSQBOEB6pGuohEKiXCy6Q9jeKgUHwYxVxVJOFW/TmQoFGIUeqozRLIvfnoT8S+vm8qg7GQ0SlJJIjxbFKQMyhhOAoE+5QRLNlIEYU7VrRD3EUdYqtgKKoTPT+H/pFUyLNOwrk+LtfN5HHmwDw7AEbDAGaiBS9AATYDBLbgHj+BJu9MetGftZdaa0+Yzu+AbtNcPJ2aWmA==</latexit><latexit sha1_base64="JzZlZ7fyQW6ks9SvcKQw43WfrsY=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBhYSkCraLQtGN3UgF+4AmhMlk0g6dPJiZFEoouPFX3LhQxK0/4c6/cfoQfB64cDjnXu69x0sYFdI037XcwuLS8kp+tbC2vrG5pW/vtEScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG1xM/PaQcEHj6EaOEuKEqBfRgGIkleTqey1YhXY2dLP6+BjWq5bN/FgKeGWPXb1oGqVK2TypwN/EMswpimCOhqu/2X6M05BEEjMkRNcyE+lkiEuKGRkX7FSQBOEB6pGuohEKiXCy6Q9jeKgUHwYxVxVJOFW/TmQoFGIUeqozRLIvfnoT8S+vm8qg7GQ0SlJJIjxbFKQMyhhOAoE+5QRLNlIEYU7VrRD3EUdYqtgKKoTPT+H/pFUyLNOwrk+LtfN5HHmwDw7AEbDAGaiBS9AATYDBLbgHj+BJu9MetGftZdaa0+Yzu+AbtNcPJ2aWmA==</latexit><latexit sha1_base64="JzZlZ7fyQW6ks9SvcKQw43WfrsY=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBhYSkCraLQtGN3UgF+4AmhMlk0g6dPJiZFEoouPFX3LhQxK0/4c6/cfoQfB64cDjnXu69x0sYFdI037XcwuLS8kp+tbC2vrG5pW/vtEScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG1xM/PaQcEHj6EaOEuKEqBfRgGIkleTqey1YhXY2dLP6+BjWq5bN/FgKeGWPXb1oGqVK2TypwN/EMswpimCOhqu/2X6M05BEEjMkRNcyE+lkiEuKGRkX7FSQBOEB6pGuohEKiXCy6Q9jeKgUHwYxVxVJOFW/TmQoFGIUeqozRLIvfnoT8S+vm8qg7GQ0SlJJIjxbFKQMyhhOAoE+5QRLNlIEYU7VrRD3EUdYqtgKKoTPT+H/pFUyLNOwrk+LtfN5HHmwDw7AEbDAGaiBS9AATYDBLbgHj+BJu9MetGftZdaa0+Yzu+AbtNcPJ2aWmA==</latexit><latexit sha1_base64="JzZlZ7fyQW6ks9SvcKQw43WfrsY=">AAACA3icdVDLSsNAFJ3UV62vqDvdDBbBhYSkCraLQtGN3UgF+4AmhMlk0g6dPJiZFEoouPFX3LhQxK0/4c6/cfoQfB64cDjnXu69x0sYFdI037XcwuLS8kp+tbC2vrG5pW/vtEScckyaOGYx73hIEEYj0pRUMtJJOEGhx0jbG1xM/PaQcEHj6EaOEuKEqBfRgGIkleTqey1YhXY2dLP6+BjWq5bN/FgKeGWPXb1oGqVK2TypwN/EMswpimCOhqu/2X6M05BEEjMkRNcyE+lkiEuKGRkX7FSQBOEB6pGuohEKiXCy6Q9jeKgUHwYxVxVJOFW/TmQoFGIUeqozRLIvfnoT8S+vm8qg7GQ0SlJJIjxbFKQMyhhOAoE+5QRLNlIEYU7VrRD3EUdYqtgKKoTPT+H/pFUyLNOwrk+LtfN5HHmwDw7AEbDAGaiBS9AATYDBLbgHj+BJu9MetGftZdaa0+Yzu+AbtNcPJ2aWmA==</latexit>

and edges                                organised in a particular way.       E ✓ V ⌦ V
<latexit sha1_base64="nJ4KHvrX84ZE4XFXYaiXtIuwERY=">AAAB/nicdVDJSgNBEO2JW4xbVDx5aQyCpzATBZNbUASPEcwCmSH0dCpJk57F7hohDAF/xYsHRbz6Hd78GzuL4Pqg4PFeFVX1/FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOQ0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3h+cRv3oLSIgqvcRSDF7B+KHqCMzRSJ7934erE14BwQxtuhCIATRudfMEulipl+7hCfxOnaE9RIHPUOvk3txvxJIAQuWRatx07Ri9lCgWXMM65iYaY8SHrQ9vQkJk1Xjo9f0wPjdKlvUiZCpFO1a8TKQu0HgW+6QwYDvRPbyL+5bUT7JW9VIRxghDy2aJeIilGdJIF7QoFHOXIEMaVMLdSPmCKcTSJ5UwIn5/S/0mjVHTsonN1UqiezePIkn1yQI6IQ05JlVySGqkTTlJyTx7Jk3VnPVjP1susNWPNZ3bJN1ivH1z1lcA=</latexit><latexit sha1_base64="nJ4KHvrX84ZE4XFXYaiXtIuwERY=">AAAB/nicdVDJSgNBEO2JW4xbVDx5aQyCpzATBZNbUASPEcwCmSH0dCpJk57F7hohDAF/xYsHRbz6Hd78GzuL4Pqg4PFeFVX1/FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOQ0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3h+cRv3oLSIgqvcRSDF7B+KHqCMzRSJ7934erE14BwQxtuhCIATRudfMEulipl+7hCfxOnaE9RIHPUOvk3txvxJIAQuWRatx07Ri9lCgWXMM65iYaY8SHrQ9vQkJk1Xjo9f0wPjdKlvUiZCpFO1a8TKQu0HgW+6QwYDvRPbyL+5bUT7JW9VIRxghDy2aJeIilGdJIF7QoFHOXIEMaVMLdSPmCKcTSJ5UwIn5/S/0mjVHTsonN1UqiezePIkn1yQI6IQ05JlVySGqkTTlJyTx7Jk3VnPVjP1susNWPNZ3bJN1ivH1z1lcA=</latexit><latexit sha1_base64="nJ4KHvrX84ZE4XFXYaiXtIuwERY=">AAAB/nicdVDJSgNBEO2JW4xbVDx5aQyCpzATBZNbUASPEcwCmSH0dCpJk57F7hohDAF/xYsHRbz6Hd78GzuL4Pqg4PFeFVX1/FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOQ0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3h+cRv3oLSIgqvcRSDF7B+KHqCMzRSJ7934erE14BwQxtuhCIATRudfMEulipl+7hCfxOnaE9RIHPUOvk3txvxJIAQuWRatx07Ri9lCgWXMM65iYaY8SHrQ9vQkJk1Xjo9f0wPjdKlvUiZCpFO1a8TKQu0HgW+6QwYDvRPbyL+5bUT7JW9VIRxghDy2aJeIilGdJIF7QoFHOXIEMaVMLdSPmCKcTSJ5UwIn5/S/0mjVHTsonN1UqiezePIkn1yQI6IQ05JlVySGqkTTlJyTx7Jk3VnPVjP1susNWPNZ3bJN1ivH1z1lcA=</latexit><latexit sha1_base64="nJ4KHvrX84ZE4XFXYaiXtIuwERY=">AAAB/nicdVDJSgNBEO2JW4xbVDx5aQyCpzATBZNbUASPEcwCmSH0dCpJk57F7hohDAF/xYsHRbz6Hd78GzuL4Pqg4PFeFVX1/FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOQ0eJ4lDnkYxUy2capAihjgIltGIFLPAlNP3h+cRv3oLSIgqvcRSDF7B+KHqCMzRSJ7934erE14BwQxtuhCIATRudfMEulipl+7hCfxOnaE9RIHPUOvk3txvxJIAQuWRatx07Ri9lCgWXMM65iYaY8SHrQ9vQkJk1Xjo9f0wPjdKlvUiZCpFO1a8TKQu0HgW+6QwYDvRPbyL+5bUT7JW9VIRxghDy2aJeIilGdJIF7QoFHOXIEMaVMLdSPmCKcTSJ5UwIn5/S/0mjVHTsonN1UqiezePIkn1yQI6IQ05JlVySGqkTTlJyTx7Jk3VnPVjP1susNWPNZ3bJN1ivH1z1lcA=</latexit>

 The organisation can be 
regular like a lattice or 
random like an Erdös-Rényi 
graph
 The organisation can be 

sparse or dense.
 If every node is connected to 

every other node, the graph is 
called complete.



Jeff Murugan (UCT)

Network Properties
[Newman ’18]

Aij =

⇢
1
0

<latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit>

 The adjacency matrix
(i, j) 2 E

<latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit>

(i, j) 2/E
<latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit>

gives an unambiguous 
representation of any simple 
network

 Allows for a formulation of 
network properties in terms of 
matrix algebra.

 The degree of a node is the number of edges connected to it and 
can be computed from the adjacency metric as ki =

X

j

Aij

<latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit>

 The network Laplacian 
generalises the idea of the usual 
Laplacian to a network as

Lij =

8
<

:

ki i = j
�1 i 6= j, (i, j) 2 E
0 otherwise

<latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit>

 It can be related to the 
adjacency matrix through 

Lij = ki�ij �Aij
<latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit>

 Useful for the partitioning of 
the network.

 The spectrum             of the adjacency matrix is a network 
invariant that solves the characteristic polynomial

det (�I �A) = 0
<latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit>

�(G)
<latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit>



Jeff Murugan (UCT)

Network Properties
[Newman ’18]

Aij =

⇢
1
0

<latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit>

 The adjacency matrix
(i, j) 2 E

<latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit>

(i, j) 2/E
<latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit>

gives an unambiguous 
representation of any simple 
network

 Allows for a formulation of 
network properties in terms of 
matrix algebra.

 The degree of a node is the number of edges connected to it and 
can be computed from the adjacency metric as ki =

X

j

Aij

<latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit>

 The network Laplacian 
generalises the idea of the usual 
Laplacian to a network as

Lij =

8
<

:

ki i = j
�1 i 6= j, (i, j) 2 E
0 otherwise

<latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit>

 It can be related to the 
adjacency matrix through 

Lij = ki�ij �Aij
<latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit>

 Useful for the partitioning of 
the network.

 The spectrum             of the adjacency matrix is a network 
invariant that solves the characteristic polynomial

det (�I �A) = 0
<latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit>

�(G)
<latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit>



Jeff Murugan (UCT)

Network Properties
[Newman ’18]

Aij =

⇢
1
0

<latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit>

 The adjacency matrix
(i, j) 2 E

<latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit>

(i, j) 2/E
<latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit>

gives an unambiguous 
representation of any simple 
network

 Allows for a formulation of 
network properties in terms of 
matrix algebra.

 The degree of a node is the number of edges connected to it and 
can be computed from the adjacency metric as ki =

X

j

Aij

<latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit>

 The network Laplacian 
generalises the idea of the usual 
Laplacian to a network as

Lij =

8
<

:

ki i = j
�1 i 6= j, (i, j) 2 E
0 otherwise

<latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit>

 It can be related to the 
adjacency matrix through 

Lij = ki�ij �Aij
<latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit>

 Useful for the partitioning of 
the network.

 The spectrum             of the adjacency matrix is a network 
invariant that solves the characteristic polynomial

det (�I �A) = 0
<latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit>

�(G)
<latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit>



Jeff Murugan (UCT)

Network Properties
[Newman ’18]

Aij =

⇢
1
0

<latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit><latexit sha1_base64="5sxeeDGOabFNmp0AVQ04jTy0kI8=">AAACI3icbVBNSwMxEM367fpV9eglWARPZVcERRCqXjwqWBWaUrLpbBvNZpdkVijL/hcv/hUvHhTx4sH/Ylr34NeDgcd7M8nMizIlLQbBuzcxOTU9Mzs37y8sLi2v1FbXLm2aGwEtkarUXEfcgpIaWihRwXVmgCeRgqvo9mTkX92BsTLVFzjMoJPwvpaxFByd1K0dHHULeVPSQ8oUxMgKFkFf6oIbw4dlIUo/ZMwPfAa6V4nMyP4AG363Vg8awRj0LwkrUicVzrq1V9ZLRZ6ARqG4te0wyLDjXkUpFJQ+yy1kXNzyPrQd1TwB2ynGN5Z0yyk9GqfGlUY6Vr9PFDyxdphErjPhOLC/vZH4n9fOMd7vFFJnOYIWXx/FuaKY0lFgtCcNCFRDR7gw0u1KxYAbLtDFOgoh/H3yX3K50wiDRni+W28eV3HMkQ2ySbZJSPZIk5ySM9IigtyTR/JMXrwH78l79d6+Wie8amad/ID38QlqqKQb</latexit>

 The adjacency matrix
(i, j) 2 E

<latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit><latexit sha1_base64="Mfrhb7trfy3tgNln7q5FlWkGmRA=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMiuAxgnlgsoTZSW8yZnZ2mZkVwpK/8OJBEa/+jTf/xsnjoNGChqKqm+6uIBFcG9f9cnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh1cRvPqLSPJZ3ZpSgH9G+5CFn1FjpvsxPHo47XJLrbrHkVtwpyF/izUkJ5qh1i5+dXszSCKVhgmrd9tzE+BlVhjOB40In1ZhQNqR9bFsqaYTaz6YXj8mRVXokjJUtachU/TmR0UjrURTYzoiagV70JuJ/Xjs14YWfcZmkBiWbLQpTQUxMJu+THlfIjBhZQpni9lbCBlRRZmxIBRuCt/jyX9I4rXhuxbs9K1Uv53Hk4QAOoQwenEMVbqAGdWAg4Qle4NXRzrPz5rzPWnPOfGYffsH5+AbxZI/G</latexit>

(i, j) 2/E
<latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit><latexit sha1_base64="NLm9oudZynxepiGSis46SuwhxH4=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMtQoVSZ0TQZVEElxXsAzpDyaSZNjaTGZKMUEo3/oobF4q49TPc+TemD0Fbz+XC4Zx7Se4JEs6UdpwvK7OwuLS8kl3Nra1vbG7Z2zs1FaeS0CqJeSwbAVaUM0GrmmlOG4mkOAo4rQe9q5Fff6BSsVjc6X5C/Qh3BAsZwdpILXuvwIr3xx4T3sFPnXhFdN2y807JGQPNE3dK8jBFpWV/eu2YpBEVmnCsVNN1Eu0PsNSMcDrMeamiCSY93KFNQwWOqPIH4wOG6MgobRTG0rTQaKz+3hjgSKl+FJjJCOuumvVG4n9eM9XhhT9gIkk1FWTyUJhypGM0SgO1maRE874hmEhm/opIF0tMtMksZ0JwZ0+eJ7XTkuuU3NuzfPlyGkcW9uEQCuDCOZThBipQBQJDeIIXeLUerWfrzXqfjGas6c4u/IH18Q1O15Oh</latexit>

gives an unambiguous 
representation of any simple 
network

 Allows for a formulation of 
network properties in terms of 
matrix algebra.

 The degree of a node is the number of edges connected to it and 
can be computed from the adjacency metric as ki =

X

j

Aij

<latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit><latexit sha1_base64="pDJlRn2q8bcviUoL9UAqc4r3838=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJCLoRqm5cVrAPaEOYTKfttDNJmJkIJWbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0niDlT2nG+rcLS8srqWnG9tLG5tb1j7+41VJRIQusk4pFsBVhRzkJa10xz2oolxSLgtBmMbiZ+84FKxaLwXo9j6gncD1mPEayN5NsHIz9lGbpEHZUIPx1mV+Y9zHy77FScKdAicXNShhw13/7qdCOSCBpqwrFSbdeJtZdiqRnhNCt1EkVjTEa4T9uGhlhQ5aXT/TN0bJQu6kXSVKjRVP09kWKh1FgEplNgPVDz3kT8z2snunfhpSyME01DMvuol3CkIzQJA3WZpETzsSGYSGZ2RWSAJSbaRFYyIbjzJy+SxmnFdSru3Vm5ep3HUYRDOIITcOEcqnALNagDgUd4hld4s56sF+vd+pi1Fqx8Zh/+wPr8AfHjlgw=</latexit>

 The network Laplacian 
generalises the idea of the usual 
Laplacian to a network as

Lij =

8
<

:

ki i = j
�1 i 6= j, (i, j) 2 E
0 otherwise

<latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit><latexit sha1_base64="KW1PQZUVmYOCjEy6S9/JwJkbDwA="></latexit>

 It can be related to the 
adjacency matrix through 

Lij = ki�ij �Aij
<latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit><latexit sha1_base64="iAIpjGXasJfUiIGBR3RbF2IAKpI=">AAACC3icbZC7SgNBFIZn4y3G26qlzZAg2Bh2RdBGiNpYWEQwF0iWZXb2bDJm9sLMrBCW7W18FRsLRWx9ATvfxskmhUZ/GPj4zzmcOb+XcCaVZX0ZpYXFpeWV8mplbX1jc8vc3mnLOBUUWjTmseh6RAJnEbQUUxy6iQASehw63uhyUu/cg5Asjm7VOAEnJIOIBYwSpS3XrF67GbvL8Rkeacj7PnBFptYhPi/ANWtW3SqE/4I9gxqaqeman30/pmkIkaKcSNmzrUQ5GRGKUQ55pZ9KSAgdkQH0NEYkBOlkxS053teOj4NY6BcpXLg/JzISSjkOPd0ZEjWU87WJ+V+tl6rg1MlYlKQKIjpdFKQcqxhPgsE+E0AVH2sgVDD9V0yHRBCqdHwVHYI9f/JfaB/Vbatu3xzXGhezOMpoD1XRAbLRCWqgK9RELUTRA3pCL+jVeDSejTfjfdpaMmYzu+iXjI9vOqiahQ==</latexit>

 Useful for the partitioning of 
the network.

 The spectrum             of the adjacency matrix is a network 
invariant that solves the characteristic polynomial

det (�I �A) = 0
<latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit><latexit sha1_base64="PVwnJdQW8mE4ILofa5Ri3GxEDYQ=">AAACE3icdVDLSgMxFM34rPVVdekmWAQVLBkVtAvBx0Z3ClaFTimZzJ02mHmQ3BHK0H9w46+4caGIWzfu/BvTWsHngcDhnHu4ucdPlTTI2JszNDwyOjZemChOTk3PzJbm5s9NkmkBNZGoRF/63ICSMdRQooLLVAOPfAUX/tVhz7+4Bm1kEp9hJ4VGxFuxDKXgaKVmac2LOLZ1lAeAXU9BiCuesvGA02O6Tvc9LVttXKW7lDVLZVZh1R22WaW/iVthfZTJACfN0qsXJCKLIEahuDF1l6XYyLlGKRR0i15mIOXiiregbmnMIzCNvH9Tly5bJaBhou2LkfbVr4mcR8Z0It9O9i4wP72e+JdXzzDcaeQyTjOEWHwsCjNFMaG9gmggNQhUHUu40NL+lYo211ygrbFoS/i8lP5PzjcqLqu4p1vlvYNBHQWySJbICnHJNtkjR+SE1IggN+SOPJBH59a5d56c54/RIWeQWSDf4Ly8Az7/nRM=</latexit>

�(G)
<latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit><latexit sha1_base64="BZlCtwYEF9ncgC9QvSAm1Th84vY=">AAAB8HicdVDJSgNBEK1xjXGLevTSGIR4GXpUMLkFPegxglkkGUJPpydp0j0zdPcIYchXePGgiFc/x5t/Y2cRXB8UPN6roqpekAiuDcbvzsLi0vLKam4tv76xubVd2Nlt6DhVlNVpLGLVCohmgkesbrgRrJUoRmQgWDMYXkz85h1TmsfRjRklzJekH/GQU2KsdNvRvC9J6fKoWyhiF1fK+KSCfhPPxVMUYY5at/DW6cU0lSwyVBCt2x5OjJ8RZTgVbJzvpJolhA5Jn7UtjYhk2s+mB4/RoVV6KIyVrcigqfp1IiNS65EMbKckZqB/ehPxL6+dmrDsZzxKUsMiOlsUpgKZGE2+Rz2uGDViZAmhittbER0QRaixGeVtCJ+fov9J49j1sOtdnxar5/M4crAPB1ACD86gCldQgzpQkHAPj/DkKOfBeXZeZq0LznxmD77Bef0Ad1iQMA==</latexit>



Jeff Murugan (UCT)

Some Examples
[Newman ’18]
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A =

0

BBBBBB@

0 1 0 0 1 0
1 0 1 1 0 0
0 1 0 1 1 1
0 1 1 0 0 0
1 0 1 0 0 0
0 0 1 0 0 0

1

CCCCCCA

<latexit sha1_base64="oMByr8LouM5MEZJx/R7p0wgJ8+4="></latexit><latexit sha1_base64="oMByr8LouM5MEZJx/R7p0wgJ8+4="></latexit><latexit sha1_base64="oMByr8LouM5MEZJx/R7p0wgJ8+4="></latexit><latexit sha1_base64="oMByr8LouM5MEZJx/R7p0wgJ8+4="></latexit>

A =

0

BBBBBB@

0 1 0 0 3 0
1 2 2 1 0 0
0 2 0 1 1 1
0 1 1 0 0 0
3 0 1 0 0 0
0 0 1 0 0 2

1

CCCCCCA

<latexit sha1_base64="P6AYQKIIMAXp6nx7wt07SNUYTcw="></latexit><latexit sha1_base64="P6AYQKIIMAXp6nx7wt07SNUYTcw="></latexit><latexit sha1_base64="P6AYQKIIMAXp6nx7wt07SNUYTcw="></latexit><latexit sha1_base64="P6AYQKIIMAXp6nx7wt07SNUYTcw="></latexit>

Edge

Multi-edge

Self-edge

Node

L =

0

BBBBBB@

2 �1 0 0 �1 0
�1 3 �1 �1 0 0
0 �1 4 �1 �1 �1
0 �1 �1 2 0 0
�1 0 �1 0 2 0
0 0 �1 0 0 1

1

CCCCCCA

<latexit sha1_base64="08ujFBo7yiAYlFpVFiPDBFDIIa0="></latexit><latexit sha1_base64="08ujFBo7yiAYlFpVFiPDBFDIIa0="></latexit><latexit sha1_base64="08ujFBo7yiAYlFpVFiPDBFDIIa0="></latexit><latexit sha1_base64="08ujFBo7yiAYlFpVFiPDBFDIIa0="></latexit>

Central node



Jeff Murugan (UCT)
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d12 = 1
<latexit sha1_base64="WGEUhfnHiZx79rZiQ+v/7NiwrjQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU8kWQS9C0YvHCvYD21A2m027dLMJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzz08E18Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VZS1aSxi1fOJZoJL1jbcCNZLFCORL1jXn9zO/e4TU5rH8sFME+ZFZCR5yCkxVnoMhhluzNA1wsNqza27OdAqwQWpQYHWsPo1CGKaRkwaKojWfewmxsuIMpwKNqsMUs0SQidkxPqWShIx7WX5xTN0ZpUAhbGyJQ3K1d8TGYm0nka+7YyIGetlby7+5/VTE155GZdJapiki0VhKpCJ0fx9FHDFqBFTSwhV3N6K6JgoQo0NqWJDwMsvr5JOo47dOr6/qDVvijjKcAKncA4YLqEJd9CCNlCQ8Ayv8OZo58V5dz4WrSWnmDmGP3A+fwDJB4+q</latexit><latexit sha1_base64="WGEUhfnHiZx79rZiQ+v/7NiwrjQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU8kWQS9C0YvHCvYD21A2m027dLMJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzz08E18Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VZS1aSxi1fOJZoJL1jbcCNZLFCORL1jXn9zO/e4TU5rH8sFME+ZFZCR5yCkxVnoMhhluzNA1wsNqza27OdAqwQWpQYHWsPo1CGKaRkwaKojWfewmxsuIMpwKNqsMUs0SQidkxPqWShIx7WX5xTN0ZpUAhbGyJQ3K1d8TGYm0nka+7YyIGetlby7+5/VTE155GZdJapiki0VhKpCJ0fx9FHDFqBFTSwhV3N6K6JgoQo0NqWJDwMsvr5JOo47dOr6/qDVvijjKcAKncA4YLqEJd9CCNlCQ8Ayv8OZo58V5dz4WrSWnmDmGP3A+fwDJB4+q</latexit><latexit sha1_base64="WGEUhfnHiZx79rZiQ+v/7NiwrjQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU8kWQS9C0YvHCvYD21A2m027dLMJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzz08E18Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VZS1aSxi1fOJZoJL1jbcCNZLFCORL1jXn9zO/e4TU5rH8sFME+ZFZCR5yCkxVnoMhhluzNA1wsNqza27OdAqwQWpQYHWsPo1CGKaRkwaKojWfewmxsuIMpwKNqsMUs0SQidkxPqWShIx7WX5xTN0ZpUAhbGyJQ3K1d8TGYm0nka+7YyIGetlby7+5/VTE155GZdJapiki0VhKpCJ0fx9FHDFqBFTSwhV3N6K6JgoQo0NqWJDwMsvr5JOo47dOr6/qDVvijjKcAKncA4YLqEJd9CCNlCQ8Ayv8OZo58V5dz4WrSWnmDmGP3A+fwDJB4+q</latexit><latexit sha1_base64="WGEUhfnHiZx79rZiQ+v/7NiwrjQ=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU8kWQS9C0YvHCvYD21A2m027dLMJuxuhhP4LLx4U8eq/8ea/cZvmoK0PBh7vzTAzz08E18Z1v53S2vrG5lZ5u7Kzu7d/UD086ug4VZS1aSxi1fOJZoJL1jbcCNZLFCORL1jXn9zO/e4TU5rH8sFME+ZFZCR5yCkxVnoMhhluzNA1wsNqza27OdAqwQWpQYHWsPo1CGKaRkwaKojWfewmxsuIMpwKNqsMUs0SQidkxPqWShIx7WX5xTN0ZpUAhbGyJQ3K1d8TGYm0nka+7YyIGetlby7+5/VTE155GZdJapiki0VhKpCJ0fx9FHDFqBFTSwhV3N6K6JgoQo0NqWJDwMsvr5JOo47dOr6/qDVvijjKcAKncA4YLqEJd9CCNlCQ8Ayv8OZo58V5dz4WrSWnmDmGP3A+fwDJB4+q</latexit>

d13 = 2
<latexit sha1_base64="8nkkexUJJh/8nT48KUJlB5HhAng=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz2bZLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIm+YBSt9Bj2Mu98Qq5JtVcquxV3BrJMvJyUIUe9V/rqhjFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx28YScWiUk/VjbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0U+1d+JlSSIldsvqifSoIxmb5PQqE5Qzm2hDIt7K2EDammDG1IRRuCt/jyMmlWK55b8e4vyrWbPI4CHMMJnIEHl1CDO6hDAxgoeIZXeHOM8+K8Ox/z1hUnnzmCP3A+fwDMFI+s</latexit><latexit sha1_base64="8nkkexUJJh/8nT48KUJlB5HhAng=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz2bZLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIm+YBSt9Bj2Mu98Qq5JtVcquxV3BrJMvJyUIUe9V/rqhjFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx28YScWiUk/VjbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0U+1d+JlSSIldsvqifSoIxmb5PQqE5Qzm2hDIt7K2EDammDG1IRRuCt/jyMmlWK55b8e4vyrWbPI4CHMMJnIEHl1CDO6hDAxgoeIZXeHOM8+K8Ox/z1hUnnzmCP3A+fwDMFI+s</latexit><latexit sha1_base64="8nkkexUJJh/8nT48KUJlB5HhAng=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz2bZLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIm+YBSt9Bj2Mu98Qq5JtVcquxV3BrJMvJyUIUe9V/rqhjFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx28YScWiUk/VjbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0U+1d+JlSSIldsvqifSoIxmb5PQqE5Qzm2hDIt7K2EDammDG1IRRuCt/jyMmlWK55b8e4vyrWbPI4CHMMJnIEHl1CDO6hDAxgoeIZXeHOM8+K8Ox/z1hUnnzmCP3A+fwDMFI+s</latexit><latexit sha1_base64="8nkkexUJJh/8nT48KUJlB5HhAng=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz2bZLN5uwOxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrBxwn3I/oQIm+YBSt9Bj2Mu98Qq5JtVcquxV3BrJMvJyUIUe9V/rqhjFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx28YScWiUk/VjbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0U+1d+JlSSIldsvqifSoIxmb5PQqE5Qzm2hDIt7K2EDammDG1IRRuCt/jyMmlWK55b8e4vyrWbPI4CHMMJnIEHl1CDO6hDAxgoeIZXeHOM8+K8Ox/z1hUnnzmCP3A+fwDMFI+s</latexit>

d14 = 2
<latexit sha1_base64="TVuTmcjofWJ+AMzjH3V3WPR64EE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ08MmByEoBePEcyCyRB6ejpJk56eobtHCEP+wosHRbz6N978GzuL4Pqg4PFeFVX1gkRwbTB+d5aWV1bX1nMb+c2t7Z3dwt5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6HLqt+6Y0jyWN2acMD8iA8n7nBJjpduwl3nlCTpHpV6hiF1creDTKvpNPBfPUIQF6r3CWzeMaRoxaaggWnc8nBg/I8pwKtgk3001SwgdkQHrWCpJxLSfzS6eoGOrhKgfK1vSoJn6dSIjkdbjKLCdETFD/dObin95ndT0K37GZZIaJul8UT8VyMRo+j4KuWLUiLElhCpub0V0SBShxoaUtyF8for+J82S62HXuy4XaxeLOHJwCEdwAh6cQQ2uoA4NoCDhHh7hydHOg/PsvMxbl5zFzAF8g/P6AUt5kAQ=</latexit><latexit sha1_base64="TVuTmcjofWJ+AMzjH3V3WPR64EE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ08MmByEoBePEcyCyRB6ejpJk56eobtHCEP+wosHRbz6N978GzuL4Pqg4PFeFVX1gkRwbTB+d5aWV1bX1nMb+c2t7Z3dwt5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6HLqt+6Y0jyWN2acMD8iA8n7nBJjpduwl3nlCTpHpV6hiF1creDTKvpNPBfPUIQF6r3CWzeMaRoxaaggWnc8nBg/I8pwKtgk3001SwgdkQHrWCpJxLSfzS6eoGOrhKgfK1vSoJn6dSIjkdbjKLCdETFD/dObin95ndT0K37GZZIaJul8UT8VyMRo+j4KuWLUiLElhCpub0V0SBShxoaUtyF8for+J82S62HXuy4XaxeLOHJwCEdwAh6cQQ2uoA4NoCDhHh7hydHOg/PsvMxbl5zFzAF8g/P6AUt5kAQ=</latexit><latexit sha1_base64="TVuTmcjofWJ+AMzjH3V3WPR64EE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ08MmByEoBePEcyCyRB6ejpJk56eobtHCEP+wosHRbz6N978GzuL4Pqg4PFeFVX1gkRwbTB+d5aWV1bX1nMb+c2t7Z3dwt5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6HLqt+6Y0jyWN2acMD8iA8n7nBJjpduwl3nlCTpHpV6hiF1creDTKvpNPBfPUIQF6r3CWzeMaRoxaaggWnc8nBg/I8pwKtgk3001SwgdkQHrWCpJxLSfzS6eoGOrhKgfK1vSoJn6dSIjkdbjKLCdETFD/dObin95ndT0K37GZZIaJul8UT8VyMRo+j4KuWLUiLElhCpub0V0SBShxoaUtyF8for+J82S62HXuy4XaxeLOHJwCEdwAh6cQQ2uoA4NoCDhHh7hydHOg/PsvMxbl5zFzAF8g/P6AUt5kAQ=</latexit><latexit sha1_base64="TVuTmcjofWJ+AMzjH3V3WPR64EE=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPQ08MmByEoBePEcyCyRB6ejpJk56eobtHCEP+wosHRbz6N978GzuL4Pqg4PFeFVX1gkRwbTB+d5aWV1bX1nMb+c2t7Z3dwt5+U8epoqxBYxGrdkA0E1yyhuFGsHaiGIkCwVrB6HLqt+6Y0jyWN2acMD8iA8n7nBJjpduwl3nlCTpHpV6hiF1creDTKvpNPBfPUIQF6r3CWzeMaRoxaaggWnc8nBg/I8pwKtgk3001SwgdkQHrWCpJxLSfzS6eoGOrhKgfK1vSoJn6dSIjkdbjKLCdETFD/dObin95ndT0K37GZZIaJul8UT8VyMRo+j4KuWLUiLElhCpub0V0SBShxoaUtyF8for+J82S62HXuy4XaxeLOHJwCEdwAh6cQQ2uoA4NoCDhHh7hydHOg/PsvMxbl5zFzAF8g/P6AUt5kAQ=</latexit>

d15 = 1
<latexit sha1_base64="YncWz/rRFHqlvJvOwqnBMIoURCU=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpcMDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOvG6xhF1cKePjCvpNPBdPUYI5at3iWyeMaRoxaaggWrc9nBg/I8pwKti40Ek1Swgdkj5rWypJxLSfTS8eowOrhKgXK1vSoKn6dSIjkdajKLCdETED/dObiH957dT0yn7GZZIaJulsUS8VyMRo8j4KuWLUiJElhCpub0V0QBShxoZUsCF8for+J40j18Oud31Sql7M48jDHuzDIXhwBlW4ghrUgYKEe3iEJ0c7D86z8zJrzTnzmV34Buf1A0t+kAQ=</latexit><latexit sha1_base64="YncWz/rRFHqlvJvOwqnBMIoURCU=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpcMDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOvG6xhF1cKePjCvpNPBdPUYI5at3iWyeMaRoxaaggWrc9nBg/I8pwKti40Ek1Swgdkj5rWypJxLSfTS8eowOrhKgXK1vSoKn6dSIjkdajKLCdETED/dObiH957dT0yn7GZZIaJulsUS8VyMRo8j4KuWLUiJElhCpub0V0QBShxoZUsCF8for+J40j18Oud31Sql7M48jDHuzDIXhwBlW4ghrUgYKEe3iEJ0c7D86z8zJrzTnzmV34Buf1A0t+kAQ=</latexit><latexit sha1_base64="YncWz/rRFHqlvJvOwqnBMIoURCU=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpcMDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOvG6xhF1cKePjCvpNPBdPUYI5at3iWyeMaRoxaaggWrc9nBg/I8pwKti40Ek1Swgdkj5rWypJxLSfTS8eowOrhKgXK1vSoKn6dSIjkdajKLCdETED/dObiH957dT0yn7GZZIaJulsUS8VyMRo8j4KuWLUiJElhCpub0V0QBShxoZUsCF8for+J40j18Oud31Sql7M48jDHuzDIXhwBlW4ghrUgYKEe3iEJ0c7D86z8zJrzTnzmV34Buf1A0t+kAQ=</latexit><latexit sha1_base64="YncWz/rRFHqlvJvOwqnBMIoURCU=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpcMDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOvG6xhF1cKePjCvpNPBdPUYI5at3iWyeMaRoxaaggWrc9nBg/I8pwKti40Ek1Swgdkj5rWypJxLSfTS8eowOrhKgXK1vSoKn6dSIjkdajKLCdETED/dObiH957dT0yn7GZZIaJulsUS8VyMRo8j4KuWLUiJElhCpub0V0QBShxoZUsCF8for+J40j18Oud31Sql7M48jDHuzDIXhwBlW4ghrUgYKEe3iEJ0c7D86z8zJrzTnzmV34Buf1A0t+kAQ=</latexit>

d16 = 3
<latexit sha1_base64="fXR0XhZAkfmR2gA0S72ByUGSunQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpUNDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOjrvFEnZxpYyPK+g38Vw8RQnmqHWLb50wpmnEpKGCaN32cGL8jCjDqWDjQifVLCF0SPqsbakkEdN+Nr14jA6sEqJerGxJg6bq14mMRFqPosB2RsQM9E9vIv7ltVPTK/sZl0lqmKSzRb1UIBOjyfso5IpRI0aWEKq4vRXRAVGEGhtSwYbw+Sn6nzSOXA+73vVJqXoxjyMPe7APh+DBGVThCmpQBwoS7uERnhztPDjPzsusNefMZ3bhG5zXD1APkAc=</latexit><latexit sha1_base64="fXR0XhZAkfmR2gA0S72ByUGSunQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpUNDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOjrvFEnZxpYyPK+g38Vw8RQnmqHWLb50wpmnEpKGCaN32cGL8jCjDqWDjQifVLCF0SPqsbakkEdN+Nr14jA6sEqJerGxJg6bq14mMRFqPosB2RsQM9E9vIv7ltVPTK/sZl0lqmKSzRb1UIBOjyfso5IpRI0aWEKq4vRXRAVGEGhtSwYbw+Sn6nzSOXA+73vVJqXoxjyMPe7APh+DBGVThCmpQBwoS7uERnhztPDjPzsusNefMZ3bhG5zXD1APkAc=</latexit><latexit sha1_base64="fXR0XhZAkfmR2gA0S72ByUGSunQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpUNDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOjrvFEnZxpYyPK+g38Vw8RQnmqHWLb50wpmnEpKGCaN32cGL8jCjDqWDjQifVLCF0SPqsbakkEdN+Nr14jA6sEqJerGxJg6bq14mMRFqPosB2RsQM9E9vIv7ltVPTK/sZl0lqmKSzRb1UIBOjyfso5IpRI0aWEKq4vRXRAVGEGhtSwYbw+Sn6nzSOXA+73vVJqXoxjyMPe7APh+DBGVThCmpQBwoS7uERnhztPDjPzsusNefMZ3bhG5zXD1APkAc=</latexit><latexit sha1_base64="fXR0XhZAkfmR2gA0S72ByUGSunQ=">AAAB8XicdVDJSgNBEK2JW4xb1KOXxiB4GnpUNDkIQS8eI5gFkyH09HSSJj09Q3ePEIb8hRcPinj1b7z5N3YWwfVBweO9KqrqBYng2mD87uQWFpeWV/KrhbX1jc2t4vZOQ8epoqxOYxGrVkA0E1yyuuFGsFaiGIkCwZrB8HLiN++Y0jyWN2aUMD8ifcl7nBJjpduwm3mnY3SOjrvFEnZxpYyPK+g38Vw8RQnmqHWLb50wpmnEpKGCaN32cGL8jCjDqWDjQifVLCF0SPqsbakkEdN+Nr14jA6sEqJerGxJg6bq14mMRFqPosB2RsQM9E9vIv7ltVPTK/sZl0lqmKSzRb1UIBOjyfso5IpRI0aWEKq4vRXRAVGEGhtSwYbw+Sn6nzSOXA+73vVJqXoxjyMPe7APh+DBGVThCmpQBwoS7uERnhztPDjPzsusNefMZ3bhG5zXD1APkAc=</latexit>

l1 =
1

6

6X

j=1

d1j =
3

2
<latexit sha1_base64="SFgvzV3B+RX5uGjEgjZju725Ko8="></latexit><latexit sha1_base64="SFgvzV3B+RX5uGjEgjZju725Ko8="></latexit><latexit sha1_base64="SFgvzV3B+RX5uGjEgjZju725Ko8="></latexit><latexit sha1_base64="SFgvzV3B+RX5uGjEgjZju725Ko8="></latexit>

 Mean distance between node 1 and all other nodes:

 Mean distance between nodes for the whole network:

hli = 1

n

nX

i=1

li =
4

3
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Transitivity & Clustering
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The friend of my friend is not 
necessarily my friend

The friend of my friend is 
likely to be my friend

 Paths of length 2 and are closed form a loop. Networks with many loops are highly clustered.

 We quantify the clustering of a network by the clustering coefficient

C = 
# of closed paths of length 2

# of paths of length 2
6 x (# of triangles)

# of paths of length 2
3 x (# of triangles)

# of connected triples
 =  = 



Jeff Murugan (UCT)

Small-World Networks
[Watts-Strogatz ’98, Watts ’99]

 the typical distance between two randomly selected nodes in 
the network                     

An N-node small world network is a graph in which:

 there is a large degree of clustering.                      
L =

P
i 6=j dij/(N

2 �N) ⇠ logN
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Small worldness of a graph can be measured by:
 The smallness coefficient                                    which is >1 for a 

small world network but very dependent on the network size.
� = (C/Cr)/(L/Lr)
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 The small world parameter                                               which 
ranges between 0 (regular) and 1 (small world)

! = 1� |(Lr/L� C/Cl)|
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Small world networks 
interpolate between the 
clustering (localising) 
properties of regular graphs 
and the rapid spreading of 
information in random 
networks.

Scale-free networks are a 
special class of small word 
graphs that proliferate a large 
number of hubs. As a result, 
the mean path length are 
significantly shorter and scale 
like L ⇠ log logN
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Small-World Networks
[Watts-Strogatz ’98, Watts ’99]

 the typical distance between two randomly selected nodes in 
the network                     

An N-node small world network is a graph in which:

 there is a large degree of clustering.                      
L =

P
i 6=j dij/(N

2 �N) ⇠ logN
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Small worldness of a graph can be measured by:
 The smallness coefficient                                    which is >1 for a 

small world network but very dependent on the network size.
� = (C/Cr)/(L/Lr)
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 The small world parameter                                               which 
ranges between 0 (regular) and 1 (small world)
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Small world networks 
interpolate between the 
clustering (localising) 
properties of regular graphs 
and the rapid spreading of 
information in random 
networks.

Scale-free networks are a 
special class of small word 
graphs that proliferate a large 
number of hubs. As a result, 
the mean path length are 
significantly shorter and scale 
like L ⇠ log logN
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Small-World Networks
[Watts-Strogatz ’98, Watts ’99]

 the typical distance between two randomly selected nodes in 
the network                     

An N-node small world network is a graph in which:

 there is a large degree of clustering.                      
L =

P
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Small worldness of a graph can be measured by:
 The smallness coefficient                                    which is >1 for a 

small world network but very dependent on the network size.
� = (C/Cr)/(L/Lr)
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 The small world parameter                                               which 
ranges between 0 (regular) and 1 (small world)

! = 1� |(Lr/L� C/Cl)|
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Small world networks 
interpolate between the 
clustering (localising) 
properties of regular graphs 
and the rapid spreading of 
information in random 
networks.

Scale-free networks are a 
special class of small word 
graphs that proliferate a large 
number of hubs. As a result, 
the mean path length are 
significantly shorter and scale 
like L ⇠ log logN

<latexit sha1_base64="VfGKOgu4UnKZuJpy9S7iIU+hjXY=">AAAB+XicdVDLSsNAFL3xWesr6lIXg0VwFZK6sN0V3bgQacE+oAllMp20QycPZiaFEvonblwo4taN3+HOnZ/ipFXweeDC4Zx7ufceP+FMKtt+NRYWl5ZXVgtrxfWNza1tc2e3JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+6Dz322MqJIujazVJqBfiQcQCRrDSUs80L13JQuTyeJAXuuqZJdsqVyv2SRX9Jo5lz1CqHTw33gCg3jNf3H5M0pBGinAsZdexE+VlWChGOJ0W3VTSBJMRHtCuphEOqfSy2eVTdKSVPgpioStSaKZ+nchwKOUk9HVniNVQ/vRy8S+vm6qg4mUsSlJFIzJfFKQcqRjlMaA+E5QoPtEEE8H0rYgMscBE6bCKOoTPT9H/pFW2HNtyGk6pdgZzFGAfDuEYHDiFGlxAHZpAYAw3cAf3RmbcGg/G47x1wfiY2YNvMJ7eAUQElaU=</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="cVPyF1BQrYhVnY+uERl1gdKj/0c=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK6sN0V3bgQqWAf0IQymU7bofMIM5NCCf0TNy4UceufuPNvnLQVfB64cDjnXu69J04Y1cb3353Cyura+kZxs7S1vbO75+4ftLRMFSZNLJlUnRhpwqggTUMNI51EEcRjRtrx+DL32xOiNJXizkwTEnE0FHRAMTJW6rnudagphyGTw7zgTc8t+16lVvXPavA3CTx/jjJYotFz38K+xCknwmCGtO4GfmKiDClDMSOzUphqkiA8RkPStVQgTnSUzS+fwROr9OFAKlvCwLn6dSJDXOspj20nR2akf3q5+JfXTc2gGmVUJKkhAi8WDVIGjYR5DLBPFcGGTS1BWFF7K8QjpBA2NqySDeHzU/g/aVW8wPeC26Bcv1jGUQRH4BicggCcgzq4Ag3QBBhMwD14BE9O5jw4z87LorXgLGcOwTc4rx80CpNg</latexit>



Jeff Murugan (UCT)

Small-World Networks
[Watts-Strogatz ’98, Watts ’99]

 the typical distance between two randomly selected nodes in 
the network                     

An N-node small world network is a graph in which:

 there is a large degree of clustering.                      
L =

P
i 6=j dij/(N

2 �N) ⇠ logN
<latexit sha1_base64="XjqJo5y40aRFLLg19i+xqxBsZlQ="></latexit><latexit sha1_base64="qvs6dBdCvsqH1Awlgt3yMGWJJzw="></latexit><latexit sha1_base64="qvs6dBdCvsqH1Awlgt3yMGWJJzw="></latexit><latexit sha1_base64="bRwXyresCfnT/nLdp5HBAjkXg+Q="></latexit>

Small worldness of a graph can be measured by:
 The smallness coefficient                                    which is >1 for a 

small world network but very dependent on the network size.
� = (C/Cr)/(L/Lr)

<latexit sha1_base64="nJW40ZXLv4l7VrRelYE3IZFtTlc=">AAACBXicdVC7SgNBFL0bXzG+opZaDAlCREh2Y2FSCME0FikimAdklzA7mSRDZh/MzAphSWPjb1jaWChi6z/Y+TdOEgWfBy4czrmXe+9xQ86kMs03I7GwuLS8klxNra1vbG6lt3eaMogEoQ0S8EC0XSwpZz5tKKY4bYeCYs/ltOWOqlO/dUWFZIF/qcYhdTw88FmfEay01E3v25INPIxOUa5aqHZjMTks5GqF2ox101kzXyyXzOMy+k2svDlDtpKxj24BoN5Nv9q9gEQe9RXhWMqOZYbKibFQjHA6SdmRpCEmIzygHU197FHpxLMvJuhAKz3UD4QuX6GZ+nUixp6UY8/VnR5WQ/nTm4p/eZ1I9UtOzPwwUtQn80X9iCMVoGkkqMcEJYqPNcFEMH0rIkMsMFE6uJQO4fNT9D9pFvOWmbcurGzlDOZIwh5kIAcWnEAFzqEODSBwDXfwAI/GjXFvPBnP89aE8TGzC99gvLwD8SiYbw==</latexit><latexit sha1_base64="JlW19vCwAT8lu1nRprp00z8elzU=">AAACBXicdVDLSsNAFJ34rPUVdamLoUWoCG1SF7YLIdiNiy4q2Ae0JUymk3bo5MHMRAihGzf+gB/hxoUibv0Hd/0bp6mCzwMXDufcy733OCGjQhrGVFtYXFpeWc2sZdc3Nre29Z3dlggijkkTByzgHQcJwqhPmpJKRjohJ8hzGGk749rMb18TLmjgX8k4JH0PDX3qUoykkmz9oCfo0EPwDBZqpZqd8MlRqVAv1VNm63mjWK5WjJMq/E3MopEib+V6x3dTK27Y+ltvEODII77EDAnRNY1Q9hPEJcWMTLK9SJAQ4TEakq6iPvKI6CfpFxN4qJQBdAOuypcwVb9OJMgTIvYc1ekhORI/vZn4l9eNpFvpJ9QPI0l8PF/kRgzKAM4igQPKCZYsVgRhTtWtEI8QR1iq4LIqhM9P4f+kVS6aRtG8NPPWOZgjA/ZBDhSACU6BBS5AAzQBBjfgHjyCJ+1We9CetZd564L2MbMHvkF7fQf6kpn1</latexit><latexit sha1_base64="JlW19vCwAT8lu1nRprp00z8elzU=">AAACBXicdVDLSsNAFJ34rPUVdamLoUWoCG1SF7YLIdiNiy4q2Ae0JUymk3bo5MHMRAihGzf+gB/hxoUibv0Hd/0bp6mCzwMXDufcy733OCGjQhrGVFtYXFpeWc2sZdc3Nre29Z3dlggijkkTByzgHQcJwqhPmpJKRjohJ8hzGGk749rMb18TLmjgX8k4JH0PDX3qUoykkmz9oCfo0EPwDBZqpZqd8MlRqVAv1VNm63mjWK5WjJMq/E3MopEib+V6x3dTK27Y+ltvEODII77EDAnRNY1Q9hPEJcWMTLK9SJAQ4TEakq6iPvKI6CfpFxN4qJQBdAOuypcwVb9OJMgTIvYc1ekhORI/vZn4l9eNpFvpJ9QPI0l8PF/kRgzKAM4igQPKCZYsVgRhTtWtEI8QR1iq4LIqhM9P4f+kVS6aRtG8NPPWOZgjA/ZBDhSACU6BBS5AAzQBBjfgHjyCJ+1We9CetZd564L2MbMHvkF7fQf6kpn1</latexit><latexit sha1_base64="fhJPirTxrICn0zSmsErlvC8YtaY=">AAACBXicdVDLSsNAFJ3UV62vqEtdDBahbtKkLmwXQrEbF11UsA9oQ5hMp+3QmSTMTIQSunHjr7hxoYhb/8Gdf+M0reDzwIXDOfdy7z1+xKhUtv1uZJaWV1bXsuu5jc2t7R1zd68lw1hg0sQhC0XHR5IwGpCmooqRTiQI4j4jbX9cm/ntGyIkDYNrNYmIy9EwoAOKkdKSZx72JB1yBM9hoVaseYmYnhQL9WI9ZZ6Zt61SpWyfVuBv4lh2ijxYoOGZb71+iGNOAoUZkrLr2JFyEyQUxYxMc71YkgjhMRqSrqYB4kS6SfrFFB5rpQ8HodAVKJiqXycSxKWccF93cqRG8qc3E//yurEalN2EBlGsSIDniwYxgyqEs0hgnwqCFZtogrCg+laIR0ggrHRwOR3C56fwf9IqWY5tOVdOvnqxiCMLDsARKAAHnIEquAQN0AQY3IJ78AiejDvjwXg2XuatGWMxsw++wXj9AN6pluY=</latexit>

 The small world parameter                                               which 
ranges between 0 (regular) and 1 (small world)

! = 1� |(Lr/L� C/Cl)|
<latexit sha1_base64="9JyqSIfecQGnOaNNf7obtYR0L8c="></latexit><latexit sha1_base64="VMz+9JpVfazOL6mbQKn1n2YGW+0="></latexit><latexit sha1_base64="VMz+9JpVfazOL6mbQKn1n2YGW+0="></latexit><latexit sha1_base64="/Evo8HdjV8UVeUhtBPkQnzzklcg="></latexit>

Small world networks 
interpolate between the 
clustering (localising) 
properties of regular graphs 
and the rapid spreading of 
information in random 
networks.

Scale-free networks are a 
special class of small word 
graphs that proliferate a large 
number of hubs. As a result, 
the mean path length are 
significantly shorter and scale 
like L ⇠ log logN

<latexit sha1_base64="VfGKOgu4UnKZuJpy9S7iIU+hjXY=">AAAB+XicdVDLSsNAFL3xWesr6lIXg0VwFZK6sN0V3bgQacE+oAllMp20QycPZiaFEvonblwo4taN3+HOnZ/ipFXweeDC4Zx7ufceP+FMKtt+NRYWl5ZXVgtrxfWNza1tc2e3JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+6Dz322MqJIujazVJqBfiQcQCRrDSUs80L13JQuTyeJAXuuqZJdsqVyv2SRX9Jo5lz1CqHTw33gCg3jNf3H5M0pBGinAsZdexE+VlWChGOJ0W3VTSBJMRHtCuphEOqfSy2eVTdKSVPgpioStSaKZ+nchwKOUk9HVniNVQ/vRy8S+vm6qg4mUsSlJFIzJfFKQcqRjlMaA+E5QoPtEEE8H0rYgMscBE6bCKOoTPT9H/pFW2HNtyGk6pdgZzFGAfDuEYHDiFGlxAHZpAYAw3cAf3RmbcGg/G47x1wfiY2YNvMJ7eAUQElaU=</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="BbBZ30xidqz8290EbNosYBhBGLI=">AAAB+XicdVDLSsNAFJ3UV62vqEtFBovgKiR1YbsrunEh0oJ9QBPKZDpph04mYWZSKKFL/8KNC0Xcuul3uPMb/AknrYLPAxcO59zLvff4MaNS2farkVtYXFpeya8W1tY3NrfM7Z2mjBKBSQNHLBJtH0nCKCcNRRUj7VgQFPqMtPzheea3RkRIGvFrNY6JF6I+pwHFSGmpa5qXrqQhdFnUzwpedc2ibZUqZfukAn8Tx7JnKFb3p/W3m4NprWu+uL0IJyHhCjMkZcexY+WlSCiKGZkU3ESSGOEh6pOOphyFRHrp7PIJPNJKDwaR0MUVnKlfJ1IUSjkOfd0ZIjWQP71M/MvrJCooeynlcaIIx/NFQcKgimAWA+xRQbBiY00QFlTfCvEACYSVDqugQ/j8FP5PmiXLsS2n7hSrZ2COPNgDh+AYOOAUVMEFqIEGwGAEbsE9eDBS4854NJ7mrTnjY2YXfIPx/A4iSZcL</latexit><latexit sha1_base64="cVPyF1BQrYhVnY+uERl1gdKj/0c=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK6sN0V3bgQqWAf0IQymU7bofMIM5NCCf0TNy4UceufuPNvnLQVfB64cDjnXu69J04Y1cb3353Cyura+kZxs7S1vbO75+4ftLRMFSZNLJlUnRhpwqggTUMNI51EEcRjRtrx+DL32xOiNJXizkwTEnE0FHRAMTJW6rnudagphyGTw7zgTc8t+16lVvXPavA3CTx/jjJYotFz38K+xCknwmCGtO4GfmKiDClDMSOzUphqkiA8RkPStVQgTnSUzS+fwROr9OFAKlvCwLn6dSJDXOspj20nR2akf3q5+JfXTc2gGmVUJKkhAi8WDVIGjYR5DLBPFcGGTS1BWFF7K8QjpBA2NqySDeHzU/g/aVW8wPeC26Bcv1jGUQRH4BicggCcgzq4Ag3QBBhMwD14BE9O5jw4z87LorXgLGcOwTc4rx80CpNg</latexit>



Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]

 Start with a regular N-node lattice with k/2-nearest-neighbour edges.
 At each node      :   ni

<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

 Iterate through each edge        connecting      to
 With probability p, rewire the edge by replacing         with a random  

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

ni
<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

nj 6= ni
<latexit sha1_base64="TUzJ4HBUC0K4rECvwVzy1uIqzlI=">AAAB+HicdVC7TsNAEFyHVwiPGChpTgQkKssOBUkXQUMZJPKQEis6Xy7JkfPZ3J2RgpUvoaEAIVoKar6Bjg+h55KAxHOklUYzu9rdCWLOlHbdVyszN7+wuJRdzq2srq3n7Y3NuooSSWiNRDySzQArypmgNc00p81YUhwGnDaC4fHEb1xSqVgkzvQopn6I+4L1GMHaSB07Lzrp+bgt6AUyjI07dsF1iuWSe1BGv4nnuFMUKrtvT88AUO3YL+1uRJKQCk04VqrlubH2Uyw1I5yOc+1E0RiTIe7TlqECh1T56fTwMdozShf1ImlKaDRVv06kOFRqFAamM8R6oH56E/Evr5XoXslPmYgTTQWZLeolHOkITVJAXSYp0XxkCCaSmVsRGWCJiTZZ5UwIn5+i/0m96Hiu4516hcoRzJCFbdiBffDgECpwAlWoAYEEruEW7qwr68a6tx5mrRnrY2YLvsF6fAds45aH</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="O6uQdeM3fTMsMVgh65rIYEmIDHQ=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgKiR1YbsrunFZwT6gDWEynbRjJ5M4MxFq6Je4caGIWz/FnX/j9CH4PHDhcM693HtPmHKmtOu+W0vLK6tr64WN4ubW9k7J3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscnU/99i2ViiXiSo9T6sd4IFjECNZGCuySCPLrSU/QG2QYmwR22XUqtap7UkO/iee4M5RhgUZgv/X6CcliKjThWKmu56baz7HUjHA6KfYyRVNMRnhAu4YKHFPl57PDJ+jIKH0UJdKU0Gimfp3IcazUOA5NZ4z1UP30puJfXjfTUdXPmUgzTQWZL4oyjnSCpimgPpOUaD42BBPJzK2IDLHERJusiiaEz0/R/6RVcTzX8S69cv1sEUcBDuAQjsGDU6jDBTSgCQQyuIdHeLLurAfr2XqZty5Zi5l9+Abr9QOic5O4</latexit>

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

(i, k)
<latexit sha1_base64="vepxzTZI3CPG5S9vsful6JbXQBo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LC1CRQlJPdjeil48VjBtoQ1ls920SzebsLsRSuhv8OJBEcGTP8ib/8Ztq+Dng4HHezPMmwkSzpR2nDcrt7S8srqWXy9sbG5t7xR391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/HFzG/fUKlYLK71JKF+hIeChYxgbSSvwk7GR/1i2bGr9ZpzWke/iWs7c5Qbpd7xMwA0+8XX3iAmaUSFJhwr1XWdRPsZlpoRTqeFXqpogskYD2nXUIEjqvxsHnaKDo0yQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uV1Ux3W/IyJJNVUkMWiMOVIx2h2ORowSYnmE0MwkcxkRWSEJSba/KdgnvB5KfqftKq269julVtunMMCeTiAElTAhTNowCU0wQMCDG7hHh4sYd1Zj9bTojVnfczswzdYL+9dno/g</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="e8AyJj1xLfM2pLK1uzpUhi29vqs=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBahgoSkHmxvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jdu0gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJldzv3NHpWKxuNXThPoRHgkWMoK1kbwqO5ucDsoVx6416s55A/0mru3kqMASrUH5rT+MSRpRoQnHSvVcJ9F+hqVmhNNZqZ8qmmAywSPaM1TgiCo/y4+doROjDFEYS1NCo1z9OpHhSKlpFJjOCOux+unNxb+8XqrDup8xkaSaCrJYFKYc6RjNP0dDJinRfGoIJpKZWxEZY4mJNvmUTAifn6L/Sbtmu47t3riV5uUyjiIcwTFUwYULaMI1tMADAgzu4RGeLGE9WM/Wy6K1YC1nDuEbrNcPSx+OVw==</latexit>

The resulting small 
world network inherits 
its clustering 
properties from the 
underlying lattice and 
its short path length 
from the random 
long-range 
connections.

 The clustering coefficient Ci = 2Ei/(ki(ki � 1))
<latexit sha1_base64="2cX+H28TaOiDpl5yKLRt9J2CxjU=">AAAB/nicdVDJSgNBEK2JW4zbqHjy0iQICWKciQeTgxAMgscIZoFkGHo6HdOkZ6G7RwhDwE/RiwdFvPod3vwbO4mC64OCx3tVVNXzIs6ksqw3IzU3v7C4lF7OrKyurW+Ym1tNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vKGtYnfuqZCsjC4VKOIOj6+ClifEay05Jo7NZedlM5cdpgfumxSB3ah4Jo5q1iqlK2jCvpN7KI1Ra6a7e7fAkDdNV+7vZDEPg0U4VjKjm1FykmwUIxwOs50Y0kjTIb4inY0DbBPpZNMzx+jPa30UD8UugKFpurXiQT7Uo58T3f6WA3kT28i/uV1YtUvOwkLoljRgMwW9WOOVIgmWaAeE5QoPtIEE8H0rYgMsMBE6cQyOoTPT9H/pFkq2lbRvrBz1VOYIQ27kIU82HAMVTiHOjSAQAJ38ACPxo1xbzwZz7PWlPExsw3fYLy8A6evlXw=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="7efrmj/5XYUFriv6XG/svhFgfUw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQLoxJXdguhGIRXFawD2hDmEwn7dDJJMxMhBIK/oobF4q49Tvc+TdO2go+D1w4nHMv997jx4xKZdvvxsLi0vLKam4tv76xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2P6pnfviVC0ojfqHFM3BANOA0oRkpLnrlf9+h5+dKjJ8WRR7M6dkolzyzYVrlasU+r8DdxLHuKApij4ZlvvX6Ek5BwhRmSsuvYsXJTJBTFjEzyvUSSGOERGpCuphyFRLrp9PwJPNJKHwaR0MUVnKpfJ1IUSjkOfd0ZIjWUP71M/MvrJiqouCnlcaIIx7NFQcKgimCWBexTQbBiY00QFlTfCvEQCYSVTiyvQ/j8FP5PWmXLsS3n2inULuZx5MABOARF4IAzUANXoAGaAIMU3INH8GTcGQ/Gs/Eya10w5jN74BuM1w+VMJPz</latexit>

measures how cliquey the graph is.
 The path length L =

P
i 6=j dij/(N(N � 1))

<latexit sha1_base64="5NC/pKs0orRPMnpJmlvWWjEZoTQ="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="1YNpi10+OL4axa+hhMpSLv7inVk=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahXViTurBdCEU3LqRUsLXQhDKZTNtpJ5MwMxFK6NKNv+LGhSJu/QR3/o3Th+DzwIXDOfdy7z1exKhUlvVupObmFxaX0suZldW19Q1zc6shw1hgUschC0XTQ5IwykldUcVIMxIEBR4j197gbOxf3xAhaciv1DAiboC6nHYoRkpLbXP34sSRcdBOqMMJ7I+gr2l/dJir5qoHdj7fNrNWoVguWUdl+JvYBWuCLJih1jbfHD/EcUC4wgxJ2bKtSLkJEopiRkYZJ5YkQniAuqSlKUcBkW4yeWQE97Xiw04odHEFJ+rXiQQFUg4DT3cGSPXkT28s/uW1YtUpuQnlUawIx9NFnZhBFcJxKtCngmDFhpogLKi+FeIeEggrnV1Gh/D5KfyfNIoF2yrYl3a2cjqLIw12wB7IARscgwo4BzVQBxjcgnvwCJ6MO+PBeDZepq0pYzazDb7BeP0AmlSYZw==</latexit>

of the network is the average of the shortest geodesic 
between any two nodes.



Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]

 Start with a regular N-node lattice with k/2-nearest-neighbour edges.
 At each node      :   ni

<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

 Iterate through each edge        connecting      to
 With probability p, rewire the edge by replacing         with a random  

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

ni
<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

nj 6= ni
<latexit sha1_base64="TUzJ4HBUC0K4rECvwVzy1uIqzlI=">AAAB+HicdVC7TsNAEFyHVwiPGChpTgQkKssOBUkXQUMZJPKQEis6Xy7JkfPZ3J2RgpUvoaEAIVoKar6Bjg+h55KAxHOklUYzu9rdCWLOlHbdVyszN7+wuJRdzq2srq3n7Y3NuooSSWiNRDySzQArypmgNc00p81YUhwGnDaC4fHEb1xSqVgkzvQopn6I+4L1GMHaSB07Lzrp+bgt6AUyjI07dsF1iuWSe1BGv4nnuFMUKrtvT88AUO3YL+1uRJKQCk04VqrlubH2Uyw1I5yOc+1E0RiTIe7TlqECh1T56fTwMdozShf1ImlKaDRVv06kOFRqFAamM8R6oH56E/Evr5XoXslPmYgTTQWZLeolHOkITVJAXSYp0XxkCCaSmVsRGWCJiTZZ5UwIn5+i/0m96Hiu4516hcoRzJCFbdiBffDgECpwAlWoAYEEruEW7qwr68a6tx5mrRnrY2YLvsF6fAds45aH</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="O6uQdeM3fTMsMVgh65rIYEmIDHQ=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgKiR1YbsrunFZwT6gDWEynbRjJ5M4MxFq6Je4caGIWz/FnX/j9CH4PHDhcM693HtPmHKmtOu+W0vLK6tr64WN4ubW9k7J3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscnU/99i2ViiXiSo9T6sd4IFjECNZGCuySCPLrSU/QG2QYmwR22XUqtap7UkO/iee4M5RhgUZgv/X6CcliKjThWKmu56baz7HUjHA6KfYyRVNMRnhAu4YKHFPl57PDJ+jIKH0UJdKU0Gimfp3IcazUOA5NZ4z1UP30puJfXjfTUdXPmUgzTQWZL4oyjnSCpimgPpOUaD42BBPJzK2IDLHERJusiiaEz0/R/6RVcTzX8S69cv1sEUcBDuAQjsGDU6jDBTSgCQQyuIdHeLLurAfr2XqZty5Zi5l9+Abr9QOic5O4</latexit>

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

(i, k)
<latexit sha1_base64="vepxzTZI3CPG5S9vsful6JbXQBo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LC1CRQlJPdjeil48VjBtoQ1ls920SzebsLsRSuhv8OJBEcGTP8ib/8Ztq+Dng4HHezPMmwkSzpR2nDcrt7S8srqWXy9sbG5t7xR391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/HFzG/fUKlYLK71JKF+hIeChYxgbSSvwk7GR/1i2bGr9ZpzWke/iWs7c5Qbpd7xMwA0+8XX3iAmaUSFJhwr1XWdRPsZlpoRTqeFXqpogskYD2nXUIEjqvxsHnaKDo0yQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uV1Ux3W/IyJJNVUkMWiMOVIx2h2ORowSYnmE0MwkcxkRWSEJSba/KdgnvB5KfqftKq269julVtunMMCeTiAElTAhTNowCU0wQMCDG7hHh4sYd1Zj9bTojVnfczswzdYL+9dno/g</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="e8AyJj1xLfM2pLK1uzpUhi29vqs=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBahgoSkHmxvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jdu0gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJldzv3NHpWKxuNXThPoRHgkWMoK1kbwqO5ucDsoVx6416s55A/0mru3kqMASrUH5rT+MSRpRoQnHSvVcJ9F+hqVmhNNZqZ8qmmAywSPaM1TgiCo/y4+doROjDFEYS1NCo1z9OpHhSKlpFJjOCOux+unNxb+8XqrDup8xkaSaCrJYFKYc6RjNP0dDJinRfGoIJpKZWxEZY4mJNvmUTAifn6L/Sbtmu47t3riV5uUyjiIcwTFUwYULaMI1tMADAgzu4RGeLGE9WM/Wy6K1YC1nDuEbrNcPSx+OVw==</latexit>

The resulting small 
world network inherits 
its clustering 
properties from the 
underlying lattice and 
its short path length 
from the random 
long-range 
connections.

 The clustering coefficient Ci = 2Ei/(ki(ki � 1))
<latexit sha1_base64="2cX+H28TaOiDpl5yKLRt9J2CxjU=">AAAB/nicdVDJSgNBEK2JW4zbqHjy0iQICWKciQeTgxAMgscIZoFkGHo6HdOkZ6G7RwhDwE/RiwdFvPod3vwbO4mC64OCx3tVVNXzIs6ksqw3IzU3v7C4lF7OrKyurW+Ym1tNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vKGtYnfuqZCsjC4VKOIOj6+ClifEay05Jo7NZedlM5cdpgfumxSB3ah4Jo5q1iqlK2jCvpN7KI1Ra6a7e7fAkDdNV+7vZDEPg0U4VjKjm1FykmwUIxwOs50Y0kjTIb4inY0DbBPpZNMzx+jPa30UD8UugKFpurXiQT7Uo58T3f6WA3kT28i/uV1YtUvOwkLoljRgMwW9WOOVIgmWaAeE5QoPtIEE8H0rYgMsMBE6cQyOoTPT9H/pFkq2lbRvrBz1VOYIQ27kIU82HAMVTiHOjSAQAJ38ACPxo1xbzwZz7PWlPExsw3fYLy8A6evlXw=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="7efrmj/5XYUFriv6XG/svhFgfUw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQLoxJXdguhGIRXFawD2hDmEwn7dDJJMxMhBIK/oobF4q49Tvc+TdO2go+D1w4nHMv997jx4xKZdvvxsLi0vLKam4tv76xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2P6pnfviVC0ojfqHFM3BANOA0oRkpLnrlf9+h5+dKjJ8WRR7M6dkolzyzYVrlasU+r8DdxLHuKApij4ZlvvX6Ek5BwhRmSsuvYsXJTJBTFjEzyvUSSGOERGpCuphyFRLrp9PwJPNJKHwaR0MUVnKpfJ1IUSjkOfd0ZIjWUP71M/MvrJiqouCnlcaIIx7NFQcKgimCWBexTQbBiY00QFlTfCvEQCYSVTiyvQ/j8FP5PWmXLsS3n2inULuZx5MABOARF4IAzUANXoAGaAIMU3INH8GTcGQ/Gs/Eya10w5jN74BuM1w+VMJPz</latexit>

measures how cliquey the graph is.
 The path length L =

P
i 6=j dij/(N(N � 1))

<latexit sha1_base64="5NC/pKs0orRPMnpJmlvWWjEZoTQ="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="1YNpi10+OL4axa+hhMpSLv7inVk=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahXViTurBdCEU3LqRUsLXQhDKZTNtpJ5MwMxFK6NKNv+LGhSJu/QR3/o3Th+DzwIXDOfdy7z1exKhUlvVupObmFxaX0suZldW19Q1zc6shw1hgUschC0XTQ5IwykldUcVIMxIEBR4j197gbOxf3xAhaciv1DAiboC6nHYoRkpLbXP34sSRcdBOqMMJ7I+gr2l/dJir5qoHdj7fNrNWoVguWUdl+JvYBWuCLJih1jbfHD/EcUC4wgxJ2bKtSLkJEopiRkYZJ5YkQniAuqSlKUcBkW4yeWQE97Xiw04odHEFJ+rXiQQFUg4DT3cGSPXkT28s/uW1YtUpuQnlUawIx9NFnZhBFcJxKtCngmDFhpogLKi+FeIeEggrnV1Gh/D5KfyfNIoF2yrYl3a2cjqLIw12wB7IARscgwo4BzVQBxjcgnvwCJ6MO+PBeDZepq0pYzazDb7BeP0AmlSYZw==</latexit>

of the network is the average of the shortest geodesic 
between any two nodes.



Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]
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Jeff Murugan (UCT)

The Watts-Strogatz Protocol
[Watts-Strogatz ’98]

 Start with a regular N-node lattice with k/2-nearest-neighbour edges.
 At each node      :   ni

<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

 Iterate through each edge        connecting      to
 With probability p, rewire the edge by replacing         with a random  

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

ni
<latexit sha1_base64="ZbWQfM5DEf9OCndSG1PSSxr+3rg=">AAAB7HicdVBNS8NAEJ3Ur1q/ooIXL4tF8BSSerC9Fb14bMG0hTbUzXbTLt1swu5GKKG/wYsHRbz6g7x58be4bRX8fDDweG+GeTNhypnSrvtqFZaWV1bXiuuljc2t7R17d6+lkkwS6pOEJ7ITYkU5E9TXTHPaSSXFcchpOxxfzPz2DZWKJeJKT1IaxHgoWMQI1kbyRT9n075ddp1Kreqe1tBv4jnuHOX6QfPtGgAaffulN0hIFlOhCcdKdT031UGOpWaE02mplymaYjLGQ9o1VOCYqiCfh52iY6MMUJRIU0Kjufp1IsexUpM4NJ0x1iP105uJf3ndTEfVIGcizTQVZLEoyjjSCZpdjgZMUqL5xBBMJDNZERlhiYk2/ymZJ3xeiv4nrYrjuY7X9Mr1c1igCIdwBCfgwRnU4RIa4AMBBrdwDw+WsO6sR+tp0VqwPmb24Rus53cqX5EZ</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="Cp1uzdZoy+UPWe3tTGs6a68RlS8=">AAAB7HicdVDLSsNAFL2pr1pfVcGNm8EiuApJXdjuSt24bMG0hTaUyXTSDp1MwsxEKKHf4MaFIm7d+Rd+gTs3fovTVsHngQuHc+7lnnuDhDOlHefVyi0tr6yu5dcLG5tb2zvF3b2WilNJqEdiHstOgBXlTFBPM81pJ5EURwGn7WB8PvPbV1QqFotLPUmoH+GhYCEjWBvJE/2MTfvFkmOXqxXntIp+E9d25ijVDppv7Kn+3OgXX3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys3nYKTo2ygCFsTQlNJqrXycyHCk1iQLTGWE9Uj+9mfiX1011WPEzJpJUU0EWi8KUIx2j2eVowCQlmk8MwUQykxWREZaYaPOfgnnC56Xof9Iq265ju023VKvDAnk4hCM4ARfOoAYX0AAPCDC4hlu4s4R1Y91bD4vWnPUxsw/fYD2+A3ugktU=</latexit><latexit sha1_base64="lHPdOWvdwWxL5t20EKPfTz7jhBg=">AAAB7HicdVDLSgNBEOz1GeMr6tHLYBA8LbvxYHILevEYwU0CyRJmJ51kyOzsMjMrhCXf4MWDIl79IG/+jZOH4LOgoajqprsrSgXXxvPenZXVtfWNzcJWcXtnd2+/dHDY1EmmGAYsEYlqR1Sj4BIDw43AdqqQxpHAVjS+mvmtO1SaJ/LWTFIMYzqUfMAZNVYKZC/n016p7LmVWtU7r5HfxHe9OcqwRKNXeuv2E5bFKA0TVOuO76UmzKkynAmcFruZxpSyMR1ix1JJY9RhPj92Sk6t0ieDRNmShszVrxM5jbWexJHtjKkZ6Z/eTPzL62RmUA1zLtPMoGSLRYNMEJOQ2eekzxUyIyaWUKa4vZWwEVWUGZtP0Ybw+Sn5nzQrru+5/o1frl8u4yjAMZzAGfhwAXW4hgYEwIDDPTzCkyOdB+fZeVm0rjjLmSP4Buf1A5u4jzQ=</latexit>

nj 6= ni
<latexit sha1_base64="TUzJ4HBUC0K4rECvwVzy1uIqzlI=">AAAB+HicdVC7TsNAEFyHVwiPGChpTgQkKssOBUkXQUMZJPKQEis6Xy7JkfPZ3J2RgpUvoaEAIVoKar6Bjg+h55KAxHOklUYzu9rdCWLOlHbdVyszN7+wuJRdzq2srq3n7Y3NuooSSWiNRDySzQArypmgNc00p81YUhwGnDaC4fHEb1xSqVgkzvQopn6I+4L1GMHaSB07Lzrp+bgt6AUyjI07dsF1iuWSe1BGv4nnuFMUKrtvT88AUO3YL+1uRJKQCk04VqrlubH2Uyw1I5yOc+1E0RiTIe7TlqECh1T56fTwMdozShf1ImlKaDRVv06kOFRqFAamM8R6oH56E/Evr5XoXslPmYgTTQWZLeolHOkITVJAXSYp0XxkCCaSmVsRGWCJiTZZ5UwIn5+i/0m96Hiu4516hcoRzJCFbdiBffDgECpwAlWoAYEEruEW7qwr68a6tx5mrRnrY2YLvsF6fAds45aH</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="oMKRhAZmwXtL4iim10X7JzNyGeg=">AAAB+HicdVC7TsMwFHXKq7RAA4wsFgWJKUpgoN0qWBiLRB9SG0WO67SmjhNsp1KJ8iUsDCDEysAP8AdsfAjMuC1IPI90paNz7tW99/gxo1LZ9ouRm5tfWFzKLxeKK6trJXN9oymjRGDSwBGLRNtHkjDKSUNRxUg7FgSFPiMtf3g88VsjIiSN+Jkax8QNUZ/TgGKktOSZJe6l51mXkwuoGc08s2xb+9WKfVCFv4lj2VOUazuvj0+j4lvdM5+7vQgnIeEKMyRlx7Fj5aZIKIoZyQrdRJIY4SHqk46mHIVEuun08AzuaqUHg0jo4gpO1a8TKQqlHIe+7gyRGsif3kT8y+skKqi4KeVxogjHs0VBwqCK4CQF2KOCYMXGmiAsqL4V4gESCCudVUGH8Pkp/J809y3HtpxTp1w7AjPkwRbYBnvAAYegBk5AHTQABgm4Ajfg1rg0ro07437WmjM+ZjbBNxgP72WDmAE=</latexit><latexit sha1_base64="O6uQdeM3fTMsMVgh65rIYEmIDHQ=">AAAB+HicdVDLSsNAFL3xWeujUZduBovgKiR1YbsrunFZwT6gDWEynbRjJ5M4MxFq6Je4caGIWz/FnX/j9CH4PHDhcM693HtPmHKmtOu+W0vLK6tr64WN4ubW9k7J3t1rqSSThDZJwhPZCbGinAna1Exz2kklxXHIaTscnU/99i2ViiXiSo9T6sd4IFjECNZGCuySCPLrSU/QG2QYmwR22XUqtap7UkO/iee4M5RhgUZgv/X6CcliKjThWKmu56baz7HUjHA6KfYyRVNMRnhAu4YKHFPl57PDJ+jIKH0UJdKU0Gimfp3IcazUOA5NZ4z1UP30puJfXjfTUdXPmUgzTQWZL4oyjnSCpimgPpOUaD42BBPJzK2IDLHERJusiiaEz0/R/6RVcTzX8S69cv1sEUcBDuAQjsGDU6jDBTSgCQQyuIdHeLLurAfr2XqZty5Zi5l9+Abr9QOic5O4</latexit>

(i, j)
<latexit sha1_base64="eyCrSKv0qLoKXdzzqX3dCI44fKQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0YvHCqYttKFstpt27WYTdjdCCf0NXjwoInjyB3nz37htFfx8MPB4b4Z5M0HCmdKO82YtLC4tr6zm1vLrG5tb24Wd3aaKU0moR2Iey3aAFeVMUE8zzWk7kRRHAaetYHQ+9Vs3VCoWiys9Tqgf4YFgISNYG8krs+Prw16h5NiVWtU5qaHfxLWdGUr1YvfoGQAavcJrtx+TNKJCE46V6rhOov0MS80Ip5N8N1U0wWSEB7RjqMARVX42CztBB0bpozCWpoRGM/XrRIYjpcZRYDojrIfqpzcV//I6qQ6rfsZEkmoqyHxRmHKkYzS9HPWZpETzsSGYSGayIjLEEhNt/pM3T/i8FP1PmhXbdWz30i3Vz2COHOxDEcrgwinU4QIa4AEBBrdwDw+WsO6sR+tp3rpgfczswTdYL+9cGY/f</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="AuCnNPxxSnu97nZ3tAweSXxDHzo=">AAAB7HicdVDLSgNBEOyNrxhfUY9ehgQhoiy78WByC3rxGME8IFnC7GQ2GTM7u8zMCkvIN3jJQRGvfpC3/I2TRMFnQUNR1U1Xtx9zprTjzKzMyura+kZ2M7e1vbO7l98/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH13N/dY9lYpF4lanMfVCPBAsYARrIzVK7OzupJcvOna5WnHOq+g3cW1ngWKt0D2dzmppvZd/6/YjkoRUaMKxUh3XibU3xlIzwukk100UjTEZ4QHtGCpwSJU3XoSdoGOj9FEQSVNCo4X6dWKMQ6XS0DedIdZD9dObi395nUQHFW/MRJxoKshyUZBwpCM0vxz1maRE89QQTCQzWREZYomJNv/JmSd8Xor+J82y7Tq2e+MWa5ewRBaOoAAlcOECanANdWgAAQYP8AhPlrCm1rP1smzNWB8zh/AN1us7ZYORZQ==</latexit><latexit sha1_base64="HIqgf0HhGxSbZe6Jx/XFK8aFGPw=">AAAB7HicdVDLSsNAFL2pr1pfVZduBotQQULSLmx3RTcuK5i20IYymU7asZNJmJkIJfQb3LhQxK0f5M6/cfoQfB64cDjnXu69J0g4U9px3q3cyura+kZ+s7C1vbO7V9w/aKk4lYR6JOax7ARYUc4E9TTTnHYSSXEUcNoOxpczv31HpWKxuNGThPoRHgoWMoK1kbwyO7s97RdLjl2p15xqHf0mru3MUYIlmv3iW28QkzSiQhOOleq6TqL9DEvNCKfTQi9VNMFkjIe0a6jAEVV+Nj92ik6MMkBhLE0Jjebq14kMR0pNosB0RliP1E9vJv7ldVMd1vyMiSTVVJDFojDlSMdo9jkaMEmJ5hNDMJHM3IrICEtMtMmnYEL4/BT9T1oV23Vs99otNS6WceThCI6hDC6cQwOuoAkeEGBwD4/wZAnrwXq2XhatOWs5cwjfYL1+AEmajlY=</latexit>

(i, k)
<latexit sha1_base64="vepxzTZI3CPG5S9vsful6JbXQBo=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LC1CRQlJPdjeil48VjBtoQ1ls920SzebsLsRSuhv8OJBEcGTP8ib/8Ztq+Dng4HHezPMmwkSzpR2nDcrt7S8srqWXy9sbG5t7xR391oqTiWhHol5LDsBVpQzQT3NNKedRFIcBZy2g/HFzG/fUKlYLK71JKF+hIeChYxgbSSvwk7GR/1i2bGr9ZpzWke/iWs7c5Qbpd7xMwA0+8XX3iAmaUSFJhwr1XWdRPsZlpoRTqeFXqpogskYD2nXUIEjqvxsHnaKDo0yQGEsTQmN5urXiQxHSk2iwHRGWI/UT28m/uV1Ux3W/IyJJNVUkMWiMOVIx2h2ORowSYnmE0MwkcxkRWSEJSba/KdgnvB5KfqftKq269julVtunMMCeTiAElTAhTNowCU0wQMCDG7hHh4sYd1Zj9bTojVnfczswzdYL+9dno/g</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="LgeaJz8x+50vzgCOYCZnYzZtfk0=">AAAB7HicdVBNS8NAEJ34WetX1aOXpUWoKCGpB9tb0IvHCqYttKVstpt26WYTdjdCCf0NXnpQxKs/yFv/jdtWwc8HA4/3Zpg3EyScKe04M2tldW19YzO3ld/e2d3bLxwcNlScSkJ9EvNYtgKsKGeC+pppTluJpDgKOG0Go+u537ynUrFY3OlxQrsRHggWMoK1kfwyOx+d9golx67Uqs5FDf0mru0sUPKKnbPpzBvXe4W3Tj8maUSFJhwr1XadRHczLDUjnE7ynVTRBJMRHtC2oQJHVHWzRdgJOjFKH4WxNCU0WqhfJzIcKTWOAtMZYT1UP725+JfXTnVY7WZMJKmmgiwXhSlHOkbzy1GfSUo0HxuCiWQmKyJDLDHR5j9584TPS9H/pFGxXcd2b92SdwVL5OAYilAGFy7Bgxuogw8EGDzAIzxZwppaz9bLsnXF+pg5gm+wXt8BZwiRZg==</latexit><latexit sha1_base64="e8AyJj1xLfM2pLK1uzpUhi29vqs=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBahgoSkHmxvRS8eK5i20Iay2W7apZtN2N0IJfQ3ePGgiFd/kDf/jdu0gp8PBh7vzTAzL0g4U9px3q3Cyura+kZxs7S1vbO7V94/aKs4lYR6JOax7AZYUc4E9TTTnHYTSXEUcNoJJldzv3NHpWKxuNXThPoRHgkWMoK1kbwqO5ucDsoVx6416s55A/0mru3kqMASrUH5rT+MSRpRoQnHSvVcJ9F+hqVmhNNZqZ8qmmAywSPaM1TgiCo/y4+doROjDFEYS1NCo1z9OpHhSKlpFJjOCOux+unNxb+8XqrDup8xkaSaCrJYFKYc6RjNP0dDJinRfGoIJpKZWxEZY4mJNvmUTAifn6L/Sbtmu47t3riV5uUyjiIcwTFUwYULaMI1tMADAgzu4RGeLGE9WM/Wy6K1YC1nDuEbrNcPSx+OVw==</latexit>

The resulting small 
world network inherits 
its clustering 
properties from the 
underlying lattice and 
its short path length 
from the random 
long-range 
connections.

 The clustering coefficient Ci = 2Ei/(ki(ki � 1))
<latexit sha1_base64="2cX+H28TaOiDpl5yKLRt9J2CxjU=">AAAB/nicdVDJSgNBEK2JW4zbqHjy0iQICWKciQeTgxAMgscIZoFkGHo6HdOkZ6G7RwhDwE/RiwdFvPod3vwbO4mC64OCx3tVVNXzIs6ksqw3IzU3v7C4lF7OrKyurW+Ym1tNGcaC0AYJeSjaHpaUs4A2FFOctiNBse9x2vKGtYnfuqZCsjC4VKOIOj6+ClifEay05Jo7NZedlM5cdpgfumxSB3ah4Jo5q1iqlK2jCvpN7KI1Ra6a7e7fAkDdNV+7vZDEPg0U4VjKjm1FykmwUIxwOs50Y0kjTIb4inY0DbBPpZNMzx+jPa30UD8UugKFpurXiQT7Uo58T3f6WA3kT28i/uV1YtUvOwkLoljRgMwW9WOOVIgmWaAeE5QoPtIEE8H0rYgMsMBE6cQyOoTPT9H/pFkq2lbRvrBz1VOYIQ27kIU82HAMVTiHOjSAQAJ38ACPxo1xbzwZz7PWlPExsw3fYLy8A6evlXw=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="StrvyELBSEizvLkeSYj3Lz5tA+o=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM7QILWJN6sJ2IQSL4LKCfUBbwmQ6bYdOJmFmIpRQ8CP8ATcuFHHrd7jr3zhpFXweuHA4517uvccLGZXKsqZGamFxaXklvZpZW9/Y3DK3dxoyiAQmdRywQLQ8JAmjnNQVVYy0QkGQ7zHS9EbVxG/eECFpwK/VOCRdHw047VOMlJZcc6/q0rPShUuP8yOXJnVkFwqumbOKpUrZOqnA38QuWjPknGzn8G7qjGuu+dbpBTjyCVeYISnbthWqboyEopiRSaYTSRIiPEID0taUI5/Ibjw7fwIPtNKD/UDo4grO1K8TMfKlHPue7vSRGsqfXiL+5bUj1S93Y8rDSBGO54v6EYMqgEkWsEcFwYqNNUFYUH0rxEMkEFY6sYwO4fNT+D9plIq2VbSv7JxzDuZIg32QBXlgg1PggEtQA3WAQQzuwSN4Mm6NB+PZeJm3poyPmV3wDcbrO7EZlwI=</latexit><latexit sha1_base64="7efrmj/5XYUFriv6XG/svhFgfUw=">AAAB/nicdVDLSsNAFJ34rPUVFVduBovQLoxJXdguhGIRXFawD2hDmEwn7dDJJMxMhBIK/oobF4q49Tvc+TdO2go+D1w4nHMv997jx4xKZdvvxsLi0vLKam4tv76xubVt7uy2ZJQITJo4YpHo+EgSRjlpKqoY6cSCoNBnpO2P6pnfviVC0ojfqHFM3BANOA0oRkpLnrlf9+h5+dKjJ8WRR7M6dkolzyzYVrlasU+r8DdxLHuKApij4ZlvvX6Ek5BwhRmSsuvYsXJTJBTFjEzyvUSSGOERGpCuphyFRLrp9PwJPNJKHwaR0MUVnKpfJ1IUSjkOfd0ZIjWUP71M/MvrJiqouCnlcaIIx7NFQcKgimCWBexTQbBiY00QFlTfCvEQCYSVTiyvQ/j8FP5PWmXLsS3n2inULuZx5MABOARF4IAzUANXoAGaAIMU3INH8GTcGQ/Gs/Eya10w5jN74BuM1w+VMJPz</latexit>

measures how cliquey the graph is.
 The path length L =

P
i 6=j dij/(N(N � 1))

<latexit sha1_base64="5NC/pKs0orRPMnpJmlvWWjEZoTQ="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="DD8sxDAouJHMz2L5nZ7ZVYVJAfI="></latexit><latexit sha1_base64="1YNpi10+OL4axa+hhMpSLv7inVk=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahXViTurBdCEU3LqRUsLXQhDKZTNtpJ5MwMxFK6NKNv+LGhSJu/QR3/o3Th+DzwIXDOfdy7z1exKhUlvVupObmFxaX0suZldW19Q1zc6shw1hgUschC0XTQ5IwykldUcVIMxIEBR4j197gbOxf3xAhaciv1DAiboC6nHYoRkpLbXP34sSRcdBOqMMJ7I+gr2l/dJir5qoHdj7fNrNWoVguWUdl+JvYBWuCLJih1jbfHD/EcUC4wgxJ2bKtSLkJEopiRkYZJ5YkQniAuqSlKUcBkW4yeWQE97Xiw04odHEFJ+rXiQQFUg4DT3cGSPXkT28s/uW1YtUpuQnlUawIx9NFnZhBFcJxKtCngmDFhpogLKi+FeIeEggrnV1Gh/D5KfyfNIoF2yrYl3a2cjqLIw12wB7IARscgwo4BzVQBxjcgnvwCJ6MO+PBeDZepq0pYzazDb7BeP0AmlSYZw==</latexit>

of the network is the average of the shortest geodesic 
between any two nodes.



Jeff Murugan (UCT)

Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Traditional epidemic models compartmentalise the population into 
Susceptible, Infectious and Removed interacting in a fully mixed way:
ṡ = ��sx

<latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit>

ẋ = �sx� �x
<latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit>

ṙ = �x
<latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit>

subject to s+ x+ r = 1
<latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit>

S I R  Setting             in the 
SIR model reduces to an SI 
model with logistic growth  

of infected individuals which 
always results in an 
epidemic.      

� = 0
<latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit>

x(t) =
x0e�t

1� x0 + x0e�t
<latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit>

 The SIR model can be 
solved as a quadrature
t =

1

�

Z r

0

du

1� u� s0e��u/�
<latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit>

 At late times
r ! 1� e��r/�

<latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit>

 The critical point           
defines the epidemic 
threshold below which there 
is no epidemic.

� = �
<latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit>

 In the SIR model, the 
basic reproduction number      

R0 = ��

Z 1

0
d⌧ ⌧e��⌧ =
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�
<latexit sha1_base64="C2E7GGokkCXxHuy0fJh47PcT7KE="></latexit><latexit sha1_base64="C2E7GGokkCXxHuy0fJh47PcT7KE="></latexit><latexit sha1_base64="C2E7GGokkCXxHuy0fJh47PcT7KE="></latexit><latexit sha1_base64="C2E7GGokkCXxHuy0fJh47PcT7KE="></latexit>



Jeff Murugan (UCT)

Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Traditional epidemic models compartmentalise the population into 
Susceptible, Infectious and Removed interacting in a fully mixed way:
ṡ = ��sx

<latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit><latexit sha1_base64="jv4qXt27pBa/c9qTcH/GhVBQ6vI=">AAAB/XicdVDJSgNBEO1xjXEbl5uXxiB4cehRweQgBL14jGAWSIbQ0+lJmvQsdNeIcQj+ihcPinj1P7z5N3YWwfVBweO9qu6q5ydSaCDk3ZqZnZtfWMwt5ZdXVtfW7Y3Nmo5TxXiVxTJWDZ9qLkXEqyBA8kaiOA19yet+/3zk16+50iKOrmCQcC+k3UgEglEwUtvebnViyPQQn+KDls+BYo1v2naBOKRUJEcl/Ju4DhmjgKaotO038wxLQx4Bk1TrpksS8DKqQDDJh/lWqnlCWZ92edPQiIZce9l4+yHeM0oHB7EyFQEeq18nMhpqPQh90xlS6Omf3kj8y2umEBS9TERJCjxik4+CVGKI8SgK3BGKM5ADQyhTwuyKWY8qysAEljchfF6K/ye1Q8cljnt5XCifTePIoR20i/aRi05QGV2gCqoihm7RPXpET9ad9WA9Wy+T1hlrOrOFvsF6/QCN15Sl</latexit>

ẋ = �sx� �x
<latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit><latexit sha1_base64="S1ZlthMg1gn2dpbBmIuVQBI3q00=">AAACB3icdVDLSgNBEJz1bXytehRkMAheDLsqmBwE0YvHCEaFbAi9k9k4OLO7zPRKwpKbF3/FiwdFvPoL3vwbJw/BZ0FDUdU9011hKoVBz3t3xsYnJqemZ2YLc/MLi0vu8sq5STLNeI0lMtGXIRguRcxrKFDyy1RzUKHkF+H1cd+/uOHaiCQ+w27KGwrasYgEA7RS010PWgnmnR49oEHIEaihHbpNgzYoBbTTdIteyauUvd0K/U38kjdAkYxQbbpv9kGWKR4jk2BM3fdSbOSgUTDJe4UgMzwFdg1tXrc0BsVNIx/c0aObVmnRKNG2YqQD9etEDsqYrgptpwK8Mj+9vviXV88wKjdyEacZ8pgNP4oySTGh/VBoS2jOUHYtAaaF3ZWyK9DA0EZXsCF8Xkr/J+c7Jd8r+ad7xcOjURwzZI1skC3ik31ySE5IldQII7fknjySJ+fOeXCenZdh65gzmlkl3+C8fgA8e5hF</latexit>

ṙ = �x
<latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit><latexit sha1_base64="ANaSIvx7fs66Ij5Hy6xLv/veSog=">AAAB+3icdVDLSgMxFM34rPU11qWbYBFcDRkVbBdC0Y3LCvYB7VAyaaYNTTJDkpGWYX7FjQtF3Poj7vwb04fg88CFwzn3JveeMOFMG4TenaXlldW19cJGcXNre2fX3Ss1dZwqQhsk5rFqh1hTziRtGGY4bSeKYhFy2gpHV1O/dUeVZrG8NZOEBgIPJIsYwcZKPbfU7ccmUzm8gN0BFgLDcc8tIw9VK+i0Cn8T30MzlMEC9Z77Zh8hqaDSEI617vgoMUGGlWGE07zYTTVNMBnhAe1YKrGgOshmu+fwyCp9GMXKljRwpn6dyLDQeiJC2ymwGeqf3lT8y+ukJqoEGZNJaqgk84+ilEMTw2kQsM8UJYZPLMFEMbsrJEOsMDE2rqIN4fNS+D9pnng+8vybs3LtchFHARyAQ3AMfHAOauAa1EEDEDAG9+ARPDm58+A8Oy/z1iVnMbMPvsF5/QCv85Q3</latexit>

subject to s+ x+ r = 1
<latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit>

S I R  Setting             in the 
SIR model reduces to an SI 
model with logistic growth  

of infected individuals which 
always results in an 
epidemic.      

� = 0
<latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit>

x(t) =
x0e�t

1� x0 + x0e�t
<latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit>

 The SIR model can be 
solved as a quadrature
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 At late times
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 The critical point           
defines the epidemic 
threshold below which there 
is no epidemic.
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 In the SIR model, the 
basic reproduction number      
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Jeff Murugan (UCT)

Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Traditional epidemic models compartmentalise the population into 
Susceptible, Infectious and Removed interacting in a fully mixed way:
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subject to s+ x+ r = 1
<latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit><latexit sha1_base64="1f5F1tBLti7UI3U+QwaJLvHfzoQ=">AAAB8HicdVDJSgNBEK2JW4xb1KOXxiAIgWFGBZODEPTiMYJZJBlCT6eTNOnuGbp7xDDkK7x4UMSrn+PNv7GzCK4PCh7vVVFVL4w508bz3p3MwuLS8kp2Nbe2vrG5ld/eqesoUYTWSMQj1QyxppxJWjPMcNqMFcUi5LQRDi8mfuOWKs0ieW1GMQ0E7kvWYwQbK93o4l1RoTPkd/IFz/XKJe+4jH4T3/WmKMAc1U7+rd2NSCKoNIRjrVu+F5sgxcowwuk41040jTEZ4j5tWSqxoDpIpweP0YFVuqgXKVvSoKn6dSLFQuuRCG2nwGagf3oT8S+vlZheKUiZjBNDJZkt6iUcmQhNvkddpigxfGQJJorZWxEZYIWJsRnlbAifn6L/Sf3I9T3XvzopVM7ncWRhD/bhEHw4hQpcQhVqQEDAPTzCk6OcB+fZeZm1Zpz5zC58g/P6AXv7j4w=</latexit>

S I R  Setting             in the 
SIR model reduces to an SI 
model with logistic growth  

of infected individuals which 
always results in an 
epidemic.      

� = 0
<latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit><latexit sha1_base64="nwgjJ7bZlxPxZ5nKpVfVr6oki6I=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ0YF24VQdOOygn1gO5Q7adqGJpkhyQhl6F+4caGIW//GnX9j+hB8HrhwOOde7r0nSgQ3lpB3b2FxaXllNbeWX9/Y3Nou7OzWTZxqymo0FrFuRmCY4IrVLLeCNRPNQEaCNaLh5cRv3DFteKxu7ChhoYS+4j1OwTrptt0HKQGfY9IpFIlPyiVyUsa/SeCTKYpojmqn8NbuxjSVTFkqwJhWQBIbZqAtp4KN8+3UsAToEPqs5agCyUyYTS8e40OndHEv1q6UxVP160QG0piRjFynBDswP72J+JfXSm2vFGZcJallis4W9VKBbYwn7+Mu14xaMXIEqObuVkwHoIFaF1LehfD5Kf6f1I/9gPjB9WmxcjGPI4f20QE6QgE6QxV0haqohihS6B49oifPeA/es/cya13w5jN76Bu81w+pRJBB</latexit>

x(t) =
x0e�t

1� x0 + x0e�t
<latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit><latexit sha1_base64="h39ECUv7RLJrakPkcCVOekt5cE4=">AAACJXicdVDJSgNBEO1xjXGLevTSGARFDD0qqKAQ9OIxglEhiaGnU6ONPQvdNZIwzM948Ve8eDCI4MlfsbMIrg8KHu9VUVXPi5U0yNibMzI6Nj4xmZvKT8/Mzs0XFhbPTZRoAVURqUhfetyAkiFUUaKCy1gDDzwFF97tcc+/uANtZBSeYSeGRsCvQ+lLwdFKzcJBew3X6SGt+5qLtN1MWQZXad0D5BSzLHXpJu2rdIP+cpuFIiux/T22vU9/E7fE+iiSISrNQrfeikQSQIhCcWNqLouxkXKNUijI8vXEQMzFLb+GmqUhD8A00v6XGV21Sov6kbYVIu2rXydSHhjTCTzbGXC8MT+9nviXV0vQ32ukMowThFAMFvmJohjRXmS0JTUIVB1LuNDS3krFDbd5oQ02b0P4/JT+T863Si4ruac7xfLRMI4cWSYrZI24ZJeUyQmpkCoR5J48kmfSdR6cJ+fFeR20jjjDmSXyDc77B0UapJA=</latexit>

 The SIR model can be 
solved as a quadrature
t =

1

�

Z r

0

du

1� u� s0e��u/�
<latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit><latexit sha1_base64="1XMynFKjkmzpRopD1WzJQGmjwyU="></latexit>

 At late times
r ! 1� e��r/�

<latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit><latexit sha1_base64="sjDy65S4XyCzTVdKOKO34HlYXCQ=">AAACBHicdVC7SgNBFJ31bXytWqYZDIJN4q4KJp1oYxnBqJBdw93JTTI4s7vMzAphSWHjr9hYKGLrR9j5N05iBJ8HBg7n3Mudc6JUcG08782ZmJyanpmdmy8sLC4tr7ira2c6yRTDBktEoi4i0Ch4jA3DjcCLVCHISOB5dHU09M+vUWmexKemn2IooRvzDmdgrNRyiyowCfXLFC/zchChAaq2gy5ICYOWW/IqXq3q7dbob+JXvBFKZIx6y30N2gnLJMaGCdC66XupCXNQhjOBg0KQaUyBXUEXm5bGIFGH+SjEgG5apU07ibIvNnSkft3IQWrdl5GdlGB6+qc3FP/ympnpVMOcx2lmMGYfhzqZoDb3sBHa5gqZEX1LgClu/0pZDxQwY3sr2BI+k9L/ydlOxfcq/sle6eBwXMccKZINskV8sk8OyDGpkwZh5IbckQfy6Nw6986T8/wxOuGMd9bJNzgv73lFl18=</latexit>

 The critical point           
defines the epidemic 
threshold below which there 
is no epidemic.

� = �
<latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit><latexit sha1_base64="1kKYVMYACjRLffc+v6GLraAxJes=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4GmZUMDkIQS8eI5gFkjHUdHqSJt09Q3ePEob8hxcPinj1X7z5N3YWwfVBweO9KqrqhQln2njeu5NbWFxaXsmvFtbWNza3its7DR2nitA6iXmsWiFoypmkdcMMp61EURAhp81weDHxm7dUaRbLazNKaCCgL1nECBgr3XRCagCf4U4fhIBuseS5XqXsHVfwb+K73hQlNEetW3zr9GKSCioN4aB12/cSE2SgDCOcjgudVNMEyBD6tG2pBEF1kE2vHuMDq/RwFCtb0uCp+nUiA6H1SIS2U4AZ6J/eRPzLa6cmKgcZk0lqqCSzRVHKsYnxJALcY4oSw0eWAFHM3orJABQQY4Mq2BA+P8X/k8aR63uuf3VSqp7P48ijPbSPDpGPTlEVXaIaqiOCFLpHj+jJuXMenGfnZdaac+Yzu+gbnNcP/vaSMQ==</latexit>

 In the SIR model, the 
basic reproduction number      

R0 = ��

Z 1
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�

�
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Jeff Murugan (UCT)

Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Traditional epidemic models compartmentalise the population into 
Susceptible, Infectious and Removed interacting in a fully mixed way:
ṡ = ��sx
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subject to s+ x+ r = 1
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S I R  Setting             in the 
SIR model reduces to an SI 
model with logistic growth  

of infected individuals which 
always results in an 
epidemic.      

� = 0
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 The SIR model can be 
solved as a quadrature
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 At late times
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 The critical point           
defines the epidemic 
threshold below which there 
is no epidemic.
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 In the SIR model, the 
basic reproduction number      
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Jeff Murugan (UCT)

Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Real social networks exhibit 
clustering: two people are 
more likely to know each other 
if they have a common 
acquaintance. 

 A uniform probability of 
interaction corresponds to a 
random network.

 Important epidemiological parameters are susceptibility of the 
population and transmissibility of the disease.
 When an epidemic takes place can be mapped to a standard 

percolation problem on a small-world network!

 Numerical results show that:

•  Epidemics spread more rapidly in 
highly susceptible populations 

• The amount of time for an 
epidemic to spread is given by the 
average radius of connected 
clusters of susceptible individuals. 

• The infection curve flattens as     
is increased. 

• No epidemic outbreak takes place 
below the percolation threshold. 
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Percolation
[Watson-Leath ’74]

The smallest value of    at which no current flows is the percolation threshold       �c
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Epidemic Spreading in a Small World
[Moore-Newman ’00]

 Real social networks exhibit 
clustering: two people are 
more likely to know each other 
if they have a common 
acquaintance. 

 A uniform probability of 
interaction corresponds to a 
random network.

 Important epidemiological parameters are susceptibility of the 
population and transmissibility of the disease.
 When an epidemic takes place can be mapped to a standard 

percolation problem on a small-world network!

 Numerical results show that:

•  Epidemics spread more rapidly in 
highly susceptible populations 

• The amount of time for an 
epidemic to spread is given by the 
average radius of connected 
clusters of susceptible individuals. 

• The infection curve flattens as     
is increased. 

• No epidemic outbreak takes place 
below the percolation threshold. 
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Quantum Small-Worlds I - Hamiltonian 
[JM-Hartmann-Shock ’19]
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 Each vertex in the network accommodates a spin-1/2 state.  
 Edges represent spin-exchange interactions between states on the lattice.
                      is the k’th Pauli spin matrix acting at site i.Sk

i = 1
2�

k
i
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 The network topology is encoded in the NxN adjacency matrix 
which will consist of either 1’s or 0’s if we normalise the couplings.
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 For nearest-neighbour interactions this is the XXX Heisenberg spin chain, a 
well-known and much-loved integrable system.
 For more general (regular) couplings, we can still solve the eigenvalue problem 

for H ⇢ GL(2N ⇥ 2N ,C)
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1

2

3

4

5 6

7

8

9

10
11

500 1000 1500 2000

1

2

3

4

1

2

3

4

5 6

7

8

9

10
11

500 1000 1500 2000

1

2

3

4

5

6

1

2

3

4

5 6

7

8

9

10
11

500 1000 1500 2000

1
2
3
4
5
6

k-local regular 
lattices with 
N=11 sites. From 
top to bottom 
(k,C,L) = 
(4,0.5,1.8); 
(8,0.75,1.2) and 
(10,1.0,1.0)

[JM-Hartmann-Shock ’19]Adjacency matrix with 
black=1 and white=0

Eigenvalue 
spectrum
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Quantum Small-Worlds I - Hamiltonian 
[JM-Hartmann-Shock ’19]

H = �
PN

I=1

PN
j=I+1

P3
k=1 AijS

k
i S

k
j
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 Each vertex in the network accommodates a spin-1/2 state.  
 Edges represent spin-exchange interactions between states on the lattice.
                      is the k’th Pauli spin matrix acting at site i.Sk

i = 1
2�

k
i
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 The network topology is encoded in the NxN adjacency matrix 
which will consist of either 1’s or 0’s if we normalise the couplings.
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 For nearest-neighbour interactions this is the XXX Heisenberg spin chain, a 
well-known and much-loved integrable system.
 For more general (regular) couplings, we can still solve the eigenvalue problem 

for H ⇢ GL(2N ⇥ 2N ,C)
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Implementing the 
Watts-Strogatz 
protocol for fixed 
k=4 and N=11. 
From top to 
bottom the spin-
chains differ only 
in re-wiring 
probability, p

[JM-Hartmann-Shock ’19]
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From top to 
bottom (p,C,L) = 
(0.1,0.45,0.76); 
(0.5,0.41,1.73); 
(0.75,0.23,1.67) 
Notice that even 
for large k the 
spectrum remains 
close to the 
regular chain
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Diagnostic tools
[JM-Hartmann-Shock ’19]

How do quantum small world systems 
scramble information?

 Scrambling is the 
tendency of a many 
body quantum system 
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 Equivalently, through 

the OTOC
hA†(t)B†(0)A(t)B(0)i

<latexit sha1_base64="D4oDoXlYw1bIgVf3WAjBWxQnF9g=">AAACHHicdVDLSgMxFL3js9ZX1aWbYBEUoczownbX6salgrVCp5ZMejsGM5khyQhl6Ie4Ef/EjQtF3LgQ/BvTVqG+DoScnHMuN/cGieDauO67MzE5NT0zm5vLzy8sLi0XVlbPdJwqhnUWi1idB1Sj4BLrhhuB54lCGgUCG8HV4cBvXKPSPJanppdgK6Kh5F3OqLFSu7DnCypDgaR2kfkdGoao+ltm+2Ds5W7XBoq9fTXMtgtFt7RbKbt7FfKbeCV3iGJ1w9+5A4DjduHV78QsjVAaJqjWTc9NTCujynAmsJ/3U40JZVc0xKalkkaoW9lwuD7ZtEqHdGNljzRkqI5XZDTSuhcFNhlRc6l/egPxL6+Zmm65lXGZpAYlGzXqpoKYmAw2RTpcITOiZwllitu/EnZJFWXG7jNvl/A1KfmfnO2WPLfknXjF6gGMkIN12IAt8GAfqnAEx1AHBjdwD4/w5Nw6D86z8zKKTjifNWvwDc7bB+dmoho=</latexit><latexit sha1_base64="bguTyljUzHqUeGfBfXXRzWjWjrc="></latexit><latexit sha1_base64="bguTyljUzHqUeGfBfXXRzWjWjrc="></latexit><latexit sha1_base64="qoPajn3ru68p/6YRw/C1Fw0xsFU=">AAACHHicdVC7TsMwFHV4U14FRhaLCqksUUIH2o3Hwlgk+pCaUjnOTbBwnMh2kKqoH8LCr7AwgBALAxJ/g5sWieeRLB+fe66u7/FTzpR2nHdrZnZufmFxabm0srq2vlHe3GqrJJMUWjThiez6RAFnAlqaaQ7dVAKJfQ4d//p0XO/cgFQsERd6mEI/JpFgIaNEG2lQrnmciIgDPr7MvYBEEchRVe+ffHk5+8djxdyeLLyDcsWxDxp1p9bAv4lrOwUqaIrmoPzqBQnNYhCacqJUz3VS3c+J1IxyGJW8TEFK6DWJoGeoIDGofl4sN8J7RglwmEhzhMaF+rUjJ7FSw9g3zpjoK/WzNhb/qvUyHdb7ORNppkHQyaAw41gneJwUDpgEqvnQEEIlM3/F9IpIQrXJs2RC+NwU/0/aB7br2O65Wzk6mcaxhHbQLqoiFx2iI3SGmqiFKLpF9+gRPVl31oP1bL1MrDPWtGcbfYP19gHU56CR</latexit>
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where       is some pure state and                                       is the time-
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An alternative diagnostic is the spectral form factor which is the analytic 
continuation of the thermal partition function

g(t;�) =
h|Z(�, t)|2iJ
hZ(�)i2J
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 The SFF exhibits late time RMT behaviour and is closer to the OTOC 
than standard RMT measures. 
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where       is some pure state and                                       is the time-
evolved Heisenberg spin operator 
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 The SFF exhibits late time RMT behaviour and is closer to the OTOC 
than standard RMT measures. 



Jeff Murugan (UCT)

Diagnostic tools
[JM-Hartmann-Shock ’19]

How do quantum small world systems 
scramble information?

 Scrambling is the 
tendency of a many 
body quantum system 
to delocalize quantum 
information over all its 
degrees of freedom.  
 It can be diagnosed 

by the thermally 
averaged 
commutator squared, 
C(t) 
 Equivalently, through 

the OTOC
hA†(t)B†(0)A(t)B(0)i

<latexit sha1_base64="D4oDoXlYw1bIgVf3WAjBWxQnF9g=">AAACHHicdVDLSgMxFL3js9ZX1aWbYBEUoczownbX6salgrVCp5ZMejsGM5khyQhl6Ie4Ef/EjQtF3LgQ/BvTVqG+DoScnHMuN/cGieDauO67MzE5NT0zm5vLzy8sLi0XVlbPdJwqhnUWi1idB1Sj4BLrhhuB54lCGgUCG8HV4cBvXKPSPJanppdgK6Kh5F3OqLFSu7DnCypDgaR2kfkdGoao+ltm+2Ds5W7XBoq9fTXMtgtFt7RbKbt7FfKbeCV3iGJ1w9+5A4DjduHV78QsjVAaJqjWTc9NTCujynAmsJ/3U40JZVc0xKalkkaoW9lwuD7ZtEqHdGNljzRkqI5XZDTSuhcFNhlRc6l/egPxL6+Zmm65lXGZpAYlGzXqpoKYmAw2RTpcITOiZwllitu/EnZJFWXG7jNvl/A1KfmfnO2WPLfknXjF6gGMkIN12IAt8GAfqnAEx1AHBjdwD4/w5Nw6D86z8zKKTjifNWvwDc7bB+dmoho=</latexit><latexit sha1_base64="bguTyljUzHqUeGfBfXXRzWjWjrc="></latexit><latexit sha1_base64="bguTyljUzHqUeGfBfXXRzWjWjrc="></latexit><latexit sha1_base64="qoPajn3ru68p/6YRw/C1Fw0xsFU=">AAACHHicdVC7TsMwFHV4U14FRhaLCqksUUIH2o3Hwlgk+pCaUjnOTbBwnMh2kKqoH8LCr7AwgBALAxJ/g5sWieeRLB+fe66u7/FTzpR2nHdrZnZufmFxabm0srq2vlHe3GqrJJMUWjThiez6RAFnAlqaaQ7dVAKJfQ4d//p0XO/cgFQsERd6mEI/JpFgIaNEG2lQrnmciIgDPr7MvYBEEchRVe+ffHk5+8djxdyeLLyDcsWxDxp1p9bAv4lrOwUqaIrmoPzqBQnNYhCacqJUz3VS3c+J1IxyGJW8TEFK6DWJoGeoIDGofl4sN8J7RglwmEhzhMaF+rUjJ7FSw9g3zpjoK/WzNhb/qvUyHdb7ORNppkHQyaAw41gneJwUDpgEqvnQEEIlM3/F9IpIQrXJs2RC+NwU/0/aB7br2O65Wzk6mcaxhHbQLqoiFx2iI3SGmqiFKLpF9+gRPVl31oP1bL1MrDPWtGcbfYP19gHU56CR</latexit>
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where       is some pure state and                                       is the time-
evolved Heisenberg spin operator 
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than standard RMT measures. 
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where       is some pure state and                                       is the time-
evolved Heisenberg spin operator 
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Sz

j
(t) = eiHtSz

j
(0)e�iHt

<latexit sha1_base64="acRRSIAB2RcDRgyPPMRb4J4iSj8=">AAACC3icdVDJSgNBEO2JW4zbqEcvTYKQHAwzUTA5CEEvOUY0C2Sjp9NJ2vQsdNcIccjdi7/ixYMiXv0Bb/6NnUVwfdDw6r0qqus5geAKLOvdiC0sLi2vxFcTa+sbm1vm9k5V+aGkrEJ94cu6QxQT3GMV4CBYPZCMuI5gNWd4NvFr10wq7nuXMApYyyV9j/c4JaCljpm86Fy1b9KQwSeYtSNegvFMsTK6PJjUHTNlZXOFvHVYwL+JnbWmSKE5yh3zrdn1aegyD6ggSjVsK4BWRCRwKtg40QwVCwgdkj5raOoRl6lWNL1ljPe10sU9X+rnAZ6qXyci4io1ch3d6RIYqJ/eRPzLa4TQy7ci7gUhMI/OFvVCgcHHk2Bwl0tGQYw0IVRy/VdMB0QSCjq+hA7h81L8P6nmsraVtc+PUsXTeRxxtIeSKI1sdIyKqITKqIIoukX36BE9GXfGg/FsvMxaY8Z8Zhd9g/H6AUU+mfQ=</latexit><latexit sha1_base64="acRRSIAB2RcDRgyPPMRb4J4iSj8=">AAACC3icdVDJSgNBEO2JW4zbqEcvTYKQHAwzUTA5CEEvOUY0C2Sjp9NJ2vQsdNcIccjdi7/ixYMiXv0Bb/6NnUVwfdDw6r0qqus5geAKLOvdiC0sLi2vxFcTa+sbm1vm9k5V+aGkrEJ94cu6QxQT3GMV4CBYPZCMuI5gNWd4NvFr10wq7nuXMApYyyV9j/c4JaCljpm86Fy1b9KQwSeYtSNegvFMsTK6PJjUHTNlZXOFvHVYwL+JnbWmSKE5yh3zrdn1aegyD6ggSjVsK4BWRCRwKtg40QwVCwgdkj5raOoRl6lWNL1ljPe10sU9X+rnAZ6qXyci4io1ch3d6RIYqJ/eRPzLa4TQy7ci7gUhMI/OFvVCgcHHk2Bwl0tGQYw0IVRy/VdMB0QSCjq+hA7h81L8P6nmsraVtc+PUsXTeRxxtIeSKI1sdIyKqITKqIIoukX36BE9GXfGg/FsvMxaY8Z8Zhd9g/H6AUU+mfQ=</latexit><latexit sha1_base64="acRRSIAB2RcDRgyPPMRb4J4iSj8=">AAACC3icdVDJSgNBEO2JW4zbqEcvTYKQHAwzUTA5CEEvOUY0C2Sjp9NJ2vQsdNcIccjdi7/ixYMiXv0Bb/6NnUVwfdDw6r0qqus5geAKLOvdiC0sLi2vxFcTa+sbm1vm9k5V+aGkrEJ94cu6QxQT3GMV4CBYPZCMuI5gNWd4NvFr10wq7nuXMApYyyV9j/c4JaCljpm86Fy1b9KQwSeYtSNegvFMsTK6PJjUHTNlZXOFvHVYwL+JnbWmSKE5yh3zrdn1aegyD6ggSjVsK4BWRCRwKtg40QwVCwgdkj5raOoRl6lWNL1ljPe10sU9X+rnAZ6qXyci4io1ch3d6RIYqJ/eRPzLa4TQy7ci7gUhMI/OFvVCgcHHk2Bwl0tGQYw0IVRy/VdMB0QSCjq+hA7h81L8P6nmsraVtc+PUsXTeRxxtIeSKI1sdIyKqITKqIIoukX36BE9GXfGg/FsvMxaY8Z8Zhd9g/H6AUU+mfQ=</latexit><latexit sha1_base64="acRRSIAB2RcDRgyPPMRb4J4iSj8=">AAACC3icdVDJSgNBEO2JW4zbqEcvTYKQHAwzUTA5CEEvOUY0C2Sjp9NJ2vQsdNcIccjdi7/ixYMiXv0Bb/6NnUVwfdDw6r0qqus5geAKLOvdiC0sLi2vxFcTa+sbm1vm9k5V+aGkrEJ94cu6QxQT3GMV4CBYPZCMuI5gNWd4NvFr10wq7nuXMApYyyV9j/c4JaCljpm86Fy1b9KQwSeYtSNegvFMsTK6PJjUHTNlZXOFvHVYwL+JnbWmSKE5yh3zrdn1aegyD6ggSjVsK4BWRCRwKtg40QwVCwgdkj5raOoRl6lWNL1ljPe10sU9X+rnAZ6qXyci4io1ch3d6RIYqJ/eRPzLa4TQy7ci7gUhMI/OFvVCgcHHk2Bwl0tGQYw0IVRy/VdMB0QSCjq+hA7h81L8P6nmsraVtc+PUsXTeRxxtIeSKI1sdIyKqITKqIIoukX36BE9GXfGg/FsvMxaY8Z8Zhd9g/H6AUU+mfQ=</latexit>

An alternative diagnostic is the spectral form factor which is the analytic 
continuation of the thermal partition function

g(t;�) =
h|Z(�, t)|2iJ
hZ(�)i2J

<latexit sha1_base64="B1ULekyTkxdFOM5iBK6hoht4324="></latexit><latexit sha1_base64="B1ULekyTkxdFOM5iBK6hoht4324="></latexit><latexit sha1_base64="B1ULekyTkxdFOM5iBK6hoht4324="></latexit><latexit sha1_base64="B1ULekyTkxdFOM5iBK6hoht4324="></latexit>

 The SFF exhibits late time RMT behaviour and is closer to the OTOC 
than standard RMT measures. 
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The OTOC  

numerically 
computed and plotted 
as a function of the 
vertex degree k and 
rewiring probability p 
for (p,k) = (2,0); 
(4,0.25); (4,0.75) 
 

Cij(t) = 2(1�Re(C0(t)))
<latexit sha1_base64="cIbMrfDqVwfMrwgqSPBTeeix6ZU=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHShSWpgu1CKHbjsop9QBvCZDppx04mYWYilNCVG3/FjQtF3PoN7vwbpw/B54ELh3Pu5d57/JhRqWz73ZibX1hcWs6sZFfX1jc2za3thowSgUkdRywSLR9JwigndUUVI61YEBT6jDT9QXXsN2+IkDTiV2oYEzdEPU4DipHSkmfuVb2UXo8slYensGg58BBeEqvq2VrJ5z0zZxeK5ZJ9VIa/iVOwJ8iBGWqe+dbpRjgJCVeYISnbjh0rN0VCUczIKNtJJIkRHqAeaWvKUUikm07eGMEDrXRhEAldXMGJ+nUiRaGUw9DXnSFSffnTG4t/ee1EBSU3pTxOFOF4uihIGFQRHGcCu1QQrNhQE4QF1bdC3EcCYaWTy+oQPj+F/5NGseDYBefiOFc5m8WRAbtgH1jAASegAs5BDdQBBrfgHjyCJ+POeDCejZdp65wxm9kB32C8fgD0SZWZ</latexit><latexit sha1_base64="cIbMrfDqVwfMrwgqSPBTeeix6ZU=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHShSWpgu1CKHbjsop9QBvCZDppx04mYWYilNCVG3/FjQtF3PoN7vwbpw/B54ELh3Pu5d57/JhRqWz73ZibX1hcWs6sZFfX1jc2za3thowSgUkdRywSLR9JwigndUUVI61YEBT6jDT9QXXsN2+IkDTiV2oYEzdEPU4DipHSkmfuVb2UXo8slYensGg58BBeEqvq2VrJ5z0zZxeK5ZJ9VIa/iVOwJ8iBGWqe+dbpRjgJCVeYISnbjh0rN0VCUczIKNtJJIkRHqAeaWvKUUikm07eGMEDrXRhEAldXMGJ+nUiRaGUw9DXnSFSffnTG4t/ee1EBSU3pTxOFOF4uihIGFQRHGcCu1QQrNhQE4QF1bdC3EcCYaWTy+oQPj+F/5NGseDYBefiOFc5m8WRAbtgH1jAASegAs5BDdQBBrfgHjyCJ+POeDCejZdp65wxm9kB32C8fgD0SZWZ</latexit><latexit sha1_base64="cIbMrfDqVwfMrwgqSPBTeeix6ZU=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHShSWpgu1CKHbjsop9QBvCZDppx04mYWYilNCVG3/FjQtF3PoN7vwbpw/B54ELh3Pu5d57/JhRqWz73ZibX1hcWs6sZFfX1jc2za3thowSgUkdRywSLR9JwigndUUVI61YEBT6jDT9QXXsN2+IkDTiV2oYEzdEPU4DipHSkmfuVb2UXo8slYensGg58BBeEqvq2VrJ5z0zZxeK5ZJ9VIa/iVOwJ8iBGWqe+dbpRjgJCVeYISnbjh0rN0VCUczIKNtJJIkRHqAeaWvKUUikm07eGMEDrXRhEAldXMGJ+nUiRaGUw9DXnSFSffnTG4t/ee1EBSU3pTxOFOF4uihIGFQRHGcCu1QQrNhQE4QF1bdC3EcCYaWTy+oQPj+F/5NGseDYBefiOFc5m8WRAbtgH1jAASegAs5BDdQBBrfgHjyCJ+POeDCejZdp65wxm9kB32C8fgD0SZWZ</latexit><latexit sha1_base64="cIbMrfDqVwfMrwgqSPBTeeix6ZU=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHShSWpgu1CKHbjsop9QBvCZDppx04mYWYilNCVG3/FjQtF3PoN7vwbpw/B54ELh3Pu5d57/JhRqWz73ZibX1hcWs6sZFfX1jc2za3thowSgUkdRywSLR9JwigndUUVI61YEBT6jDT9QXXsN2+IkDTiV2oYEzdEPU4DipHSkmfuVb2UXo8slYensGg58BBeEqvq2VrJ5z0zZxeK5ZJ9VIa/iVOwJ8iBGWqe+dbpRjgJCVeYISnbjh0rN0VCUczIKNtJJIkRHqAeaWvKUUikm07eGMEDrXRhEAldXMGJ+nUiRaGUw9DXnSFSffnTG4t/ee1EBSU3pTxOFOF4uihIGFQRHGcCu1QQrNhQE4QF1bdC3EcCYaWTy+oQPj+F/5NGseDYBefiOFc5m8WRAbtgH1jAASegAs5BDdQBBrfgHjyCJ+POeDCejZdp65wxm9kB32C8fgD0SZWZ</latexit>

C1j(t)
<latexit sha1_base64="AOqiQZXmXIjd66SLTDJZU2sfpgY=">AAAB8HicdVDJSgNBEO1xjXGLevTSGIR4GWaiYHIL5uIxglkkGUJPp5O06e4ZumuEMOQrvHhQxKuf482/sbMIrg8KHu9VUVUvjAU34HnvztLyyuraemYju7m1vbOb29tvmCjRlNVpJCLdColhgitWBw6CtWLNiAwFa4aj6tRv3jFteKSuYRyzQJKB4n1OCVjpptpN/dtJAU66ubznFssl77SMfxPf9WbIowVq3dxbpxfRRDIFVBBj2r4XQ5ASDZwKNsl2EsNiQkdkwNqWKiKZCdLZwRN8bJUe7kfalgI8U79OpEQaM5ah7ZQEhuanNxX/8toJ9EtBylWcAFN0vqifCAwRnn6Pe1wzCmJsCaGa21sxHRJNKNiMsjaEz0/x/6RRdH3P9a/O8pWLRRwZdIiOUAH56BxV0CWqoTqiSKJ79IieHO08OM/Oy7x1yVnMHKBvcF4/AG3pkCs=</latexit><latexit sha1_base64="AOqiQZXmXIjd66SLTDJZU2sfpgY=">AAAB8HicdVDJSgNBEO1xjXGLevTSGIR4GWaiYHIL5uIxglkkGUJPp5O06e4ZumuEMOQrvHhQxKuf482/sbMIrg8KHu9VUVUvjAU34HnvztLyyuraemYju7m1vbOb29tvmCjRlNVpJCLdColhgitWBw6CtWLNiAwFa4aj6tRv3jFteKSuYRyzQJKB4n1OCVjpptpN/dtJAU66ubznFssl77SMfxPf9WbIowVq3dxbpxfRRDIFVBBj2r4XQ5ASDZwKNsl2EsNiQkdkwNqWKiKZCdLZwRN8bJUe7kfalgI8U79OpEQaM5ah7ZQEhuanNxX/8toJ9EtBylWcAFN0vqifCAwRnn6Pe1wzCmJsCaGa21sxHRJNKNiMsjaEz0/x/6RRdH3P9a/O8pWLRRwZdIiOUAH56BxV0CWqoTqiSKJ79IieHO08OM/Oy7x1yVnMHKBvcF4/AG3pkCs=</latexit><latexit sha1_base64="AOqiQZXmXIjd66SLTDJZU2sfpgY=">AAAB8HicdVDJSgNBEO1xjXGLevTSGIR4GWaiYHIL5uIxglkkGUJPp5O06e4ZumuEMOQrvHhQxKuf482/sbMIrg8KHu9VUVUvjAU34HnvztLyyuraemYju7m1vbOb29tvmCjRlNVpJCLdColhgitWBw6CtWLNiAwFa4aj6tRv3jFteKSuYRyzQJKB4n1OCVjpptpN/dtJAU66ubznFssl77SMfxPf9WbIowVq3dxbpxfRRDIFVBBj2r4XQ5ASDZwKNsl2EsNiQkdkwNqWKiKZCdLZwRN8bJUe7kfalgI8U79OpEQaM5ah7ZQEhuanNxX/8toJ9EtBylWcAFN0vqifCAwRnn6Pe1wzCmJsCaGa21sxHRJNKNiMsjaEz0/x/6RRdH3P9a/O8pWLRRwZdIiOUAH56BxV0CWqoTqiSKJ79IieHO08OM/Oy7x1yVnMHKBvcF4/AG3pkCs=</latexit><latexit sha1_base64="AOqiQZXmXIjd66SLTDJZU2sfpgY=">AAAB8HicdVDJSgNBEO1xjXGLevTSGIR4GWaiYHIL5uIxglkkGUJPp5O06e4ZumuEMOQrvHhQxKuf482/sbMIrg8KHu9VUVUvjAU34HnvztLyyuraemYju7m1vbOb29tvmCjRlNVpJCLdColhgitWBw6CtWLNiAwFa4aj6tRv3jFteKSuYRyzQJKB4n1OCVjpptpN/dtJAU66ubznFssl77SMfxPf9WbIowVq3dxbpxfRRDIFVBBj2r4XQ5ASDZwKNsl2EsNiQkdkwNqWKiKZCdLZwRN8bJUe7kfalgI8U79OpEQaM5ah7ZQEhuanNxX/8toJ9EtBylWcAFN0vqifCAwRnn6Pe1wzCmJsCaGa21sxHRJNKNiMsjaEz0/x/6RRdH3P9a/O8pWLRRwZdIiOUAH56BxV0CWqoTqiSKJ79IieHO08OM/Oy7x1yVnMHKBvcF4/AG3pkCs=</latexit>

C1j(t) ⇠ tb
<latexit sha1_base64="Avmltib0LijgH+J+sfKeVDy6qqs=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8NMFExuwVw8RjAxkIxDT6cnadOz0F0jhCH+ihcPinj1Q7z5N3YWwfVBweO9Kqrq+YngCmz73cgtLa+sruXXCxubW9s75u5eW8WppKxFYxHLjk8UEzxiLeAgWCeRjIS+YFf+qDH1r26ZVDyOLmGcMDckg4gHnBLQkmcWG17m3EzKcNRTPMRwnfkTzyzZVqVWtY9r+DdxLHuGElqg6ZlvvX5M05BFQAVRquvYCbgZkcCpYJNCL1UsIXREBqyraURCptxsdvwEH2qlj4NY6ooAz9SvExkJlRqHvu4MCQzVT28q/uV1UwiqbsajJAUW0fmiIBUYYjxNAve5ZBTEWBNCJde3YjokklDQeRV0CJ+f4v9Ju2I5tuVcnJTqZ4s48mgfHaAyctApqqNz1EQtRNEY3aNH9GTcGQ/Gs/Eyb80Zi5ki+gbj9QOAn5Sx</latexit><latexit sha1_base64="Avmltib0LijgH+J+sfKeVDy6qqs=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8NMFExuwVw8RjAxkIxDT6cnadOz0F0jhCH+ihcPinj1Q7z5N3YWwfVBweO9Kqrq+YngCmz73cgtLa+sruXXCxubW9s75u5eW8WppKxFYxHLjk8UEzxiLeAgWCeRjIS+YFf+qDH1r26ZVDyOLmGcMDckg4gHnBLQkmcWG17m3EzKcNRTPMRwnfkTzyzZVqVWtY9r+DdxLHuGElqg6ZlvvX5M05BFQAVRquvYCbgZkcCpYJNCL1UsIXREBqyraURCptxsdvwEH2qlj4NY6ooAz9SvExkJlRqHvu4MCQzVT28q/uV1UwiqbsajJAUW0fmiIBUYYjxNAve5ZBTEWBNCJde3YjokklDQeRV0CJ+f4v9Ju2I5tuVcnJTqZ4s48mgfHaAyctApqqNz1EQtRNEY3aNH9GTcGQ/Gs/Eyb80Zi5ki+gbj9QOAn5Sx</latexit><latexit sha1_base64="Avmltib0LijgH+J+sfKeVDy6qqs=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8NMFExuwVw8RjAxkIxDT6cnadOz0F0jhCH+ihcPinj1Q7z5N3YWwfVBweO9Kqrq+YngCmz73cgtLa+sruXXCxubW9s75u5eW8WppKxFYxHLjk8UEzxiLeAgWCeRjIS+YFf+qDH1r26ZVDyOLmGcMDckg4gHnBLQkmcWG17m3EzKcNRTPMRwnfkTzyzZVqVWtY9r+DdxLHuGElqg6ZlvvX5M05BFQAVRquvYCbgZkcCpYJNCL1UsIXREBqyraURCptxsdvwEH2qlj4NY6ooAz9SvExkJlRqHvu4MCQzVT28q/uV1UwiqbsajJAUW0fmiIBUYYjxNAve5ZBTEWBNCJde3YjokklDQeRV0CJ+f4v9Ju2I5tuVcnJTqZ4s48mgfHaAyctApqqNz1EQtRNEY3aNH9GTcGQ/Gs/Eyb80Zi5ki+gbj9QOAn5Sx</latexit><latexit sha1_base64="Avmltib0LijgH+J+sfKeVDy6qqs=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8NMFExuwVw8RjAxkIxDT6cnadOz0F0jhCH+ihcPinj1Q7z5N3YWwfVBweO9Kqrq+YngCmz73cgtLa+sruXXCxubW9s75u5eW8WppKxFYxHLjk8UEzxiLeAgWCeRjIS+YFf+qDH1r26ZVDyOLmGcMDckg4gHnBLQkmcWG17m3EzKcNRTPMRwnfkTzyzZVqVWtY9r+DdxLHuGElqg6ZlvvX5M05BFQAVRquvYCbgZkcCpYJNCL1UsIXREBqyraURCptxsdvwEH2qlj4NY6ooAz9SvExkJlRqHvu4MCQzVT28q/uV1UwiqbsajJAUW0fmiIBUYYjxNAve5ZBTEWBNCJde3YjokklDQeRV0CJ+f4v9Ju2I5tuVcnJTqZ4s48mgfHaAyctApqqNz1EQtRNEY3aNH9GTcGQ/Gs/Eyb80Zi5ki+gbj9QOAn5Sx</latexit>

 Vertex-wise correlators             for an initial disturbance at site 1. 
 We note that                        for 1.76 < b < 6.23; 1.76 < b < 3.22 and 

1.73 < b < 3.42 for p=0, 0.25 and 0.75 respectively. 

11-site lattices with 
random re-wirings 
of the lattice 
following the Watts-
Strogatz protocol. 
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Infinite temperature SFF for 
zero re-wirings of the network 
(regular lattice. No DRP 
behaviour.

SFF for 1 (black), 2 (blue) and 3 (red) 
re-wirings of the system. The Dip-
Ramp-Plateau behaviour starts to 
manifest.

SFF computed for 20 re-wirings (         ). There is a clear 
Dip-Ramp-Plateau behaviour with the plateau setting in at 
around t=10, for N=7,8,9,…

p ⇠ 1
<latexit sha1_base64="7M8w1f3IOD/+cYkywmYtQ9xduYE=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqsxUwXZXdOOygn1AO5RMmmlDk0xIMkIZ+hFuXCji1u9x59+YPgSfBy4czrmXe++JFGfG+v67l1tZXVvfyG8WtrZ3dveK+wctk6Sa0CZJeKI7ETaUM0mblllOO0pTLCJO29H4aua376g2LJG3dqJoKPBQspgRbJ3UVj3DBAr6xZJfrtSq/lkN/SZB2Z+jBEs0+sW33iAhqaDSEo6N6Qa+smGGtWWE02mhlxqqMBnjIe06KrGgJszm507RiVMGKE60K2nRXP06kWFhzERErlNgOzI/vZn4l9dNbVwNMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMGF8Pkp+p+0KuXALwc356X65TKOPBzBMZxCABdQh2toQBMIjOEeHuHJU96D9+y9LFpz3nLmEL7Be/0AP6qPgw==</latexit><latexit sha1_base64="7M8w1f3IOD/+cYkywmYtQ9xduYE=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqsxUwXZXdOOygn1AO5RMmmlDk0xIMkIZ+hFuXCji1u9x59+YPgSfBy4czrmXe++JFGfG+v67l1tZXVvfyG8WtrZ3dveK+wctk6Sa0CZJeKI7ETaUM0mblllOO0pTLCJO29H4aua376g2LJG3dqJoKPBQspgRbJ3UVj3DBAr6xZJfrtSq/lkN/SZB2Z+jBEs0+sW33iAhqaDSEo6N6Qa+smGGtWWE02mhlxqqMBnjIe06KrGgJszm507RiVMGKE60K2nRXP06kWFhzERErlNgOzI/vZn4l9dNbVwNMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMGF8Pkp+p+0KuXALwc356X65TKOPBzBMZxCABdQh2toQBMIjOEeHuHJU96D9+y9LFpz3nLmEL7Be/0AP6qPgw==</latexit><latexit sha1_base64="7M8w1f3IOD/+cYkywmYtQ9xduYE=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqsxUwXZXdOOygn1AO5RMmmlDk0xIMkIZ+hFuXCji1u9x59+YPgSfBy4czrmXe++JFGfG+v67l1tZXVvfyG8WtrZ3dveK+wctk6Sa0CZJeKI7ETaUM0mblllOO0pTLCJO29H4aua376g2LJG3dqJoKPBQspgRbJ3UVj3DBAr6xZJfrtSq/lkN/SZB2Z+jBEs0+sW33iAhqaDSEo6N6Qa+smGGtWWE02mhlxqqMBnjIe06KrGgJszm507RiVMGKE60K2nRXP06kWFhzERErlNgOzI/vZn4l9dNbVwNMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMGF8Pkp+p+0KuXALwc356X65TKOPBzBMZxCABdQh2toQBMIjOEeHuHJU96D9+y9LFpz3nLmEL7Be/0AP6qPgw==</latexit><latexit sha1_base64="7M8w1f3IOD/+cYkywmYtQ9xduYE=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgqsxUwXZXdOOygn1AO5RMmmlDk0xIMkIZ+hFuXCji1u9x59+YPgSfBy4czrmXe++JFGfG+v67l1tZXVvfyG8WtrZ3dveK+wctk6Sa0CZJeKI7ETaUM0mblllOO0pTLCJO29H4aua376g2LJG3dqJoKPBQspgRbJ3UVj3DBAr6xZJfrtSq/lkN/SZB2Z+jBEs0+sW33iAhqaDSEo6N6Qa+smGGtWWE02mhlxqqMBnjIe06KrGgJszm507RiVMGKE60K2nRXP06kWFhzERErlNgOzI/vZn4l9dNbVwNMyZVaqkki0VxypFN0Ox3NGCaEssnjmCimbsVkRHWmFiXUMGF8Pkp+p+0KuXALwc356X65TKOPBzBMZxCABdQh2toQBMIjOEeHuHJU96D9+y9LFpz3nLmEL7Be/0AP6qPgw==</latexit>



Jeff Murugan (UCT)

Quantum Small-Worlds III - Spectral Statistics
[JM-Hartmann-Rosa-Shock ’19]

 Neighbouring eigenvalues repel each other in random matrix theory
 To study the spectral statistics we take a list of ordered, non-

degenerate energy eigenvalues and compute si = EI+1 � Ei
<latexit sha1_base64="uh4CRDk9MPYkbpiVmcV+qwG4IRY=">AAAB/HicdVDJSgNBEK1xjXEbzdFLYxAEcZiJgslBCIqgtwhmgWQYejo9SZOehe4eIQzxV7x4UMSrH+LNv7GzCK4PCh7vVVFVz084k8q23425+YXFpeXcSn51bX1j09zabsg4FYTWScxj0fKxpJxFtK6Y4rSVCIpDn9OmPzgf+81bKiSLoxs1TKgb4l7EAkaw0pJnFqTH0Cm68LKrA2eEDjVjnlm0rVKlbB9V0G/iWPYERZih5plvnW5M0pBGinAsZduxE+VmWChGOB3lO6mkCSYD3KNtTSMcUulmk+NHaE8rXRTEQlek0ET9OpHhUMph6OvOEKu+/OmNxb+8dqqCspuxKEkVjch0UZBypGI0TgJ1maBE8aEmmAimb0WkjwUmSueV1yF8for+J42S5diWc31crJ7N4sjBDuzCPjhwAlW4hBrUgcAQ7uERnow748F4Nl6mrXPGbKYA32C8fgA+BJM5</latexit><latexit sha1_base64="uh4CRDk9MPYkbpiVmcV+qwG4IRY=">AAAB/HicdVDJSgNBEK1xjXEbzdFLYxAEcZiJgslBCIqgtwhmgWQYejo9SZOehe4eIQzxV7x4UMSrH+LNv7GzCK4PCh7vVVFVz084k8q23425+YXFpeXcSn51bX1j09zabsg4FYTWScxj0fKxpJxFtK6Y4rSVCIpDn9OmPzgf+81bKiSLoxs1TKgb4l7EAkaw0pJnFqTH0Cm68LKrA2eEDjVjnlm0rVKlbB9V0G/iWPYERZih5plvnW5M0pBGinAsZduxE+VmWChGOB3lO6mkCSYD3KNtTSMcUulmk+NHaE8rXRTEQlek0ET9OpHhUMph6OvOEKu+/OmNxb+8dqqCspuxKEkVjch0UZBypGI0TgJ1maBE8aEmmAimb0WkjwUmSueV1yF8for+J42S5diWc31crJ7N4sjBDuzCPjhwAlW4hBrUgcAQ7uERnow748F4Nl6mrXPGbKYA32C8fgA+BJM5</latexit><latexit sha1_base64="uh4CRDk9MPYkbpiVmcV+qwG4IRY=">AAAB/HicdVDJSgNBEK1xjXEbzdFLYxAEcZiJgslBCIqgtwhmgWQYejo9SZOehe4eIQzxV7x4UMSrH+LNv7GzCK4PCh7vVVFVz084k8q23425+YXFpeXcSn51bX1j09zabsg4FYTWScxj0fKxpJxFtK6Y4rSVCIpDn9OmPzgf+81bKiSLoxs1TKgb4l7EAkaw0pJnFqTH0Cm68LKrA2eEDjVjnlm0rVKlbB9V0G/iWPYERZih5plvnW5M0pBGinAsZduxE+VmWChGOB3lO6mkCSYD3KNtTSMcUulmk+NHaE8rXRTEQlek0ET9OpHhUMph6OvOEKu+/OmNxb+8dqqCspuxKEkVjch0UZBypGI0TgJ1maBE8aEmmAimb0WkjwUmSueV1yF8for+J42S5diWc31crJ7N4sjBDuzCPjhwAlW4hBrUgcAQ7uERnow748F4Nl6mrXPGbKYA32C8fgA+BJM5</latexit><latexit sha1_base64="uh4CRDk9MPYkbpiVmcV+qwG4IRY=">AAAB/HicdVDJSgNBEK1xjXEbzdFLYxAEcZiJgslBCIqgtwhmgWQYejo9SZOehe4eIQzxV7x4UMSrH+LNv7GzCK4PCh7vVVFVz084k8q23425+YXFpeXcSn51bX1j09zabsg4FYTWScxj0fKxpJxFtK6Y4rSVCIpDn9OmPzgf+81bKiSLoxs1TKgb4l7EAkaw0pJnFqTH0Cm68LKrA2eEDjVjnlm0rVKlbB9V0G/iWPYERZih5plvnW5M0pBGinAsZduxE+VmWChGOB3lO6mkCSYD3KNtTSMcUulmk+NHaE8rXRTEQlek0ET9OpHhUMph6OvOEKu+/OmNxb+8dqqCspuxKEkVjch0UZBypGI0TgJ1maBE8aEmmAimb0WkjwUmSueV1yF8for+J42S5diWc31crJ7N4sjBDuzCPjhwAlW4hBrUgcAQ7uERnow748F4Nl6mrXPGbKYA32C8fgA+BJM5</latexit>

 If the system is chaotic, p�(s) = a�s
� exp(� b�s

2)
<latexit sha1_base64="PSym4AWraFOA8yHCspdUx4WwKRw="></latexit><latexit sha1_base64="PSym4AWraFOA8yHCspdUx4WwKRw="></latexit><latexit sha1_base64="PSym4AWraFOA8yHCspdUx4WwKRw="></latexit><latexit sha1_base64="PSym4AWraFOA8yHCspdUx4WwKRw="></latexit>

 Nearest neighbour 
distributions have 
two drawbacks:
1. They require the 
spectrum to be 
unfolded
2. Only tell us if the 
spectrum is globally 
RMT or not.

 r-statistics is a local spectral observable capable of telling whether 
small clusters of energy eigenvalues display RMT behaviour

 Given the energy spacings, we define ri = Min(si, sI+1)/Max(si, sI+1)
<latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit>

 The ratios     take very specific values in RMT e.g.                              
but are much smaller for integrable systems e.g. 

ri
<latexit sha1_base64="w0dQVYZ4S98EJ5BpJzTaSEuQOv4=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmgWSIfR0apImPT1Dd48QQj7BiwdFvPpF3vwbO4vg+qDg8V4VVfXCVHBtPO/dWVpeWV1bz23kN7e2d3YLe/sNnWSKYZ0lIlGtkGoUXGLdcCOwlSqkcSiwGQ4vp37zDpXmibw1oxSDmPYljzijxko3qsu7haLnlipl77RCfhPf9WYowgK1buGt00tYFqM0TFCt276XmmBMleFM4CTfyTSmlA1pH9uWShqjDsazUyfk2Co9EiXKljRkpn6dGNNY61Ec2s6YmoH+6U3Fv7x2ZqJyMOYyzQxKNl8UZYKYhEz/Jj2ukBkxsoQyxe2thA2ooszYdPI2hM9Pyf+kUXJ9z/Wvz4rVi0UcOTiEIzgBH86hCldQgzow6MM9PMKTI5wH59l5mbcuOYuZA/gG5/UD3feOLw==</latexit><latexit sha1_base64="w0dQVYZ4S98EJ5BpJzTaSEuQOv4=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmgWSIfR0apImPT1Dd48QQj7BiwdFvPpF3vwbO4vg+qDg8V4VVfXCVHBtPO/dWVpeWV1bz23kN7e2d3YLe/sNnWSKYZ0lIlGtkGoUXGLdcCOwlSqkcSiwGQ4vp37zDpXmibw1oxSDmPYljzijxko3qsu7haLnlipl77RCfhPf9WYowgK1buGt00tYFqM0TFCt276XmmBMleFM4CTfyTSmlA1pH9uWShqjDsazUyfk2Co9EiXKljRkpn6dGNNY61Ec2s6YmoH+6U3Fv7x2ZqJyMOYyzQxKNl8UZYKYhEz/Jj2ukBkxsoQyxe2thA2ooszYdPI2hM9Pyf+kUXJ9z/Wvz4rVi0UcOTiEIzgBH86hCldQgzow6MM9PMKTI5wH59l5mbcuOYuZA/gG5/UD3feOLw==</latexit><latexit sha1_base64="w0dQVYZ4S98EJ5BpJzTaSEuQOv4=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmgWSIfR0apImPT1Dd48QQj7BiwdFvPpF3vwbO4vg+qDg8V4VVfXCVHBtPO/dWVpeWV1bz23kN7e2d3YLe/sNnWSKYZ0lIlGtkGoUXGLdcCOwlSqkcSiwGQ4vp37zDpXmibw1oxSDmPYljzijxko3qsu7haLnlipl77RCfhPf9WYowgK1buGt00tYFqM0TFCt276XmmBMleFM4CTfyTSmlA1pH9uWShqjDsazUyfk2Co9EiXKljRkpn6dGNNY61Ec2s6YmoH+6U3Fv7x2ZqJyMOYyzQxKNl8UZYKYhEz/Jj2ukBkxsoQyxe2thA2ooszYdPI2hM9Pyf+kUXJ9z/Wvz4rVi0UcOTiEIzgBH86hCldQgzow6MM9PMKTI5wH59l5mbcuOYuZA/gG5/UD3feOLw==</latexit><latexit sha1_base64="w0dQVYZ4S98EJ5BpJzTaSEuQOv4=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUTG5BLx4jmgWSIfR0apImPT1Dd48QQj7BiwdFvPpF3vwbO4vg+qDg8V4VVfXCVHBtPO/dWVpeWV1bz23kN7e2d3YLe/sNnWSKYZ0lIlGtkGoUXGLdcCOwlSqkcSiwGQ4vp37zDpXmibw1oxSDmPYljzijxko3qsu7haLnlipl77RCfhPf9WYowgK1buGt00tYFqM0TFCt276XmmBMleFM4CTfyTSmlA1pH9uWShqjDsazUyfk2Co9EiXKljRkpn6dGNNY61Ec2s6YmoH+6U3Fv7x2ZqJyMOYyzQxKNl8UZYKYhEz/Jj2ukBkxsoQyxe2thA2ooszYdPI2hM9Pyf+kUXJ9z/Wvz4rVi0UcOTiEIzgBH86hCldQgzow6MM9PMKTI5wH59l5mbcuOYuZA/gG5/UD3feOLw==</latexit>

rGOE ⇡ 0.53590
<latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit>

rP ⇡ 0.38629
<latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit>

 Any short-range chaos 
diagnostic will crucially depend 
on global symmetries of the 
system.
 No level-repulsion between 

eigenvalues in different global 
symmetry sectors.
 Each symmetry sector must 

be analysed separately.

How close to RMT is the 
Quantum Small World?
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Quantum Small-Worlds III - Spectral Statistics
[JM-Hartmann-Rosa-Shock ’19]

 Neighbouring eigenvalues repel each other in random matrix theory
 To study the spectral statistics we take a list of ordered, non-

degenerate energy eigenvalues and compute si = EI+1 � Ei
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 If the system is chaotic, p�(s) = a�s
� exp(� b�s

2)
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 Nearest neighbour 
distributions have 
two drawbacks:
1. They require the 
spectrum to be 
unfolded
2. Only tell us if the 
spectrum is globally 
RMT or not.

 r-statistics is a local spectral observable capable of telling whether 
small clusters of energy eigenvalues display RMT behaviour

 Given the energy spacings, we define ri = Min(si, sI+1)/Max(si, sI+1)
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 The ratios     take very specific values in RMT e.g.                              
but are much smaller for integrable systems e.g. 

ri
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rGOE ⇡ 0.53590
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rP ⇡ 0.38629
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 Any short-range chaos 
diagnostic will crucially depend 
on global symmetries of the 
system.
 No level-repulsion between 

eigenvalues in different global 
symmetry sectors.
 Each symmetry sector must 

be analysed separately.

How close to RMT is the 
Quantum Small World?



Jeff Murugan (UCT)

Quantum Small-Worlds III - Spectral Statistics
[JM-Hartmann-Rosa-Shock ’19]

 Neighbouring eigenvalues repel each other in random matrix theory
 To study the spectral statistics we take a list of ordered, non-

degenerate energy eigenvalues and compute si = EI+1 � Ei
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 If the system is chaotic, p�(s) = a�s
� exp(� b�s
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 Nearest neighbour 
distributions have 
two drawbacks:
1. They require the 
spectrum to be 
unfolded
2. Only tell us if the 
spectrum is globally 
RMT or not.

 r-statistics is a local spectral observable capable of telling whether 
small clusters of energy eigenvalues display RMT behaviour

 Given the energy spacings, we define ri = Min(si, sI+1)/Max(si, sI+1)
<latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit>

 The ratios     take very specific values in RMT e.g.                              
but are much smaller for integrable systems e.g. 
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 Any short-range chaos 
diagnostic will crucially depend 
on global symmetries of the 
system.
 No level-repulsion between 

eigenvalues in different global 
symmetry sectors.
 Each symmetry sector must 

be analysed separately.

How close to RMT is the 
Quantum Small World?



Jeff Murugan (UCT)

Quantum Small-Worlds III - Spectral Statistics
[JM-Hartmann-Rosa-Shock ’19]

How close to RMT is the 
Quantum Small World?

 Neighbouring eigenvalues repel each other in random matrix theory
 To study the spectral statistics we take a list of ordered, non-

degenerate energy eigenvalues and compute si = EI+1 � Ei
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 If the system is chaotic, p�(s) = a�s
� exp(� b�s
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 Nearest neighbour 
distributions have 
two drawbacks:
1. They require the 
spectrum to be 
unfolded
2. Only tell us if the 
spectrum is globally 
RMT or not.

 r-statistics is a local spectral observable capable of telling whether 
small clusters of energy eigenvalues display RMT behaviour

 Given the energy spacings, we define ri = Min(si, sI+1)/Max(si, sI+1)
<latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit><latexit sha1_base64="uu2/nZguDsxIgI0mrARcfW2/ddc="></latexit>

 The ratios     take very specific values in RMT e.g.                              
but are much smaller for integrable systems e.g. 

ri
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rGOE ⇡ 0.53590
<latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit><latexit sha1_base64="9S5+hXKkVz9FDtTUIYZKuXNMW90=">AAACAHicdVDJSgNBEO1xjXEb9eDBS2MQPA09icHkFhTRmxHMAskw9HR6kiY9C909Yhjm4q948aCIVz/Dm39jZxFcHxQ83quiqp4XcyYVQu/G3PzC4tJybiW/ura+sWlubTdllAhCGyTikWh7WFLOQtpQTHHajgXFgcdpyxuejv3WDRWSReG1GsXUCXA/ZD4jWGnJNXeFm55fnmWwi+NYRLcQWeVSuYpcs4CsYrWCSlX4m9gWmqAAZqi75lu3F5EkoKEiHEvZsVGsnBQLxQinWb6bSBpjMsR92tE0xAGVTjp5IIMHWulBPxK6QgUn6teJFAdSjgJPdwZYDeRPbyz+5XUS5VeclIVxomhIpov8hEMVwXEasMcEJYqPNMFEMH0rJAMsMFE6s7wO4fNT+D9pFi0bWfbVUaF2MosjB/bAPjgENjgGNXAB6qABCMjAPXgET8ad8WA8Gy/T1jljNrMDvsF4/QCxMZUs</latexit>

rP ⇡ 0.38629
<latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit><latexit sha1_base64="YPHu9+MGTHNFiv+BhSnxmTs7uyc=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIvgaphpRdtd0Y3LCvYB7TBk0rQNzSQhyYhlKPgrblwo4tbvcOffmD4EnwcuHM65l3vviSWj2vj+u7OwuLS8sppby69vbG5tuzu7DS1ShUkdCyZUK0aaMMpJ3VDDSEsqgpKYkWY8vJj4zRuiNBX82owkCRPU57RHMTJWitx9FWW1MewgKZW4hb5XKp8WK5Fb8L1ipeyXKvA3CTx/igKYoxa5b52uwGlCuMEMad0OfGnCDClDMSPjfCfVRCI8RH3StpSjhOgwm54/hkdW6cKeULa4gVP160SGEq1HSWw7E2QG+qc3Ef/y2qnplcOMcpkawvFsUS9l0Ag4yQJ2qSLYsJElCCtqb4V4gBTCxiaWtyF8fgr/J42iF/hecHVSqJ7P48iBA3AIjkEAzkAVXIIaqAMMMnAPHsGTc+c8OM/Oy6x1wZnP7IFvcF4/AJCIlJM=</latexit>

 Any short-range chaos 
diagnostic will crucially depend 
on global symmetries of the 
system.
 No level-repulsion between 

eigenvalues in different global 
symmetry sectors.
 Each symmetry sector must 

be analysed separately.
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Quantum Small-Worlds III - Spectral Statistics
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Conclusions and Future work

Jeff Murugan (UCT)

 Quantum small-world systems offer a novel class of many-body problems that 
parametrically interpolate between integrable (regular) and chaotic (random) systems

 The OTOC and SFF are best understood for large N (and in, for example SYK, large 
k). However our numerics are restricted to k < N < 11 so we have a few-body sparse 
quantum system. We need to understand such systems for larger values of N.

 Our computations are restricted to the very simple infinite temperature limit 
(especially for the SFF). Finite temperature corrections are important and subtle 
and needs to be understood.

 While this is clearly a toy model, it is similar to table-top cold-atom experiments in 
cavity QED studied in recent work by Swingle et.al. Can such models be physically 
realised?
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