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A REMARKABLE SUCCESS STORY…
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“stairway to heaven”



…BUT NOT THE FULL STORY

• origin of dark matter  

• hierarchy problem 

• matter anti-matter asymmetry 

• hierarchy of scales 
(generations) 

• unification with gravity 

• … 

• what is the Higgs potential? 

• establish the Yukawa’s  Yij 

• …
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NEW PHYSICS —- DIRECT SEARCHES
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No striking signals so far!

1 TeV

1 TeV

Exotics

SUSY



NEW PHYSICS —- HIDING IN SMALL & SUBTLE EFFECTS?

WHAT IF?
• interaction weak

• wide resonance

• too heavy
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“bump hunting”
➡ little to no theory input needed

• shape distortion

NP

SM

MX
M12

d�

dM12

• challenging signature

• …

requires solid understanding  
and control of SM backgrounds 



PRECISION MEASUREMENTS   &  INDIRECT SEARCHES

• constrained system 

➡ self consistent? 

➡
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precision theory 
for 

“standard candles”

[Gfitter ’18]



HIGH-PRECISION THEORY PREDICTIONS!
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➤ (HL-)LHC — per-cent level! 

➤ FOCUS — clean processes with             
high momentum transfer 

‣ perturbative QCD 

➤ with  

‣ NLO ~ ,  NNLO ~  

‣ exceptions:  Higgs,  new channels, … 

➤ predictions as close as possible     
to the experiment 

‣ fiducial cross sections    &   
differential distributions

αs ∼ 0.1

𝒪(10%) 𝒪(1%)



HIGH-PRECISION THEORY PREDICTIONS!

➤ (HL-)LHC — per-cent level! 

➤ FOCUS — clean processes with             
high momentum transfer 

‣ perturbative QCD 

➤ with  

‣ NLO ~ ,  NNLO ~  

‣ exceptions:  Higgs,  new channels, … 

➤ predictions as close as possible     
to the experiment 

‣ fiducial cross sections    &   
differential distributions

αs ∼ 0.1

𝒪(10%) 𝒪(1%)



1. Precision Predictions for the LHC 
‣ The Antenna Subtraction Formalism 

2. Hard QCD Probes 
‣ Photon & Jet Production at NNLO 

3. Differential Higgs Production 
‣ The Projection-to-Born Method

THE PLAN.



fa|A(xa) fb|B(xb)

�̂ab

X

xaPA xbPB

PA

A

PB

B

f

parton distribution functions 
(non-perturbative, universal) 

hard scattering 
(perturbation theory) 

�AB =
X

ab

Z 1

0
dxa

Z 1

0
dxb fa|A(xa) fb|B(xb) �̂ab(xa, xb)

�
1+O(⇤QCD/Q)

�

<latexit sha1_base64="ycQEEGn3WkApHkVpk+WJ6KwSSUg="></latexit>

non-perturbative effects 
(no good understanding) 

ultimately, limiting factor?

THEORY PREDICTIONS FOR THE LHC



HARD SCATTERING —- PERTURBATION THEORY

fa|A(xa) fb|B(xb)

�̂ab
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f

leading order (LO)

“tree level”

�̂ab = �̂(0)
ab +

⇣↵s

2⇡

⌘
�̂(1)
ab +

⇣↵s

2⇡

⌘2
�̂(2)
ab + . . .
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HARD SCATTERING —- PERTURBATION THEORY
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next-to-leading order (NLO)

“virtual”
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+ )(
“real”
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+ )(
“real”

• single unresolved• 1/ε2, 1/ε

indistinguishable:

≃ ≃

Eg → 0 θqg → 0
soft: collinear:

}
∼

1
EqEg(1 − cos θqg)



HARD SCATTERING —- PERTURBATION THEORY
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infrared singularities

one-loop amplitudes 
(all master integrals known, 

well understood: log, Li2)

IR subtraction 
(conceptually solved: 

CS, FKS, …)

“virtual”

+ )(
“real”



fa|A(xa) fb|B(xb)
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next-to-next-to-leading order (NNLO)
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+ )
“double real”

HARD SCATTERING —- PERTURBATION THEORY



NNLO —- BOTTLE NECKS
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+ )
“double real”

infrared singularities

two-loop amplitudes 
(new class of functions,  

combinatoric & 
algebraic complexity)

IR subtraction 
(involved IR structure,  

numerical stability,  
construction)

one-loop amplitudes 
(evaluation in singular 

& unstable regions)



TIMELINE FOR NNLO @ HADRON COLLIDERS

THE NNLO STANDARD
NNLO hadron-collider calculations v. time

14

���� ���� ���� ���� ���� ���� ���� ����

��� ������ 	 ������ 	�
����

� �����



	 ������ ����������� �
������

	 ������ ������
��� ������ ��� �


�
�

�	 ������ �

��� �������� 	�
����



	 ���� � ����������� �
������� !
�
�
���

	 ���� � ����������� �
������� !
�
�
���

� ���� � �
������� !
�
�
���

��� ���� � �
������� !
�
�
���

	 ���� � "������ #
�$$���

��� ���� � "����� 
� �� 

%�& ������ ���$���� �������� ��'�� ��
�

�	 ���� � &




�� #
�$$���� (
��������

)*)� "����� 
� �� 

	� +,�
����-� �����
$�� 
� �� 

��.�
 ������ "$����� &�
��

� �����

�*)� #
�$$���� ����/
��� �����
�� (�




�� +,�
����-� "�

�
� #
�
����*�
 ����

� #���

� !�

�

��� "��'���� �� 
� �� 

�	 ���� � &




�� #
�$$���� (
��������

�� � #
�
���� 
� �� 
��.�
 ���� � "$����� &�
��

� �����

�*)� �*)� #
�$$���� ����/
��� �����
�
	�� �����
$�� 
� �� 

��� �����
$��� &�'�
� 0��� !
�
�
���
	�� �����
$�� 
� �� 

%�& ���� � "�''��
� 
� �� 
��� #
�
����*�
 ����

 
� �� 
��� #
�$$���� ����/
��� �����
�

	�� "����� �
������� �'���$

��� �����
$�� 
� �� 
�	 ���� � �	 ���� � "��,.
��� 1����� ��������

)*)� "��,.
��� 1����� 0�� ��������
��� #
�$$���� ����/
��� �����
�� ��
�
����
�� � #
�$$��� 
� �� 
�"&� �� ��02� �����
$�� 
� �� 
,��� #
�
����*�
 ����

 
� �� 
�����
 ��,� �

�

� #��� " *3���� ���

		� �
 &��
��� 
� �� 
,��� "�
� 
� �� 
,��� #
�
����*�
 ����

 
� �� 

��� "�

�
� #���

� !�

�
)4� "��,.
��� 1����� ��������
)�� "��,.
��� 1����� ��������

explosion of calculations  
in past 24 months

as of April 2017, let me know of omissions

NNLO HADRON-COLLIDER CALCULATIONS VS. TIME 

DY, van Neerven et al.

NNLO hadron-collider calculations v. time
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starting in 2014

2010

2012

2014

2016

2018

2008
20062004

2002

1990

Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.
[slide by L. Cieri]

subtraction  

methods 

catching up }



ANATOMY OF NNLO CALCULATIONS�ȣŒʉȴȝˈ ȴǇ Œȣ ££�´ ƁŒȋƁʞȋŒʉǩȴȣ

σ££�´ =

∫

Φw+3

(

/σ__
££�´

− /σa
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! ƌȴʞŷȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ

+

∫

Φw+2

(

/σ_o
££�´

− /σh
££�´

)

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ
! 1/ε2ࡪ 1/ε

+

∫

Φw+1

(

/σoo
££�´

− /σl
££�´

)

! 1/ε4ࡪ 1/ε3ࡪ 1/ε2ࡪ 1/ε

∑
˨ȣǩʉƟ ŒʞƟȣŷƟɫǊ£࢖�ƟƟ࢖�ǩȣȴɻǞǩʉŒࢍ ॹ ǇŒƁʉȴɫǩ˔Œʉǩȴȣࢎ

− 0

£ȴȣ࢙ʉɫǩʻǩŒȋ ƁŒȣƁƟȋȋŒʉǩȴȣ ȴǇ ǩȣǇɫŒɫƟƌ ɻǩȣǊʞȋŒɫǩʉǩƟɻ

5ǩǇǇƟɫƟȣʉ ȝƟʉǞȴƌɻࡩ
! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵ࢖cƟǞɫȝŒȣȣࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ
! +ȴ�ȴɫ`ʞȋ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵȋࢁ 5ʞƁŒࡪ ðȴȝȴǊˈǩࡪ üɫȴƁɻŒȣˈǩ ࢂࠌࠇࢪ
! qh ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪŒʉŒȣǩ+ࢁ cɫŒ˔˔ǩȣǩ ࢂࠎࠇࢪ
! ðƟƁʉȴɫ࢙ǩȝɠɫȴʻƟƌ ɫƟɻǩƌʞƟ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

Œȅȴȣ˔+ࢁ ࡪࢂࠇࠈࢪ ࡪȴʞǊǞƟ˔Œȋ#ࢁ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠈࠈࢪ
! N࢙ǽƟʉʉǩȣƟɻɻ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪcŒʞȣʉࢁ ðʉŒǞȋǞȴǇƟȣࡪ üŒƁȅȝŒȣȣࡪ īŒȋɻǞ ࢂࠌࠈࢪ
ࡪȴʞǊǞƟ˔Œȋ#ࢁ `ȴƁȅƟࡪ �ǩʞࡪ ßƟʉɫǩƟȋȋȴ ࢂࠌࠈࢪ

! ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

! £ƟɻʉƟƌ ɻȴǇʉ࢙ƁȴȋȋǩȣƟŒɫ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒȴȋŒ+ࢁ �Ɵȋȣǩȅȴ ࡪ̒ æɁȣʉɻƁǞ ࢂࠎࠈࢪ

. . .



££�´ ʞɻǩȣǊ �ȣʉƟȣȣŒ ȋȴƁŒȋࢍ ɻʞŷʉɫŒƁʉǩȴȣࢎ

σ££�´ =

∫

Φw+3

(
/σ__

££�´ − /σa
££�´

)

+

∫

Φw+2

(
/σ_o

££�´ − /σh
££�´

)

! /σa
ࡪ´�££ /σh

ࡩ´�££
ȝǩȝǩƁ /σ__

ࡪ´�££ /σ_o
££�´

ǩȣ ʞȣɫƟɻȴȋʻƟƌ ȋǩȝǩʉɻ

! /σh
ࡪ´�££ /σl

ࡩ´�££
ŒȠŒȈˁʂǦƀ ƁŒȣƁƟȋȋŒʉǩȴȣ ȴǇ
ɠȴȋƟɻ ǩȣ /σ_o

ࡪ´�££ /σoo
££�´+

∫

Φw+1

(
/σoo

££�´ − /σl
££�´

)

∑
˨ȣǩʉƟ − 0

⇒ ƟŒƁǞ ȋǩȣƟ ɻʞǩʉŒŷȋƟ Ǉȴɫ ȣʞȝƟɫǩƁŒȋ ƟʻŒȋʞŒʉǩȴȣ ǩȣ D = 4

5ǩǇǇƟɫƟȣʉ ȝƟʉǞȴƌɻࡩ
! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵ࢖cƟǞɫȝŒȣȣࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ
! +ȴ�ȴɫ`ʞȋ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵȋࢁ 5ʞƁŒࡪ ðȴȝȴǊˈǩࡪ üɫȴƁɻŒȣˈǩ ࢂࠌࠇࢪ
! qh ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪŒʉŒȣǩ+ࢁ cɫŒ˔˔ǩȣǩ ࢂࠎࠇࢪ
! ðƟƁʉȴɫ࢙ǩȝɠɫȴʻƟƌ ɫƟɻǩƌʞƟ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

Œȅȴȣ˔+ࢁ ࡪࢂࠇࠈࢪ ࡪȴʞǊǞƟ˔Œȋ#ࢁ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠈࠈࢪ
! N࢙ǽƟʉʉǩȣƟɻɻ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪcŒʞȣʉࢁ ðʉŒǞȋǞȴǇƟȣࡪ üŒƁȅȝŒȣȣࡪ īŒȋɻǞ ࢂࠌࠈࢪ
ࡪȴʞǊǞƟ˔Œȋ#ࢁ `ȴƁȅƟࡪ �ǩʞࡪ ßƟʉɫǩƟȋȋȴ ࢂࠌࠈࢪ

! ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

! £ƟɻʉƟƌ ɻȴǇʉ࢙ƁȴȋȋǩȣƟŒɫ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒȴȋŒ+ࢁ �Ɵȋȣǩȅȴ ࡪ̒ æɁȣʉɻƁǞ ࢂࠎࠈࢪ

. . .

NNLO USING SUBTRACTION



££�´ ʞɻǩȣǊ �ȣʉƟȣȣŒ ȋȴƁŒȋࢍ ɻʞŷʉɫŒƁʉǩȴȣࢎ

σ££�´ =

∫

Φw+3

(
/σ__

££�´ − /σa
££�´

)

+

∫

Φw+2

(
/σ_o

££�´ − /σh
££�´

)

! /σa
ࡪ´�££ /σh

ࡩ´�££
ȝǩȝǩƁ /σ__

ࡪ´�££ /σ_o
££�´

ǩȣ ʞȣɫƟɻȴȋʻƟƌ ȋǩȝǩʉɻ

! /σh
ࡪ´�££ /σl

ࡩ´�££
ŒȠŒȈˁʂǦƀ ƁŒȣƁƟȋȋŒʉǩȴȣ ȴǇ
ɠȴȋƟɻ ǩȣ /σ_o

ࡪ´�££ /σoo
££�´+

∫

Φw+1

(
/σoo

££�´ − /σl
££�´

)

∑
˨ȣǩʉƟ − 0

⇒ ƟŒƁǞ ȋǩȣƟ ɻʞǩʉŒŷȋƟ Ǉȴɫ ȣʞȝƟɫǩƁŒȋ ƟʻŒȋʞŒʉǩȴȣ ǩȣ D = 4

5ǩǇǇƟɫƟȣʉ ȝƟʉǞȴƌɻࡩ
! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵ࢖cƟǞɫȝŒȣȣࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ
! +ȴ�ȴɫ`ʞȋ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

5Ɵȋࢁ 5ʞƁŒࡪ ðȴȝȴǊˈǩࡪ üɫȴƁɻŒȣˈǩ ࢂࠌࠇࢪ
! qh ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪŒʉŒȣǩ+ࢁ cɫŒ˔˔ǩȣǩ ࢂࠎࠇࢪ
! ðƟƁʉȴɫ࢙ǩȝɠɫȴʻƟƌ ɫƟɻǩƌʞƟ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

Œȅȴȣ˔+ࢁ ࡪࢂࠇࠈࢪ ࡪȴʞǊǞƟ˔Œȋ#ࢁ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠈࠈࢪ
! N࢙ǽƟʉʉǩȣƟɻɻ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

ࡪcŒʞȣʉࢁ ðʉŒǞȋǞȴǇƟȣࡪ üŒƁȅȝŒȣȣࡪ īŒȋɻǞ ࢂࠌࠈࢪ
ࡪȴʞǊǞƟ˔Œȋ#ࢁ `ȴƁȅƟࡪ �ǩʞࡪ ßƟʉɫǩƟȋȋȴ ࢂࠌࠈࢪ

! ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

! £ƟɻʉƟƌ ɻȴǇʉ࢙ƁȴȋȋǩȣƟŒɫ ɻʞŷʉɫŒƁʉǩȴȣ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ
ࡪŒȴȋŒ+ࢁ �Ɵȋȣǩȅȴ ࡪ̒ æɁȣʉɻƁǞ ࢂࠎࠈࢪ

. . .

use simple processes (
) 

to reconstruct singularities of 

arbitrary processes (
) colour ordering

1 → 2
n → m

Antenna subtraction

NNLO USING SUBTRACTION



ANTENNA FACTORIZATION�ȣʉƟȣȣŒ ǇŒƁʉȴɫǩɻŒʉǩȴȣ

! ŒȣʉƟȣȣŒ ǇȴɫȝŒȋǩɻȝ ȴɠƟɫŒʉƟɻ ȴȣ ƀȰȈȰʗɥࢗȰɥƊƝɥƝƊ ŒȝɠȋǩʉʞƌƟɻ
! Ɵˇɠȋȴǩʉ ʞȣǩʻƟɫɻŒȋ ǇŒƁʉȴɫǩɻŒʉǩȴȣ ɠɫȴɠƟɫʉǩƟɻ ǩȣ xæ ȋǩȝǩʉɻ

|A0
m+1(. . . , i, j, k, . . .)|2

j ʞȣɫƟɻȴȋʻƟƌ−−−−−−−→ X0
3 (i, j, k) |A0

m(. . . , Ĩ, K̃, . . .)|2
︸ ︷︷ ︸
Ɓȴȋȴʞɫ࢙ȴɫƌƟɫƟƌ ŒȝɠȋǩʉʞƌƟ

︸ ︷︷ ︸
ŒȣʉƟȣȣŒ ǇʞȣƁʉǩȴȣ

+ ȝŒɠɠǩȣǊ
{pi, pj , pk} → {p̃I , p̃K}

︸ ︷︷ ︸
ɫƟƌʞƁƟƌ �D

! ƁŒɠʉʞɫƟɻ ȚʗȈʂǦɛȈƝ ȈǦȚǦʂɵ Œȣƌ ɻȝȴȴʉǞȋˈ ǩȣʉƟɫɠȴȋŒʉƟɻ ŷƟʉʿƟƟȣ ʉǞƟȝ∗

ȋǩȝǩʉ X0
3 (i, j, k) ȝŒɠɠǩȣǊ

pj → 0
2sik
sijsjk

p̃I → piࡪ p̃K → pk

pj ‖ pi
1

sij
Pij(z) p̃I → (pi + pj)ࡪ p̃K → pk

pj ‖ pk
1

sjk
Pkj(z) p̃I → piࡪ p̃K → (pj + pk)

∗ ƁࡱǇࡱ ƌǩɠȴȋƟɻࡩ X0
3 (i, j, k) ∼ Dij,k + Dkj,i



ANTENNA FACTORIZATION�ȣʉƟȣȣŒ ǇŒƁʉȴɫǩɻŒʉǩȴȣ

! ŒȣʉƟȣȣŒ ǇȴɫȝŒȋǩɻȝ ȴɠƟɫŒʉƟɻ ȴȣ ƀȰȈȰʗɥࢗȰɥƊƝɥƝƊ ŒȝɠȋǩʉʞƌƟɻ
! Ɵˇɠȋȴǩʉ ʞȣǩʻƟɫɻŒȋ ǇŒƁʉȴɫǩɻŒʉǩȴȣ ɠɫȴɠƟɫʉǩƟɻ ǩȣ xæ ȋǩȝǩʉɻ

|A0
m+2(. . . , i, j, k, l, . . .)|2

j ॹ k ʞȣɫƟɻȴȋʻƟƌ−−−−−−−−−→ X0
4 (i, j, k, l) |A0

m(. . . , Ĩ, L̃, . . .)|2
︸ ︷︷ ︸
Ɓȴȋȴʞɫ࢙ȴɫƌƟɫƟƌ ŒȝɠȋǩʉʞƌƟ

︸ ︷︷ ︸
ŒȣʉƟȣȣŒ ǇʞȣƁʉǩȴȣ

+ ȝŒɠɠǩȣǊ
{pi, pj , pk, pl} → {p̃I , p̃L}

︸ ︷︷ ︸
ɫƟƌʞƁƟƌ �D

! ƁŒɠʉʞɫƟɻ ȚʗȈʂǦɛȈƝ ȈǦȚǦʂɵ Œȣƌ ɻȝȴȴʉǞȋˈ ǩȣʉƟɫɠȴȋŒʉƟɻ ŷƟʉʿƟƟȣ ʉǞƟȝ∗

ȋǩȝǩʉ X0
3 (i, j, k) ȝŒɠɠǩȣǊ

pj → 0
2sik
sijsjk

p̃I → piࡪ p̃K → pk

pj ‖ pi
1

sij
Pij(z) p̃I → (pi + pj)ࡪ p̃K → pk

pj ‖ pk
1

sjk
Pkj(z) p̃I → piࡪ p̃K → (pj + pk)

∗ ƁࡱǇࡱ ƌǩɠȴȋƟɻࡩ X0
3 (i, j, k) ∼ Dij,k + Dkj,i

! ƌȴʞŷȋƟ ɻȴǇʉࡩ j, k → 0

! ʉɫǩɠȋƟ࢙ƁȴȋȋǩȣƟŒɫࡩ
(i ‖ j ‖ k) ॹ (j ‖ k ‖ l)

! ƌȴʞŷȋƟ ƁȴȋȋǩȣƟŒɫࡩ (i ‖ j), (k ‖ l)
! ɻȴǇʉ࢖ƁȴȋȋǩȣƟŒɫࡩ

(i ‖ j), k → 0 ॹ (k ‖ l), j → 0

! ɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌ



ANTENNA SUBTRACTION —- BUILDING BLOCKS�ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࢕ ŷʞǩȋƌǩȣǊ ŷȋȴƁȅɻ

! X(. . .) ŷŒɻƟƌ ȴȣ ɠǞˈɻǩƁŒȋ ȝŒʉɫǩˇ ƟȋƟȝƟȣʉɻ X =

qq̄︷ ︸︸ ︷
A, B, Cࡪ

q;︷ ︸︸ ︷
D, Eࡪ

;;︷ ︸︸ ︷
F, G, H

X0
3 (i, j, k) =

|A0
3(i, j, k)|2

|A0
2(Ĩ , K̃)|2

, X0
4 (i, j, k, l) =

|A0
4(i, j, k, l)|2

|A0
2(Ĩ , L̃)|2

,

X1
3 (i, j, k) =

|A1
3(i, j, k)|2

|A0
2(Ĩ , K̃)|2

−X0
3 (i, j, k)

|A1
2(Ĩ , K̃)|2

|A0
2(Ĩ , K̃)|2

,

A0
3(iq, j;, kq̄) =

∣∣∣∣∣
�⇤ iq

kq̄

jg

∣∣∣∣∣

2 / ∣∣∣∣∣
�⇤ Iq

Kq̄

∣∣∣∣∣

2

! ǩȣʉƟǊɫŒʉǩȣǊ ʉǞƟ ŒȣʉƟȣȣŒƟ ←→ ɠǞŒɻƟ࢙ɻɠŒƁƟ ǇŒƁʉȴɫǩ˔Œʉǩȴȣ

/Φm+1(. . . , pi, pj , pk, . . .)

= /Φm(. . . , p̃I , p̃K , . . .) /ΦXijk (pi, pj , pk; p̃I + p̃K)

X 0,1
3 (i, j, k) =

∫
/ΦXijkX

0,1
3 (i, j, k), X 0

4 (i, j, k, l) =

∫
/ΦXijklX

0
4 (i, j, k, l)



ANTENNA SUBTRACTION —- BUILDING BLOCKS�ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࢕ ŷʞǩȋƌǩȣǊ ŷȋȴƁȅɻ

! X(. . .) ŷŒɻƟƌ ȴȣ ɠǞˈɻǩƁŒȋ ȝŒʉɫǩˇ ƟȋƟȝƟȣʉɻ X =

qq̄︷ ︸︸ ︷
A, B, Cࡪ

q;︷ ︸︸ ︷
D, Eࡪ

;;︷ ︸︸ ︷
F, G, H

X0
3 (i, j, k) =

|A0
3(i, j, k)|2

|A0
2(Ĩ , K̃)|2

, X0
4 (i, j, k, l) =

|A0
4(i, j, k, l)|2

|A0
2(Ĩ , L̃)|2

,

X1
3 (i, j, k) =

|A1
3(i, j, k)|2

|A0
2(Ĩ , K̃)|2

−X0
3 (i, j, k)

|A1
2(Ĩ , K̃)|2

|A0
2(Ĩ , K̃)|2

,

A0
3(iq, j;, kq̄) =

∣∣∣∣∣
�⇤ iq

kq̄

jg

∣∣∣∣∣

2 / ∣∣∣∣∣
�⇤ Iq

Kq̄

∣∣∣∣∣

2

! ǩȣʉƟǊɫŒʉǩȣǊ ʉǞƟ ŒȣʉƟȣȣŒƟ ←→ ɠǞŒɻƟ࢙ɻɠŒƁƟ ǇŒƁʉȴɫǩ˔Œʉǩȴȣ

/Φm+1(. . . , pi, pj , pk, . . .)

= /Φm(. . . , p̃I , p̃K , . . .) /ΦXijk (pi, pj , pk; p̃I + p̃K)

X 0,1
3 (i, j, k) =

∫
/ΦXijkX

0,1
3 (i, j, k), X 0

4 (i, j, k, l) =

∫
/ΦXijklX

0
4 (i, j, k, l)

�ȋȋ ŷʞǩȋƌǩȣǊ ŷȋȴƁȅɻ ȅȣȴʿȣ࡭

X0
3 ࡪ X0

4 ࡪ X1
3 Œȣƌ ǩȣʉƟǊɫŒʉƟƌ ƁȴʞȣʉƟɫɠŒɫʉɻ X 0

3 ࡪ X 0
4 ࡪ X 1

3

∀ Ɓȴȣ˨ǊʞɫŒʉǩȴȣɻ ɫƟȋƟʻŒȣʉ Œʉ ǞŒƌɫȴȣ ƁȴȋȋǩƌƟɫɻࡩ

↪→ ˨ȣŒȋ࢖˨ȣŒȋ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ 2+2−
cƟǞɫȝŒȣȣ࢙5Ɵࢁ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫ ࢂࠌࠇࢪ

↪→ ǩȣǩʉǩŒȋ࢖˨ȣŒȋ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ 2+T
ࡪ5ŒȋƟȴࢁ cƟǞɫȝŒȣȣ࢙5Ɵ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ �ʞǩɻȴȣǩࡪ �ŒǩʉɫƟ ࢂࠉࠈࢪࡪࠐࠇࢪࡪࠍࠇࢪ

↪→ ǩȣǩʉǩŒȋ࢖ǩȣǩʉǩŒȋ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ TT
ࡪȴʞǊǞƟ˔Œȋ#ࢁ 5ŒȋƟȴࡪ cƟǞɫȝŒȣȣ࢙5Ɵ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ �ŒǩʉɫƟࡪ Ɵʉ Œȋࡱ ࢂࠉࠈࢪࡪࠈࠈࢪࡪࠇࠈࢪ



ANTENNA SUBTRACTION @ NLO  —-  qq̄ → ggZ�ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ॸ £�´ ࢕ DˇŒȝɠȋƟࡩ q q̄ → ; ; w

d�̂T ⇠ J (1)
n M0

n

d�̂S ⇠ X0
3M

0
n

d�̂T :

d�̂S :

1

∫ {
/σ_

w+1D2i − /σa
w+1D2i

}

=

∫
/Φw+2

{ ∣∣A0
4(1q , 3;, 4;, 2q̄ ,w)

∣∣2 J (Φw+2)

− d03(1q , 3;, 4;)
∣∣A0

3(1̃q , (̃34);, 2q̄ ,w)
∣∣2 J (Φ̃w+1)

− d03(2q̄ , 4;, 3;)
∣∣A0

3(1q , (̃34);, 2̃q̄ ,w)
∣∣2 J (Φ̃w+1)

}
+ (3 ↔ 4)

∫ {
/σo

w+1D2i − /σh
w+1D2i

}

=

∫
/Φw+1

{ ∣∣A1
3(1q , 3;, 2q̄ ,w)

∣∣2

+
1

2

[
D0

3(s13) +D0
3(s23)

] ∣∣A0
3(1q , 3;, 2q̄ ,w)

∣∣2
}

J (Φw+1)



ANTENNA SUBTRACTION @ NNLO�ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ॸ ££�´

ࡱ�ࢁ +ʞɫɫǩƟ ࡪ Dࡱīࡱ£ࡱ cȋȴʻƟɫࡪ ðࡱ īƟȋȋɻ ࢂࠊࠈࢪ

d�̂U,A⇠ ��0

✏ J
(1)
n M1

n + J (1)
n M1

n d�̂U,B ⇠ 1
2J

(1)
n ⌦ J (1)

n M0
n d�̂U,C ⇠ J (2)

n M0
n

d�̂T,b1 ⇠ X0
3M

1
n + X0

3J
(1)
n M0

n

d�̂T,b3 ⇠ ��0

✏ X
0
3M

0
n + �0

✏ X
0
3

⇣
|s|
µ2

⌘�✏
M0

n d�̂T,c ⇠ �
Z

1
d�̂S,c + d�̂T,c1 + d�̂T,c2

d�̂T,a ⇠ J (1)
n+1M

0
n+1 d�̂T,b2 ⇠ X1

3M
0
n + J (1)

X X0
3M

0
n � MXX0

3J
(1)
2 M0

n

d�̂S,a d�̂S,b2d�̂S,c d�̂S,b1d�̂S,d

d�̂U :

d�̂T :

d�̂S :

! ƌȴʞŷȋƟ ɫƟŒȋࡩ /σa ∼ X0
3 |A0

m+1|2, X0
4 |A0

m|2, X0
3 X0

3 |A0
m|2

! ɫƟŒȋ࢖ʻǩɫʉʞŒȋࡩ /σh ∼ X 0
3 |A0

m+1|2, X0
3 |A1

m|2, X1
3 |A0

m|2

! ƌȴʞŷȋƟ ʻǩɫʉʞŒȋࡩ /σl = ƁȴȋȋƟƁʉࢍ ɫƟɻʉࢎ ∼ X |A0,1
m |2



ANTENNA SUBTRACTION  —-  CHECKS OF THE CALCULATION�ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ࢕ +ǞƟƁȅɻ ȴǇ ʉǞƟ ƁŒȋƁʞȋŒʉǩȴȣ

�ȣŒȋˈʉǩƁ ɠȴȋƟ ƁŒȣƁƟȋȋŒʉǩȴȣ
! ßȴȋƟɻ

(
/σ_o − /σh

)
= 0

! ßȴȋƟɻ
(

/σoo − /σl
)
= 0

5ǩȝæƟǊࡩ D = 4 − 2ε

ċȣɫƟɻȴȋʻƟƌ ȋǩȝǩʉɻ
! /σa → /σ__ ɻǩȣǊȋƟ࢙ࢍ ॹ ƌȴʞŷȋƟ࢙ʞȣɫƟɻȴȋʻƟƌࢎ
! /σh → /σ_o ࢎɻǩȣǊȋƟ࢙ʞȣɫƟɻȴȋʻƟƌࢍ

ŷǩȣ ʉǞƟ ɫŒʉǩȴࡩ /σa//σ__ ʞȣɫƟɻȴȋʻƟƌ−−−−−−→ 1

q q̄ → w + ;3 ;4 ;5 3;ࢍ ɻȴǇʉ ॹ ;4 ‖ q̄ࢎ

 0

 200

 400

 600

 800

 1000

 0.9999  0.99992  0.99994  0.99996  0.99998  1  1.00002  1.00004  1.00006  1.00008  1.0001

    1 outside the plot (   0,   0) 
    0 outside the plot (   0,   0) 
    0 outside the plot (   0,   0) 

#phase space points =  1000

Soft collinear - 3, 2/4

x=10-7

x=10-8

x=10-9

ŒɠɠɫȴŒƁǞࢍ ɻǩȣǊʞȋŒɫ ȋǩȝǩʉࡩ xi = 10−7, 10−8, ࢎ10−9



££�´΁̺ϫ

Ĳࡱ +ǞƟȣࡪ ࡱ� +ɫʞ˔࢙�ŒɫʉǩȣƟ˔ࡪ ࡱ� +ʞɫɫǩƟࡪ æࡱ cŒʞȋƌࡪ ࡱ� cƟǞɫȝŒȣȣ࢙5Ɵ æǩƌƌƟɫࡪ
üࡱ cƟǞɫȝŒȣȣࡪ Dࡱīࡱ£ࡱ cȋȴʻƟɫࡪ ࡱ� oɁǇƟɫࡪ �oࡪ xࡱ �ŒǽƟɫࡪ ࡱ� �ȴࡪ üࡱ �ȴɫǊŒȣࡪ ࡱ� £ǩƟǞʞƟɻࡪ

ࡱ� ßǩɫƟɻࡪ ࡱ5 īŒȋȅƟɫࡪ ࡱ� īǞǩʉƟǞƟŒƌ

ßɫȴƁƟɻɻƟɻ ƁȴȝɠʞʉƟƌ ʞɻǩȣǊ ʉǞƟ ŒȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ ȝƟʉǞȴƌ

! TT → V ॸ ££�´
! TT → V + j ॸ ££�´

↪→ V → ""̄ Vࢍ = w/γ∗, q±ࢎ
! TT → ǽƟʉɻ ࡱǩȣƁࢍ ǽƟʉɻࡪ ࢎǽࠉ ॸ ££�´
! TT → γ + j ॸ ££�´
! 2T → 1j ॸ ´�ࠊ£
! 2T → 2j ॸ ££�´
! 2+2− → 3 ǽƟʉɻ ॸ ££�´

! TT → > ࢎǊǊoࢍ ॸ ´�ࠊ£
! TT → > + j ࢎǊǊoࢍ ॸ ££�´
! TT → > + 2j ࢎ`#Ĩࢍ ॸ ££�´

↪→ > → γγ, ττ, V γ, V V

! TT → V > ॸ ££�´
↪→ > → # �#

! ࡬

ࠋ
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p p → "colour neutral" + 0,1,2 jets

NNLO subtraction set up for



1. Precision Predictions for the LHC 
‣ The Antenna Subtraction Formalism 

2. Hard QCD Probes 
‣ Photon & Jet Production at NNLO 

3. Differential Higgs Production 
‣ The Projection-to-Born Method

THE PLAN.



PHOTON & PHOTON+JET PRODUCTIONßɫȴȝɠʉ ɠǞȴʉȴȣ ɠɫȴƌʞƁʉǩȴȣ

p

p

g

q

�

E�
T T T → γ +X

! ǞǩǊǞƟɻʉ࢙ɫŒʉƟ ƟȋƟƁʉɫȴʿƟŒȅ ɠɫȴƁƟɻɻ ॸ �o+
! ɠǞȴʉȴȣ Œɻ ɠɫȴŷƟ ȴǇ ǞŒɫƌ ɻƁŒʉʉƟɫǩȣǊ

! ɻƟȣɻǩʉǩʻǩʉˈ ʉȴ αbࡪ Ǌȋʞȴȣ ß5`

ATLAS
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C2iS?Qt ´�£ࢍ ä+5ࢎ
ࡪŒʉŒȣǩ+ࢁ `ȴȣʉŒȣȣŒ˔ࡪ cʞǩȋȋƟʉࡪ ßǩȋȴȣ ࢂࠉࠇࢪ
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ELECTROWEAK INTERACTIONS

➤ generic size:  O(α) ~ O(αs2) 

➤ systematic enhancements possible:
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EW CORRECTIONS USING ANTENNAE

➤ dipole subtraction: 

 

➤ antenna subtraction:* 
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10 6 Results

Figure 6: The triple-differential dijet cross section in six bins of y⇤ and yb. The data are indicated
by different markers for each bin. The theoretical predictions, obtained with NLOJET++ and
NNPDF 3.0, and complemented with EW and NP corrections, are depicted by solid lines. Apart
from the boosted region, the data are well described by the predictions at NLO accuracy over
many orders of magnitude.
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TRIPLE-DIFFERENTIAL CROSS SECTION

1

1 Introduction
The pairwise production of hadronic jets is one of the fundamental processes studied at hadron
colliders. Dijet events with large transverse momenta can be described by parton-parton scat-
tering in the context of quantum chromodynamics (QCD). Measurements of dijet cross sections
can be used to thoroughly test predictions of perturbative QCD (pQCD) at high energies and to
constrain parton distribution functions (PDFs). Previous measurements of dijet cross sections
in proton-(anti)proton collisions have been performed as a function of dijet mass at the Spp̄S,
ISR, and Tevatron colliders [1–6]. At the CERN LHC, dijet measurements as a function of dijet
mass are reported in Refs. [7–11]. Also, dijet events have been studied triple-differentially in
transverse energy and pseudorapidities h1 and h2 of the two leading jets [12, 13].

In this paper, a measurement of the triple-differential dijet cross section is presented as a func-
tion of the average transverse momentum pT,avg = (pT,1 + pT,2)/2 of the two leading jets, half
of their rapidity separation y⇤ = |y1 � y2|/2, and the boost of the dijet system yb = |y1 + y2|/2.
The dijet event topologies are illustrated in Fig. 1.

y⇤
=

1 2
|y

1
�

y 2
|

yb =
1
2 |y1 + y2|

0 1 2 3
0

1

2

3

Figure 1: Illustration of the dijet event topologies in the y⇤ and yb kinematic plane. The dijet
system can be classified as a same-side or opposite-side jet event according to the boost yb of
the two leading jets, thereby providing insight into the parton kinematics.

The relation between the dijet rapidities and the parton momentum fractions x1,2 of the incom-
ing protons at leading order (LO) is given by x1,2 = pTp

s (e
±y1 + e±y2), where pT = pT,1 = pT,2.

For large values of yb, the momentum fractions carried by the incoming partons must corre-
spond to one large and one small value, while for small yb the momentum fractions must be
approximately equal. In addition, for high transverse momenta of the jets, x values are probed
above 0.1, where the proton PDFs are less precisely known.

The decomposition of the dijet cross section into the contributing partonic subprocesses is
shown in Fig. 2 at next-to-leading order (NLO) accuracy, obtained using the NLOJET++ pro-
gram version 4.1.3 [14, 15]. At small yb and large pT,avg a significant portion of the cross section
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FIG. 1: Allowed kinematical regions at LO in the triple di↵erential dijet inclusive cross section (in pb) at
p
s = 8 TeV in the

partonic fraction x1, x2 plane for the jet pT cuts of the CMS measurement.

di↵erential cross section for the six event topologies con-
sidered in the CMS study is shown. The CMS analysis [3]
also performs a detailed study of the constraints on PDFs
that can be derived from the measurement data. These
turn out to be inherently limited by the precision of the
theoretical description of the underlying hard scattering
processes available.

The theoretical predictions for the jet cross section are
obtained in perturbative QCD, as a convolution of the
parton distribution functions for the incoming particles
and the parton–parton hard scattering cross section. The
previous state of the art, as used in [3], were predictions
including next-to-leading order (NLO) QCD [1, 4–6] and
electroweak (EWK, [7–9]) corrections for the di-jet pro-
duction cross section. At this level of accuracy, scale
uncertainties and missing higher order corrections in the
theoretical calculation significantly limit the achievable
precision in the determination of the shape and normali-
sation of the triple di↵erential cross section. To improve
the perturbative QCD description of this process, we
present in this letter for the first time a computation
of the NNLO corrections to the triple-di↵erential di-jet
cross section at the LHC.

Our calculation is performed in the NNLOJET frame-
work, employing the antenna subtraction method [10–
12] to remove all unphysical infrared singularities from
the matrix elements, which we take at leading-colour in
all partonic subprocess at NNLO, while keeping the full
colour dependence at lower orders. The same setup was

used for the calculation of the NNLO corrections to in-
clusive jet [13, 14] and di-jet production [15]. We use
the MMHT2014 NNLO parton distribution functions [16]
with ↵s(MZ)=0.118 for all predictions at LO, NLO and
NNLO to emphasize the role of the perturbative correc-
tions at each successive order.

The combined non-perturbative (NP) contributions
from hadronization and the underlying event, modeled
through multiple parton interactions, are not included
in the predictions at parton-level, but have been de-
rived from parton shower predictions at NLO in Ref. [3].
The corresponding NP e↵ects have been found to be at
most 10% for the lowest pT,avg bins and negligible above
1 TeV. The contribution from EWK e↵ects from virtual
exchanges of massive W and Z bosons have been com-
puted in [7]. These are smaller than 3% below 1 TeV and
reach 8% for the highest pT,avg. A recent study [17] has
shown that for the R = 0.7 cone size, there is an excel-
lent agreement for the parton-level cross section between
fixed-order and NLO-matched results. For this reason,
we will take into acount the NP and EKW e↵ects ob-
tained in [3, 7], as a multiplicative factor in each bin of
the parton-level NNLO cross section and we label the
corresponding prediction NNLO⌦NP⌦EWK.

At any given fixed order in perturbation theory, the
predictions retain some dependence on the unphysical
renormalization and factorization scales. An assess-
ment of the scale uncertainty of the calculation at NLO
and NNLO is obtained from independent variations of

x1

x2

x1,2 =
2pT,avg

s
e±yb cosh(y*)

4 4 Measurement of the triple-differential dijet cross section

the primary interaction vertex as determined by the tracker, the energy of the corresponding
ECAL cluster, and the energy sum of all bremsstrahlung photons spatially compatible with
originating from the electron track. The energy of muons is obtained from the curvature of the
corresponding track. The energy of charged hadrons is determined from a combination of their
momentum measured in the tracker and the matching ECAL and HCAL energy deposits, cor-
rected for zero-suppression effects and for the response function of the calorimeters to hadronic
showers. Finally, the energy of neutral hadrons is obtained from the corresponding corrected
ECAL and HCAL energies. The leading primary vertex (PV) is chosen as the one with the
highest sum of squares of all associated track transverse momenta. The remaining vertices are
classified as pileup vertices, which result from additional proton-proton collisions. To reduce
the background caused by such additional collisions, charged hadrons within the coverage of
the tracker, |h| < 2.5 [20], that unambiguously originate from a pileup vertex are removed.

Hadronic jets are clustered from the reconstructed particles with the infrared- and collinear-
safe anti-kT algorithm [21] with a jet size parameter R of 0.7, which is the default for CMS jet
measurements. The jet momentum is determined as the vectorial sum of all particle momenta
in the jet, and is found in the simulation to be within 5 to 10% of the true momentum over
the whole pT range. Jet energy corrections (JEC) are derived from the simulation, and are con-
firmed with in situ measurements of the energy balance of dijet, photon+jet, and Z boson+jet
events [22, 23]. After applying the usual jet energy corrections, a small bias in the reconstructed
pseudorapidity of the jets is observed at the edge of the tracker. An additional correction re-
moves this effect.

All events are required to have at least one PV that must be reconstructed from four or more
tracks. The longitudinal and transverse distances of the PV to the nominal interaction point of
CMS must satisfy |zPV| < 24 cm and rPV < 2 cm, respectively. Nonphysical jets are removed by
loose jet identification criteria: each jet must contain at least two PF candidates, one of which
is a charged hadron, and the jet energy fraction carried by neutral hadrons and photons must
be less than 99%. These criteria remove less than 1% of genuine jets.

Only events with at least two jets up to an absolute rapidity of |y| = 5.0 are selected and
the two jets leading in pT are required to have transverse momenta greater than 50 GeV and
|y| < 3.0. The missing transverse momentum is defined as the negative vector sum of the
transverse momenta of all PF candidates in the event. Its magnitude is referred to as pmiss

T .
For consistency with previous jet measurements by CMS, pmiss

T is required to be smaller than
30% of the scalar sum of the transverse momenta of all PF candidates. For dijet events, which
exhibit very little pT imbalance, the impact is practically negligible.

4 Measurement of the triple-differential dijet cross section
The triple-differential cross section for dijet production is defined as

d3s

dpT,avgdy⇤dyb
=

1
eLeff

int

N
DpT,avgDy⇤Dyb

,

where N denotes the number of dijet events within a given bin, Leff
int the effective integrated

luminosity, and e the product of trigger and event selection efficiencies, which are greater than
99% in the phase space of the measurement. Contributions from background processes, such
as tt production, are several orders of magnitude smaller and are neglected. The bin widths are
DpT,avg, Dy⇤, and Dyb.

➤ study different 
kinematic regimes
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TRIPLE-DIFFERENTIAL CROSS SECTION @ NNLO
[Gehrmann-De Ridder, Gehrmann, Glover, AH, Pires '19]
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FIG. 4: The NLO (blue) and NNLO (green) theory predictions and CMS data normalized to the NLO central value. Parton-
level predictions corrected for non-perturbative (NP) e↵ects and Electroweak e↵ects (EW), implemented as a multiplicative
factor to the NNLO result, are shown shown in red. The shaded bands shown for the NLO and the NNLO⌦NP⌦EWK
predictions represent the variation of the theoretical scales in the numerator by factors of 0.5 and 2. The error in the data is
the total systematic error, including the luminosity uncertainty of 2.6%.

value of the MMHT2014 PDF set even at NNLO, in par-
ticular at large values of pT,avg.. In this region, which is
sensitive to the scattering of large-x parton on a low-x
parton (see Fig. 1), the PDFs su↵er from large uncertain-
ties. Our results at NNLO suggest that the understand-
ing of the high-x behaviour of the PDFs can be improved
upon by including measurements of triple di↵erential di-
jet distributions in future global PDF determinations.

In this letter, we computed the second-order QCD cor-
rections to the triple-di↵erential di-jet production cross
section at hadron colliders. Our results substantially im-
prove the theoretical description of this benchmark ob-
servable, with theory uncertainties now being comparable
or lower than experimental errors, while better explaining
kinematical shapes. Our newly derived results will enable
the usage of di-jet measurements in precision studies of
the partonic structure of the colliding hadrons.
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FAST INTERPOLATION GRIDS:   APPLFAST

➤ NNLO calculation:  O(100k) CPUh  ⇒  prohibitive in PDF  &  αs  fits!

[APPLgrid, fastNLO, NNLOJET ’19]

The Interpolation Concept

Cross section formula (integration  sum over grid nodes)

� =

Z 1

0
dx fa(x) ↵
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I introduce discrete x(i) nodes
I Eigenfunctions E(i)(x) around each node:

) single PDF decomposed into interpolation kernels:

fa(x) '
X

i

fa(x
(i)) E(i)(x)

The Interpolation Concept

Cross section formula (integration  sum over grid nodes)

� =

Z 1

0
dx fa(x) ↵

n
s �̂a(x) '

X
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fa(x
(i)
) ↵n

s

Z 1

0
dx �̂a(x) E

(i)
(x)

�

| {z }
�̂(i)
a

I introduce discrete x(i) nodes
I Eigenfunctions E(i)(x) around each node:

) single PDF decomposed into interpolation kernels:

fa(x) '
X

i

fa(x
(i)) E(i)(x)

sum: cheap!

APPLfast  -vs-  “vanilla” NNLOjet 

➤ stat. error:   —  

➤ interp. bias:

≲ 0.5 1 %

≲ 0.05 %



1. Precision Predictions for the LHC 
‣ The Antenna Subtraction Formalism 

2. Hard QCD Probes 
‣ Photon & Jet Production at NNLO 

3. Differential Higgs Production 
‣ The Projection-to-Born Method

THE PLAN.



THE HIGGS BOSON

• experimental era of Higgs physics just starting 

‣ scrutinise all properties 

‣ couplings/interactions 

‣ probe the potential 

• notoriously bad perturbative convergence (need N3LO)

42

The need for higher orders: Higgs

HIGGS BOSON

▸ Precise measurement 

▸ 3.8 sigma deviation 

▸ 1500 papers about new 
physics on the arXiv 

▸ SM fails

Data Theory

[p
b]

 
H

→
pp
σ

20

30

40

50

60

70

80

90
Preliminary data

 combinedl4→*ZZ→H, γγ→H

 = 125 GeVHm = 13 TeV,  s,  H→pp
Hbb + Htt + VH  =  VBF + XH

QCD scale uncertainty
)sα PDF+⊕(scale, Tot. uncert. 

LO
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αS4

αS5

N3LO results needed to establish 
perturbative convergence / reduce  

residual theoretical uncertainty

�exp = 59± 9.5 pb

�N3LO = 55.5± 2.9 pb

[Anastasiou, Melnikov; 
Harlander, Kilgore]
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DRELL—YAN  ( )  @ NNLO: WHEN?pp → Z
THE NNLO STANDARD

NNLO hadron-collider calculations v. time
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Slide inspired in Gavin Salam’s talk
ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.
[slide by L. Cieri]

[Hamberg, van Neerven, Matsuura ’90]
[Harlander, Kilgore ’02]   

σtot

[Anastasiou, Dixon, Melnikov, Petriello ‘03]   

Figure 3: The CMS rapidity distribution of an on-shell Z boson at the LHC. The LO, NLO, and
NNLO results have been included. The bands indicate the variation of the renormalization and
factorization scales in the range MZ/2 ≤ µ ≤ 2MZ.

range used in the rest of the paper, µF = µR = µ and M/2 < µ < 2M , provides a good

guide to the perturbative uncertainty remaining from the terms beyond NNLO.

In Fig. 5 we present the rapidity distribution for on-shell Z production at Run II of

the Tevatron. The scale variation is unnaturally small at LO; it is 3% at central rapidities,

and varies from 0.1% to 5% from Y = 1 to Y = 2. This occurs because the direction of

the scale variation reverses within the range of µ considered, i.e., dσLO/dµ = 0 for a value

of µ which satisifes MZ/2 ≤ µ ≤ 2MZ . This value of µ depends upon rapidity, leading to

scale dependences which vary strongly with Y . The scale variation exhibits a more proper

behavior at NLO, starting at 3% at central rapidities and increasing to 5–6% at Y = 2.5.

At NNLO the scale dependence is drastically reduced, as at the LHC, and remains below

1% for all relevant rapidity values. The magnitude of the higher-order corrections is slightly

larger at the Tevatron than at the LHC. The NLO prediction is higher than the LO result

by nearly 45% at central rapidities; this shift decreases to 30% at Y = 1.5 and to 15% at

Y = 2.5. The NNLO corrections further increase the NLO prediction by 3–5% over the

rapidity range Y ≤ 2.

This remarkable stability of the rapidity distribution with respect to scale variation

cannot be attributed to the smallness of the NNLO QCD corrections to the partonic cross

– 29 –

dσ
dY

[Catani, Cieri, Ferrera, de Florian, Grazzini ’09]   

called Gµ scheme, where the input parameters are GF , mZ , mW . In particular we use the values
GF = 1.16637 × 10−5 GeV−2, mZ = 91.1876 GeV, ΓZ = 2.4952 GeV, mW = 80.398 GeV and
ΓW = 2.141 GeV. We use the MSTW2008 [31] sets of parton distributions, with densities and αS

evaluated at each corresponding order (i.e., we use (n + 1)-loop αS at NnLO, with n = 0, 1, 2).
The renormalization and factorization scales are fixed to the value µR = µF = mV , where mV is
the mass of the vector boson.

We start the presentation of our results by considering the inclusive production of e+e− pairs
from the decay of an on-shell Z boson at the LHC. In Fig. 1 (left panel) we show the rapidity
distribution of the e+e− pair at LO, NLO and NNLO, computed by using the MSTW2008 partons.
The corresponding cross sections† are σLO = 1.761 ± 0.001 nb, σNLO = 2.030 ± 0.001 nb and

Figure 1: Rapidity distribution of an on-shell Z boson at the LHC. Results obtained with the
MSTW2008 set (left panel) are compared with those obtained with the MRST2004 set (right panel).

σNNLO = 2.089± 0.003 nb. The total cross section is increased by about 3% in going from NLO
to NNLO. In Fig. 1 (right panel) we also show the results obtained by using the MRST2002 LO
[32] and MRST2004 [33] sets of parton distribution functions. The corresponding cross sections
are σLO = 1.629± 0.001 nb, σNLO = 1.992± 0.001 nb and σNNLO = 1.954± 0.003 nb. In this case
the total cross section is decreased by about 2% in going from NLO to NNLO.

We next consider the production of e+e− pairs from Z/γ∗ bosons at the Tevatron. For each
event, we classify the lepton transverse momenta according to their minimum and maximum
values, pTmin and pTmax. The leptons are required to have a minimum pT of 20 GeV and pseudo-
rapidity |η| < 2. Their invariant mass is required to be in the range 70 GeV < m e+e− < 110 GeV.

†Throughout the paper, the errors on the values of the cross sections and the error bars in the plots refer to an
estimate of the numerical errors in the Monte Carlo integration.
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๏ What is the probability of producing a Higgs boson?σpp→H
tot

analytic integration over full phase space 

no information on final state 
[Anastasiou et al. ’15] [Mistlberger ’18] 

inclusive

σN3LO
tot = 48.68 pb+2.07 pb

−3.16 pb
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๏ What is the probability of producing a Higgs boson?σpp→H
tot

dσpp→H

dY
... in direction Y Y → 0 ⇔ ⊥  to beam

Y → ∞ ⇔ ∥  to beam{

analytic integration over QCD emissions 

partial information on final state 

➤ only no decay kinematics 

➤ no information on final-state partons 

[Dulat, Mistlberger, Pelloni ’18] 

yH ⇝

 differentialyH

üȴʿŒɫƌɻ Ǉʞȋȋˈ ƌǩǇǇƟɫƟȣʉǩŒȋ ´�ࠊ£

σ£ࠊ�´
ʉȴʉ = 48.68T#+2.07 T#

Ɛ3.16 T#
�ȣŒɻʉŒɻǩȴʞࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ �ǩɻʉȋŷƟɫǊƟɫࢁ ࢂࠏࠈࢪ

! ŒȣŒȋˈʉǩƁ ǩȣʉƟǊɫŒʉǩȴȣ ȴǇ Ǉʞȋȋ ɠǞŒɻƟ ɻɠŒƁƟ
" ȣȴ ǩȣǇȴɫȝŒʉǩȴȣ ȴȣ ˨ȣŒȋ ɻʉŒʉƟ

LO NLO

NNLO N3LO

-4 -3 -2 -1 0 1 2 3 4
0
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Y

d� dY
[p
b]

LHC 13 TeV
MMHT 2014
P P -> H+X

�F=�R=
mH
2

ࡪ5ʞȋŒʉࢁ �ǩɻʉȋŷƟɫǊƟɫࡪ ßƟȋȋȴȣǩ ࢂࠏࠈࢪ

! ŒȣŒȋˈʉǩƁ ǩȣʉƟǊɫŒʉǩȴȣ ȴʻƟɫ ä+5 Ɵȝǩɻɻǩȴȣɻ
" ɠŒɫʉǩŒȋ ǩȣǇȴɫȝŒʉǩȴȣ ȴȣ ˨ȣŒȋ ɻʉŒʉƟ

ȴȣȋˈ y> ! ȣȴ ƌƟƁŒˈ ȅǩȣƟȝŒʉǩƁɻ
ȣȴ ǩȣǇȴɫȝŒʉǩȴȣ ȴȣ ˨ȣŒȋ࢙ɻʉŒʉƟ ɠŒɫʉȴȣɻ
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๏ What is the probability of producing a Higgs boson?σpp→H
tot

dσpp→H ... where the Higgs decays into a pair of photons, , and the leading and sub-leading photon have a 
transverse momentum that is larger than 35% and 25% of the Higgs boson mass, respectively, and are 
produced within the rapidity interval , where the barrel-endcap region  is 
excluded. Photons are further required to be isolated from additional QCD activity by requiring that the scalar 
sum of the transverse momenta of hadrons in a cone of  around the photons is less than  of the 
photon transverse energy .

H → γγ

|yγ | < 2.37 1.37 < |yγ | < 1.52

ΔR = 0.2 5 %
ET

dσpp→H

dY
... in direction Y Y → 0 ⇔ ⊥  to beam

Y → ∞ ⇔ ∥  to beam{

Measurements are done 

within a fiducial volume:
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๏ What is the probability of producing a Higgs boson?σpp→H
tot

dσpp→H ... where the Higgs decays into a pair of photons, , and the leading and sub-leading photon have a 
transverse momentum that is larger than 35% and 25% of the Higgs boson mass, respectively, and are 
produced within the rapidity interval , where the barrel-endcap region  is 
excluded. Photons are further required to be isolated from additional QCD activity by requiring that the scalar 
sum of the transverse momenta of hadrons in a cone of  around the photons is less than  of the 
photon transverse energy .

H → γγ

|yγ | < 2.37 1.37 < |yγ | < 1.52

ΔR = 0.2 5 %
ET

dσpp→H

dY
... in direction Y Y → 0 ⇔ ⊥  to beam

Y → ∞ ⇔ ∥  to beam{

Measurements are done 

within a fiducial volume:

extrapolation
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๏ What is the probability of producing a Higgs boson?σpp→H
tot

dσpp→H

dσpp→H

dY
... in direction Y Y → 0 ⇔ ⊥  to beam

Y → ∞ ⇔ ∥  to beam{

?numerical integration of phase space 

complete final-state information (decay, isol., …) 

fully differential

๏ ask any* question!

*infrared safe

HIGGS @ N3LO  &  GOING DIFFERENTIAL



THE PROJECTION-TO-BORN METHOD

➤ start: inclusive calculation  

➡ differential in Born variables 

➤ supplement fully differential information: 

➡ difference of a “+jet” calculation at one order lower

d�N
k
LO

F

dO
=

d�N
k
LO

F , inc.

dOB
+

(
d�N

k�1
LO

F+jet

dO
�

d�N
k�1

LO

F+jet

dO

����
O!OB

)

<latexit sha1_base64="SdMNG2E0/ew6Yk6cgfiS/jBwIa8="></latexit>

observables projected to Born 
fully local counter term
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HIGGS  @  N3LO USING PROJECTION-TO-BORNBeyond DIS kinematics — colour-singlet production in pp

H � jet
@Nn-�LO

Projection-to-Born

� d�/dyH
@NnLO

= H fully
di�erential @NnLO ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I d�/dyH
,! analytic integration over real emissions
,! lose information on �nal-state partons
,! p

H

T information lost (& decay products)

I H fully di�erential
,! retain full �nal-state information
,! �ducial cuts, jet veto, photon isolation, . . .

* Born variables: (Y, M2)
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üǞƟ ßɫȴǽƟƁʉǩȴȣ ࢕ Ɓȴȋȴʞɫ࢙ɻǩȣǊȋƟʉ ɠɫȴƌʞƁʉǩȴȣ ǩȣ TT

! ɫƟŒȋ࢙Ɵȝǩɻɻǩȴȣ ɠǞŒɻƟ ɻɠŒƁƟࡩ /Φ>+n

pa + pb → p> + k1 + k2 + . . .+ kn

! ɠɫȴǽƟƁʉǩȴȣ ʉȴ #ȴɫȣࡩ /Φ̃>

p̃a + p̃b → p̃> p̃aࢍ = ξapaࡪ p̃b = ξbpbࢎ

ȴȣ࢙ɻǞƟȋȋࡩ p̃2> ≡ p2> = M2
> ⇒ ξa ξb =

2papb − 2(pa + pb)k1...n + k21...n
2papb

ɫŒɠǩƌǩʉˈࡩ ỹ> ≡ y> ⇒ ξa/ξb =
2pbp>
2pap>

↪→ ƌƟƁŒˈ ɠɫȴƌʞƁʉɻࡩ p> → p1 + . . .+ pm pµiࢍ → p̃µi = Λµ
ν pνi ࢎ

Λµ
ν(p>, p̃>) = gµν −

2(p> + p̃>)µ(p> + p̃>)ν
(p> + p̃>)2

+
2p̃µ>p>,ν

p2>

! Ǉȴɫ n = 1, ࡩ2 ǦƊƝȠʂǦƀŒȈ ʉȴ ʉǞƟ ǩȣǩʉǩŒȋ࢖ǩȣǩʉǩŒȋ ŒȣʉƟȣȣŒ ȝŒɠɠǩȣǊ



HIGGS  @  N3LO USING PROJECTION-TO-BORNBeyond DIS kinematics — colour-singlet production in pp

H � jet
@Nn-�LO

Projection-to-Born

� d�/dyH
@NnLO

= H fully
di�erential @NnLO ?

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

I d�/dyH
,! analytic integration over real emissions
,! lose information on �nal-state partons
,! p

H

T information lost (& decay products)

I H fully di�erential
,! retain full �nal-state information
,! �ducial cuts, jet veto, photon isolation, . . .

* Born variables: (Y, M2)
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Validation up to NNLO — Antenna vs. P�B
[Chen, Dulat, Gehrmann, Glover, AH, Mistlberger, Pelloni]
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HIGGS @ N3LO USING PROJECTION-TO-BORN  dσ/dYH

[Chen, Dulat, Gehrmann, Glover, AH, Mistlberger, Pelloni (to appear)] 
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! ŒǊɫƟƟȝƟȣʉ ॸ Ǉʞȋȋ ࡩ´�££ ! ऺࠈ

�o+ ॸ 13 h2o
" pγ1

h > 0.35 ·mγγ

" pγ2
h > 0.25 ·mγγ

" |yγ | < 2.37

" ɫƟǽƟƁʉ 1.37 < |yγ | < 1.52 ࢎŷŒɫɫƟȋ࢙ƟȣƌƁŒɠࢍ
" ɛǛȰʂȰȠ ǦɵȰȈŒʂǦȰȠ ǩȣ ∆R < 0.2

↪→
∑

∆Riγ<0.2

ph,i < 0.05 · Eγ
h

dσpp→Hdσpp→H

dY
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PROJECTION-TO-BORN —- AN “ANTENNA” VIEWßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࢕ Œȣ ࢨŒȣʉƟȣȣŒࢧ ʻǩƟʿ

+ȴȣɻǩƌƟɫ ʉǞƟ ɫƟŒȋ࢙Ɵȝǩɻɻǩȴȣ ɻʞŷʉɫŒƁʉǩȴȣ ǩȣ ʉǞƟ ŒȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ
ǇȴɫȝŒȋǩɻȝ
Ǉȴɫ > + 0D2i ॸࢍ ࡩࢎ+�

∫ {
/σ_

>+0D2i − /σaLGP
>+0D2i

}

=

∫
/Φ>+1

{
�j;y>(1;, 2;, 3;,>) J (Φ>+1)

− F 0
3 (1;, 2;, 3;) �k;y>(1̃;, 2̃;,>) J (Φ̃>+0)

}

=

∫
/Φ>+1 �j;y>(1;, 2;, 3;,>)

{
J (Φ>+1)− J (Φ̃>+0)

}



PROJECTION-TO-BORN —- AN “ANTENNA” VIEWßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ ࢕ Œȣ ࢨŒȣʉƟȣȣŒࢧ ʻǩƟʿ

+ȴȣɻǩƌƟɫ ʉǞƟ ɫƟŒȋ࢙Ɵȝǩɻɻǩȴȣ ɻʞŷʉɫŒƁʉǩȴȣ ǩȣ ʉǞƟ ŒȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣ
ǇȴɫȝŒȋǩɻȝ
Ǉȴɫ > + 0D2i ॸࢍ ࡩࢎ+�

∫ {
/σ_

>+0D2i − /σaLGP
>+0D2i

}

=

∫
/Φ>+1

{
�j;y>(1;, 2;, 3;,>) J (Φ>+1)

− F 0
3 (1;, 2;, 3;) �k;y>(1̃;, 2̃;,>) J (Φ̃>+0)

}

=

∫
/Φ>+1 �j;y>(1;, 2;, 3;,>)

{
J (Φ>+1)− J (Φ̃>+0)

}

�ȣʉƟȣȣŒƟ ऩ ɫŒʉǩȴɻ ȴǇ ɛǛˁɵǦƀŒȈ �Œʉɫǩˇ DȋƟȝƟȣʉɻࡩ

F 0
3 (i;, j;, k;) ≡

�j;y>(i;, j;, k;,>)

�k;y>(̃i;, k̃;,>)
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=
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{
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CONCLUSIONS & OUTLOOK

➤ LHC — remarkable opportunity to study high-energy physics 

• search for new physics  &  probe the Higgs sector 

• precision measurements using “standard candles”   

⇒   high-precision predictions essential!   

➤ Antenna Subtraction @ NNLO:      “colour neutral”  

❖ reduced uncertainties & often resolves tension to data 

❖ next frontier:    processes 

➤ Antenna Subtraction @ NLO EW:      (     less terms than with dipoles) 

❖ promising first step towards  NNLO mixed QCD—EW  subtraction   

➤ exploration of the N3LO frontier:      “colour neutral”      

❖ Projection-to-Born    Antennae 

➡ precision phenomenology using these calculations only started!

pp → + 0, 1, 2 jets

2 → 3

⇝ × 2

pp →

≃
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BACKUP.



WHY HIGHER ORDERS?īǞˈ ǞǩǊǞƟɫ ȴɫƌƟɫɻࡲ

! ǞǩǊǞ࢙ɠɫƟƁǩɻǩȴȣ ȝŒȣƌŒʉȴɫˈ
↪→ ɠɫȴƁƟɻɻƟɻ ʿǩʉǞ ȋŒɫǊƟK࢙ǇŒƁʉȴɫɻ ࢎ<ࢍ
↪→ ɻʉŒȣƌŒɫƌࢧ ƁŒȣƌȋƟɻࢨ ࡪǽƟʉɻࢍ V ࡪ iࡪ ࢎ࡬

! ɫƟƌʞƁʉǩȴȣ ȴǇ ɻƁŒȋƟ ʞȣƁƟɫʉŒǩȣʉǩƟɻ
↪→ ʻŒɫǩŒʉǩȴȣ ȴǇ µ_ ॹ µ6

ࡪ�ȣŒɻʉŒɻǩȴʞࢁ 5ǩˇȴȣࡪ �Ɵȋȣǩȅȴ ࡪ̒ ßƟʉɫǩƟȋȋȴ ࢂࠋࠇࢪ

�Ɵʉ ƁȋʞɻʉƟɫǩȣǊ

�´ £�´ ££�´
! ŷƟʉʉƟɫ ȝȴƌƟȋȋǩȣǊ ȴǇ ǽƟʉ ŒȋǊȴɫǩʉǞȝ
ŷƟʉʿƟƟȣ ʉǞƟȴɫˈ ॹ ƟˇɠƟɫǩȝƟȣʉ

xȣǩʉǩŒȋ࢙ɻʉŒʉƟ ɫŒƌǩŒʉǩȴȣ

�´ £�´ ££�´
qq̄ ⊕ q;, q̄; ⊕ ;;, qq′, qq̄′, q̄q̄′

! ȴɠƟȣǩȣǊ ʞɠ ȴǇ Œȋȋ ƁǞŒȣȣƟȋɻ
! ȝȴɫƟ ƁȴȝɠȋǩƁŒʉƟƌ ph ɫƟƁȴǩȋ



SUBTRACTION METHODS —- CANCEL ’S∞

➤ Remarkable progress in the development of methods to perform NNLO computations! 

+ȴȝɠŒɫǩɻȴȣ ȴǇ ££�´ ɻʞŷʉɫŒƁʉǩȴȣ ȝƟʉǞȴƌɻ

ɫƟȝŒɫȅŒŷȋƟ ɠɫȴǊɫƟɻɻ ǩȣ ʉǞƟ ƌƟʻƟȋȴɠȝƟȣʉ ȴǇ ȝƟʉǞȴƌɻ ʉȴ ɠƟɫǇȴɫȝ ££�´ ƁȴȝɠʞʉŒʉǩȴȣɻ

ȣȴʉࢍ Œȣ ƟˇǞŒʞɻʉǩʻƟ ȋǩɻʉࢎ
ȋȴƁŒȋ

ɻʞŷʉɫŒƁʉǩȴȣ ŒȣŒȋˈʉǩƁ TT
Ɓȴȋȋǩɻǩȴȣɻ

˨ȣŒȋ࢙ɻʉŒʉƟ
ǽƟʉࢍɻࢎ

�ȣʉƟȣȣŒ !
ȋȴƁŒȋࢍ ŒǇʉƟɫ ɫȴʉȣࢎ

" " "

+ȴ�ȴɫ`ʞȋ " " ! "

qh࢙ðʞŷʉɫࡱ ! " " !
ˈȴȣȋࢍ iࢎ

ðϫϘͮϑϑ̺Ϙ ࡷ
ȣƟɻʉƟƌ ɻȴǇʉ࢖Ɓȴȋȋࡱ " ! "ࡷ " "

N࢙ǽƟʉʉǩȣƟɻɻ ! " " "
≥ࢍ 1 ǽƟʉ ɻȴ ǇŒɫࢎ

‣ Projection-to-Born,  Local Analytic Sectors,  Geometric, …

* more painful with massless particles



WHAT ABOUT ANGULAR TERMS?! īǞŒʉ Œŷȴʞʉ ŒȣǊʞȋŒɫ ʉƟɫȝɻࡲ

! �ȣʉƟȣȣŒ ɻʞŷʉɫŒƁʉǩȴȣࡩ Xl
n |Am|2 ↔ ɻɠǩȣ ŒʻƟɫŒǊƟƌ࡭

! ŒȣǊʞȋŒɫ ʉƟɫȝɻ ǩȣ Ǌȋʞȴȣ ɻɠȋǩʉʉǩȣǊɻࡩ

P;→qq̄ =
2
sij

[
−gµν + 4z(1− z)

kµ
⊥k

ν
⊥

k2
⊥

]

↪→ ɻʞŷʉɫŒƁʉǩȴȣ ȣȴȣ࢙ȋȴƁŒȋ ǩȣ ʉǞƟɻƟ ȋǩȝǩʉɻ࡭
↪→ ʻŒȣǩɻǞ ʞɠȴȣ Œ˔ǩȝʞʉǞŒȋ࢙ŒȣǊȋƟ ࢎϕࢍ ŒʻƟɫŒǊƟ ⇒ࢍ ƌȴ ȣȴʉ ƟȣʉƟɫ X ࢎ

ɻȴȋࡱ ࡩࠈ ɻʞɠɠȋƟȝƟȣʉ ŒȣǊʞȋŒɫ ʉƟɫȝɻ ǩȣ ʉǞƟ ɻʞŷʉɫŒƁʉǩȴȣ
ɻȴȋࡱ ࡩࠉ Ɵˇɠȋȴǩʉ ϕ ƌƟɠƟȣƌƟȣƁƟ ॹ ŒʻƟɫŒǊƟ ǩȣ ʉǞƟ ɠǞŒɻƟ ɻɠŒƁƟ

A∗
µ
kµ
⊥k

ν
⊥

k2
⊥

Aν ∼ +Qb(2ϕ+ ϕ0)

⇒ Œƌƌ ϕ ॹ (ϕ+π/2)࡭

He.¥#÷g#|.
$r −→ ßðǊƟȣࡱ −→

[
{pi, pj , . . .}
{p′i, p′j , . . .}

]
(i‖j)−−−→

[ {pϕi , pϕj , . . .}
{pϕ+π/2

i , pϕ+π/2
j , . . .}

]



INCLUSIVE JET PRODUCTIONxȣƁȋʞɻǩʻƟ �Ɵʉ ßɫȴƌʞƁʉǩȴȣ

{
n ɫƟƁȴȣɻʉɫʞƁʉƟƌ ǽƟʉɻ

ǩȣ ʉǞƟ ƟʻƟȣʉ

}
←→

{
n ŷǩȣȣǩȣǊɻ ʉȴ
ʉǞƟ ǞǩɻʉȴǊɫŒȝ

}
⇒

∑

ŷǩȣɻ

/σǩȣƁ
/ph

$= σʉȴʉ

ɻƁŒȋƟ ƁǞȴǩƁƟɻ ! ŷǩȣȣǩȣǊ ȴǇ ǦȠƊǦʴǦƊʗŒȈ ǺƝʂɵ ʻɻࡱ ƝʴƝȠʂɵ
" ࢨǊȋȴŷŒȋࢧ ɻƁŒȋƟɻ ࡩࢎƟʻƟȣʉࢍ ph,K�tࡪ 〈ph〉ࡪ ࡬
" ࢨȋȴƁŒȋࢧ ɻƁŒȋƟɻ ࡩࢎǽƟʉࢍ phࡪ ࡬



INCLUSIVE JET PRODUCTION —- SCALE CHOICES  (R=0.4)xȣƁȋʞɻǩʻƟ �Ɵʉ ßɫȴƌʞƁʉǩȴȣ ࢕ ðƁŒȋƟ ƁǞȴǩƁƟɻ Rࢍ = ࢎ0.4
ࡪʞɫɫǩƟ+ࢁ cƟǞɫȝŒȣȣ5࢖Ɵ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫࡪ �oࡪ ßǩɫƟɻ ࢂࠏࠈࢪ

310  (GeV)
T

p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO

210×2 210×4 210×6

/2
T

H=µ LO NLO NNLO
310  (GeV)

T
p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO

T1
=pµ LO NLO NNLO310  (GeV)

T
p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO
 jets R=0.4T=13 TeV anti-ksNNLOJET

T
=pµ LO NLO NNLO

310  (GeV)
T

p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO

210×2 210×4 210×6

T
H=µ LO NLO NNLO

310  (GeV)
T

p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO

T1
=2pµ LO NLO NNLO310  (GeV)

T
p

0.8
1

1.2
1.4

ra
tio

 to
 N

LO

 jets R=0.4T=13 TeV anti-ksNNLOJET

T
=2pµ LO NLO NNLO

Ĥh/2

ph,K�t

ph

Ĥh

2 ph,K�t

2 ph

! ȚȰɵʂ ƀȰȚȚȰȠ ƁǞȴǩƁƟࡩ µ = ph ॹ µ = ph,K�t

↪→ ʿȴɫɻʉ ɠƟɫʉʞɫŷŒʉǩʻƟ ŷƟǞŒʻǩȴʞɫ
! ǞŒɫƌƟɫ ɻƁŒȋƟɻ ɠɫƟǇƟɫɫƟƌࡩ µ = 2 ph ॹ µ = Ĥh

↪→ ɻǞȴʿ Ǌȴȴƌ ɠɫȴɠƟɫʉǩƟɻ
! ȴɫǩǊǩȣࡩ ǩȣǇɫŒɫƟƌ ɻƟȣɻǩʉǩʻǩʉˈ ȴǇ ʉǞƟ ǩȣƁȋʞɻǩʻƟ࢙ǽƟʉ ȴŷɻƟɫʻŒŷȋƟ

↪→ ƌɫǩʻƟȣ ŷˈ ȣƌࠉ ȋƟŒƌǩȣǊ ǽƟʉ ƌǩɻʉɫǩŷʞʉǩȴȣ pj2h ˈʻƟɫࢍ ɻȝŒȋȋ ॸ ࢎ´�£

↪→ ȝǩɻȝŒʉƁǞ ŷƟʉʿƟƟȣ ɫƟŒȋ ॹ ʻǩɫʉʞŒȋ ƁȴɫɫƟƁʉǩȴȣɻ ŒȋȋƟʻǩŒʉƟƌࢍ ʿǩʉǞ ȋŒɫǊƟɫ Rࢎ



TWO CALCULATIONS!

➤ excellent agreement 

➤ sub-leading colour negligible                       
(missing in NNLOJET)
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Figure 3. Comparison of the cross section ratios depicted in Fig. 2 as obtained with NNLOjet
[23] (red line with scale variation error, leading-color approximation for channels involving quarks) and
with Stripper (black points with Monte Carlo integration error bars, as given in Appendix D, exact in
color). This figure has been obtained from Fig. 21 of [23] by removing the experimental data points as
well as the scale variation band of the NLO calculation, followed by superimposing the results obtained
in the present work.
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color). This figure has been obtained from Fig. 21 of [23] by removing the experimental data points as
well as the scale variation band of the NLO calculation, followed by superimposing the results obtained
in the present work.
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NNLOJET [Currie, Glover, Pires '16]

[Czakon, van Hameren, Mitov, Poncelet '19]



TOWARDS PER-CENT PHENOMENOLOGYpw
h ࢕ üȴʿŒɫƌɻ ɠɫƟƁǩɻǩȴȣ ɠǞƟȣȴȝƟȣȴȋȴǊˈ

p

p

g

q
Z/�

`�

`+

recoil

pZT 6= 0

T T → w/γ∗ +X → "−"+ +X

! ȋŒɫǊƟ Ɓɫȴɻɻ ɻƟƁʉǩȴȣ
! ƁȋƟŒȣ ȋƟɠʉȴȣǩƁ ɻǩǊȣŒʉʞɫƟ

`2+QBH ! ɻƟȣɻǩʉǩʻǩʉˈ ʉȴ αbࡪ Ǌȋʞȴȣ ß5`

 [GeV]ll
T

p
1 10 210

 [%
]

ll T
/d

p
σ

 d
σ

U
nc

er
ta

in
ty

 o
n 

1/

1−10

1

10 Data statistics
Detector
Background
Model
Total systematic

ATLAS -1=8 TeV, 20.3 fbs
-channelµµ

| < 2.4
ll

 < 116 GeV, |yll m≤66 GeV 

Dࢁ
ʞɫ
ßࡱ
Ǟˈ
ɻࡱ
ࡱ�
+
ࠍࠎ
ࠉࢍ
ࠈࠇ
ࢎࠍ
ȣȴ
ࡪࠌࡱ
ࠐࠉ
ࢂࠈ

! ȴȣȋˈ ɫƟƁȴȣɻʉɫʞƁʉ ࡪ+! !−

! ɻʞŷ࢙ह ŒƁƁʞɫŒƁˈ࡭
! ǩȝɠȴɫʉŒȣʉ ƁȴȣɻʉɫŒǩȣʉɻ ǩȣ ß5` ˨ʉɻ

ȴʞǊǞƟ˔Œȋ#ࢁ Ɵʉ Œȋࡱ ࢂࠎࠈࢪ

! ɠɫȴŷƟ ʻŒɫǩȴʞɻ ʉǞƟȴɫˈ ŒɻɠƟƁʉɻࡩ
ʻƟɫˈ ȋȴʿ pT ȣȴȣ࢙ɠƟɫʉࡱ ƟǇǇƟƁʉɻ

ȋȴʿ pT ɫƟɻʞȝȝŒʉǩȴȣ
ǩȣʉƟɫȝࡱ pT ˨ˇƟƌ ȴɫƌƟɫ
ǞǩǊǞ pT Dī ðʞƌŒȅȴʻ ȋȴǊɻ
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Inclusive pT spectrum of Z/�⇤ — ATLAS @ 8 TeV
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[Gehrmann–De Ridder, Gehrmann, Glover, AH, Morgan ’��]

1
�
·
d�

dpZ
T

I removes luminosity error (⇠ 3%)

NLO
undershoots data by 5–10�

NNLO
signi�cant improvement
in Data vs. Theory comparison

� EW corrections:
[Denner, Dittmaier, Kasprzik, Mück ’��]

) large impact in the high-pT tail
⇠ �20% for pZT ⇠ 900 GeV
(Sudakov logatithms)

INCLUSIVE PT SPECTRUM
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FIXED ORDER + RESUMMATION —- NNLO + N3LLpw
h ɫƟɻʞȝȝŒʉǩȴȣ ࢕ ��ࠊ£ + ££�´

ࡪǩ˔ȴȤ#ࢁ +ǞƟȣࡪ cƟǞɫȝŒȣȣ࢙5Ɵ æǩƌƌƟɫࡪ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫࡪ �oࡪ �ȴȣȣǩࡪ æƟࡪ æȴʉʉȴȋǩࡪ üȴɫɫǩƟȋȋǩ ࢂࠏࠈࢪ
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pw
h

££�´ ˨ˇƟƌ ȴɫƌƟɫࡩ O(α3
b )

££��+£�´ ↔ࢍ 5ĳæƟɻࢎ

´�££+��ࠊ£
5ŒʉŒ ࢎ�ü��ðࢍ

! ɻʞŷɻʉŒȣʉǩŒȋȋˈ ɫƟƌʞƁƟƌ
ʞȣƁƟɫʉŒǩȣʉǩƟɻ
↪→ 5ह࢖3 ȝȴɫƟࢍ ʉǞŒȣ×2ࢎ
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Fig. 3. Ratios of Z/W+ and W�/W+ normalised di↵eren-
tial distributions at NLL+LO (green), NNLL+NLO (blue) and
N3LL+NNLO (red) at

p
s = 13 TeV. The three lower panels

show three di↵erent prescriptions for the theory uncertainty,
as described in the text.

Fig. 4. Ratios of Z/W+ and W�/W+ normalised di↵eren-
tial distributions at NNLO (green), NNLL+NLO (blue) and
N3LL+NNLO (red) at

p
s = 13 TeV. For reference, the

Pythia8 prediction in the AZ tune is also shown, and the lower
panels show the ratio of each prediction to the latter.
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DIS1J  @  N3LO USING PROJECTION-TO-BORN
#Ɵˈȴȣƌ ££�´ ࢕ 5xð ॸ ´�ࠊ£

5xð ࠉ ǽƟʉ
ॸ££�´

ࡪʞɫɫǩƟ+ࢁ cƟǞɫȝŒȣȣࡪ £ǩƟǞʞƟɻ ࢂࠍࠈࢪ
ࡪʞɫɫǩƟ+ࢁ cƟǞɫȝŒȣȣࡪ �oࡪ £ǩƟǞʞƟɻ ࢂࠎࠈࢪ

ࡩ++ ࡪǩƟǞʞƟɻ£ࢁ īŒȋȅƟɫ ࢂࠏࠈࢪ

ßɫȴǽƟƁʉǩȴȣ࢙ʉȴ࢙#ȴɫȣ

⊕
ࡪŒƁƁǩŒɫǩ+ࢁ Ɵʉ Œȋࡱ ࢂࠌࠈࢪ

5xð ɻʉɫʞƁʉʞɫƟ
ǇʞȣƁʉǩȴȣ

ॸ£ࠊ�´
ࡪ�ȴƁǞࢁ ĨƟɫȝŒɻƟɫƟȣࡪ ĨȴǊʉ ࢂࠌࠇࢪ

= 5xð Ǉʞȋȋˈ
ƌǩǇǇƟɫƟȣʉǩŒȋ ॸ£ࠊ�´

ࡪʞɫɫǩƟ+ࢁ cƟǞɫȝŒȣȣࡪ cȋȴʻƟɫࡪ �oࡪ £ǩƟǞʞƟɻࡪ ĨȴǊʉࡱ ࢂࠏࠈࢪ
ࡩ++ ࡪcƟǞɫȝŒȣȣࢁ cȋȴʻƟɫࡪ �oࡪ £ǩƟǞʞƟɻࡪ īŒȋȅƟɫࡪ ĨȴǊʉ ࢂࠏࠈࢪ

ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ ࡱ

! ɠɫƟƁǩɻƟ ɠɫȴŷƟ ʉȴ ɫƟɻȴȋʻƟ ʉǞƟ ǩȣȣƟɫ ɻʉɫʞƁʉʞɫƟ ȴǇ ʉǞƟ ɠɫȴʉȴȣ αbࢍ ॹ ß5`ࢎ
! ˨ɫɻʉ ɻʉƟɠ ʉȴʿŒɫƌɻ Ǉʞȋȋˈ ƌǩǇǇƟɫƟȣʉǩŒȋ Ĩ#` ! (5xð)2

* Born variables: (x, Q2)
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JET RATES  (NEUTRAL-CURRENT DIS1J)
[Currie, Gehrmann, Glover, AH, Niehues, Vogt. ’18]
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�Ɵʉ ɫŒʉƟɻࡩ

R(n+1) = N(n+1)/Nʉȴʉ

�˺̭̺ ŒȋǊȴɫǩʉǞȝ
↪→ ƁȋʞɻʉƟɫ ɠŒɫʉȴȣɻ ǩǇࡩ

2EiEj(1− +Qb θij)
W 2

< y+mi
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