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Scattering amplitudes
• Scattering amplitudes are among the most fundamental objects 

in particle physics.
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➡ Need to compute 
amplitudes in gauge 
theory as efficiently 
as possible!➡ LHC = Collisions  of 

quarks and gluons.

➡ Proton = bound 
state of quarks 
and gluons.
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Scattering amplitudes
• In general we do not know how to compute amplitudes exactly.

➡ Need to resort to perturbation theory.

↵s = coupling constant

➡ Precision increases with the number of terms we compute.
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Scattering amplitudes
• In general we do not know how to compute amplitudes exactly.

➡ Need to resort to perturbation theory.

↵s = coupling constant

= + + + . . .

➡ Each diagram translates into an analytic formula.

• In principle: can compute anything we like.

➡ Precision increases with the number of terms we compute.
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•        receives contributions from Feynman diagrams with    loops.LA(L)
N



Scattering amplitudes

• The number of diagrams grows factorially with the number of 
external legs.

• In practise: Life is hard!

➡ Example: # tree diagrams contributing to g g ! (N � 2)g12 Chapter 1. Tree-level scattering amplitudes in gauge theories

n 2 3 4 5 6 . . .
# diagrams 4 45 510 5040 40320 . . .

Table 1.1: Number of Feynman diagrams contributing to gg → ng at tree level.

where T a denote the generators of the Lie algebra of SU(Nc), with the nor-

malization

Tr
(

T aT b
)

= δab and
[

T a, T b
]

= i
√

2 fabc T c. (1.3)

The Lagrangian in Eq. (1.1) describes all the gauge interactions between the

quarks and the gluons, and all (tree-level) Feynman rules can be derived from

it. The complete set of Feynman rules of an SU(Nc) gauge theory can be found

in Ref. [31]. Feynman rules are at the basis of the computation of Feynman

diagrams, the ‘Queen’ of all techniques to compute scattering amplitudes in

quantum field theory (QFT), which has been one of the most important activi-

ties in theoretical physics over the last fifty years. Although Feynman diagrams

provide a very intuitive approach to the calculation of scattering amplitudes,

their use may become inefficient due the factorial growth in complexity with

the number of external particles (See Table 1.1). The main reason for such

an extremely fast growth stems from the fact that each individual Feynman

diagram is not a gauge-invariant quantity and subsets of diagrams combine to

yield a gauge-invariant result, and gauge-invariant subsets are repeated many

times. On the other hand, it is known that even if the number of diagrams

can be quite large, the gauge-invariant results for QCD amplitudes can very

often be written in a rather simple form, and large cancellations can happen

between the different non gauge invariant contributions. For this reason, new

techniques have been developed over the last fifteen years that allow to take the

gauge-invariant structure into account from the beginning and to avoid in this

way the bad algorithmic behavior of the Feynman diagram expansion. The

first chapter of this work is a short review of these alternatives to Feynman

diagrams.

N � 2



Scattering amplitudes

• The number of diagrams grows factorially with the number of 
external legs.

• In practise: Life is hard!

• Beyond tree level: very tough integrals over momentum of 
unresolved particle. 
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➡ 1 loop: usually doable.
➡ 2 loop: some          .2 ! 2

➡ 3 loop: some          .2 ! 1

➡ Example: # tree diagrams contributing to g g ! (N � 2)g12 Chapter 1. Tree-level scattering amplitudes in gauge theories

n 2 3 4 5 6 . . .
# diagrams 4 45 510 5040 40320 . . .

Table 1.1: Number of Feynman diagrams contributing to gg → ng at tree level.

where T a denote the generators of the Lie algebra of SU(Nc), with the nor-

malization

Tr
(

T aT b
)

= δab and
[

T a, T b
]

= i
√

2 fabc T c. (1.3)

The Lagrangian in Eq. (1.1) describes all the gauge interactions between the

quarks and the gluons, and all (tree-level) Feynman rules can be derived from

it. The complete set of Feynman rules of an SU(Nc) gauge theory can be found

in Ref. [31]. Feynman rules are at the basis of the computation of Feynman

diagrams, the ‘Queen’ of all techniques to compute scattering amplitudes in

quantum field theory (QFT), which has been one of the most important activi-

ties in theoretical physics over the last fifty years. Although Feynman diagrams

provide a very intuitive approach to the calculation of scattering amplitudes,

their use may become inefficient due the factorial growth in complexity with

the number of external particles (See Table 1.1). The main reason for such

an extremely fast growth stems from the fact that each individual Feynman

diagram is not a gauge-invariant quantity and subsets of diagrams combine to

yield a gauge-invariant result, and gauge-invariant subsets are repeated many

times. On the other hand, it is known that even if the number of diagrams

can be quite large, the gauge-invariant results for QCD amplitudes can very

often be written in a rather simple form, and large cancellations can happen

between the different non gauge invariant contributions. For this reason, new

techniques have been developed over the last fifteen years that allow to take the

gauge-invariant structure into account from the beginning and to avoid in this

way the bad algorithmic behavior of the Feynman diagram expansion. The

first chapter of this work is a short review of these alternatives to Feynman

diagrams.
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Scattering amplitudes
• What should we expect?
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Scattering amplitudes
• What should we expect?
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• Optical theorem: Branch cuts encode unitarity. 
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Scattering amplitudes
• What should we expect?

• In general: multi-variable generalisations of logarithms. 
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• Optical theorem: Branch cuts encode unitarity. 
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• Beyond one loop: Also elliptic functions may appear. 



N=4 Super Yang-Mills



N=4 Super Yang-Mills

• Spectrum:
➡ Gluon (spin 1, 2 pol.)
➡ Gluino (spin 1/2, 2 pol., 4 kinds)
➡ Scalar (spin 0, 6 kinds)

8 bosonic and 
8 fermionic d.o.f.

• Supersymmetric cousin of              Yang-Mills theory.SU(Nc)

• Conformal at the quantum level.

• Expected to be dual to string theory on                  via AdS/CFT 
correspondence.

AdS5 ⇥ S5

➡ Allows to explore strongly coupled regime.

• Could be looking at the first exactly solvable gauge theory in 4D.
➡ N=4 SYM is the ‘hydrogen atom of the 21st centruy’.



A new way of doing QFT

➡ Closes with ordinary conformal symmetry into an infinite-
dimensional Yangian symmetry.

➡ In the planar limit               scattering amplitudes in N=4 
SYM have additional symmetries. 

Nc ! 1

[Drummond, Henn, Korchemsky, Sokatchev]

[Drummond, Henn, Plefka]

• Amplitude/Wilson-loop duality:
[Alday, Maldacena; Brandhuber, Heslop, Spence, 

Travaglini; Drummond, Henn, Korchemsky, 
Sokatchev; Mason, Skinner; Caron-Huot]
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➡ Dual conformal symmetry fixes 4 & 5-point amplitudes 
completely!

• Dual conformal symmetry:



A new way of doing QFT

• Geometric description of amplitudes:

➡ Cluster algebras.
➡ Positive Grassmannians.
➡ Amplituhedron.
➡ So far: only describes the loop integrand.

[Golden, Goncharov, Spradlin, Volovich;  
Arkani-Hamed, Bourjaily, Cachazo, Goncharov, 

Postnikov, Trnka; Arkani-Hamed, Trnka]

• ‘Maximal transcendentality’:
➡ An     loop amplitude only contains polylogarithms of 

‘transcendentality’/weight      . 
L

2L

A(1)
4 ⇠ 1

2
log2
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t
+

2⇡2

3
G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)| {z }

weight n

➡ MHV (--++…) amplitudes are ‘pure’: coefficients in front of 
polylogarithms are rational numbers (not functions!)

[Kotikov, Lipatov]



➡ Energy spectrum and S-matrix of excitations 
from integrability.

Flux tube picture

1+1d background :  flux tube sourced by two parallel null lines

Collinear / OPE regime

Sum over all flux-tube eigenstates

bottom&top cusps excite the flux tube out of its ground state

����

������	
��
����
�����
��
��	���

W =
X

states 

Cbot( )⇥ e�E( )⌧+ip( )�+im( )� ⇥ Ctop( )

[Alday,Gaiotto,Maldacena,Sever,Vieira’09]

Monday, July 4, 16

• The sides of the polygon source a flux tube.

• Can describe the Wilson loop/amplitude via the excitations of 
the flux tube. 

[Basso@Amplitudes 16]

[Alday, Gaiotto, Maldacena, Sever, Vieira]
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[Basso, Sever, Vieira]



The big puzzle
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The high-energy limit

The integrability side 
of the story



The high-energy limit
• High-energy limit = Forward scattering.
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2 = E1E3(1� cos ✓)



The high-energy limit
• High-energy limit = Forward scattering.
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The high-energy limit
• High-energy limit = Forward scattering.

p1

p2

p3

p4

• Generalises to more external legs (multi-Regge kinematics).

➡ Hierarchy in ‘angles’ with respect to the beam axis.
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p7

p1 p3

p2 p4

t

➡ No hierarchy in transverse plane. 

s = (p1 + p2)
2 = E2

CM � |t| = �(p1 � p3)
2 = E1E3(1� cos ✓)



The high-energy limit
• Amplitudes factorises into a set of building blocks:

➡ Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation.
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The high-energy limit
• Amplitudes factorises into a set of building blocks:

➡ Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation.
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The high-energy limit
• Amplitudes factorises into a set of building blocks:

➡ Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation.
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MRK vs Flux Tube
• BFKL-type equation very reminiscent of flux tube formula!

BFKL eigenvalue Spectrum of excitations
Impact factor & 
central emission block

Transition probability 
P ( 1| 2)

 

vac

vac

=
X

 

Z
dµP (0| ) e�E⌧+ip+im�1 P ( |0)

X

n

⇣z
z̄

⌘n/2
Z

d⌫

2⇡
|z|2i⌫�h3

1 ⌧!1
1 ��h4

1
<latexit sha1_base64="ylCDnvKPNlAhkuVYW2Tc8Y89/mU="></latexit>



MRK vs Flux Tube

• Basso, Caron-Huot and Sever: BFKL eigenvalue and impact 
factors for all values of the coupling by analytic continuation of 
the flux tub data!
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• We have recently also determined the central emission block to 
all orders in the coupling!
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half νk−1 plane (or the lower half νk plane). Finally the shift (2.44) takes the pole slightly

into the upper half νq−1 plane.

Equation (2.37) can be written as an inverse multiple Fourier-Mellin transform. The

(inverse) Fourier-Mellin transform of a function F (ν, n) is defined as

f(z) = F [F (ν, n)] =
+∞∑

n=−∞

(z
z̄

)n/2 ∫ +∞

−∞

dν

2π
|z|2iν F (ν, n) , (2.45)

where z ∈ C. This integral transform is invertible, and its inverse is given by

F−1[f(z)] =

∫
d2z

π
z−1−iν−n/2 z̄−1−iν+n/2 f(z) , (2.46)

with the usual metric on the complex plane

d2z = −dz ∧ dz̄

2i
= dx ∧ dy = r dr ∧ dϕ , for z = x+ iy = reiϕ . (2.47)

The Fourier-Mellin transform has the property that it maps ordinary products into convo-

lutions. More precisely, if F [F ] = f and F [G] = g, then

F [F ·G] = F [F ] ∗ F [G] = f ∗ g , (2.48)

where the convolution is defined by

(f ∗ g)(z) =
1

π

∫
d2w

|w|2
f(w) g

( z
w

)
. (2.49)

A proof of the convolution theorem for the Fourier-Mellin transform is given in Appendix A.

It is easy to see that the convolution product is associative and commutative, and the

distribution π δ(2)(1− z) is a neutral element.

We conclude this section by quoting some properties of the Fourier-Mellin space func-

tions that enter eq. (2.37). For nk = 0, the BFKL eigenvalue and the central emission

block have the following properties [61,63,72,90,94–96],

lim
ν→0

Eν0 = 0 , (2.50)

lim
ν→0

C±(ν, 0, µ,m) = χ±(µ,m) , (2.51)

lim
µ→0

C±(ν, n, µ, 0) = −χ∓(ν, n) , (2.52)

Resν=µC
±(ν, n, µ, n) = (−1)n i . (2.53)

Note that Eν0 vanishes quadratically as ν → 0 due to its symmetry under ν ↔ −ν. As we
will see shortly, the above relations guarantee that eq. (2.37) has the correct soft behaviour.

In order to prove the last relation (2.53), we need the following identity,

sinπ(n2 + iν)

sinπ(n2 − iν)
= (−1)n+1 , n ∈ Z . (2.54)
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[Bartels, Lipatov, Sabio-Vera; Lipatov, Prygaryn, Schnitzer; Bartels, 
Lipatov, Kormilitzin, Prygaryn]

• Fourier-Mellin transform:
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• Next step: what happens in momentum space?

• Which             can appear?F (⌫, n)
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FM building blocks

• Integrability: In perturbation theory, integrand is a polynomial 
in multiple zeta values and

Contents
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2 MHV Amplitudes 1
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3 non-MHV Amplitudes 6

1 Building Blocks

In this note we will show that amplitudes in MRK in N = 4 SYM can be expressed to

all orders in terms of single-valued polylogarithms. In order to prove this statement, we

will make use of the fact, that the perturbative coe�cients can be expressed in terms of
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E(⌫, n) = �
1

2

|n|

⌫2 +
n2

4

+  

✓
1 + i⌫ +

|n|

2

◆
+  

✓
1� i⌫ +

|n|

2

◆
� 2 (1) , (1.1)

F (⌫, n) = �2 (1) +  

⇣
1 + i⌫ �

n

2

⌘
+  

⇣
1� i⌫ �

n

2

⌘
, (1.2)

V (⌫, n) =
i⌫

⌫2 +
n2

4

, N(⌫, n) =
n

⌫2 +
n2

4

, D
n
⌫ ⌘ (�i)

n
@
n
⌫ , (1.3)

M(⌫k, nk, ⌫l, nl) =  

✓
i(⌫k � ⌫l)�

nk � nl

2

◆
+  

✓
1� i(⌫k � ⌫l)�

nk � nl

2

◆
, (1.4)

H0(⌫, n) =
�
�
0 (⌫, n)

�
+
0 (⌫, n)

, (1.5)

$N = �
+
0 (⌫1, n1)

 
N�6Y

k=1

C
+
0 (⌫k, nk, ⌫k+1, nk+1)

!
�
�
0 (⌫N�5, nN�5) . (1.6)

2 MHV Amplitudes

In this section we show that MHV amplitudes in MRK are pure functions of uniform weight

to all logarithmic orders and to all orders in perturbation theory. To show this, we will

look at the individual building blocks and show that the convolution of their Fourier-Mellin

transforms with a pure function with uniform transcendental weight will not generate any

leading singularities and will raise the weight by the correct amount. Throughout this

proof we will repeatedly make use of the following Lemma.
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• Example: NLO BFKL eigenvalue:

equivalent, up to a di↵erent definition of the impact factor. In this paper, we will continue to
use the form (3.11).

The first two nontrivial orders in the expansion of the BFKL eigenvalue and the impact factor
were known previously [35, 30, 32, 16, 36],
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where  (z) = d
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with D⌫ ⌘ �i@⌫ ⌘ �i @/@⌫.
After expanding the master equation (3.11) to the relevant order in a and ln(1� u), one has

to match the resulting combinations of SVHPLs in (w,w⇤) against the inverse Fourier-Mellin
transforms of suitable functions of ⌫ and n. This was carried out in ref. [36], in terms of the
then-undetermined ai and bi constants. Inserting the values (3.6) and (3.7) into the respective
expressions, we obtain,
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In this section we show that MHV amplitudes in MRK are pure functions of uniform weight

to all logarithmic orders and to all orders in perturbation theory. To show this, we will

look at the individual building blocks and show that the convolution of their Fourier-Mellin

transforms with a pure function with uniform transcendental weight will not generate any

leading singularities and will raise the weight by the correct amount. Throughout this

proof we will repeatedly make use of the following Lemma.
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• Example: NLO BFKL eigenvalue:

equivalent, up to a di↵erent definition of the impact factor. In this paper, we will continue to
use the form (3.11).

The first two nontrivial orders in the expansion of the BFKL eigenvalue and the impact factor
were known previously [35, 30, 32, 16, 36],
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where  (z) = d
dz ln�(z) is the digamma function,  (1) = ��E is the Euler-Mascheroni constant,

and V and N are given by,
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with D⌫ ⌘ �i@⌫ ⌘ �i @/@⌫.
After expanding the master equation (3.11) to the relevant order in a and ln(1� u), one has

to match the resulting combinations of SVHPLs in (w,w⇤) against the inverse Fourier-Mellin
transforms of suitable functions of ⌫ and n. This was carried out in ref. [36], in terms of the
then-undetermined ai and bi constants. Inserting the values (3.6) and (3.7) into the respective
expressions, we obtain,
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• FM transform maps products into convolutions:

half νk−1 plane (or the lower half νk plane). Finally the shift (2.44) takes the pole slightly

into the upper half νq−1 plane.

Equation (2.37) can be written as an inverse multiple Fourier-Mellin transform. The

(inverse) Fourier-Mellin transform of a function F (ν, n) is defined as

f(z) = F [F (ν, n)] =
+∞∑

n=−∞

(z
z̄

)n/2 ∫ +∞

−∞

dν

2π
|z|2iν F (ν, n) , (2.45)

where z ∈ C. This integral transform is invertible, and its inverse is given by

F−1[f(z)] =

∫
d2z

π
z−1−iν−n/2 z̄−1−iν+n/2 f(z) , (2.46)

with the usual metric on the complex plane

d2z = −dz ∧ dz̄

2i
= dx ∧ dy = r dr ∧ dϕ , for z = x+ iy = reiϕ . (2.47)

The Fourier-Mellin transform has the property that it maps ordinary products into convo-

lutions. More precisely, if F [F ] = f and F [G] = g, then

F [F ·G] = F [F ] ∗ F [G] = f ∗ g , (2.48)

where the convolution is defined by

(f ∗ g)(z) =
1

π

∫
d2w

|w|2
f(w) g

( z
w

)
. (2.49)

A proof of the convolution theorem for the Fourier-Mellin transform is given in Appendix A.

It is easy to see that the convolution product is associative and commutative, and the

distribution π δ(2)(1− z) is a neutral element.

We conclude this section by quoting some properties of the Fourier-Mellin space func-

tions that enter eq. (2.37). For nk = 0, the BFKL eigenvalue and the central emission

block have the following properties [61,63,72,90,94–96],

lim
ν→0

Eν0 = 0 , (2.50)

lim
ν→0

C±(ν, 0, µ,m) = χ±(µ,m) , (2.51)

lim
µ→0

C±(ν, n, µ, 0) = −χ∓(ν, n) , (2.52)

Resν=µC
±(ν, n, µ, n) = (−1)n i . (2.53)

Note that Eν0 vanishes quadratically as ν → 0 due to its symmetry under ν ↔ −ν. As we
will see shortly, the above relations guarantee that eq. (2.37) has the correct soft behaviour.

In order to prove the last relation (2.53), we need the following identity,

sinπ(n2 + iν)

sinπ(n2 − iν)
= (−1)n+1 , n ∈ Z . (2.54)
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• How to evaluate the convolutions?

FM building blocks

➡ The building blocks have simple FM transforms, e.g.:

F [E] = � z + z̄

2|1� z|2
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Doing the integrals

The geometry side 
of the story
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• Non-trivial kinematical dependence in transverse plane.

➡ Kinematics encoded into           points in transverse plane.N � 2

• Dual conformal invariance in transverse plane:

q0

q1

qN−5

qN−4

kN−4

kN−5

k2

k1

...
x1

x2

x3

xN−3

xN−2

Figure 5: The dual coordinates in the transverse space. Dashed lines indicate the for-

ward momenta with zero transverse momentum, which are strictly speaking absent in the

transverse momentum space because they are orthogonal to it.

We also introduce the transverse cross ratios

zi ≡ 1− 1

ξi
=

(x1 − xi+3) (xi+2 − xi+1)

(x1 − xi+1) (xi+2 − xi+3)
= − qi+1 ki

qi−1 ki+1
. (2.28)

In the literature it is customary to use the variables wi ≡ −zi.

It is easy to see from Fig. 5 that the MRK setup has a natural Z2 symmetry, called

target-projectile symmetry [86, 88], which acts by reflecting all the points along the hori-

zontal symmetry axis. This symmetry acts on the points xi via

xi #→
{
x1 , if i = 1 ,

xN−i , if 2 ≤ i ≤ N − 2 .
(2.29)

On the cross ratios zi target-projectile symmetry acts by

zi #→ 1/zN−4−i . (2.30)

In the previous section we have seen that the kinematics of scattering amplitudes in

planar N = 4 SYM are naturally encoded through a configuration of N momentum twistors

in three-dimensional projective space CP3. In the remainder of this section we show that

there is a very natural geometrical interpretation of MRK in terms of momentum twistors.

More precisely, we will show that the dual conformal invariance of planar N = 4 SYM

implies that the multi-Regge limit defined in eq. (2.15) is conformally equivalent to the

strongly-ordered multi-soft limit where the momenta pi, 3 ≤ i ≤ N − 3, are soft, with pi
softer than pi+1.

Before proving the connection between the multi-Regge and soft limits, let us discuss

in more detail how to take a single soft limit in momentum twistor space. In terms of

dual coordinates, the momentum pi+1 is soft if the points xi and xi+1 coincide. As the

points xi correspond to lines in momentum twistor space, the soft limit corresponds to the

limit where the momentum twistors Zi−1, Zi and Zi+1 are aligned. In other words, to set
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The moduli space   M0,n

•           = moduli space space of Riemann spheres with    marked   
points.

          = space of configurations of     points on the 
Riemann sphere.

the multi-soft limit, it is easy to show that all the Uij tend to 1 in MRK. We introduce

new reduced cross ratios which have a finite multi-Regge limit,

Ũij ≡
1− Uij∏j−4

k=i−1(1− u1k)
→

∣∣∣∣∣
xi − xj−1

xi − xi+2

j−3∏

k=i+1

xk − xk+1

xk − xk+2

∣∣∣∣∣

2

. (3.4)

From eq. (3.4) we see that all the Uij approach 1 at different speeds in the multi-soft limit.

Indeed, the multi-soft limit is approached sequentially according to ε2 $ ε3 $ . . . $ εN−4,

where εi are the small parameters introduced in eq. (2.31). Since u1i = 1+O(εi+1), we see

that Uij = 1 +O(εi . . . εj−4), and so all the Uij approach 1 at a different speed.

We now show that the first entries of the perturbative coefficients reduce to absolute

values squared of cross ratios in CP1 (up to logarithmically divergent terms that are ab-

sorbed into the definition of the τk). Let us first look at the case where the first letter

is d logUijkl. It is sufficient to analyse the multiplicatively independent cross ratios in

eq. (3.3). They all tend to 1, except for u2i and u3i, which we may exchange for the corre-

sponding reduced cross ratios ũ2i and ũ3i. The latter reduce to absolute values squared of

cross ratios in CP1, see eq. (2.25).

Next, let us analyse the case of a letter of the type d log(1−
∏

ijkl U
nijkl

ijkl ). It is sufficient

to assume that the factors in the product are taken from eq. (3.3). If one of the factors

goes to zero in MRK, then the claim is true, because we have for example,

d log(1− un2i U) →
{
n d log u2i + d logU , if n < 0 ,

0 , if n > 0 ,
(3.5)

where U is any product of cross ratios that tend to 1 in MRK. If all the factors in the

product
∏

ijkl U
nijkl

ijkl tend to 1, then we know that one of the factors tends to one much

slower than the others. Hence, up to terms that are power-suppressed in MRK, we only

need to keep this factor. The claim then follows from eq. (3.4).

The previous discussion implies that the coefficients appearing in the perturbative

expansion of scattering amplitudes in planar N = 4 SYM are iterated integrals with singu-

larities described by the cluster algebra AN−5 ×AN−5 and whose first letters are absolute

values squared of cross ratios. As the first entries describe the branch points of the function,

we conclude that the perturbative coefficients have no branch cuts when seen as functions

of the complex points xi. In other words, these iterated integrals must define single-valued

functions on the moduli space of Riemann spheres with N − 2 marked points. In the re-

mainder of this section we review the theory of single-valued iterated integrals on M0,N−2.

We first discuss ordinary, not necessarily single-valued, iterated integrals on M0,N−2, and

we turn to the construction of their single-valued analogues at the end of the section.

3.2 Coordinate systems on M0,n

In this section we review various coordinate systems on M0,n which are useful to study

iterated integrals and the multi-Regge limit. As a geometric space, we can describe M0,n

by configurations of n distinct points on the Riemann sphere. We identify configurations
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that are related by conformal transformations. As SL(2,C) has complex dimension 3, we

immediately see that

dimC M0,n = n− 3 . (3.6)

Roughly speaking, since M0,n is SL(2,C)-invariant, a system of coordinates is given

by a set of cross ratios formed out of the points xi. There is no global coordinate system

on M0,n. One such set of cross ratios is given by the cross ratios zi defined in eq. (2.28).

We will refer to these coordinates as Fourier-Mellin coordinates. These coordinates are

well suited to write down the Fourier-Mellin transforms that describe amplitudes in MRK.

These coordinates, however, are not ideal to describe the iterated integrals on M0,n.

In ref. [41] various local systems of coordinates are discussed that are well suited to

study iterated integrals on M0,n. A particularly simple set of local coordinates are the

simplicial coordinates, obtained by using the SL(2,C) invariance to fix three of the n

points to 0, 1 and ∞, e.g.,

(x1, . . . ,xn) → (0, 1,∞, t1, . . . , tn−3) , with ti−3 =
(xi − x1)(x2 − x3)

(xi − x3)(x2 − x1)
, 4 ≤ i ≤ n . (3.7)

Note that there are 6
(n
3

)
= n(n − 1)(n − 2) different choices for simplicial coordinates,

depending on which three points we fix to (0, 1,∞). Using simplicial coordinates we can

describe M0,n (roughly speaking) as the space

{(t1, . . . , tn−3) ∈ Cn−3|ti &= 0, 1 and ti &= tj} . (3.8)

While there is in principle no reason to prefer one particular choice of simplicial coordi-

nates over the other, some choices are more suited to MRK than others. In particular, it is

useful to choose the coordinates so that they transform nicely under the symmetries of the

problem. In our case, we prefer to choose simplicial coordinates on which target-projectile

symmetry acts in a simple way. It is easy to check that the simplicial coordinate systems

with this property are defined by fixing the points (x1,xk,xN−k), 2 ≤ k ≤
⌈
N−1
2

⌉
. In

addition, for N even the set of simplicial coordinates defined by fixing (xN/2,xk,xN−k)

also has this property.

There is one particular choice of simplicial coordinates with the nice property that

in these coordinates the two-loop MHV amplitudes factorise into sums of six-point ampli-

tudes [83–85]. They are defined by

(x1, . . . ,xN−2) → (1, 0, ρ1, . . . , ρN−5,∞) . (3.9)

We refer to these coordinates as simplicial MRK coordinates. From the previous discus-

sion it follows that simplicial MRK coordinates transform nicely under target projectile

symmetry,

(ρ1, . . . , ρN−5) '→ (1/ρN−5, . . . , 1/ρ1) . (3.10)

Simplicial MRK coordinates are related to the Fourier-Mellin coordinates by

zi =
(ρi − ρi−1)(ρi+1 − 1)

(ρi − ρi+1)(ρi−1 − 1)
, (3.11)
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➡ Coordinates are collection of                        
cross ratios
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Figure 5: The dual coordinates in the transverse space. Dashed lines indicate the for-

ward momenta with zero transverse momentum, which are strictly speaking absent in the

transverse momentum space because they are orthogonal to it.

We also introduce the transverse cross ratios

zi ≡ 1− 1

ξi
=

(x1 − xi+3) (xi+2 − xi+1)

(x1 − xi+1) (xi+2 − xi+3)
= − qi+1 ki

qi−1 ki+1
. (2.28)

In the literature it is customary to use the variables wi ≡ −zi.

It is easy to see from Fig. 5 that the MRK setup has a natural Z2 symmetry, called

target-projectile symmetry [86, 88], which acts by reflecting all the points along the hori-

zontal symmetry axis. This symmetry acts on the points xi via

xi #→
{
x1 , if i = 1 ,

xN−i , if 2 ≤ i ≤ N − 2 .
(2.29)

On the cross ratios zi target-projectile symmetry acts by

zi #→ 1/zN−4−i . (2.30)

In the previous section we have seen that the kinematics of scattering amplitudes in

planar N = 4 SYM are naturally encoded through a configuration of N momentum twistors

in three-dimensional projective space CP3. In the remainder of this section we show that

there is a very natural geometrical interpretation of MRK in terms of momentum twistors.

More precisely, we will show that the dual conformal invariance of planar N = 4 SYM

implies that the multi-Regge limit defined in eq. (2.15) is conformally equivalent to the

strongly-ordered multi-soft limit where the momenta pi, 3 ≤ i ≤ N − 3, are soft, with pi
softer than pi+1.

Before proving the connection between the multi-Regge and soft limits, let us discuss

in more detail how to take a single soft limit in momentum twistor space. In terms of

dual coordinates, the momentum pi+1 is soft if the points xi and xi+1 coincide. As the

points xi correspond to lines in momentum twistor space, the soft limit corresponds to the

limit where the momentum twistors Zi−1, Zi and Zi+1 are aligned. In other words, to set
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1x 3x

2x
=

=

=

Figure 10. The associahedron or StasheÆ polytope X6,± = K5 in
M

±

0,6
(R) obtained by truncating the unit cube in R3, or blowing up

along x1 = x2 = x3 = 1, and then x1 = x2 = 1 and x2 = x3 = 1. It
has six faces F13, F24, F35, F46, F51, F62 which are pentagons X5,±,
and three faces F14, F25, F36 which are quadrilaterals X4,±1£X4,±1 .
These are permuted by the group D12. There are three types of
vertices corresponding to three kinds of triangulation of a hexagon.
The vertex coordinates defined in §2.3 for each triangulation pro-
vide local a±ne charts in the neighbourhood of each vertex.

which is defined over Z. This representation of M0,S is degenerate since some coor-
dinates are the same, but it is clearly invariant under the action of the symmetric
group. Now for every dihedral structure ± on S, there is an embedding

j± : M
±

0,S
!M0,S

given by lemma 2.1, which expresses every cross ratio [ij|kl] as a product of dihedral
coordinates. Letting ± vary, we obtain in this way an a±ne covering of M0,S .

Lemma 2.26. The compactification M0,S is covered by a±ne charts M
±

0,S
, as ±

ranges over the set of all dihedral structures on S:

(2.38) M0,S =
[

±2Sn/D2n

j±

°
M

±

0,S

¢
.

Proof. The right-hand side is clearly contained in the left. But one can show in a
similar manner to the proof of lemma 2.5 that M0,S is dense in M0,S as defined
above. The point is that j±(M0,S) Ω {[i j|k l] 6= 0} Ω M0,S for all ±. Any cross-
ratio [i j|k l] is a dihedral coordinate uab for some dihedral structure ±0. Therefore
[i j|k l] = 0 is in the closure of j±0(M0,S) by lemma 2.5. The same holds for the
divisors [i j|k l] = 1,1 by (2.1). This proves that both sides are equal. §

Theorem (2.21) implies the following corollary.

Corollary 2.27. M0,S is smooth and M0,S\M0,S is a normal crossing divisor.

The irreducible components at infinity of M0,S\M0,S can be described as follows.

M0,6

[Figure: F. Brown]
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• Singularities: ‘Degenerate’ configurations of points.
                        = 2 points become equal.

➡ Physically: momentum is soft.p3
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• All iterated integrals on           can be written in terms of 
polylogarithms.

the multi-soft limit, it is easy to show that all the Uij tend to 1 in MRK. We introduce

new reduced cross ratios which have a finite multi-Regge limit,

Ũij ≡
1− Uij∏j−4

k=i−1(1− u1k)
→

∣∣∣∣∣
xi − xj−1

xi − xi+2

j−3∏

k=i+1

xk − xk+1

xk − xk+2

∣∣∣∣∣

2

. (3.4)

From eq. (3.4) we see that all the Uij approach 1 at different speeds in the multi-soft limit.

Indeed, the multi-soft limit is approached sequentially according to ε2 $ ε3 $ . . . $ εN−4,

where εi are the small parameters introduced in eq. (2.31). Since u1i = 1+O(εi+1), we see

that Uij = 1 +O(εi . . . εj−4), and so all the Uij approach 1 at a different speed.

We now show that the first entries of the perturbative coefficients reduce to absolute

values squared of cross ratios in CP1 (up to logarithmically divergent terms that are ab-

sorbed into the definition of the τk). Let us first look at the case where the first letter

is d logUijkl. It is sufficient to analyse the multiplicatively independent cross ratios in

eq. (3.3). They all tend to 1, except for u2i and u3i, which we may exchange for the corre-

sponding reduced cross ratios ũ2i and ũ3i. The latter reduce to absolute values squared of

cross ratios in CP1, see eq. (2.25).

Next, let us analyse the case of a letter of the type d log(1−
∏

ijkl U
nijkl

ijkl ). It is sufficient

to assume that the factors in the product are taken from eq. (3.3). If one of the factors

goes to zero in MRK, then the claim is true, because we have for example,

d log(1− un2i U) →
{
n d log u2i + d logU , if n < 0 ,

0 , if n > 0 ,
(3.5)

where U is any product of cross ratios that tend to 1 in MRK. If all the factors in the

product
∏

ijkl U
nijkl

ijkl tend to 1, then we know that one of the factors tends to one much

slower than the others. Hence, up to terms that are power-suppressed in MRK, we only

need to keep this factor. The claim then follows from eq. (3.4).

The previous discussion implies that the coefficients appearing in the perturbative

expansion of scattering amplitudes in planar N = 4 SYM are iterated integrals with singu-

larities described by the cluster algebra AN−5 ×AN−5 and whose first letters are absolute

values squared of cross ratios. As the first entries describe the branch points of the function,

we conclude that the perturbative coefficients have no branch cuts when seen as functions

of the complex points xi. In other words, these iterated integrals must define single-valued

functions on the moduli space of Riemann spheres with N − 2 marked points. In the re-

mainder of this section we review the theory of single-valued iterated integrals on M0,N−2.

We first discuss ordinary, not necessarily single-valued, iterated integrals on M0,N−2, and

we turn to the construction of their single-valued analogues at the end of the section.

3.2 Coordinate systems on M0,n

In this section we review various coordinate systems on M0,n which are useful to study

iterated integrals and the multi-Regge limit. As a geometric space, we can describe M0,n

by configurations of n distinct points on the Riemann sphere. We identify configurations
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G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

G(a1; z) = log

✓
1� z

a1

◆

G(0, 1; z) = �Li2(z)

• Consequence: Amplitudes in MRK can be written in terms of 
polylogarithms.

➡ Must have branch cuts dictated by unitarity!

[Brown]



Polylogarithms & Amplitudes
• Branch cuts of massless amplitudes:

➡ Unitarity: The only branch cuts start at                                . (pi+1 + . . .+ pj)
2 = 0
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Polylogarithms & Amplitudes
• Branch cuts of massless amplitudes:

➡ Unitarity: The only branch cuts start at                                . (pi+1 + . . .+ pj)
2 = 0

<latexit sha1_base64="DcFekn9HBgPZUpLx3RnDFXVYR+Y=">AAACGXicbZDLSgMxFIYzXmu9jbrTTbAIlUKZqYpuhIIblxXsBdpxyGQybWxmMiQZoQyFvod7t/oK7sStK9/AxzDTdmFbDwR+/v/knOTzYkalsqxvY2l5ZXVtPbeR39za3tk19/YbkicCkzrmjIuWhyRhNCJ1RRUjrVgQFHqMNL3+TZY3n4iQlEf3ahATJ0TdiAYUI6Ut1zwsxm5KS/aw1GE+V7IUu4+nDxV4DS3XLFhla1xwUdhTUQDTqrnmT8fnOAlJpDBDUrZtK1ZOioSimJFhvpNIEiPcR13S1jJCIZFOOv7DEJ5ox4cBF/pECo7dvzdSFEo5CD3dGSLVk/NZZv6XtRMVXDkpjeJEkQhPFgUJg4rDDAj0qSBYsYEWCAuq3wpxDwmElcY2syWbLWQgh3mNxp4HsSgalbJ9Vr64Oy9Uq6MJpBw4AsegCGxwCargFtRAHWAwAi/gFbwZz8a78WF8TlqXjCnYAzBTxtcvh3+fwg==</latexit>

➡ Example:              is allowed,                         is not.log s12
<latexit sha1_base64="Zj1tbENUfIBgD3TR4owYIX50rvs=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsxURZcFNy4r2AdMh5JJM21oJhmSjFCGgmv3bvUX3Ilb/8I/8DPMtF3Y1gMXDufcm3tzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4us399iNVmknxYMYJDWI8ECxiBBsr+V0uB0j3Mq826ZUrbtWdAq0Sb04qMEejV/7p9iVJYyoM4Vhr33MTE2RYGUY4nZS6qaYJJiM8oL6lAsdUB9n05Ak6s0ofRVLZEgZN1b8TGY61Hseh7YyxGeplLxf/8/zURDdBxkSSGirIbFGUcmQkyv+P+kxRYvjYEkwUs7ciMsQKE2NTWtiSv610pCclG423HMQqadWq3kX16v6yUq8/zUIqwgmcwjl4cA11uIMGNIGAhBd4hTfn2Xl3PpzPWWvBmQd7DAtwvn4BteCauw==</latexit>

log(s12 � s34)
<latexit sha1_base64="hwL2A5oWPTtNgVijEyuDfWrVKno=">AAACEnicbZDLSsNAFIYn9VbrLdqlm2AR6sKStBVdFty4rGAv0IYwmU7aoZOZMDMRQgj4EO7d6iu4E7e+gG/gYzhpu7CtB4b5+f8zcw6fH1EilW1/G4WNza3tneJuaW//4PDIPD7pSh4LhDuIUy76PpSYEoY7iiiK+5HAMPQp7vnT2zzvPWIhCWcPKomwG8IxIwFBUGnLM8tDysdV6aVOPbvUV6OZXXhmxa7Zs7LWhbMQFbCotmf+DEccxSFmClEo5cCxI+WmUCiCKM5Kw1jiCKIpHOOBlgyGWLrpbPnMOtfOyAq40Icpa+b+fZHCUMok9HVnCNVErma5+V82iFVw46aERbHCDM0HBTG1FLdyEtaICIwUTbSASBC9q4UmUECkNK+lKfnfQgYyK2k0ziqIddGt15xG7eq+WWm1nuaQiuAUnIEqcMA1aIE70AYdgEACXsAreDOejXfjw/ictxaMBdgyWCrj6xebvZ3L</latexit>

• Dual coordinates: pi = xi � xi�1
<latexit sha1_base64="BtdvByOERGOgyMsf6To2icMMjW8=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8EiuGlJvKAboeDGZQV7gTaEyXTSDp1cmJlISwj4CO7d6iu4E7e+gm/gYzhpu7CtPwz8/OfMOYfPizmTyrK+jZXVtfWNzcJWcXtnd69k7h80ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsb3ub11iMVkkXhgxrH1AlwP2Q+I1jpyDVLsctuRi6rjNyUVezMNctW1ZoILRt7ZsowU901f7q9iCQBDRXhWMqObcXKSbFQjHCaFbuJpDEmQ9ynHW1DHFDppJPDM3Sikx7yI6FfqNAk/fsjxYGU48DTnQFWA7lYy8P/ap1E+ddOysI4UTQk00V+wpGKUE4B9ZigRPGxNpgIpm9FZIAFJkqzmtuSzxbSl1lRo7EXQSyb5lnVPq9e3l+Ua7WnKaQCHMExnIINV1CDO6hDAwgk8AKv8GY8G+/Gh/E5bV0xZmAPYU7G1y9TyZyh</latexit>

➡ The only branch cuts start at                         .(xi � xj)
2 = 0

<latexit sha1_base64="CEe61coPWg/oiZiyfMhXoeqhGoc=">AAACDnicbZDLSgMxFIbPeK310lGXboJFqAvLTFV0IxTcuKxgL9COQybNtLGZC0lGWkrBR3DvVl/Bnbj1FXwDH8NM24Vt/SHw85+Tcw6fF3MmlWV9G0vLK6tr65mN7ObW9k7O3N2rySgRhFZJxCPR8LCknIW0qpjitBELigOP07rXu07r9UcqJIvCOzWIqRPgTsh8RrDSkWvmCn2XnfTdh+P7ErpClmvmraI1Flo09tTkYaqKa/602hFJAhoqwrGUTduKlTPEQjHC6SjbSiSNMenhDm1qG+KASmc4PnyEjnTSRn4k9AsVGqd/fwxxIOUg8HRngFVXztfS8L9aM1H+pTNkYZwoGpLJIj/hSEUopYDaTFCi+EAbTATTtyLSxQITpVnNbElnC+nLUVajsedBLJpaqWifFs9vz/Ll8tMEUgYO4BAKYMMFlOEGKlAFAgm8wCu8Gc/Gu/FhfE5al4wp2H2YkfH1C1PTm2U=</latexit>

➡ Example:                      . log(xi � xj)
2

<latexit sha1_base64="y7UHXTCO4DHuGcp4ECk7n0Orpok=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2AR6sIyUxVdFty4rGAv0I5DJs20sZlkSDKlZSj4Cu7d6iu4E7c+gm/gY5heFrb1h8DPf07OOXxBzKjSjvNtZVZW19Y3spu5re2d3T17/6CmRCIxqWLBhGwESBFGOalqqhlpxJKgKGCkHvRuxvV6n0hFBb/Xw5h4EepwGlKMtIl8224x0SkMfHo28B9PH0rQt/NO0ZkILht3ZvJgpopv/7TaAicR4RozpFTTdWLtpUhqihkZ5VqJIjHCPdQhTWM5iojy0snlI3hikjYMhTSPazhJ//5IUaTUMApMZ4R0Vy3WxuF/tWaiw2svpTxONOF4uihMGNQCjjHANpUEazY0BmFJza0Qd5FEWBtYc1vGs6UK1Shn0LiLIJZNrVR0z4uXdxf5cvlpCikLjsAxKAAXXIEyuAUVUAUY9MELeAVv1rP1bn1Yn9PWjDUDewjmZH39Ajh8nIA=</latexit>



Polylogarithms & Amplitudes
• Branch cuts of massless amplitudes:

➡ Unitarity: The only branch cuts start at                                . (pi+1 + . . .+ pj)
2 = 0

<latexit sha1_base64="DcFekn9HBgPZUpLx3RnDFXVYR+Y=">AAACGXicbZDLSgMxFIYzXmu9jbrTTbAIlUKZqYpuhIIblxXsBdpxyGQybWxmMiQZoQyFvod7t/oK7sStK9/AxzDTdmFbDwR+/v/knOTzYkalsqxvY2l5ZXVtPbeR39za3tk19/YbkicCkzrmjIuWhyRhNCJ1RRUjrVgQFHqMNL3+TZY3n4iQlEf3ahATJ0TdiAYUI6Ut1zwsxm5KS/aw1GE+V7IUu4+nDxV4DS3XLFhla1xwUdhTUQDTqrnmT8fnOAlJpDBDUrZtK1ZOioSimJFhvpNIEiPcR13S1jJCIZFOOv7DEJ5ox4cBF/pECo7dvzdSFEo5CD3dGSLVk/NZZv6XtRMVXDkpjeJEkQhPFgUJg4rDDAj0qSBYsYEWCAuq3wpxDwmElcY2syWbLWQgh3mNxp4HsSgalbJ9Vr64Oy9Uq6MJpBw4AsegCGxwCargFtRAHWAwAi/gFbwZz8a78WF8TlqXjCnYAzBTxtcvh3+fwg==</latexit>

➡ Example:              is allowed,                         is not.log s12
<latexit sha1_base64="Zj1tbENUfIBgD3TR4owYIX50rvs=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsxURZcFNy4r2AdMh5JJM21oJhmSjFCGgmv3bvUX3Ilb/8I/8DPMtF3Y1gMXDufcm3tzwoQzbVz32ymsrW9sbhW3Szu7e/sH5cOjlpapIrRJJJeqE2JNORO0aZjhtJMoiuOQ03Y4us399iNVmknxYMYJDWI8ECxiBBsr+V0uB0j3Mq826ZUrbtWdAq0Sb04qMEejV/7p9iVJYyoM4Vhr33MTE2RYGUY4nZS6qaYJJiM8oL6lAsdUB9n05Ak6s0ofRVLZEgZN1b8TGY61Hseh7YyxGeplLxf/8/zURDdBxkSSGirIbFGUcmQkyv+P+kxRYvjYEkwUs7ciMsQKE2NTWtiSv610pCclG423HMQqadWq3kX16v6yUq8/zUIqwgmcwjl4cA11uIMGNIGAhBd4hTfn2Xl3PpzPWWvBmQd7DAtwvn4BteCauw==</latexit>

log(s12 � s34)
<latexit sha1_base64="hwL2A5oWPTtNgVijEyuDfWrVKno=">AAACEnicbZDLSsNAFIYn9VbrLdqlm2AR6sKStBVdFty4rGAv0IYwmU7aoZOZMDMRQgj4EO7d6iu4E7e+gG/gYzhpu7CtB4b5+f8zcw6fH1EilW1/G4WNza3tneJuaW//4PDIPD7pSh4LhDuIUy76PpSYEoY7iiiK+5HAMPQp7vnT2zzvPWIhCWcPKomwG8IxIwFBUGnLM8tDysdV6aVOPbvUV6OZXXhmxa7Zs7LWhbMQFbCotmf+DEccxSFmClEo5cCxI+WmUCiCKM5Kw1jiCKIpHOOBlgyGWLrpbPnMOtfOyAq40Icpa+b+fZHCUMok9HVnCNVErma5+V82iFVw46aERbHCDM0HBTG1FLdyEtaICIwUTbSASBC9q4UmUECkNK+lKfnfQgYyK2k0ziqIddGt15xG7eq+WWm1nuaQiuAUnIEqcMA1aIE70AYdgEACXsAreDOejXfjw/ictxaMBdgyWCrj6xebvZ3L</latexit>

• Dual coordinates: pi = xi � xi�1
<latexit sha1_base64="BtdvByOERGOgyMsf6To2icMMjW8=">AAACDnicbZDLSsNAFIZPvNZ6adSlm8EiuGlJvKAboeDGZQV7gTaEyXTSDp1cmJlISwj4CO7d6iu4E7e+gm/gYzhpu7CtPwz8/OfMOYfPizmTyrK+jZXVtfWNzcJWcXtnd69k7h80ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsb3ub11iMVkkXhgxrH1AlwP2Q+I1jpyDVLsctuRi6rjNyUVezMNctW1ZoILRt7ZsowU901f7q9iCQBDRXhWMqObcXKSbFQjHCaFbuJpDEmQ9ynHW1DHFDppJPDM3Sikx7yI6FfqNAk/fsjxYGU48DTnQFWA7lYy8P/ap1E+ddOysI4UTQk00V+wpGKUE4B9ZigRPGxNpgIpm9FZIAFJkqzmtuSzxbSl1lRo7EXQSyb5lnVPq9e3l+Ua7WnKaQCHMExnIINV1CDO6hDAwgk8AKv8GY8G+/Gh/E5bV0xZmAPYU7G1y9TyZyh</latexit>

➡ The only branch cuts start at                         .(xi � xj)
2 = 0

<latexit sha1_base64="CEe61coPWg/oiZiyfMhXoeqhGoc=">AAACDnicbZDLSgMxFIbPeK310lGXboJFqAvLTFV0IxTcuKxgL9COQybNtLGZC0lGWkrBR3DvVl/Bnbj1FXwDH8NM24Vt/SHw85+Tcw6fF3MmlWV9G0vLK6tr65mN7ObW9k7O3N2rySgRhFZJxCPR8LCknIW0qpjitBELigOP07rXu07r9UcqJIvCOzWIqRPgTsh8RrDSkWvmCn2XnfTdh+P7ErpClmvmraI1Flo09tTkYaqKa/602hFJAhoqwrGUTduKlTPEQjHC6SjbSiSNMenhDm1qG+KASmc4PnyEjnTSRn4k9AsVGqd/fwxxIOUg8HRngFVXztfS8L9aM1H+pTNkYZwoGpLJIj/hSEUopYDaTFCi+EAbTATTtyLSxQITpVnNbElnC+nLUVajsedBLJpaqWifFs9vz/Ll8tMEUgYO4BAKYMMFlOEGKlAFAgm8wCu8Gc/Gu/FhfE5al4wp2H2YkfH1C1PTm2U=</latexit>

➡ Example:                      . log(xi � xj)
2

<latexit sha1_base64="y7UHXTCO4DHuGcp4ECk7n0Orpok=">AAACD3icbZDLSgMxFIYz9VbrbdSlm2AR6sIyUxVdFty4rGAv0I5DJs20sZlkSDKlZSj4Cu7d6iu4E7c+gm/gY5heFrb1h8DPf07OOXxBzKjSjvNtZVZW19Y3spu5re2d3T17/6CmRCIxqWLBhGwESBFGOalqqhlpxJKgKGCkHvRuxvV6n0hFBb/Xw5h4EepwGlKMtIl8224x0SkMfHo28B9PH0rQt/NO0ZkILht3ZvJgpopv/7TaAicR4RozpFTTdWLtpUhqihkZ5VqJIjHCPdQhTWM5iojy0snlI3hikjYMhTSPazhJ//5IUaTUMApMZ4R0Vy3WxuF/tWaiw2svpTxONOF4uihMGNQCjjHANpUEazY0BmFJza0Qd5FEWBtYc1vGs6UK1Shn0LiLIJZNrVR0z4uXdxf5cvlpCikLjsAxKAAXXIEyuAUVUAUY9MELeAVv1rP1bn1Yn9PWjDUDewjmZH39Ajh8nIA=</latexit>

• In 2D transverse space:                       .log |xi � xj |2
<latexit sha1_base64="APlQJBClkDQw6v6YMhv4X9xQNQc=">AAACG3icbZDLSgMxFIYzXmu9jbrURbAIbiwzVdFlwY3LCvYCnTpk0kwbm5kMSUYs0wHxPdy71VdwJ25d+AY+hpm2gm09EPj4/5Nzkt+LGJXKsr6MufmFxaXl3Ep+dW19Y9Pc2q5JHgtMqpgzLhoekoTRkFQVVYw0IkFQ4DFS93oXmV+/I0JSHl6rfkRaAeqE1KcYKS255p7DeGeQOJ4P71OXHv3S7eCmBF2zYBWtYcFZsMdQAOOquOa30+Y4DkioMENSNm0rUq0ECUUxI2neiSWJEO6hDmlqDFFAZCsZ/iKFB1ppQ58LfUIFh+rfGwkKpOwHnu4MkOrKaS8T//OasfLPWwkNo1iREI8W+TGDisMsEtimgmDF+hoQFlS/FeIuEggrHdzElmy2kL5M8zoaezqIWaiVivZx8fTqpFAuP4xCyoFdsA8OgQ3OQBlcggqoAgwewTN4Aa/Gk/FmvBsfo9Y5YxzsDpgo4/MHk5OiFw==</latexit> | {z }

>0, if i 6=j

➡ Unitarity: There is no branch cut in 2D transverse plane!



Single-valued functions
• Single-valued polylogarithms = combinations of polylogarithms 

and their complex conjugates such that all branch cuts cancel.

• For every polylogarithm there is a single-valued analogue.

➡ Can be constructed algorithmically. [Brown]

➡ Example: log z �! log |z|2
<latexit sha1_base64="dgpwbSf+bx6xF5vkEFE8RE/oaKM=">AAACH3icbZC7TsMwFIYdrqXcAowsFhUSU5UUEIyVWBiLRC9SWyrHdVKrjh3ZDqhNKzHxHuys8ApsiLVvwGPgpB1oy5Es//r/Yx/78yJGlXacibWyura+sZnbym/v7O7t2weHNSViiUkVCyZkw0OKMMpJVVPNSCOSBIUeI3Wvf5Pm9UciFRX8Xg8i0g5RwKlPMdLG6tiwxUQAh+nGA0mDnkZSiqfMHg1HD6WOXXCKTlZwWbgzUQCzqnTsn1ZX4DgkXGOGlGq6TqTbCZKaYkbG+VasSIRwHwWkaSRHIVHtJPvJGJ4apwt9Ic3iGmbu3xMJCpUahJ7pDJHuqcUsNf/LmrH2r9sJ5VGsCcfTQX7MoBYwxQK7VBKs2cAIhCU1b4W4hyTC2sCbm5LeLZWvxnmDxl0EsSxqpaJ7Xry8uyiUy89TSDlwDE7AGXDBFSiDW1ABVYDBC3gD7+DDerU+rS/re9q6Ys3AHoG5sia/iL+kQA==</latexit>

Li2(z) �! Li2(z)� Li2(z̄)� log |z|2 log(1� z̄)
<latexit sha1_base64="PBaF178LXROIqIxriO+hZSj8lKQ="></latexit>

N -point scattering amplitudes in planar N=4 SYM in MRK 
are single-valued iterated integrals on                .  M0,N�2

• Conclusion:

[Dixon, Duhr, Pennington; Del Duca, Duhr, Dulat, 
Drummond, Druc, Marzucca, Papathanasiou, Verbeek]



Stokes’ theorem & residues

• Single-valuedness implies that the integrals can easily be 
performed in terms of Stokes’ theorem.

➡ All singularities are isolated.

➡ Can integrate over the boundary 
of the punctured complex plane.

they are related to derivatives in z-space,

z ∂zF
[
χ+(ν, n)F (ν, n)

]
= F [F (ν, n)] . (4.3)

A similar relation holds when replacing z by z̄ and χ+ by χ−. The Fourier-Mellin transform

of the LO BFKL eigenvalue is then given by

E(z) ≡ F [Eνn] = z z̄ ∂z ∂̄zF
[
χ+(ν, n)Eνn χ

−(ν, n)
]
= − z + z̄

2 |1− z|2
. (4.4)

Next we discuss how we can evaluate the convolution integral. We assume for now that

in the multi-Regge limit we can express the amplitude to all loop orders in terms of single-

valued hyperlogarithms (This will be proven later in Section 6). In ref. [106] it was shown

that convolution integrals of this type can be computed using residues. To see how this

works, consider a function f(z) that consists of single-valued hyperlogarithms and rational

functions with singularities at z = ai and z = ∞. Close to any of these singularities, f can

be expanded into a series of the form

f(z) =
∑

k,m,n

caik,m,n logk
∣∣∣∣1−

z

ai

∣∣∣∣
2

(z − ai)
m (z̄ − āi)

n , z → ai ,

f(z) =
∑

k,m,n

c∞k,m,n logk
1

|z|2
1

zm
1

z̄n
, z → ∞ .

(4.5)

The holomorphic residue of f at the point z = a is then defined as the coefficient of the

simple holomorphic pole without logarithmic singularities,

Resz=af(z) ≡ ca0,−1,0 . (4.6)

In ref. [106] it was shown that the integral of f over the whole complex plane, if it exists,

can be computed in terms of its holomorphic residues. More precisely, if F is an anti-

holomorphic primitive of f , ∂̄zF = f , then
∫

d2z

π
f(z) = Resz=∞F (z)−

∑

i

Resz=aiF (z) . (4.7)

This result is essentially an application of Stokes’ theorem to the punctured complex plane.

Note that the anti-holomorphic primitive is only defined up to an arbitrary holomorphic

function. It was shown in ref. [98] that every single-valued hyperlogarithm has a single-

valued primitive, and the sum of residues is independent on the choice of the primitive [106].

It is clear that we can repeat the previous argument by reversing the roles of holomorphic

and anti-holomorphic functions.

As a pedagogical example, let us illustrate how this works on the two-loop remainder

function in MRK. Using the convolution theorem, we can write

F
[
χ+(ν, n)Eνn χ

−(ν, n)
]
= F

[
χ+(ν, n)χ−(ν, n)

]
∗ E(z)

=

∫
d2w

π

[
1

2
G0(w) − G1(w)

]
w̄z +wz̄

2 |w|2 |w − z|2
︸ ︷︷ ︸

=f(w)

. (4.8)

– 42 –

[Schnetz]@̄zF = f

• Computation of FM integral reduces to a simple residue 
computation!

➡ Singularity structure of          known.       M0,n



N = 4 SYM in the 
high-energy limit

From integrality & 
geometry to dynamics
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half νk−1 plane (or the lower half νk plane). Finally the shift (2.44) takes the pole slightly

into the upper half νq−1 plane.

Equation (2.37) can be written as an inverse multiple Fourier-Mellin transform. The

(inverse) Fourier-Mellin transform of a function F (ν, n) is defined as

f(z) = F [F (ν, n)] =
+∞∑

n=−∞

(z
z̄

)n/2 ∫ +∞

−∞

dν

2π
|z|2iν F (ν, n) , (2.45)

where z ∈ C. This integral transform is invertible, and its inverse is given by

F−1[f(z)] =

∫
d2z

π
z−1−iν−n/2 z̄−1−iν+n/2 f(z) , (2.46)

with the usual metric on the complex plane

d2z = −dz ∧ dz̄

2i
= dx ∧ dy = r dr ∧ dϕ , for z = x+ iy = reiϕ . (2.47)

The Fourier-Mellin transform has the property that it maps ordinary products into convo-

lutions. More precisely, if F [F ] = f and F [G] = g, then

F [F ·G] = F [F ] ∗ F [G] = f ∗ g , (2.48)

where the convolution is defined by

(f ∗ g)(z) =
1

π

∫
d2w

|w|2
f(w) g

( z
w

)
. (2.49)

A proof of the convolution theorem for the Fourier-Mellin transform is given in Appendix A.

It is easy to see that the convolution product is associative and commutative, and the

distribution π δ(2)(1− z) is a neutral element.

We conclude this section by quoting some properties of the Fourier-Mellin space func-

tions that enter eq. (2.37). For nk = 0, the BFKL eigenvalue and the central emission

block have the following properties [61,63,72,90,94–96],

lim
ν→0

Eν0 = 0 , (2.50)

lim
ν→0

C±(ν, 0, µ,m) = χ±(µ,m) , (2.51)
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Resν=µC
±(ν, n, µ, n) = (−1)n i . (2.53)

Note that Eν0 vanishes quadratically as ν → 0 due to its symmetry under ν ↔ −ν. As we
will see shortly, the above relations guarantee that eq. (2.37) has the correct soft behaviour.

In order to prove the last relation (2.53), we need the following identity,

sinπ(n2 + iν)

sinπ(n2 − iν)
= (−1)n+1 , n ∈ Z . (2.54)
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• Dynamics described by an all-order factorisation formula.
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• FM transform maps products into convolutions:

half νk−1 plane (or the lower half νk plane). Finally the shift (2.44) takes the pole slightly
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dν
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numbers of legs.



Factorisation for MHV

• Two loops, LLA:

Let us discuss the implications of this result. First, eq. (4.19) implies that we can compute

all MHV amplitudes by performing convolutions over the left-most variable z1. Indeed,

assume that we know all MHV amplitude with up to N legs. Then we can write

g
(1,i2,...,iN−5)
+...+ (ρ1, . . . , ρN−5) = E(z1) ∗ g

(0,i2,...,iN−5)
+...+ (ρ1, . . . , ρN−5)

= E(z1) ∗ g
(i2,...,iN−5)
+...+ (ρ2, . . . , ρN−5) ,

g
(2,i2,...,iN−5)
+...+ (ρ1, . . . , ρN−5) = E(z1) ∗ g

(1,i2,...,iN−5)
+...+ (ρ1, . . . , ρN−5)

= E(z1) ∗ E(z1) ∗ g
(i2,...,iN−5)
+...+ (ρ2, . . . , ρN−5) ,

(4.20)

and so on. The amplitude in the left-hand side is a known lower-point amplitude. At the

beginning of this section we have argued that we can always easily perform convolutions

over z1 by going to simplicial coordinates based at z1, because the change of variable has

unit Jacobian and leaves the BFKL eigenvalue unchanged. Hence, we conclude that every

MHV amplitude can be recursively constructed in this way, and we have thus obtained an

efficient algorithm to compute scattering amplitudes in MRK.

Next, let us discuss the implications of the factorisation theorem for the structure of

MHV amplitudes. Indeed, since the sum of all indices is related to the loop number, we

see that for a fixed number of loops there is a maximal number of non-zero indices, and

so there is only a finite number of different perturbative coefficients at every loop order.

This generalises the factorisation observed for the two-loop MHV amplitude in MRK to

LLA [83–85]. Indeed, if all indices are zero except for one, say ia, then eq. (4.19) reduces

to

g(0,...,0,ia,0,...,0)+...+ (ρ1, . . . , ρN−5) = g(ia)++ (ρa) , (4.21)

and so at two loops the amplitude completely factorises, in agreement with ref. [83–85],

R(2)
+...+ =

∑

1≤i≤N−5

log τi g
(1)
++(ρi) . (4.22)

As anticipated in ref. [84], the amplitude does no longer factorise completely beyond two

loops. However, we find that at every loop order only a finite number of different functions

appear. For example, at three-loop order at most two indices are non-zero, and so we have

R(3)
+...+ =

1

2

∑

1≤i≤N−5

log2 τi g
(2)
++(ρi) +

∑

1≤i<j≤N−5

log τi log τj g
(1,1)
+++(ρi, ρj) . (4.23)

The only new function that appears at three loops that is not determined by the six-point

amplitude is g(1,1)++ , which is determined by the three-loop seven-point MHV amplitude. At

four loops we have

R(4)
+...+ =

1

6

∑

1≤i≤N−5

log3 τi g
(3)
++(ρi)

+
1

2

∑

1≤i<j≤N−5

[
log2 τi log τj g

(2,1)
+++(ρi, ρj) + log τi log

2 τj g
(1,2)
+++(ρi, ρj)

]

+
∑

1≤i<j<k≤N−5

log τi log τj log τk g
(1,1,1)
++++(ρi, ρj , ρk) .

(4.24)
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[Prygarin, Spradlin, Vergu, Volovich; Bartels, Prygarin, Lipatov]

• Consequence: At    loops an MHV amplitudes in MRK is 
determined by amplitudes with at most         external legs.L+ 4

L



Factorisation for MHV
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• Three loops, LLA:
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Factorisation for non-MHV
• Factorisation theorem still holds for non-MHV amplitudes.

➡ Unlike MHV:  infinite number building blocks per loop.

is indeed the case, and so we obtain a new non-MHV building block with a vanishing index,

R(2)
−++ = log τ1 g

(1)
−+(ρ1) + log τ2 g

(0,1)
−++(ρ1, ρ2) . (5.17)

Hence, the simple factorisation observed for MHV amplitudes, eq. (4.19), is no longer valid

for non-MHV amplitudes.

As a consequence, unlike for MHV amplitudes, the number of building blocks is no

longer finite at each loop order in the non-MHV case. As eq. (4.19) is no longer valid

for non-MHV amplitudes, the number of different coefficients is no longer bounded. In

particular, unless there is another mechanism at work that waits yet to be uncovered,

there should be an infinite tower of different non-MHV coefficients already at two loops,

because the factorisation theorem does not allow us to reduce the coefficients corresponding

to alternating helicities to simpler functions.

We have computed explicitly all non-MHV amplitudes up to eight external legs and four

loops. Analytic results for the independent helicity configurations are shown in Appendix D

up to three loops for six and seven external legs and up to two loops for eight external legs.

Results up to four loops and eight points are included as ancillary material in computer-

readable form with the arXiv submission. We have checked that in all cases our results have

the correct soft limits and symmetry properties. These results are sufficient to compute all

two-loop NMHV amplitudes. If hi = −1 and all other helicities are positive, we obtain

R(2)
+...−...+ = log τi−1 g

(1,0)
+−+(ρi−1, ρi) + log τi g

(0,1)
+−+(ρi−1, ρi)

+
∑

1≤j<i−1

log τj g
(1,0,0)
++−+(ρj , ρi−1, ρi)

+
∑

i<j≤N−5

log τj g
(0,0,1)
+−++(ρi−1, ρi, ρj) .

(5.18)

The previous formula is not valid for i ∈ {1, 2, N − 5, N − 6}, in which case we have

R(2)
−+... = log τ1 g

(1)
−+(ρ1) +

N−5∑

j=2

log τj g
(0,1)
−++(ρ1, ρj) ,

R(2)
+−+... = log τ1 g

(1,0)
+−+(ρ1, ρ2) + log τ2 g

(0,1)
+−+(ρ1, ρ2) +

N−5∑

j=3

log τj g
(0,0,1)
+−++(ρ1, ρ2, ρj) ,

(5.19)

and the remaining cases can be obtained from target-projectile symmetry.

5.3 Leading singularities of scattering amplitudes in MRK

In the previous section we have shown how we can compute non-MHV amplitudes via

convolution with the universal helicity flip kernel H. Due to the double pole in the helicity

flip kernel, non-MHV amplitudes are no longer pure, but the transcendental functions

are multiplied by rational prefactors. This is in agreement with the expectation for the

structure of scattering amplitudes in full kinematics, where these coefficients are identified

with the leading singularities of the amplitudes [107]. In this section we present a way to
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• Consequence 2: Non-MHV amplitudes from MHV ones.

• Helicity flip kernel: F
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• Helicity flips on central emission block are similar.



Transcendentality
• Consequence 3: Complete characterisation of the function 

space.

• Integrability: In perturbation theory, integrand is a polynomial 
in multiple zeta values and

• Example: NLO BFKL eigenvalue
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<latexit sha1_base64="7PWoKlj/q02fjmZfN0U2ET0xD1c=">AAACBHicbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuCLlxWsA9oh5JJM21oJjMkGaEMA67cu9VfcCdu/Q//wM8w03ZhWw9cOJxzb+7N8WPBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745vcbz8ypXkkH8wkZl5IhpIHnBJjpfZtP+3JJOuXK07VmQKvEndOKjBHo1/+6Q0imoRMGiqI1l3XiY2XEmU4FSwr9RLNYkLHZMi6lkoSMu2l03MzfGaVAQ4iZUsaPFX/TqQk1HoS+rYzJGakl71c/M/rJia49lIu48QwSWeLgkRgE+H873jAFaNGTCwhVHF7K6Yjogg1NqGFLfnbSgc6K9lo3OUgVkmrVnUvqrX7y0q9/jQLqQgncArn4MIV1OEOGtAECmN4gVd4Q8/oHX2gz1lrAc2DPYYFoK9fXwWZfw==</latexit>

E
<latexit sha1_base64="/Cwt6KwEUHO6NmXIaJn3JiOU+vI=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BETwmYGIgWcLspDcZMju7zMwKYQnk7lV/wZt49Vf8Az/DyeNgEgsaiqru6Z4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOk4VwzqLRayaAdUouMS64UZgM1FIo0DgUzC4m/hPz6g0j+WjGSboR7QnecgZNVaq3XeKJbfsTkFWiTcnJZij2in+tLsxSyOUhgmqdctzE+NnVBnOBI4K7VRjQtmA9rBlqaQRaj+bHjoiZ1bpkjBWtqQhU/XvREYjrYdRYDsjavp62ZuI/3mt1IS3fsZlkhqUbLYoTAUxMZn8mnS5QmbE0BLKFLe3EtanijJjs1nYMnlb6VCPCjYabzmIVdK4KHuX5evaValSGc9CysMJnMI5eHADFXiAKtSBAcILvMKbM3benQ/nc9aac+bBHsMCnK9fV1CWsQ==</latexit>

N
<latexit sha1_base64="PYae1u1DoOwoq1w6RuVTW7Bho4I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BL54kARMDyRJmJ73JkNnZZWZWCEsgd6/6C97Eq7/iH/gZTh4Hk1jQUFR1T/dUkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVDKhGwSXWDTcCm4lCGgUCn4LB3cR/ekaleSwfzTBBP6I9yUPOqLFS7aFTLLlldwqySrw5KcEc1U7xp92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ9NARObNKl4SxsiUNmap/JzIaaT2MAtsZUdPXy95E/M9rpSa89TMuk9SgZLNFYSqIicnk16TLFTIjhpZQpri9lbA+VZQZm83ClsnbSod6VLDReMtBrJLGRdm7LF/XrkqVyngWUh5O4BTOwYMbqMA9VKEODBBe4BXenLHz7nw4n7PWnDMP9hgW4Hz9AmW6lro=</latexit>

M
<latexit sha1_base64="ce1kQxzwKEuoU4T+70viQo7vW+M=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BL16EBEwMJEuYnfQmQ2Znl5lZISyB3L3qL3gTr/6Kf+BnOHkcTGJBQ1HVPd1TQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVM6AaBZdYN9wIbCYKaRQIfAoGdxP/6RmV5rF8NMME/Yj2JA85o8ZKtYdOseSW3SnIKvHmpARzVDvFn3Y3ZmmE0jBBtW55bmL8jCrDmcBRoZ1qTCgb0B62LJU0Qu1n00NH5MwqXRLGypY0ZKr+nchopPUwCmxnRE1fL3sT8T+vlZrw1s+4TFKDks0WhakgJiaTX5MuV8iMGFpCmeL2VsL6VFFmbDYLWyZvKx3qUcFG4y0HsUoaF2XvsnxduypVKuNZSHk4gVM4Bw9uoAL3UIU6MEB4gVd4c8bOu/PhfM5ac8482GNYgPP1C2Qglrk=</latexit>

V
<latexit sha1_base64="PAnvr3ZqFKn0SpiWZCVBI6kQq9I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BLx4TMA9IljA76U2GzM4uM7NCCIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj08aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxg+ZH7zGZXmsXwyowT9iPYlDzmjxkq1RrdYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeG9P+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+6fFu7KVUq03lIeTiDc7gED+6gAo9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULcoqWwg==</latexit>

equivalent, up to a di↵erent definition of the impact factor. In this paper, we will continue to
use the form (3.11).

The first two nontrivial orders in the expansion of the BFKL eigenvalue and the impact factor
were known previously [35, 30, 32, 16, 36],
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where  (z) = d
dz ln�(z) is the digamma function,  (1) = ��E is the Euler-Mascheroni constant,

and V and N are given by,
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(3.19)

with D⌫ ⌘ �i@⌫ ⌘ �i @/@⌫.
After expanding the master equation (3.11) to the relevant order in a and ln(1� u), one has

to match the resulting combinations of SVHPLs in (w,w⇤) against the inverse Fourier-Mellin
transforms of suitable functions of ⌫ and n. This was carried out in ref. [36], in terms of the
then-undetermined ai and bi constants. Inserting the values (3.6) and (3.7) into the respective
expressions, we obtain,
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• Theorem: If          is a pure combination of SVMPLs of uniform 
weight    , then                     , with                                    , is a 
pure combination of SVMPLs of uniform weight          .                   

A(z)
<latexit sha1_base64="ThobOz+Gb7N29nw0h8e+26QJ32g=">AAACC3icbVDLSgMxFL1TX7W+qi7dBItQN2WmCrqsuHFZwT6gHUsmzbShmcyQZIQ6DPgD7t3qL7gTt36Ef+BnmGm7sK0HAodzbu49HC/iTGnb/rZyK6tr6xv5zcLW9s7uXnH/oKnCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3Sd+a0HKhULxZ0eR9QN8EAwnxGsjXTfDbAeEsyTq7T8eNorluyKPQFaJs6MlGCGeq/40+2HJA6o0IRjpTqOHWk3wVIzwmla6MaKRpiM8IB2DBU4oMpNJqlTdGKUPvJDaZ7QaKL+/ZHgQKlx4JnJLKVa9DLxP68Ta//STZiIYk0FmR7yY450iLIKUJ9JSjQfG4KJZCYrIkMsMdGmqLkr2W6pfJUWTDXOYhHLpFmtOGeV6u15qVZ7mpaUhyM4hjI4cAE1uIE6NICAhBd4hTfr2Xq3PqzP6WjOmhV7CHOwvn4BTLacJQ==</latexit>

A(z) ⇤ F [X]
<latexit sha1_base64="eNLDNKV7Mj4+KcrY8iLCaGbEO4A=">AAACIHicbZBNS8MwGMdTX+d8q3r0Eh3CvIx2CnqcCOJxgnuBtow0S7ewNC1JKsxS8Ob38O5Vv4I38aifwI9hug1xmw8E/vz/T/I8+fkxo1JZ1qexsLi0vLJaWCuub2xubZs7u00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+YPLPG/dESFpxG/VMCZeiHqcBhQjpa2OeeCGSPUxYulFVr4/dpFU8Ne6ypy21zFLVsUaFZwX9kSUwKTqHfPb7UY4CQlXmCEpHduKlZcioShmJCu6iSQxwgPUI46WHIVEeunoKxk80k4XBpHQhys4cv/eSFEo5TD0dWe+pZzNcvO/zElUcO6llMeJIhyPBwUJgyqCORfYpYJgxYZaICyo3hXiPhIIK01vakr+tpCBzIoajT0LYl40qxX7pFK9OS3Vag9jSAWwDw5BGdjgDNTANaiDBsDgETyDF/BqPBlvxrvxMW5dMCZg98BUGV8/2aekXA==</latexit>

n
<latexit sha1_base64="jhSyyjQzG1YiPttdTeQb0qINUP4=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqsl8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460Fskmal7N2UK/XbUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+YBJbX</latexit>

n+ 1
<latexit sha1_base64="+UOAwlTQW5VmcS8a2SMru4WKbyE=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIexGQY8BLx4jmgckIcxOZpMhs7PLTK8QloB496q/4E28+if+gZ/hbJKDSSxoKKq6p3vKj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCHN5nfeOTaiEg94CjmnZD2lQgEo2ile3XudQtFt+ROQJaJNyNFmKHaLfy0exFLQq6QSWpMy3Nj7KRUo2CSj/PtxPCYsiHt85aliobcdNLJqWNyapUeCSJtSyGZqH8nUhoaMwp92xlSHJhFLxP/81oJBtedVKg4Qa7YdFGQSIIRyf5NekJzhnJkCWVa2FsJG1BNGdp05rZkb2sTmHHeRuMtBrFM6uWSd1Eq310WK5WnaUg5OIYTOAMPrqACt1CFGjDowwu8wpvz7Lw7H87ntHXFmQV7BHNwvn4BdmiXRw==</latexit>

X 2 {E, V,N,M,D}

<latexit sha1_base64="Pd8dTr252fTElTvs4rRLtuag8p4=">AAACEHicbZDLSsNAFIYn9VbrLdWlm8EiuAglkYIuCyq4USrYCzShTKaTduhkEmYmSgkBn8G9W30Fd+LWN/ANfAwnbRe29YeBn/+cOefw+TGjUtn2t1FYWV1b3yhulra2d3b3zPJ+S0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6CKvtx+IkDTi92ocEy9EA04DipHSUc8sd1zK3fTKalm31o116WY9s2JX7YngsnFmpgJmavTMH7cf4SQkXGGGpOw6dqy8FAlFMSNZyU0kiREeoQHpastRSKSXTk7P4LFO+jCIhH5cwUn690eKQinHoa87Q6SGcrGWh//VuokKzr2U8jhRhOPpoiBhUEUw5wD7VBCs2FgbhAXVt0I8RAJhpWnNbclnCxnIrKTROIsglk3rtOrUqrW7WqVef5pCKoJDcAROgAPOQB1cgwZoAgwewQt4BW/Gs/FufBif09aCMQN7AOZkfP0ChaOcog==</latexit>



Transcendentality
• Consequence 3: Complete characterisation of the function 

space.

• Example: NLO BFKL eigenvalue

weight 1

• Integrability: In perturbation theory, integrand is a polynomial 
of uniform weight in multiple zeta values and

weight 3

D⌫
<latexit sha1_base64="7PWoKlj/q02fjmZfN0U2ET0xD1c=">AAACBHicbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuCLlxWsA9oh5JJM21oJjMkGaEMA67cu9VfcCdu/Q//wM8w03ZhWw9cOJxzb+7N8WPBtXGcb1RYW9/Y3Cpul3Z29/YPyodHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv745vcbz8ypXkkH8wkZl5IhpIHnBJjpfZtP+3JJOuXK07VmQKvEndOKjBHo1/+6Q0imoRMGiqI1l3XiY2XEmU4FSwr9RLNYkLHZMi6lkoSMu2l03MzfGaVAQ4iZUsaPFX/TqQk1HoS+rYzJGakl71c/M/rJia49lIu48QwSWeLgkRgE+H873jAFaNGTCwhVHF7K6Yjogg1NqGFLfnbSgc6K9lo3OUgVkmrVnUvqrX7y0q9/jQLqQgncArn4MIV1OEOGtAECmN4gVd4Q8/oHX2gz1lrAc2DPYYFoK9fXwWZfw==</latexit>

E
<latexit sha1_base64="/Cwt6KwEUHO6NmXIaJn3JiOU+vI=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BETwmYGIgWcLspDcZMju7zMwKYQnk7lV/wZt49Vf8Az/DyeNgEgsaiqru6Z4KEsG1cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOk4VwzqLRayaAdUouMS64UZgM1FIo0DgUzC4m/hPz6g0j+WjGSboR7QnecgZNVaq3XeKJbfsTkFWiTcnJZij2in+tLsxSyOUhgmqdctzE+NnVBnOBI4K7VRjQtmA9rBlqaQRaj+bHjoiZ1bpkjBWtqQhU/XvREYjrYdRYDsjavp62ZuI/3mt1IS3fsZlkhqUbLYoTAUxMZn8mnS5QmbE0BLKFLe3EtanijJjs1nYMnlb6VCPCjYabzmIVdK4KHuX5evaValSGc9CysMJnMI5eHADFXiAKtSBAcILvMKbM3benQ/nc9aac+bBHsMCnK9fV1CWsQ==</latexit>

N
<latexit sha1_base64="PYae1u1DoOwoq1w6RuVTW7Bho4I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BL54kARMDyRJmJ73JkNnZZWZWCEsgd6/6C97Eq7/iH/gZTh4Hk1jQUFR1T/dUkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU0HGqGNZZLGLVDKhGwSXWDTcCm4lCGgUCn4LB3cR/ekaleSwfzTBBP6I9yUPOqLFS7aFTLLlldwqySrw5KcEc1U7xp92NWRqhNExQrVuemxg/o8pwJnBUaKcaE8oGtIctSyWNUPvZ9NARObNKl4SxsiUNmap/JzIaaT2MAtsZUdPXy95E/M9rpSa89TMuk9SgZLNFYSqIicnk16TLFTIjhpZQpri9lbA+VZQZm83ClsnbSod6VLDReMtBrJLGRdm7LF/XrkqVyngWUh5O4BTOwYMbqMA9VKEODBBe4BXenLHz7nw4n7PWnDMP9hgW4Hz9AmW6lro=</latexit>

M
<latexit sha1_base64="ce1kQxzwKEuoU4T+70viQo7vW+M=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BL16EBEwMJEuYnfQmQ2Znl5lZISyB3L3qL3gTr/6Kf+BnOHkcTGJBQ1HVPd1TQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRQ8epYlhnsYhVM6AaBZdYN9wIbCYKaRQIfAoGdxP/6RmV5rF8NMME/Yj2JA85o8ZKtYdOseSW3SnIKvHmpARzVDvFn3Y3ZmmE0jBBtW55bmL8jCrDmcBRoZ1qTCgb0B62LJU0Qu1n00NH5MwqXRLGypY0ZKr+nchopPUwCmxnRE1fL3sT8T+vlZrw1s+4TFKDks0WhakgJiaTX5MuV8iMGFpCmeL2VsL6VFFmbDYLWyZvKx3qUcFG4y0HsUoaF2XvsnxduypVKuNZSHk4gVM4Bw9uoAL3UIU6MEB4gVd4c8bOu/PhfM5ac8482GNYgPP1C2Qglrk=</latexit>

V
<latexit sha1_base64="PAnvr3ZqFKn0SpiWZCVBI6kQq9I=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKez6QI8BLx4TMA9IljA76U2GzM4uM7NCCIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj08aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxg+ZH7zGZXmsXwyowT9iPYlDzmjxkq1RrdYcsvuDGSdeAtSggWq3eJPpxezNEJpmKBatz03Mf6YKsOZwEmhk2pMKBvSPrYtlTRC7Y9nh07IhVV6JIyVLWnITP07MaaR1qMosJ0RNQO96mXif147NeG9P+YySQ1KNl8UpoKYmGS/Jj2ukBkxsoQyxe2thA2ooszYbJa2ZG8rHepJwUbjrQaxThpXZe+6fFu7KVUq03lIeTiDc7gED+6gAo9QhTowQHiBV3hzps678+F8zltzziLYU1iC8/ULcoqWwg==</latexit>

equivalent, up to a di↵erent definition of the impact factor. In this paper, we will continue to
use the form (3.11).

The first two nontrivial orders in the expansion of the BFKL eigenvalue and the impact factor
were known previously [35, 30, 32, 16, 36],
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where  (z) = d
dz ln�(z) is the digamma function,  (1) = ��E is the Euler-Mascheroni constant,

and V and N are given by,

V ⌘ �
1

2

"
1

i⌫ + |n|
2

�
1

�i⌫ + |n|
2

#
=

i⌫

⌫2 + |n|2
4

,

N ⌘ sgn(n)

"
1

i⌫ + |n|
2

+
1

�i⌫ + |n|
2

#
=

n

⌫2 + |n|2
4

,

(3.19)

with D⌫ ⌘ �i@⌫ ⌘ �i @/@⌫.
After expanding the master equation (3.11) to the relevant order in a and ln(1� u), one has

to match the resulting combinations of SVHPLs in (w,w⇤) against the inverse Fourier-Mellin
transforms of suitable functions of ⌫ and n. This was carried out in ref. [36], in terms of the
then-undetermined ai and bi constants. Inserting the values (3.6) and (3.7) into the respective
expressions, we obtain,
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• Theorem: If          is a pure combination of SVMPLs of uniform 
weight    , then                     , with                                    , is a 
pure combination of SVMPLs of uniform weight          .                   

A(z)
<latexit sha1_base64="ThobOz+Gb7N29nw0h8e+26QJ32g=">AAACC3icbVDLSgMxFL1TX7W+qi7dBItQN2WmCrqsuHFZwT6gHUsmzbShmcyQZIQ6DPgD7t3qL7gTt36Ef+BnmGm7sK0HAodzbu49HC/iTGnb/rZyK6tr6xv5zcLW9s7uXnH/oKnCWBLaICEPZdvDinImaEMzzWk7khQHHqctb3Sd+a0HKhULxZ0eR9QN8EAwnxGsjXTfDbAeEsyTq7T8eNorluyKPQFaJs6MlGCGeq/40+2HJA6o0IRjpTqOHWk3wVIzwmla6MaKRpiM8IB2DBU4oMpNJqlTdGKUPvJDaZ7QaKL+/ZHgQKlx4JnJLKVa9DLxP68Ta//STZiIYk0FmR7yY450iLIKUJ9JSjQfG4KJZCYrIkMsMdGmqLkr2W6pfJUWTDXOYhHLpFmtOGeV6u15qVZ7mpaUhyM4hjI4cAE1uIE6NICAhBd4hTfr2Xq3PqzP6WjOmhV7CHOwvn4BTLacJQ==</latexit>

A(z) ⇤ F [X]
<latexit sha1_base64="eNLDNKV7Mj4+KcrY8iLCaGbEO4A=">AAACIHicbZBNS8MwGMdTX+d8q3r0Eh3CvIx2CnqcCOJxgnuBtow0S7ewNC1JKsxS8Ob38O5Vv4I38aifwI9hug1xmw8E/vz/T/I8+fkxo1JZ1qexsLi0vLJaWCuub2xubZs7u00ZJQKTBo5YJNo+koRRThqKKkbasSAo9Blp+YPLPG/dESFpxG/VMCZeiHqcBhQjpa2OeeCGSPUxYulFVr4/dpFU8Ne6ypy21zFLVsUaFZwX9kSUwKTqHfPb7UY4CQlXmCEpHduKlZcioShmJCu6iSQxwgPUI46WHIVEeunoKxk80k4XBpHQhys4cv/eSFEo5TD0dWe+pZzNcvO/zElUcO6llMeJIhyPBwUJgyqCORfYpYJgxYZaICyo3hXiPhIIK01vakr+tpCBzIoajT0LYl40qxX7pFK9OS3Vag9jSAWwDw5BGdjgDNTANaiDBsDgETyDF/BqPBlvxrvxMW5dMCZg98BUGV8/2aekXA==</latexit>

n
<latexit sha1_base64="jhSyyjQzG1YiPttdTeQb0qINUP4=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXqsl8suWV3DrJJvCUpwRK1fvGnO4hYEqI0TFCtO54bm15KleFM4LTQTTTGlI3pEDuWShqi7qXzQ6fkyioDEkTKljRkrv6dSGmo9ST0bWdIzUive5n4n9dJTHDfS7mME4OSLRYFiSAmItmvyYArZEZMLKFMcXsrYSOqKDM2m5Ut2dtKB3pasNF460Fskmal7N2UK/XbUrU6W4SUhwu4hGvw4A6q8Ag1aAADhBd4hTdn5rw7H87nojXnLIM9hxU4X7+YBJbX</latexit>

n+ 1
<latexit sha1_base64="+UOAwlTQW5VmcS8a2SMru4WKbyE=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBAEIexGQY8BLx4jmgckIcxOZpMhs7PLTK8QloB496q/4E28+if+gZ/hbJKDSSxoKKq6p3vKj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCHN5nfeOTaiEg94CjmnZD2lQgEo2ile3XudQtFt+ROQJaJNyNFmKHaLfy0exFLQq6QSWpMy3Nj7KRUo2CSj/PtxPCYsiHt85aliobcdNLJqWNyapUeCSJtSyGZqH8nUhoaMwp92xlSHJhFLxP/81oJBtedVKg4Qa7YdFGQSIIRyf5NekJzhnJkCWVa2FsJG1BNGdp05rZkb2sTmHHeRuMtBrFM6uWSd1Eq310WK5WnaUg5OIYTOAMPrqACt1CFGjDowwu8wpvz7Lw7H87ntHXFmQV7BHNwvn4BdmiXRw==</latexit>

X 2 {E, V,N,M,D}

<latexit sha1_base64="Pd8dTr252fTElTvs4rRLtuag8p4=">AAACEHicbZDLSsNAFIYn9VbrLdWlm8EiuAglkYIuCyq4USrYCzShTKaTduhkEmYmSgkBn8G9W30Fd+LWN/ANfAwnbRe29YeBn/+cOefw+TGjUtn2t1FYWV1b3yhulra2d3b3zPJ+S0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+6CKvtx+IkDTi92ocEy9EA04DipHSUc8sd1zK3fTKalm31o116WY9s2JX7YngsnFmpgJmavTMH7cf4SQkXGGGpOw6dqy8FAlFMSNZyU0kiREeoQHpastRSKSXTk7P4LFO+jCIhH5cwUn690eKQinHoa87Q6SGcrGWh//VuokKzr2U8jhRhOPpoiBhUEUw5wD7VBCs2FgbhAXVt0I8RAJhpWnNbclnCxnIrKTROIsglk3rtOrUqrW7WqVef5pCKoJDcAROgAPOQB1cgwZoAgwewQt4BW/Gs/FufBif09aCMQN7AOZkfP0ChaOcog==</latexit>



Transcendentality

Theorem: All amplitudes in MRK in planar N=4 SYM are 
combinations of uniform weight of SVMPLs, (single-valued) multi 
zeta values and powers of        .2⇡i

<latexit sha1_base64="kqYgKSyiHXIsLVtALtlIZ+XNdQA=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmAckIcxOepMxs7PLzKwQloAX7171F7yJVz/EP/AznE1yMIkFDUVV93RP+bHg2rjut5NbW9/Y3MpvF3Z29/YPiodHDR0limGdRSJSLZ9qFFxi3XAjsBUrpKEvsOmPbjK/+YhK80jem3GM3ZAOJA84o8ZKjUon5oT3iiW37E5BVok3JyWYo9Yr/nT6EUtClIYJqnXbc2PTTakynAmcFDqJxpiyER1g21JJQ9TddHrthJxZpU+CSNmShkzVvxMpDbUeh77tDKkZ6mUvE//z2okJrrspl3FiULLZoiARxEQk+zrpc4XMiLEllClubyVsSBVlxga0sCV7W+lATwo2Gm85iFXSqJS9i3Ll7rJUrT7NQsrDCZzCOXhwBVW4hRrUgcEDvMArvDnPzrvz4XzOWnPOPNhjWIDz9QvAB5iL</latexit>

In addition:
- MHV amplitudes are pure functions (no rational prefactors).
- Non-MHV amplitudes are not pure.

[Del Duca, Druc, Drummond, CD, Dulat, Marzucca, Papathanasiou, Verbeek]

➡ First proof that an infinite class of amplitudes can be expressed 
in terms of polylogarithms, for arbitrary number of legs, loops 
and helicity configurations.
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Figure 10. The associahedron or StasheÆ polytope X6,± = K5 in
M

±

0,6
(R) obtained by truncating the unit cube in R3, or blowing up

along x1 = x2 = x3 = 1, and then x1 = x2 = 1 and x2 = x3 = 1. It
has six faces F13, F24, F35, F46, F51, F62 which are pentagons X5,±,
and three faces F14, F25, F36 which are quadrilaterals X4,±1£X4,±1 .
These are permuted by the group D12. There are three types of
vertices corresponding to three kinds of triangulation of a hexagon.
The vertex coordinates defined in §2.3 for each triangulation pro-
vide local a±ne charts in the neighbourhood of each vertex.

which is defined over Z. This representation of M0,S is degenerate since some coor-
dinates are the same, but it is clearly invariant under the action of the symmetric
group. Now for every dihedral structure ± on S, there is an embedding

j± : M
±

0,S
!M0,S

given by lemma 2.1, which expresses every cross ratio [ij|kl] as a product of dihedral
coordinates. Letting ± vary, we obtain in this way an a±ne covering of M0,S .

Lemma 2.26. The compactification M0,S is covered by a±ne charts M
±

0,S
, as ±

ranges over the set of all dihedral structures on S:

(2.38) M0,S =
[

±2Sn/D2n

j±

°
M

±

0,S

¢
.

Proof. The right-hand side is clearly contained in the left. But one can show in a
similar manner to the proof of lemma 2.5 that M0,S is dense in M0,S as defined
above. The point is that j±(M0,S) Ω {[i j|k l] 6= 0} Ω M0,S for all ±. Any cross-
ratio [i j|k l] is a dihedral coordinate uab for some dihedral structure ±0. Therefore
[i j|k l] = 0 is in the closure of j±0(M0,S) by lemma 2.5. The same holds for the
divisors [i j|k l] = 1,1 by (2.1). This proves that both sides are equal. §

Theorem (2.21) implies the following corollary.

Corollary 2.27. M0,S is smooth and M0,S\M0,S is a normal crossing divisor.

The irreducible components at infinity of M0,S\M0,S can be described as follows.
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