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Variants of	the	usual Peccei-Quinn	axion theory for	the	solution of	
the	strong	CP	problem allows to	generate	more	general	axion-like
terms in	an	effective Lagrangean beyond the	Standard	Model.		One
of	these extensions involves Stuckelberg axions and	(gauged)	
anomalous abelian symmetries.	Similar interactions are	generated
by	other methods,	 for	instance by	a	decoupling of	chiral fermions
from	the	low energy spectrum in	an	anomaly-free	theory.	A	third
possibility is encoded in	a	scale	invariant theory,	where an	axion,	a	
dilaton and	a	dilatino	are	the	anomaly multiplet of	an	N=1	
Superconformal theory,	in	a	nonlinear realization.	

Abstract



Generalising a	PQ	global	symmetry to	a	local U(1)	symmetry
(Stuckelberg axion models).	Predict a	fundamental axion (gaugedaxion)
(the	axi-Higgs)	of	a	generic mass.	

The	mass	is related to	a	misalignment potential which is generic.	
It can	cover	the	TeV region.	Obviously,	the	misalignment has to	be	strong	
For	an	axion at the	Terascale.	

Two models:	MSLOM	(Irges,	Kiritsis,	C.C.)
USSM-A	(Lazarides,	Irges,	Mariano,	C.C.)	(Stuckelberg supermultiplet)

These models are	built using a	Wess-Zumino	Lagrangean with	an	asymptotic and	
elementary axion

General	Results

Effective actions of	Stuckelberg-type:		SU(3)xSU(2)XU(1)_Y	x	U(1)’

Decoupling of	a	Heavy fermion and	a	gauged (anomaly free	U(1)	symmetry
Can	also also be	described by	this class of	models



ALTERNATIVE	PATHS	

AXIONS,	DILATONS	AS	COMPOSITE

Conformal/superconformal anomaly

Superconformal sum	rules and	the	spectral density flow	of	the	composite	
dilaton (ADD)	multiplet in	N=1	theories
Delle	Rose,	Costantini,	Serino,	C.C.
JHEP	1406	(2014)	136	

Dilaton interactions and	the	anomalous breaking	of	scale	invariance of	
the	Standard	Model	
Delle	Rose,	Quintavalle,	Serino,	C.C.
JHEP	1306	(2013)	077	

Work	to	appear soon:		Bandyopadhyay,	Irges,	Guzzi,	Delle	Rose,	C.C.
“Heavy Axions and	Dilatons”



A	superconformal theory can	generate	these states due	to	the	alignment of	
The	anomaly multiplet.	
Nonlinear realizationof	the	superconformal symmetry
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Axions'emerge'as'a'candidate'soluMon'of'the'strong'CP'problem'

The'well'known'soluMon'of'the'strong'CP'problem'is'due'to''
R.'Peccei'and'H.'Quinn'(PQ)''
It)is)based)on)the)introducKon)of)an)extra)U(1))global)symmetry)of)the)
SM)broken)by)an)anomaly.))
))





Anomalous)U(1))extension)of)the)Standard)Model)
(N.)Irges,)S.)Morelli,)C.C.))
)
Phenomenology:)M.'Guzzi'(Manchester)U.),)R.)Armillis,)C.C.)
)
Susy)extensions:)Irges)(Athens)TU),)A.'Mariano'(Salento)U.),)C.C.)
)
Cosmology:)G.'Lazarides'(Thessaloniki)U.),)A.)Mariano)(Salento),)C.C.)

GeneralizaMon'of'the'PQ'proposal'

Irges,)Kiritsis,)CC,)2005)))))))))))
))U.)of)Crete,)U.)of)Salento))



The role played by anomalies and anomaly actions in QFT can be hardly 
underestimated. 

Anomalies describe the radiative breaking of a certain classical symmetry and 
theorists have tried to use anomaly actions as a way to show the effect of the anomaly 
(example: chiral dynamics and the pion,  AVV anomaly) 
but also have tried to cancel anomalies when these symmetries are gauged

Anomaly cancellation (for a gauge symmetry):

1. by charge assignment in gauge theory (Standard Model): 
in the exact (unbroken ) phase of the theory, choose the representation 
in such a way that anomalous chiral interactions cancel 

 2. by the introduction of extra sectors (axions, dilatons) in the form of local 
actions (Wess Zumino actions) 

3. More complex mechanisms such as “anomaly inflows”
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Hill, Phys. Rev. D74 
(2006)

Roberta Armillis – Axions in some anomalous extensions of the SM - Mytilene, 27 settembre 2007

Anomaly inflow on branes

(Callan and	Harvey)



SU(3)c SU(2)w U(1)Y U(1)0

QL 3 2 1/6 zQ

uR 3 1 2/3 zu

dR 3 1 -1/3 2zQ � zu

L 1 2 -1/2 �3zQ

eR 1 1 -1 �2zQ � zu

H 1 2 1/2 zH

⌫R,k 1 1 0 zk
� 1 1 0 z�

Table 1: Charge assignment of fermions and scalars in the U(1)0 SM extension.

The cancellation of the gravitational anomalies, can be imposed, in general, at inter-generational

level. In the present analysis we will opt, however, for a completely symmetric (family inde-

pendent) assignment of the RH neutrinos charges z1 = z2 = z3, which allow to reduce the cor-

responding parameter space. With this choice, the U(1)0GG constraint from the gravitational

anomaly reduces to a single equation for just one charge. On the other hand, the cancellation

of the analogue gravitational anomalies in the SM, obtained from the U(1)Y GG sector, is a

natural consequence of the hypercharge assignments of the same model, and does not generate

any additional constraint.

As we have shown above, the solutions of the anomaly cancellation conditions are defined

in terms of the two free U(1)0 charges, zQ and zu, of the LH quark doublet QL and of the RH

up quark uR. Notice also that the generators of the U(1)0 gauge group can be re-expressed,

in general, as a linear combination of the SM hypercharge, Y , and the B-L quantum number,

YB�L. Indeed, we have

z = ↵Y Y + ↵B�LYB�L. (6)

In Eq. (6) the coe�cients ↵Y and ↵B�L are functions of the two independent charges and are

explicitly given by ↵Y = 2zu � 2zQ and ↵B�L = 4zQ � zu. In the B-L case, we set ↵Y = 0 (i.e.

zu = zQ).

The charges of the two scalars can be fixed from the requirement of gauge invariance of the

Yukawa interactions. From the Yukawa coupling of the electron L̄HeR we have

(3zQ) + zH + (�2zQ � zu) = 0, (7)

which gives zH = zu � zQ, implying that the ordinary Higgs field is singlet respect to B-L.

Concerning the charge of the scalar field �, the Majorana mass term �⌫cR⌫R, in the case of family

independent (symmetric) charge assignment z⌫ = zu � 4zQ, we get the condition z� = �2z⌫ .

For a B-L charge assignment we obtain z� = 2, zu = zQ = 1/3.

6

5 Anomalies from triangle Feynman diagrams

In the previous section, we have established precise relations, in the form of anomalous Ward identities,

between (functional derivatives of) the anomaly and certain proper vertex (one-particle irreducible)

functions. The relevant proper vertex functions in four dimensions are triangle diagrams. In this

section we will very explicitly evaluate such triangle Feynman diagrams. We first do the computation

for the abelian anomaly and confirm our results of section 3. Then we compute the triangle diagram for

chiral fermions coupled to non-abelian gauge fields, thus establishing the non-abelian gauge anomaly.

We will do the computation in Pauli-Villars regularization so that one can very explicitly see how

and where the anomalies arise. We will provide many computational details. The reader who is less

interested in these details may safely skip most of the calculations and directly go to the results (5.13)

and (5.16) for the abelian anomaly, and (5.43) as well as (5.44) for the non-abelian gauge anomaly.

5.1 The abelian anomaly from the triangle Feynman diagram: AVV

We will now compute the anomalous triangle diagram with one axial current and two vector currents

(AVV) and probe it for the conservation of the axial current. In the above language, we will do

a Feynman diagram computation of � µ⌫⇢
5�� . In the next subsection, we will be interested in a very

similar computation. In order to be able to easily transpose the present computation, we will replace

jµ
5

= i ̄�µ�
5

t by the more general

jµ
5↵ = i ̄�µ�

5

t↵ , (5.1)

and instead compute � µ⌫⇢
5↵��. We may then replace the non-abelian generator t↵ by the abelian generator

t in the end.
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Figure 2: The two triangle diagrams contributing to the abelian anomaly

As shown in Fig. 2, there are two diagrams contributing to i� µ⌫⇢
5�� , corresponding to the two ways

to contract the fermion fields contained in the currents. As explained above, the vertices contribute

��µ�
5

t↵ and��⌫t�, resp. ��⇢t�, while the fermion loop contributes an extra minus sign. A propagator

28

Constraints on	Abelian Extensions	 of	the	
Standard	Model	from	Two-Loop Vacuum
Stability and	U(1)B−L	

8.1 Weak coupling evolution for a general U(1)0 charge assignment
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Figure 3: Values of the free U(1)0 charges zQ and zu for which the perturbativity constraint is

satisfied up to 105 GeV (blue region), 109 GeV (green region), 1015 GeV (yellow region) and

1019 GeV (red region) for g0 = 0.1 (a) and g0 = 0.2 (b). In (c) it is shown the same study for the

charges ↵Y = 2 zu�2 zQ and ↵B�L = 4 zQ� zu and g = 0.1. The shadowed areas are excluded

regions corresponding to MZ0 = 2.5 TeV (pink shadows) and MZ0 = 5 TeV (green shadows)

respectively. The black thick dot indicates the B-L charge assignment.
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Delle	Rose,	Marzo,	C.C.
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The'gauging'procedure'requires'an'anomalous'abelian'symmetry''
(an'anomalous'U(1))'and'a'periodic'potenMal'in'order'to''
make'the'axion'physical.''
'
'

Gauged'Stuckelberg'axions:'field'theory'realizaMon'of'the''
'''''''Green6Schwarz'mechanism'of'string'theory'

But)first)we)are)going)to)review)the)PQ)axion)



Axions and the Strong CP Problem

Axions have appeared in physics in an attempt to solve the strong
CP problem of QCD.

Why is the ✓GG̃ term so small?
Consider an SU(2) gauge theory

G a

µ⌫ = @µA
a

⌫ � @⌫A
a

µ + g✏abcAb

µA
c

⌫

Gµ⌫ = @µA⌫ � @⌫Aµ + [Aµ,A⌫ ] Gµ⌫ = G a

µ⌫T
a

Aµ ! UAµU
�1 + U@µU

�1

Gµ⌫ ! UGµ⌫U
�1



We look for minima of the Euclidean action

S = � 1

2g2

Z
d4xTrGµ⌫Gµ⌫

In a nonabelian theory a vanishing field strength is possible with

Aµ = U@µU
�1

(pure gauge). Solutions of this condition are instanton
configurations, characterised by a topological number.

�16⇡2Q(x) = Tr [Gµ⌫G̃µ⌫ ] = Tr [✏µ⌫↵�[2@µ(A⌫@↵A� +
2

3
A⌫A↵A�)],

G̃ =
1

2
✏µ⌫↵�G

↵� , Q(x) = @µJµ, Jµ = � 1

8⇡2

✏µ⌫↵�A⌫(@↵A�+
2

3
A↵A�)

For an SU(3) gauge theory such as QCD, similarly, the Lagrangean
then allows a total derivative term ✓GG̃ which is a boundary term,
but cannot be neglected. For instantons

G = G̃ ,

Z
d4xGG̃ (x) = 32⇡2n,



Therefore !There is a dimension-4 operator that we can write
down in the Standard Model (SM)

✓
0

GG̃

(violates Parity and Time reversal, CP is broken)
It is a total derivative term and as such it does not contribute in
perturbation theory
Adding a total derivative term gives a zero momentum vertex in
perturbation theory, but it contributes non-perturbatively
How?



If we consider an instanton (Euclidean) configuration, then the
contribution to the path integral is

⇠ e�S
0 = e

� 1

4g

2

R
d

4

xFF

= e
� 8⇡2

g

2

I These configurations, at small coupling, give a negligible
contribution

I They are solutions of the classical eq. of motion of QCD,
which is scale invariant at classical level
However, the solution of the equation G = G̃ involves an
integration constant, the size of the instanton.

I The solution breaks scale invariance, because of the
integration constant, which remains arbitrary.
It tells us where the energy of the configuration is localized.
At tree level g is constant, but at 1-loop it runs. Scale
invariance is broken by renormalization.



I The running is controlled by the size of the instanton,
g = g(�)

In the functional integral we need to sum over all these
configurations.
Small instantons (R)

I ! large scale � ⇠ 1/R

I ! small coupling g(�) ⌧ 1

I ! large suppression in e
� 8⇡2

g

2

(�) . The contribution is
perturbative, since g is small, but it is negligible.
The instanton contribution to the QCD action is dominated
by large instantons (g(�) large). Unfortunately the
contribution is non-perturbative.

I The saddle point approximation is not valid any more since
the action is O(1).



I The running is controlled by the size of the instanton,
g = g(�)

In the functional integral we need to sum over all these
configurations.
Small instantons (R)

I ! large scale � ⇠ 1/R

I ! small coupling g(�) ⌧ 1

I ! large suppression in e
� 8⇡2

g

2

(�) . The contribution is
perturbative, since g is small, but it is negligible.
The instanton contribution to the QCD action is dominated
by large instantons (g(�) large). Unfortunately the
contribution is non-perturbative.

I The saddle point approximation is not valid any more since
the action is O(1).



The partition function can be written in the form

⇠ e�8⇡2/g2

(�)�i✓
0

and summing over instantons/anti instantons

X

I

¯

I

⇠ e�8⇡2/g2

(�) cos ✓
0

✓
0

is not directly observable. One expects the energy density to
dependen on ✓

0

Notice, however, that QCD has a U(1)
A

anomaly,
due to fermions. There is an axial symmetry

q ! qe i�5↵

and the integration measure is not invariant

DqDq̄ ! DqDq̄e�
i

16⇡2

↵
R
F

˜

Fd

4

x

Therefore ✓
0

is not physical because it can be shifted by a field
redefinition

✓
0

! ✓
0

+ 2↵



But also the quark mass term gets a phase under the chiral
transformation

q̄
L

Mq
R

+ h.c . ! q̄
L

Mq
R

e2i↵ + h.c .

therefore
argM ! argM + 2↵

and
✓ ⌘ ✓

0

� argM

is invariant under field redefinitions. If we have fermions in
complex representations of the gauge group, ✓

0

is a↵ected by field
redefinitions and is not physical, but ✓ is physical. This can be
generalized to n

f

fermions.

✓
0

! ✓
0

+ 2n
f

↵, ArgdetM ! ArgdetM + 2n
f

↵

✓ ⌘ ✓
0

� ArgdetM

is physical.



But also the quark mass term gets a phase under the chiral
transformation

q̄
L

Mq
R

+ h.c . ! q̄
L

Mq
R

e2i↵ + h.c .

therefore
argM ! argM + 2↵

and
✓ ⌘ ✓

0

� argM

is invariant under field redefinitions. If we have fermions in
complex representations of the gauge group, ✓

0

is a↵ected by field
redefinitions and is not physical, but ✓ is physical. This can be
generalized to n

f

fermions.

✓
0

! ✓
0

+ 2n
f

↵, ArgdetM ! ArgdetM + 2n
f

↵

✓ ⌘ ✓
0

� ArgdetM

is physical.



Experimentally ✓ is very small. We can set this value to zero
assuming a cancellation between

I ✓
0

( reated to gluon dynamics )

I ArgDetM ( related to the electroweak sector, Yukawas and
Higgs )

We can easily derive some properties of the vacuum energy as a
function of ✓.

e�VE(✓) = |
Z

D�e�S[�]� i

32⇡2

✓
R
F

˜

Fd

4

x |


Z

D�|e�S[�]� i

32⇡2

✓
R
F

˜

Fd

4

x | = e�VE(✓=0)

E (✓) � E (0)

It is also even in ✓: E (✓) = E (�✓). Periodic of period 2⇡.



We can eliminate the ✓
0

term and bring it completely into the
fermion Mass matrix.

q
L

! q
L

e+i✓
0

/2 q
R

! q
R

e�i✓
0

/2

Then
M ! e�i✓

0

/2Me�i✓
0

/2

It can be generalized to

qf
L

! q
L

e+iQ

f

✓
0

/2 qf
R

! q
R

e�iQ

f

✓
0

/2

as far as
TrQ

f

= 1

(global phase is ✓
0

).



QCD with light quarks has a chiral symmetry (u,d)

U(2)
L

⇥ U(2)
R

= SU(2)
L

⇥ SU(2)
R

⇥ U(1)
V

⇥ U(1)
A

broken by quark condensates and anomalies to

SU(2)
V

⇥ U(1)
V

with U(1)
V

=baryon number. Three NG-models ⇡±,⇡0 of the
broken chiral symmetry. We try to fix the low energy e↵ective
action using the left-over global symmetries

Z[J] =

Z
D�e iSQCD

(�)+J� =

Z
D⇡e iS(⇡,J)


⇡0

p
2⇡+

�
p
2⇡� �⇡0

�



U = e i⇡·T/f⇡

L =
f⇡

2

4

⇣
Tr

h
@µU

†@µU
i
+ 2B

0

Tr
h
MU† +M†U

i⌘

E (✓,⇡) = � f⇡
2

4
2B

0

2ReTr

✓
m

u

0
0 m

d

�
e i✓/2Exp

i

f⇡


⇡0 0
0 �⇡0

�◆

= �m2

⇡f
2

⇡

s

cos2
✓

2
+

✓
m

u

�m
d

m
u

+m
d

◆
2

sin2
✓

2
cos(

⇡0

f⇡
� �(✓))

where

sin(�) =
m

d

�m
u

m
d

+m
u

sin2
✓

2

A minimum is obtained for (vev) ⇡0 = f⇡�(✓) (with
m2

⇡ = B
0

(m
u

+m
d

)) Then

E (✓) = �m2

⇡f⇡
2

s

1� 4m
u

m
d

(m
u

+m
d

)2
sin2

✓

2

when the mass of any of the quarks goes to zero, the
✓-dependence disappears.



For ✓ = 0 E (0) = �m2

⇡f
2

⇡

Possible solutions. Can we use any existing SM symmetry?
After we turn on the Yukawa’s only B and L are left as global
symmetries of the SM.
In the SM we have an anomalous symmetry B , baryon number and
L, lepton number (B-L is anomaly free).
But B is not anomalous respect to SU(3)

c

, whence it cannot
produce a F

g

F̃
g

(gluon).
We then require an extra U(1)

PQ

global symmetry.
There is another solution: if Y

u

= 0 then we could rotate:

u
R

! e i↵u
R

.
This symmetry would be anomalous under SU(3)

c

and we could
erase the ✓F

g

F̃
g

term.
Notice that in the electroweak case we could also consider a ”weak
CP” problem ⇠ ✓

W

F
W

F̃
W



In fact B is anomalous under SU(2)
L

, electroweak quark doublets
therefore could be redefined under U(1)

baryon

, canceling the
corresponding weak-CP violating term.
A second type of protection from ✓

W

contributions come from the
fact that the theory is in a Higgs phase. The contribution is

e
�8⇡2

g

w

(W )

2 which are screened due to the masses of the W’sand Z.



KSVZ axion(Kim, Shifman, Vainshtein, Zakharov)
A pseudoscalar a(x) that shifts under a global U(1)

PQ

symmetry
(NG mode) a(x) ! a(x) + ↵f

a

can do the job.
Use the Lagrangean

1

2
@µa@

µa+
a(x)

32⇡2

F F̃ + i Q̄�µ@µQ + ��Q̄
L

Q
R

� has a typical mexican-hat potential, with h�i = v
PQ

. Then

�(x) = v

PQ

+⇢p
2

e
i

a(x)

v

PQ and

�p
2
�Q̄

L

Q
R

⇠ �v
PQ

e
i

a

v

PQ Q̄
L

Q
R

We perform now a chiral field redefinition
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. We will generate a term �S = a
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.



Now we can integrate out Q and ⇢. We are left with an interaction

a(x)N
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for N quarks Q, with v

PQ
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= f
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.



DFSZ axion (PQ), (WW). This is generated using only scalars.
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Up to dimension-4 involves three mexican-hat types of potentials
for H

u

,H
d
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�2.
Collecting the phases, one can identify the NG mode of the U(1)

PQ

using the condition that it has to be orthogonal to the hypercharge
There are 3 phases. One of them will identify the Goldstone mode.
Orthogonality respect to the Goldstone of the Z boson is found by
looking at the bilinear mixing M

Z
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= 0. v is the electroweak
vev (246 GeV).
By requiring that a(x) is canonically normalized:
v
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u

v

and cos� = v

d

v

. Notice that
a(x) is associated mostly to �.
From the Yukawa couplings one gets
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Doing a chiral redefinition

�L =
6

32⇡2v
PQ

aF F̃ q̄
L

�µDµq
L

! c

v
PQ

@µaq̄�
µ�

5

q



L = L
QCD

(✓ = 0) +
1

f
a

@µJ
µ +

✓
a

f
a

� ✓

◆
1

32⇡2

F F̃ +
1

2
@µa@

µa

we can clearly redefine a(x) in order to absorbe ✓.
Since f

a

is very large, then we can treat a(x) as an external source.
To determine its potential, we can then take V (✓) with ✓ ! a/f
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from which one can extract the axion mass
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A"periodic"poten,al"is"generated"at"the"QCD"hadron"transi,on"

The"breaking"of"the"PQ"symmetry""
takes"place"at"a"large"scale"f_a,"but""
The"wiggling"of"the"PQ"poten,al""
Occurs"much"later,"at"the"QCD"phase""
transi,on"""

Clear analogy with the Peccei 
Quinn mechanism

1. tilting of the potential, as we are going to show, in our case may occur at 
different stages (sequential misalignments) 

2. mass and coupling of the axion to gauge fields are UNRELATED

but with 2 
important 
differences
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Compared to a Peccei-Quinn axion, the new axion is gauged



For a PQ axion  a:    m = C/fa,   while the   aFF interaction is 

also suppressed by    :    a/fa  FF   with   fa = 10^9 GeV

 

In the case of these models, the mass of the axion and 

its  gauge interactions are unrelated 



the mass is generated by the combination of the Higgs and 

the Stuckelberg mechanisms combined 

The interaction is controlled by the Stuckelberg mass (M1)



                                              
The axion shares the properties of a CP odd scalar 

Thursday, May 29, 14



2 – Elettrodinamica in presenza di assioni

L’analisi dell’attività ottica nel background assionico già a↵rontata può essere utiliz-

zata nel caso in cui gli assioni, o più in generale le particelle molto leggere (o di massa

nulla), a spin zero, inducono dei piccoli cambiamenti nello stato di polarizzazione di

un fascio di laser che viaggia in un campo magnetico esterno. Possiamo trovare un

riscontro interessante di questo risultato in letteratura [2], che ci permette di stabilire

dei limiti per la costante di accoppiamento e la massa di queste ipotetiche particelle a

partire dalle misure di ellitticità e rotazione del piano di polarizzazione.

Le proprietà macroscopiche del vuoto possono essere legate a vari processi subnucleari,

quali la di↵usione fotone-fotone (prevista dalla QED ma mai osservata sperimental-

mente) e la produzione di particelle leggere (particelle simili ad assioni, come vedremo

in seguito) che si accoppiano in due fotoni.

L’analisi di questo esperimento richiede alcuni concetti di ottica che sono stati trattati

nell’Appendice A e che hanno interessanti impieghi nel caso del vuoto quantistico.

2.7.1 PVLAS: funzionamento e risultati

L’esperimento PVLAS, in linea di principio, consiste nell’inviare un fascio di laser

attraverso un forte campo magnetico trasverso B

ext

, localizzato in due polarizzatori

incrociati, il tutto contenuto in una cavità vuota.

Ovviamente se il fascio non interagisce con B

ext

non riuscirà ad uscire dal secondo

Figura 2.5. Idea alla base di PVLAS

polarizzatore, pertanto non verrà rilevato dal fotodiodo. Al contrario se il vuoto quan-

tistico perturbato dal campo magnetico presenta proprietà ottiche quali il dicroismo e
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2 – Elettrodinamica in presenza di assioni

2.2.1 Equazioni del moto in presenza dell’assione

Modifichiamo nuovamente la lagrangiana aggiungendo un termine cinetico per il cam-

po ' e un termine di interazione di ' con il campo elettromagnetico di background.

Abbiamo

L = �1

4
F

µ⌫

F

µ⌫ +
1

2
@

µ

'@

µ

' +
1

4
eg 'F

µ⌫

e
F

µ⌫

, (2.11)

dove eg è una costante di accoppiamento. Indicando i tre addendi della lagrangiana

rispettivamente con L1, L2, L3 ed applicando a questi tre termini le (2.7), risulta

@
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✓
1

4
eg' F

µ⌫ e
F
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◆
= �1

4
eg F

µ⌫ e
F

µ⌫

,

e sommando questi risultati si ha la prima equazione del moto in presenza dell’assione

⇤' � eg
4

F

µ⌫ e
F

µ⌫

= 0. (2.12)
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che diventa

J

j = eg '

✓
�@ B

@t

+r⇥E

◆
� eg

✓
B

@'

@t

�E ⇥r'

◆
, (2.35)

dove i due termini nella prima parentesi sono nulli per la (2.24).

Inoltre si ha che

@

µ

F

µj = @0F
0j + @

i

F

ij = @0F
0j + ✏

ijk

@

j

B

k (2.36)

che corrisponde a

J

j = @

µ

F

µj = r⇥B � @E

@t

, (2.37)

che unita alla (2.35) dà

r⇥B � @E

@t

= �egB
@'

@t

+ egE ⇥r'. (2.38)

Raccogliendo questi risultati, le equazioni
8
>>>>>>><

>>>>>>>:

r · B = 0,
@B
@t

+r⇥E = 0,

⇤' = �eg E · B,

r · E = egr' · B,

r⇥B � @E
@t

= �egB @'

@t

+ egE ⇥r',

sono quelle che ci danno i campi in presenza dell’assione. Le prime due equazioni di

corispondono con le equazioni di Maxwell (1.1) ed (1.2) in unità naturali e ci indicano

che il campo B rimane solenoidale e le proprietà rotazionali del campo E si conservano

in presenza del backgroud assionico.

2.4 Attività ottica nel background assionico

In ottica classica, si definiscono sostanze otticamente attive, quelle particolari sostan-

ze che hanno la proprietà di ruotare il piano di polarizzazione di un fascio di luce

linearmente polarizzato che le attraversa. E’ possibile trovare una trattazione più ap-

profondita di questo fenomeno nell’Appendice A. Ci proponiamo di dimostrare che lo

spazio permeato da un campo assionico presenta questa medesima proprietà.
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questa equazione è nota come equazione iconale dell’ottica geometrica, e W è detto di

conseguenza iconale.

L’approssimazione dell’ottica geometrica sarà valida quando

r2
A

A

⌧ n

2
k

2 =

✓
2⇡

�

◆2

. (2.48)

Per le onde piane, in cui l’iconale è costante, questa disuguaglianza è sempre valida,

per cui la scelta dell’approssimazione geometrica nel nostro caso è giustificata.

r2
A contiene le derivate seconde di A, che scriviamo approssimativamente

d

2
f

dx

2
⇠ f(x + h)� 2f(x) + f(x� h)

h

2
, (2.49)

se poniamo h = �/2⇡ avremo grazie alla (2.48)

����
A(x + h)� 2A(x) + A(x� h)

h

2
A

����⌧
1

h

2
, (2.50)

semplificandola diventa

|A(x + h)� 2A(x) + A(x� h)|⌧ |A(x)| . (2.51)

Questo significa che la derivata seconda di A deve essere molto piccola rispetto ad A,

nell’intervallo della lunghezza d’onda. Applichiamo adesso questi nuovi risultati nel

nostro caso di un background assionico. Supponiamo di avere un’onda elettromagne-

tica che si propaga nel campo di sottofondo '. Usando l’approssimazione dell’otti-

ca geometrica si ottengono, dal set di equazioni ottenuto nella sezione precedente, le

seguenti

⇤(E � 1

2
eg'B) =� 1

2
eg' ⇤B, (2.52)

⇤(B +
1

2
eg'E) =

1

2
eg' ⇤E. (2.53)

Dedichiamo i seguenti due paragrafi alla dimostrazione di queste relazioni a partire

dalle equazioni dei campi in presenza dell’assione viste nel precedente paragrafo.
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2.4.3 Rotazione del piano di polarizzazione nel background

assionico

Mostreremo ora che la risoluzione delle equazioni (2.52) e (2.53) ci permette di dare

una stima della rotazione del piano di polarizzazione di un’onda che viaggia in un

background assionico.

Iniziamo definendo due nuove quantità,

D ⌘ E � 1

2
eg'B, (2.81)

H ⌘ B +
1

2
eg'E. (2.82)

Sostituendo la (2.52) all’interno della (2.53), ed approssimando al primo ordine, no-

tiamo che questi nuovi vettori soddisfano all’equazione di D’Alembert omogenea, che

significa che

⇤D = 0 (2.83)

e sostituendo la (2.53) all’interno della (2.52), alla stessa maniera avremo

⇤H = 0. (2.84)

Assumiamo che i campi siano funzioni di z, cioè scrivamo E = E(z), B = B(z) e

' = '(z). L’onda piana è tale per cui in unità naturali per z = 0 possiamo scrivere

E(0) = B(0) per cui la (2.81) diventa

D(0) = E(0)

✓
1� 1

2
eg'(0)

◆
, (2.85)

mentre la (2.82) diventa

H(0) = E(0)

✓
1 +

1

2
eg'(0)

◆
. (2.86)

Le equazioni (2.83) e (2.84) ci dicono inoltre che D ed H rimangono invariati per

traslazioni di una quantità arbitraria L lungo l’asse z, per cui risulta D(L) = D(0) e

H(L) = H(0).

Utilizzando le relazioni date dalla (2.81) e dalla (2.82) si ha

D(0) = E(0)� 1

2
eg'(0)

✓
H(0)� 1

2
eg'(0)E(0)

◆
, (2.87)
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che svolgendo il prodotto diventa

D(0) +
1

2
eg'(0)H(0) = E(0) +

1

4
eg2

'(0)2E, (2.88)

eliminando da questa i termini quadratici in ['(0)eg(0)] si ha

D(0) = E(0)� 1

2
eg'(0)H(0). (2.89)

La forma di questa equazione ci mostra anche come si possa prendere come iconale

la quantità dipendente dal campo assionico, ed in riferimento alla (2.48), questa è

un’ulteriore conferma della ponderatezza della scelta dell’approssimazione dell’ottica

geometrica.

Un ragionamento del tutto analogo può essere e↵ettuato per z = L e quindi possia-

mo calcolare la variazione del campo E lungo l’asse z, che sarà sicuramente non nulla

poichè E non soddisfa all’equazione di D’Alembert non omogenea,

�E ⌘ E(L)�E(0) =
1

2
eg�'H(0). (2.90)

La rotazione del piano di polarizzazione ✓ che ci proponiamo di trovare è in genere

molto piccola, data la natura del campo assionico, per cui la scelta di approssimare

quest’angolo con il suo seno è giustificata. Ricordando che �E è definito da una

di↵erenza di vettori, si ha

✓ ' sin ✓ =
�E

E(0)
, (2.91)

e sostituendo le espressioni (2.86) e (2.90), trascurando i termini del secondo ordine

rispetto a eg', abbiamo

✓ =
1

2
eg�', (2.92)

che esprime la rotazione del piano di polarizzazione in funzione di �' ⌘ '(L)� '(0).

Ciò implica che ad ogni cambiamento di ' di una quantità �', lungo la traiettoria

di un’onda elettromagnetica, E e B ruotano di un angolo ✓ dato dalla (2.92). Valori

positivi di ✓ corrispondono a rotazioni orarie guardando lungo il percorso del fotone.

Questo e↵etto è approssimativamente indipendente dalla frequenza.

Le implicazioni cosmologiche della (2.92) sono notevoli. Infatti le onde piane, per la

loro proprietà di rappresentare la radiazione emessa da sorgenti puniformi poste all’in-

finito, si prestano in maniera del tutto naturale allo studio della radiazione proveniente
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Gauging axionic symmetries

The	chain of	anomalous U(1)	symmetries require

- One Stuckelberg termfor	each anomalous symmetry
- The	U(1)’s are	in	a	massive	(Stuckelberg phase)
- One linear	combination of	them generates the	anomaly free	hypercharge

Possibility of	describing axion-like particles.	

Such types of	particles have been conjectured in	several phenomenological
analysis.
The	mass	of	the	particle and	its interactions with	the	photons are	independent
quantities.	

This brings us to	a	mechanism of	cancelation of	the	gauge anomalies
of	“Green-Schwarz”	type



Compared to a Peccei-Quinn axion, the new axion is gauged



For a PQ axion  a:    m = C/fa,   while the   aFF interaction is 

also suppressed by    :    a/fa  FF   with   fa = 10^9 GeV

 

In the case of these models, the mass of the axion and 

its  gauge interactions are unrelated 



the mass is generated by the combination of the Higgs and 

the Stuckelberg mechanisms combined 

The interaction is controlled by the Stuckelberg mass (M1)



                                              
The axion shares the properties of a CP odd scalar 

Thursday, May 29, 14



L = �1

4
F 2
B + i ̄�µ(@µ + igB�5Bµ) 

aBBB
b

M
FB ^ FB + aBAA

b

M
FA ^ FA

Using a Stuckelberg axion and the inclusion of local counterterms 

L = �1

4
F 2
B � 1

4
F 2
A + i ̄�µ(@µ + igAAµ + igB�

5Bµ) 

1

2
(@µb+MBµ)

2

Bµ ! Bµ � @µ✓

b ! b+M✓

Asymptotic axions for Wess Zumino 
actions and gauge invariance
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One then considers the effective action 

where the anomaly generated at one loop level by the fermion is 
removed by the Wess-Zumino counterterm 

L = �1

4
F 2
B +

1

2
(Bµ +

1

M
@µb)

2 + i ̄�µ(@µ + igB�5) + an
b

M
FB ^ FB

an
b

M
FB ^ FB

Somehow, this mechanism is viewed, from the point of view of 
QFT, as the mechanism of “Anomaly Cancellation”

 
But anomalies are not cancelled by local 

counterterms. One should notice that the 
mechanism of “anomaly cancellation”, in this case, is 

based on introducing an extra field degree of 
freedom (b(x))

One could go 
to a gauge where 

b(x)=0. 
In what sense, then 

we cancel the anomaly?
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There are some 
variants of this 

Lagrangian which may 
help us clarify this issue

In this case we consider a model with 2  U(1)’s. The two gauge fields are A and B. The fermion has 
axial vector couplings to B and is vector coupled to A. 
 We have  BBB and BAA anomalies. Vector field B is massive,  A is massless 

    B mass generated via a combination of the Stuckelberg + Higgs mechanisms. 

� is the Higgs field

B field massive 
by the Higgs and 
Stuckelberg 
mechanism

Goldstone mode is a combination of 
Stuckelberg field and CP odd part of 
the Higgs

Variants: Higgs-axion mixing
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1 physical axion (axi-Higgs) 
1 Higgs
1 massive gauge boson 

�B

h1

Bµ

The mass of the B gauge boson is a combination 
of the Higgs and the Stuckelberg mechanism

The Stuckelberg has a gauge invariant physical component, �B

A massive  axi-Higgs 
(periodic potential)

V 0
V

extra potential allowed by the 
symmetry

ordinary Higgs potential

massive axi-Higgs
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Gauge kinetic 
Stuckeberg mass terms 
Chern Simons abelian interactions

Generic
extension

Stuckelberg axions

Abelian CS	terms



Higgs sector

Typical mass	terms for	the	gauge bosons are	generated both from	
the	Higgs and	the	Stuckleberg contributions



There will be	bilinear mixings in	the	broken (electroweak)	phase

We can	extract the	NG	modes by	a	rotation,	identifying 1	single	physical axion

The	scalar	potential has an	ordinary 2-Higgs	doublet part	and	an	extra	contribution



The	Standard	Model	with	1	extra	anomalous U(1)	and	an	axion
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Figure 1: Anomalous contributions to the Lagrangian and WZ counterterms

briefly comment on the list of the charge assignments of the single extra U(1) model, which is given

in Table (1).

Specifically, qBL , q
B
Q denote the charges of the left-handed lepton doublet (L) and of the quark

doublet (Q), while qBur
, qBdr , q

B
eR are the charges of the right-handed SU(2) singlets (quarks and leptons).

We denote with ∆qB = qBu − qBd the difference between the two charges of the up and down Higgses

(qBu , q
B
d ) respectively. The trilinear anomalous gauge interactions induced by the anomalous U(1) and

the relative counterterms, which are all parts of the 1-loop effective action, are illustrated in Fig. 1.

The numerical values of the counterterms appearing on the second line of Fig. 1 are fixed by the

conditions of gauge invariance of the Lagrangian and are summarized by the following relations

CBY Y = −
1

6
qBQ +

4

3
qBuR

+
1

3
qBdR −

1

2
qBL + qBeR ,

CY BB = −(qBQ)
2 + 2(qBur

)2 − (qBdR)
2 + (qBL )

2 − (qBeR)
2,

CBBB = −6(qBQ)
3 + 3(qBuR

)3 + 3(qBdR)
3 − 2(qBL )

3 + (qBeR)
3,

CBgg =
1

2
(−2qBQ + qBdR + qBuR

),

CBWW =
1

2
(−qBL − 3qBQ). (7)

They are, respectively, the counterterms for the cancellation of the mixed anomaly U(1)BU(1)2Y and

U(1)Y U(1)2B ; the counterterm for the BBB anomaly vertex or U(1)3B anomaly, and those of the

U(1)BSU(3)2 and U(1)BSU(2)2 anomalies. They are defined in the appendix. From the Yukawa

couplings we get the following constraints on the U(1)B charges

qBQ − qBd − qBdR = 0 qBQ + qBu − qBuR
= 0 qBL − qBd − qBeR = 0. (8)

In Tab. (1) we also show the expressions of the free U(1)B charges appearing on each generation, having

7

f Q uR dR L eR

qB qBQ qBuR
qBdR qBL qBeR

f SU(3)C SU(2)L U(1)Y U(1)B

Q 3 2 1/6 qBQ

uR 3 1 2/3 qBQ + qBu

dR 3 1 −1/3 qBQ − qBd

L 1 2 −1/2 qBL

eR 1 1 −1 qBL − qBd

Hu 1 2 1/2 qBu

Hd 1 2 1/2 qBd

Table 1: Charges of the fermion and of the scalar fields

3 The electroweak potential for massless fields

As in previous works [15], in the construction of the effective action we follow a bottom-up approach

with general charge assignments parameterized just by the set of free charges of U(1)B . These are

shown in Fig. 1, together with the fundamental gauge structure of the Standard Model. The scalar

sector of the anomalous abelian models that we are interested in is characterized by a rather standard

electroweak potential involving, in the simplest formulation, two Higgs doublets VPQ(Hu,Hd) plus

one extra contribution, denoted as V/P /Q(Hu,Hd, b) or V ′, [17] which mixes the Higgs sector with the

Stückelberg axion b, needed for the restoration of the gauge invariance of the effective Lagrangian
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The appearance of the physical axion in the spectrum of the model takes place after that the phase-
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phase transition, find their way in the dynamics of the model and induce a curvature on the scalar

potential. The mixing induced in the CP-odd sector determines the presence of a linear combination

of the Stückelberg field b and of the Goldstones of the CP-odd sector, called χ, which is characterized
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A Appendix. The model, definitions and conventions

We summarize in this section some results concerning the model with a single anomalous U(1) discussed

in the main sections.

The effective action has the structure given by

S = S0 + SY uk + San + SWZ + SCS (55)

where S0 is the classical action. It contains the usual gauge degrees of freedom of the Standard Model

plus the extra anomalous gauge boson B which is already massive, before electroweak symmetry

breaking, via a Stückelberg mass term, reviewed in Sec. 2. Its complete expression is given in [17].

Here we briefly describe the structure of the anomalous contributions and of the induced counterterms

for the restoration of gauge invariance in the 1-loop effective action.

In Eq. (55) the anomalous contributions coming from the 1-loop triangle diagrams involving abelian

and non-abelian gauge interactions are summarized by the expression

San =
1

2!
⟨TBWWBWW ⟩+

1

2!
⟨TBGGBGG⟩+

1

3!
⟨TBBBBBB⟩

+
1

2!
⟨TBY Y BY Y ⟩+

1

2!
⟨TY BBY BB⟩, (56)

where the symbols ⟨⟩ denote integration. For instance, the contributions in configuration space are

given explicitly by

⟨TBWWBWW ⟩ ≡
∫

dx dy dzT λµν,ij
BWW (z, x, y)Bλ(z)W µ

i (x)W
ν
j (y) (57)

and so on, where TBWW denotes the anomalous triangle diagram with one B field and twoW ’s external

gauge lines. The gluons are denoted by G. The Wess-Zumino (WZ) counterterms are given by

SWZ = CBB⟨b FB ∧ FB⟩+ CY Y ⟨b FY ∧ FY ⟩+CY B⟨b FY ∧ FB⟩

+F ⟨b Tr[FW ∧ FW ]⟩+D⟨b Tr[FG ∧ FG]⟩, (58)

while the gauge dependent Chern-Simons (CS) abelian and non abelian counterterms [40] needed to

cancel the mixed anomalies involving a B line with any other gauge interaction of the SM take the

24
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Axionic contributions

form

SCS = +d1⟨BY ∧ FY ⟩+ d2⟨Y B ∧ FB⟩

+c1⟨ϵµνρσBµC
SU(2)
νρσ ⟩+ c2⟨ϵµνρσBµC

SU(3)
νρσ ⟩. (59)

The non-abelian CS forms given by

CSU(2)
µνρ =

1

6

[

W i
µ

(

FW
i, νρ +

1

3
g2 ε

ijkW j
νW

k
ρ

)

+ cyclic

]

, (60)

CSU(3)
µνρ =

1

6

[

Ga
µ

(

FG
a, νρ +

1

3
g3 f

abcGb
νG

c
ρ

)

+ cyclic

]

. (61)

• The structure of gχγγ

The coefficients in front of the WZ counterterms are determined by requiring gauge invariance of the

effective action. We outline the case of gχγγ and its relation to the fundamental parameters/scales of

the theory. Among these are the Stückelberg mass M , the hypercharge and weak couplings gY and

g2 and the charges of the fermion running inside the anomaly loops. These fix the coefficient of the

anomalies CBY Y and CBWW (for the U(1)B U(1)2Y and SU(2)2 U(1)B anomalies) and the rotation

matrices of the neutral gauge bosons OA and of the CP-odd sector Oχ, defined in Eq. (16). This is

defined as in Eq. (20) in terms of the counterterms

F =
gB
M

ig22
an
2
CBWW , (62)

with

CBWW = −
1

8

∑

f

qBfL, (63)

with an = − i
2π2 being the AV V anomaly, and

CY Y =
gB
M

ig 2
Y
an
2
CBY Y , (64)

which is defined by the charges

CBY Y =
1

8

∑

f

[

qBfR(q
Y
fR)

2 − qBfL(q
Y
fL)

2
]

. (65)

Explicit expressions for CBY Y and CBWW are given in Eq. (9).

• Fermion interactions

The covariant derivatives are defined as

Dµ = ∂µ + igsT
aGa

µ + ig2τ
aW a

µ +
i

2
gY q

Y Yµ +
i

2
gBq

BBµ, (66)
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Abelian/non-abelian Chern Simons terms

With	a	single	anomalous U(1)	these terms care	not essential.



f Q uR dR L eR

qB qBQ qBuR
qBdR qBL qBeR

f SU(3)C SU(2)L U(1)Y U(1)B

Q 3 2 1/6 qBQ

uR 3 1 2/3 qBQ + qBu

dR 3 1 −1/3 qBQ − qBd

L 1 2 −1/2 qBL

eR 1 1 −1 qBL − qBd

Hu 1 2 1/2 qBu

Hd 1 2 1/2 qBd

Table 1: Charges of the fermion and of the scalar fields

3 The electroweak potential for massless fields

As in previous works [15], in the construction of the effective action we follow a bottom-up approach

with general charge assignments parameterized just by the set of free charges of U(1)B . These are

shown in Fig. 1, together with the fundamental gauge structure of the Standard Model. The scalar

sector of the anomalous abelian models that we are interested in is characterized by a rather standard

electroweak potential involving, in the simplest formulation, two Higgs doublets VPQ(Hu,Hd) plus

one extra contribution, denoted as V/P /Q(Hu,Hd, b) or V ′, [17] which mixes the Higgs sector with the

Stückelberg axion b, needed for the restoration of the gauge invariance of the effective Lagrangian

V = VPQ(Hu,Hd) + V/P /Q(Hu,Hd, b). (10)

The appearance of the physical axion in the spectrum of the model takes place after that the phase-

dependent terms, here assumed to be of non-perturbative origin and generated at the electroweak

phase transition, find their way in the dynamics of the model and induce a curvature on the scalar

potential. The mixing induced in the CP-odd sector determines the presence of a linear combination

of the Stückelberg field b and of the Goldstones of the CP-odd sector, called χ, which is characterized

by an almost flat direction. To better illustrate this point, we begin our analysis by turning to the
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to which we add a second term

V/P /Q = λ0(H
†
uHde

−igB(qu−qd)
b

2M ) + λ1(H
†
uHde

−igB(qu−qd)
b

2M )2 + λ2(H
†
uHu)(H

†
uHde

−igB(qu−qd)
b

2M ) +

λ3(H
†
dHd)(H

†
uHde

−igB(qu−qd)
b

2M ) + h.c., (12)

These terms are allowed by the symmetry of the model and are parameterized by one dimensionful (λ0)

and three dimensionless constants (λ1,λ2,λ3). They are assumed to be generated at the electroweak

phase transition non-perturbatively, and as such their values are related to an exponential factor

containing as a suppression the instanton action. In the equations below we will rescale λ0 by the

electroweak scale v =
√

v2u + v2d (λ0 ≡ λ̄0v) so to obtain a homogeneous expression of the mass of χ as

a function of the relevant scales of the model which are, beside the electroweak vev v, the Stückelberg

mass M and the anomalous gauge coupling of the U(1)B , gB .

The physical axion χ emerges as a linear combination of the phases of the various terms, which

are either due to the components of the Higgs sector or to the Stückelberg field b. To illustrate the

appearance of a physical direction in the phase of the extra potential, we focus our attention just on

the CP-odd sector of the total potential, which is the only one that is relevant for our discussion. The

expansion of this potential around the electroweak vacuum is given by the parameterization

Hu =

(

H+
u

vu +H0
u

)

Hd =

(

H+
d

vd +H0
d

)

. (13)

This potential is characterized by two null eigenvalues corresponding to two neutral Goldstone modes

(G1
0, G

2
0) and an eigenvalue corresponding to a massive state with an axion component (χ). In the

(ImH0
d , ImH0

u, b) CP-odd basis we get the following normalized eigenstates

G1
0 =

1
√

v2u + v2d

(vd, vu, 0)

G2
0 =

1
√

g2B(qd − qu)2v2dv
2
u + 2M2

(

v2d + v2u
)

⎛

⎝−
gB(qd − qu)vdv2u
√

v2u + v2d

,
gB(qd − qu)v2dvu
√

v2d + v2u

,
√
2M

√

v2u + v2d

⎞

⎠

χ =
1

√

g2B(qd − qu)2v2uv
2
d + 2M2(v2d + v2u)

(√
2Mvu,−

√
2Mvd, gB(qd − qu)vdvu

)

(14)

and we indicate with Oχ the orthogonal matrix which allows to rotate them on the physical basis

⎛

⎜

⎝

G1
0

G2
0

χ

⎞

⎟

⎠
= Oχ

⎛

⎜

⎝

ImH0
d

ImH0
u

b

⎞

⎟

⎠
, (15)
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which is given by
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√
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√
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⎠
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where v =
√

v2u + v2d.

χ inherits WZ interaction since b can be related to the physical axion χ and to the Goldstone modes

via this matrix

b = Oχ
13G

1
0 +Oχ

23G
2
0 +Oχ

33χ, (17)

or, conversely,

χ = Oχ
31ImHd +Oχ

32ImHu +Oχ
33b. (18)

Notice that the rotation of b into the physical axion χ involves a factor Oχ
33 which is of order v/M . This

carries as a consequence that χ inherits from b an interaction with the gauge fields which is suppressed

by a scale M2/v. This scale is the product of two contributions: a 1/M suppression coming from the

original Wess-Zumino counterterm of the Lagrangian (b/MFF̃ ) and a factor v/M obtained by the

projection of b into χ due to Oχ.

More details on the structure of the various operators appearing in this model have been included

in an appendix in order to make our treatment self-contained. We have included also a brief discussion

of the construction of gχγγ , which is the factor in front of one of the most important counterterms

needed in our numerical analysis and which controls the decay of the axion into photons. We briefly

comment on its structure.

The final coupling appears as a coefficient in the interaction of the physical axion with two photons

gχγγχFγF̃γ (19)

and is given by

gχγγ =
(

FOA
W3γO

A
W3γ + CY Y O

A
Y γO

A
Y γ

)

Oχ
33. (20)

It is defined by a combination of matrix elements of the rotation matrices OA and Oχ, together with

some counterterms F and CY Y . OA is the matrix that rotates the neutral gauge bosons from the

interaction to the mass eigenstates after electroweak symmetry breaking and has elements which are

O(1), being expressed in terms of ratios of coupling constants. They correspond to mixing angles.

The coefficients F and CY Y are the WZ counterterms for cancelling the anomalies emerging from the

SU(2)U(1)2B and U(1)BU(1)2Y sectors and can be found in the appendix. They are both suppressed

11
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Figure 2: Contributions to the χ→ γγ decay.

the contribution from the Wess-Zumino interactions from those which are obtained from the loop

corrections. We obtain

ΓPQ(a → γγ) =

∑

spin |MPQ|2

2ma

dk⃗1
(2π)3k01

dk⃗2
(2π)3k02

(2π)4δ(4)(k − k1 − k2), (35)

where the squared amplitude is given by

∑

spin

|MPQ|2 =
∑

spin

|Mpoint−like +Mloop|2

= 8

(

caγγ
F a

)2( e2

32π2

)2

m4
a +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

f

(

gf
mf

vPQ

)

∣

∣

∣

∣

∣

∣

2

+ interf.,

(36)

where, in the second term, Nc(f) is the color factor, and the function τf f(τf ) is a function of the

mass of the fermions circulating in the loop. We have introduced the function f(τ), defined in any

kinematic domain, whose real part is given by

Re[f(τ)] =

{

(arcsin 1/
√
τ)2 if τ ≥ 1

−1
4

[

log2
(

1+
√
1−τ

1−
√
1−τ

)

− π2
]

if τ < 1
(37)

while its imaginary part is

Im[f(τ)] =

{

0 if τ ≥ 1
π
2

[

log
(

1+
√
1−τ

1−
√
1−τ

)]

if τ < 1
(38)

where τ = 4m2
f/m

2
χ. In our case we take the branch τ > 1.

As we move to compute the decay of χ and assume a free varying mass for this particle, the WZ

interaction (Fig. 2a) is given by

Mµν
WZ(χ → γγ) = 4gχγγε[µ, ν, k1, k2]. (39)
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Figure 3: Total decay rate of the axi-Higgs for several mass values. Here, for the PQ axion, we have chosen

fa = 1010 GeV.

In Fig. 2a we have isolated the massless contribution to the decay rate coming from theWZ counterterm

χFγF̃γ whose expression is

ΓWZ(χ→ γγ) =
m3

χ

4π
(gχγγ)

2. (40)

Combining also in this case the tree level decay with the 1-loop amplitude, we obtain for χ → γγ

the amplitude

Mµν(χ → γγ) = Mµν
WZ +Mµν

f , (41)

shown in Fig. 2. In this case the rates are derived from the expression

Γχ ≡ Γ(χ→ γγ) =
m3

χ

32π

⎧

⎨

⎩

8(gχγγ)
2 +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

fc
χ,f

∣

∣

∣

∣

∣

∣

2

+ 4gχγγ
∑

f

Nc(f)i
τf f(τf)

4π2mf
e2Q2

fc
χ,f

⎫

⎬

⎭

(42)

and are shown in Fig.3. In the equation above both the direct (∼ (gχγγ)2) and the interference (∼ gχγγ)

contributions are suppressed as inverse powers of the Stückelberg mass. We show the results of this

comparative study in Fig. 3, where in the left panel we present results for the decay rates of χ→ γγ

for several values of the axion mass as a function of tan β = vu/vd. The plots indicate a very mild

dependence of the rates on this parameter, even for rather large variations. In the same plot the rates

for the PQ case are shown as constant lines, just for comparison. Notice that we have chosen a rather
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χFγF̃γ whose expression is

ΓWZ(χ→ γγ) =
m3

χ

4π
(gχγγ)

2. (40)

Combining also in this case the tree level decay with the 1-loop amplitude, we obtain for χ → γγ

the amplitude

Mµν(χ → γγ) = Mµν
WZ +Mµν

f , (41)

shown in Fig. 2. In this case the rates are derived from the expression

Γχ ≡ Γ(χ→ γγ) =
m3

χ

32π

⎧

⎨

⎩

8(gχγγ)
2 +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

fc
χ,f

∣

∣

∣

∣

∣

∣

2

+ 4gχγγ
∑

f

Nc(f)i
τf f(τf)

4π2mf
e2Q2

fc
χ,f

⎫

⎬

⎭

(42)

and are shown in Fig.3. In the equation above both the direct (∼ (gχγγ)2) and the interference (∼ gχγγ)

contributions are suppressed as inverse powers of the Stückelberg mass. We show the results of this

comparative study in Fig. 3, where in the left panel we present results for the decay rates of χ→ γγ

for several values of the axion mass as a function of tan β = vu/vd. The plots indicate a very mild

dependence of the rates on this parameter, even for rather large variations. In the same plot the rates

for the PQ case are shown as constant lines, just for comparison. Notice that we have chosen a rather
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In the neutral sector both a CP-even and a CP-odd subsectors are present. The CP-even sector is

described by N2 which can be diagonalized by an appropriate rotation matrix in terms of CP-even

mass eigenstates (h0,H0) as

(

ReHu
0

ReHd
0

)

=

(

sinα − cosα

cosα sinα

)

(

h0

H0

)

, (15)

with

tanα =
N2(1, 1) −N2(2, 2) −

√
∆

2N2(1, 2)
(16)

and

∆ = (N2(1, 1))
2 − 2N2(2, 2)N2(1, 1) + 4 (N2(1, 2))

2 + (N2(2, 2))
2 . (17)

The definition of these matrix elements is left to an appendix. The eigenvalues corresponding to the

physical neutral Higgs fields are given by

m2
h0 =

1

2

(

N2(1, 1) + N2(2, 2) −
√

∆
)

m2
H0 =

1

2

(

N2(1, 1) + N2(2, 2) +
√

∆
)

. (18)

We refer to [36] for a more detailed discussion of the scalar sector of the model with more than one

extra U(1).

• The CP-odd sector

The symmetric matrix describing the mixing of the CP-odd Higgs sector with the axion field b is

given by N3. After the diagonalization we can construct the orthogonal matrix Oχ that rotates

the Stückelberg field and the CP-odd phases of the two Higgs doublets into the mass eigenstates

(χ, G 0
1 , G 0

2 )

⎛

⎜

⎝

ImH0
u

ImH0
d

b

⎞

⎟

⎠
= Oχ

⎛

⎜

⎝

χ

G0
1

G0
2

⎞

⎟

⎠
. (19)

The mass matrix of this sector exhibits two zero eigenvalues corresponding to the Goldstone modes

G0
1, G

0
2 and a mass eigenvalue, that corresponds to the physical axion field χ, with a value

m2
χ = −1

2
cχ v2

[

1 +

(

qB
u − qB

d

M1

v sin 2β

2

)2
]

= −1

2
cχ v2

[

1 +
(qB

u − qB
d )2

M2
1

v2
uv2

d

v2

]

, (20)

with the coefficient

cχ = 4

(

4λ1 + λ3 cot β +
b1

v2

2

sin 2β
+ λ2 tanβ

)

. (21)
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Figure 2: Study of the branching ratios of the axi-Higgs. We analyze the dependence on the free parameters

gB, tanβ.

with u = {u, c, t} and d = {d, s, b}, and the coefficients cχ,q are defined in relations (88). The decay

rate is then given by

Γ(χ→ gg) =
m3

χ

16π

⎡

⎣8(gχ
gg)

2 +
1

2

∣

∣

∣

∣

∣

∑

q

i
Ncτf f(τf )

4π2mf
4παsc

χ,q

∣

∣

∣

∣

∣

2

+ 4gχ
gg

∑

q

i
Ncτf f(τf )

4π2mf
4παsc

χ,q

]

, (105)

while the expression of the isolated contribution from the corresponding WZ counterterm is instead

given by

ΓWZ(χ→ gg) =
m3

χ

2π
(gχ

gg)
2. (106)

• The decay χ→ γZ
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given by
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• The decay χ→ γZ
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Since themass is an	independent parameter,	you can	also
Consider the	axi-Higgs tobe in	the	GeV range.

ar
X

iv
:0

90
5.

44
62

v1
  [

he
p-

ph
]  

27
 M

ay
 2

00
9

Axions from Intersecting Branes and Decoupled Chiral Fermions

at the Large Hadron Collider

Claudio Corianò and Marco Guzzi
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and INFN Sezione di Lecce, Via Arnesano 73100 Lecce, Italy

Abstract

We present a study of a class of effective actions which show typical axion-like interactions, and

of their possible effects at the Large Hadron Collider. One important feature of these models is the

presence of one pseudoscalar which is a generalization of the Peccei-Quinn axion. This can be very

light and very weakly coupled, with a mass which is unrelated to its couplings to the gauge fields,

described by Wess Zumino interactions. We discuss two independent realizations of these models,

one derived from the theory of intersecting branes and the second one obtained by decoupling one

chiral fermion per generation (one right-handed neutrino) from an anomaly-free mother theory. The

key features of this second realization are illustrated using a simple example. Charge assignments

of intersecting branes can be easily reproduced by the chiral decoupling approach, which remains

more general at the level of the solution of its anomaly equations. Using considerations based on

its lifetime, we show that in brane models the axion can be dark matter only if its mass is ultralight

(∼ 10−4 eV), while in the case of fermion decoupling it can reach the GeV region, due to the

absence of fermion couplings between the heavy Higgs and the light fermion spectrum. For a GeV

axion derived from brane models we present a detailed discussion of its production rates at the

LHC.

1
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where τ = 4m2
f/m2

χ.

x Finally, the 1-loop decay χ→ γγ is given by the following amplitudes

Mµν(χ→ γγ) = Mµν
WZ + Mµν

f (100)

and the rate computed from the two contributions shown in Fig. 1 is

Γ(χ→ γγ) =
m3

χ

32π

⎧

⎨

⎩

8(gχ
γγ)2 +

1

2

∣

∣

∣

∣

∣

∣

∑

f

Nc(f)i
τf f(τf )

4π2mf
e2Q2

fcχ,f

∣

∣

∣

∣

∣

∣

2

+ 4gχ
γγ

∑

f

Nc(f)i
τf f(τf)

4π2mf
e2Q2

fcχ,f

⎫

⎬

⎭

. (101)

In Fig. 1a we have isolated the massless contribution to the decay rate coming from the WZ counterterm

χFγFγ whose expression is

ΓWZ(χ→ γγ) =
m3

χ

4π
(gχ

γγ)2. (102)

+

( a ) ( b )

Figure 1: Massless plus massive contributions to the χ→ γγ process.

We should notice that the massive contribution from amplitude (92) is completely independent

of the anomalous coupling gB , which does not appear in the coefficients cχ,f , as can be seen from

Eq. (88). For the decay into two gluons we proceed in a similar manner (see Fig. 8) and the amplitude

is given by

Mµν
WZ(gg → χ) = 4gχ

ggε[µ, ν, k1, k2], (103)

where the coefficient gχ
gg is given in Eq. (192). The second amplitude (Fig. 8b) is a pure massive

contribution

Mµν
q (gg → χ) =

∑

q

iC0(m
2
χ,mq)Tr[T aT b]cχ,q

gg ε[µ, ν, k1, k2], q = {u, d} (104)
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Anomalous extra	Z prime	

new heavier gauge boson modifies the invariant mass distribution also on the Z peak due to the small

modifications induced on the couplings and to the Z − Z ′ interference. In the anomalous model that we

have investigated, though based on a specific charge assignment, we find larger rates for these distributions

both on the peak of the Z and of the Z ′ compared to the other models investigated, if the extra resonance

is around 1 TeV. This correlation is expected to drop as the mass of the extra Z ′ increases. In our case, as

we will specify below, the mass of the extra resonance is given by the Stückelberg (M1) mass, which appears

also (as a suppression scale) in the interaction of the physical axion to the gluons and is essentially a free

parameter.

In DY, the investigation of the NNLO hard scatterings goes back to [38], with a complete computation of

the invariant mass distributions, made before that the NNLO corrections to the DGLAP evolution had been

fully completed. In our analysis we will compare three anomaly-free models against a model of intersecting

brane with a single anomalous U(1). The anomaly-free charge assignments come from a gauged B − L

abelian symmetry, a “q + u” model -both described in [39] - and the free fermionic model analyzed in [40].

We start by summarizing our definitions and conventions.

In the anomaly-free case we address abelian extensions of the gauge structure of the form SU(3) ×
SU(2) × U(1)Y × U(1)z , with a covariant derivative in the W 3

µ , Bµ
Y , Bµ

z (interaction) basis defined as

D̂µ =
[

∂µ − ig2
(

W 1
µT 1 + W 2

µT 2 + W 3
µT 3

)

− i
gY

2
Ŷ Bµ

Y − i
gz

2
ẑBµ

z

]

(1)

where we denote with g2, gY , gz the couplings of SU(2), U(1)Y and U(1)z , with tan θW = gY /g2. After the

diagonalization of the mass matrix we have

⎛

⎜

⎝

Aµ

Zµ

Z ′
µ

⎞

⎟

⎠
=

⎛

⎜

⎝

sin θW cos θW 0

cos θW − sin θW ε

−ε sin θW ε sin θW 1

⎞

⎟

⎠

⎛

⎜

⎝

W 3
µ

BY
µ

Bz
µ

⎞

⎟

⎠
(2)

where ε is a perturbative parameter which is around 10−3 for the models analyzed, introduced in [39] and

[40]. It is defined as

ε =
δM2

ZZ′

M2
Z′ − M2

Z

(3)

while the mass of the Z boson and of the extra Z ′ are

M2
Z =

g2
2

4 cos2 θW
(v2

H1
+ v2

H2
)
[

1 + O(ε2)
]

M2
Z′ =

g2
z

4
(z2

H1
v2
H1

+ z2
H2

v2
H2

+ z2
φv

2
φ)
[

1 + O(ε2)
]

δM2
ZZ′ = −

g2gz

4 cos θW
(z2

H1
v2
H1

+ z2
H2

v2
H2

). (4)

In this class of models we have two Higgs doublet H1 and H2, whose vevs are vH1 and vH2 and an extra

SU(2)W singlet φ whose vev is vφ. The extra U(1)z charges of the Higgs doublet are respectively zH1 and
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(1)
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SU(2)W singlet φ whose vev is vφ. The extra U(1)z charges of the Higgs doublet are respectively zH1 and
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ẑL,j

2
+

ẑR,j

2
)

]

γµ

−ig2

4cw
γµγ5gA

Z′,j =
−ig2

cw

1

2

[

εc2
wTL,j

3 + εs2
w(
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where j is an index which represents the quark or the lepton and we have set sin θW = sw, cos θW = cw for

brevity.

2.1 An anomalous extra Z ′

In presence of anomalous interactions we can use the same formalism developed so far for anomaly-free

models with some appropriate changes. Since the effective lagrangean of the class of the anomalous models

that we are investigating includes both a Stückelberg and a two-Higgs doublet sector, the masses of the

neutral gauge bosons are provided by a combination of these two mechanisms. In this case we take as

free parameters the Stüeckelberg mass M1 and the anomalous coupling constant gB , with tanβ as in the

remaining anomaly-free models. As we have already stressed, the analysis does not depend significantly on

the choice of this parameter. The value of the Stückelberg mass M1 is loosely constrained by the D-brane

model in terms of suitable wrappings (n) of the 4-branes which define the charge embedding [41, 14] reported

in Tabs. 1,2,3 and 4.

The mass-matrix in the neutral gauge sector is given by

Lmass = (W3, Y, B)M2
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⎝

W3

Y

B

⎞

⎟

⎠
,

where B is the Stückelberg field and the mass matrix is defined as
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⎛
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⎠ (9)
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NBB =
(

qB 2
u v 2

u + qB 2
d v 2

d

)

g 2
B , xB =

(

qB
u v 2

u + qB
d v 2

d

)

gB . (10)

Here vu and vd denote the vevs of the two Higgs fields Hu,Hd while qB
u and qB

d are the Higgs charges

under the extra anomalous U(1)B . We have also defined v =
√

v2
u + v2

d and g =
√

g2
2 + g2

Y . The massless

eigenvalue of the mass matrix is associated to the photon Aγ , while the two non-zero mass eigenvalues

denote the masses of the Z and of the Z ′ vector bosons. These are given by

M2
Z =

1

4

(

2M2
1 + g2v2 + NBB −

√

(

2M2
1 − g2v2 + NBB

)2
+ 4g2x2

B

)

(11)

7

≃
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2
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4
+

1
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8
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4

(
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√

(

2M2
1 − g2v2 + NBB

)2
+ 4g2x2

B

)

(12)

≃ M2
1 +

NBB

2
.

The mass of the Z gauge boson gets corrected by terms of the order v2/M1, see Fig. 1, converging to the

SM value as M1 → ∞, while the mass of the Z ′ gauge boson can grow large with M1. The physical gauge

fields can be obtained from the rotation matrix OA

⎛

⎝

Aγ

Z

Z ′

⎞

⎠ = OA

⎛

⎝

W3

AY

B

⎞

⎠ (13)

which can be approximated at the first order as

OA ≃

⎛

⎝

gY
g

g2
g 0

g2

g + O(ϵ21) − gY

g + O(ϵ21)
g
2ϵ1

− g2
2 ϵ1

gY
2 ϵ1 1 + O(ϵ21)

⎞

⎠ (14)

which is the analogue of the matrix in Eq. (2) for the anomaly-free models, but here the role of the mixing

parameter ϵ1 is taken by the expression

ϵ1 =
xB

M2
1

. (15)

A relation between the two expansion parameters can be easily obtained in an approximate way by a direct

comparison. For simplicity we take all the charges to be O(1) in all the models obtaining

M2
Z ∼ g2

2v
2

M2
Z′ − M2

Z ∼ g2
zv

2
φ

δM2
ZZ′ ∼ g2gzv

2 (16)

giving

ϵ1 ∼
v2

M2
1

, (17)

which is the analogue of Eq. (15), having identified the Stückelberg mass with the vev of the extra singlet

Higgs, M1 ∼ gzvφ. This is natural since the Stückelberg mechanism can be thought of as the low energy

remnant of an extra Higgs whose radial fluctuations have been frozen and with the imaginary phase surviving

at low energy as a CP-odd scalar [18].
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Ŷ j
R

2
−
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The	possibility that axions are	associated to	a	rearrangement of	the	
vacuum of	a	gauge theory cannot be	excluded.	

A	similar rearrangement is possible for	the	conformal anomaly.

Follow the	case	of	the	QCD	dynamics

The	QCD	U(1)	anomaly responsible for	the	pionà gamma	gamma	decay

Nonlinearly realised Lagrangean in	the	IR.	

In	the	UV	the	action exhibits an	anomaly pole	

The	UV/IR	conspiracy of	the	anomaly

By taking general linear combinations of the eight pseu-
dotensors in Table I, we find then that there are exactly six

third rank pseudotensors, !"#$
i ðp; qÞ, i ¼ 1; . . . ; 6 which

can be constructed from them to satisfy the conditions (9),

p#!
"#$
i ðp; qÞ ¼ 0 ¼ !"#$

i ðp; qÞq$ ¼ 0; i ¼ 1; . . . ; 6;

(12)

given in Table II. Hence we may express the amplitude (7)
satisfying (9) in the form,

!"#$ðp; qÞ ¼
X6

i¼1

fi!
"#$
i ðp; qÞ; (13)

where fi ¼ fiðk2;p2; q2Þ are dimension $2 scalar func-
tions of the three invariants, p2, q2, and k2.

We note also that the full amplitude (7) must be Bose
symmetric,

!"#$ðp; qÞ ¼ !"$#ðq; pÞ: (14)

Since !"#$
iþ3 ðp; qÞ ¼ !"$#

i ðq; pÞ for i ¼ 1, 2, 3, it follows
that the six scalar coefficient functions fi also fall into
three Bose conjugate pairs, i.e.

f1ðk2;p2; q2Þ ¼ f4ðk2; q2; p2Þ; (15a)

f2ðk2;p2; q2Þ ¼ f5ðk2; q2; p2Þ; (15b)

f3ðk2;p2; q2Þ ¼ f6ðk2; q2; p2Þ; (15c)

related by interchange of p2 and q2.
Actually, owing to the algebraic identity obeyed by the %

symbol,

g#$%"&'( þ g#"%&'($ þ g#&%'($" þ g#'%($"&

þ g#(%$"&' ¼ 0; (16)

in four dimensions, the six tensors !i are not linearly
independent, and form an overcomplete basis. The identity
(16) leads to the relations,

!"#$
3 ðp; qÞ ¼ !"#$

1 ðp; qÞ þ !"#$
2 ðp; qÞ; (17a)

!"#$
6 ðp; qÞ ¼ !"#$

4 ðp; qÞ þ !"#$
5 ðp; qÞ: (17b)

Thus the tensors !3 and !6 could be eliminated completely
by means of (17), and the full amplitude expressed entirely

in terms of the linearly independent and complete basis set
of only the four tensors, !1, !2, !4, and !5. Indeed this has
been the general practice in the literature on the axial
anomaly [11,16,19].
Eliminating these or any of the other two tensors is not

necessary for our purposes, and we choose instead to work
with the overcomplete set of six tensors listed in Table II.
This will have the consequence that the coefficient func-
tions fi are determined only up to the freedom to choose
arbitrary coefficients of the linear combinations (17), i.e. to
shift each of the coefficients fi by an arbitrary scalar
function h via the rule,

f1ðk2;p2; q2Þ ! f1ðk2;p2; q2Þ þ hðk2;p2; q2Þ; (18a)

f2ðk2;p2; q2Þ ! f2ðk2;p2; q2Þ þ hðk2;p2; q2Þ; (18b)

f3ðk2;p2; q2Þ ! f3ðk2;p2; q2Þ $ hðk2;p2; q2Þ; (18c)

with the shift in f4, f5, f6 determined by (15) by the
interchange of p2 and q2. The arbitrary function h drops
out of the final amplitude by use of (17).
The computation of the finite coefficients given in the

literature [11,16] amounts to a specific choice of the arbi-
trary function h (by the order in which the ) matrix traces
are performed), and yields

f1 ¼ f4 ¼
e2

*2

Z 1

0
dx

Z 1$x

0
dy

xy

D
; (19a)

f2 ¼
e2

*2

Z 1

0
dx

Z 1$x

0
dy

xð1$ xÞ
D

; (19b)

f5 ¼
e2

*2

Z 1

0
dx

Z 1$x

0
dy

yð1$ yÞ
D

; (19c)

f3 ¼ f6 ¼ 0; (19d)

where the denominator of the Feynman parameter integral
is given by

D & p2xð1$ xÞ þ q2yð1$ yÞ þ 2p ' qxyþm2

¼ ðp2xþ q2yÞð1$ x$ yÞ þ xyk2 þm2; (20)

strictly positive form2 > 0, and spacelike momenta, k2, p2,
q2 > 0. Thus each of the dimension $2 scalar coefficient
functions fi in (19) are finite and free of any UV regulari-
zation ambiguities, and the full amplitude !"#$ðp; qÞ sat-
isfying

(i) Lorentz invariance of the vacuum,
(ii) Bose symmetry (14),
(iii) vector current conservation (9),
(iv) unsubtracted dispersion relation of real and imagi-

nary parts,

with the finite imaginary parts determined by the cut
triangle diagram of Fig. 2, is given by (13) and (19),
without any need of regularization of ultraviolet divergent
loop integrals at any step.

FIG. 2. Discontinuity or imaginary part of the triangle diagram
obtained by cutting two lines.
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Anomalous U(1) Models in Four and Five Dimensions
and their Anomaly Poles
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Abstract

We analyze the role played by anomaly poles in an anomalous gauge theory by dis-

cussing their signature in the corresponding off-shell effective action. The origin of these

contributions, in the most general kinematical case, is elucidated by performing a com-

plete analysis of the anomaly vertex at perturbative level. We use two independent (but

equivalent) representations: the Rosenberg representation and the longitudinal/transverse

(L/T) parameterization, used in recent studies of g − 2 of the muon and in the proof

of non-renormalization theorems of the anomaly vertex. The poles extracted from the

L/T parameterization do not couple in the infrared for generic anomalous vertices, as

in Rosenberg, but we show that they are responsible for the violations of unitarity in

the UV region, using a class of pole-dominated amplitudes. We conclude that consis-

tent formulations of anomalous models require necessarily the cancellation of these polar

contributions. Establishing the UV significance of these terms provides a natural bridge

between the anomalous effective action and its completion by a nonlocal theory. Some ad-

ditional difficulties with unitarity of the mechanism of inflow in extra dimensional models

with an anomalous theory on the brane, due to the presence of anomaly poles, are also

pointed out.

1roberta.armillis@le.infn.it,claudio.coriano@le.infn.it,luigi.dellerose@le.infn.it,marco.guzzi@le.infn.it
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Figure 1: Triangle diagram with an axial-vector current (λ) and two vector currents (µ, ν). The

momentum parameterization for the direct and the exchange contribution is written here in an explicit

form for future reference.

nevertheless control the UV behaviour of the theory. This last point is proved by looking at a

special class of amplitudes which are pole dominated in the UV and which allow to detect the

non unitary behaviour of an anomalous theory rather closely.

For this to happen one needs a separation of the anomaly amplitude into longitudinal

and transverse components. Our results are based on direct computations, using the two

parameterizations of the anomaly amplitude mentioned above. We work under the most general

kinematic conditions, generalizing the L/T parameterization given in [11] away from the chiral

limit and showing its exact equivalence to that of Rosenberg.

We start our discussion by addressing the issue of the extraction of an anomaly pole from

the Rosenberg form of the anomaly diagram. We review the identification of the independent

structures of the AVV diagram in this formulation and then move to the L/T decomposition,

illustrating the connection between the two.

2.2 Connecting two parameterizations

In his classic paper Rosenberg provided an expression for the three-point correlator in terms

of a sum of six invariant amplitudes multiplied by different tensorial structures, denoted by

A1, . . . A6. These are given as parametric integrals and are easily computable only in few cases,

for example when the external momenta are on-shell (massless) or with symmetric off-shell

configurations of the two vector lines (k2
1 = k2

2). We will re-analyze the derivation of the

amplitude, emphasizing the features of the vertex in the most general case, by focusing our

attention on the special kinematical limits in which the pole appears. The AV V amplitude

5

with off-shell external lines shown in Fig.1 is therefore written according to [12] in the form

∆λµν
0 =

i3

(2π)4

∫
d4q

Tr
[
γλγ5(q/ − k/)γν(q/ − k/1)γ

µq/
]

q2 (q − k)2 (q − k1)2
+ exch. (4)

with

∆λµν
0 = A1(k1, k2)ε[k1, µ, ν,λ] + A2(k1, k2)ε[k2, µ, ν,λ] + A3(k1, k2)ε[k1, k2, µ,λ]k1

ν

+ A4(k1, k2)ε[k1, k2, µ,λ]kν
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2.3 Explicit expressions in the massless case

To extract the explicit form of the parametric integrals given by Rosenberg, we proceed with

a direct computation of the invariant amplitudes of the parameterization using dimensional

reduction. We perform the traces in 4 dimensions and the loop tensor integrals in D dimensions,

using the common techniques of tensor reduction. We use dimensional regularization with

minimal subtraction and find, as expected, the cancellation of the dependence of the result

on the renormalization scale. Therefore, the parametric integral I11 and the combinations

I20 − I10 are trivially identified at the end of the computation. The result is expressed in terms

of elementary functions, except for the function Φ(x, y) [13], which is related to one of the

two master integrals of the decomposition, the scalar massless triangle. We obtain for generic

virtualities of the external lines

A1(s, s1, s2) = −
i

4π2
+

i

8π2σ

{
Φ(s1, s2)

s1s2 (s2 − s1)

s
+ s1 (s2 − s12) log

[s1

s

]

−s2 (s1 − s12) log
[s2

s

]}
, (13)

A3(s, s1, s2) =
i

8π2sσ2

{
−s1s2

[
4s2

12 + 3 (s1 + s2) s12 + 2s1s2

]
Φ(s1, s2)

−2ss12σ − ss1 [2s1s2 + s12 (3s2 + s12)] log
[s1

s

]

−ss2

[
s2
12 + s1 (2s2 + 3s12)

]
log

[s2

s

]}
, (14)

A4(s, s1, s2) =
i

8π2sσ2

{
s1

[
4s3

12 + 2 (s1 + 2s2) s2
12 + 2s1s2s12 + s1 (s1 − s2) s2

]
Φ(s1, s2)

+2ss1σ + s (s1 + s12)
(
2s2

12 + s1s2

)
log

[s2

s

]

+ss1

[
4s2

12 − s1 (s2 − 3s12)
]
log

[s1

s

]}
, (15)

where s = k2, s1 = k2
1, s2 = k2

2, s12 = k1 · k2 with σ = s2
12 − s1s2 and the function Φ(x, y) is

defined as [13]

Φ(x, y) =
1

λ

{
2[Li2(−ρx) + Li2(−ρy)] + ln

y

x
ln

1 + ρy

1 + ρx
+ ln(ρx) ln(ρy) +

π2

3

}
, (16)

with

λ(x, y) =
√

∆, ∆ = (1 − x − y)2 − 4xy, (17)

ρ(x, y) = 2(1 − x − y + λ)−1, x =
s1

s
, y =

s2

s
. (18)
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is respected. As mentioned above, the difference between the massless and the massive de-

composition of the triangle amplitude lies in the particular set of scalar integrals involved in

the tensor reduction. Here we define D1 and D2 as a combination of two-point scalar massive

integrals (B0) of different internal momenta

Di(s, si, m
2) = B0(k

2, m2) − B0(k
2
i , m

2) = iπ2

[
ai log

ai + 1

ai − 1
− a3 log

a3 + 1

a3 − 1

]
i = 1, 2

(34)

in which the dependence on the regularization scheme disappears in the difference of the two

scalar self-energies involved in (34). The expression of C0 can be given explicitly in various

forms [14], for instance as

C0(s, s1, s2, m
2) = −iπ2 1

2
√
σ

3∑

i=1

[
Li2

bi − 1

ai + bi

− Li2
−bi − 1

ai − bi

+ Li2
−bi + 1

ai − bi

− Li2
bi + 1

ai + bi

]

(35)

with

ai =

√

1 −
4m2

si

, bi =
−si + sj + sk

2σ
, (36)

where s3 = s and in the last equation i = 1, 2, 3 and j, k ̸= i. Other expressions, suitable for

numerical implementations, are given in [15]. The region in which all these functions have real

arguments and do not need any analytic continuations are those discussed in section 2.3, for

the massless case. In general, the prescription for iη in the presence of a mass in the internal

loop - in the fermion propagator - is taken as m → m − iη. We have checked numerically the

agreement between the expressions presented above and those given in parametric form.

4 The vertex in the longitudinal/transverse (L/T) for-

mulation and comparisons

The second parameterization of the three-point correlator function that we are going to discuss

is the one presented in [11]. One of the features of this parameterization is the presence of

a longitudinal contribution for generic virtualities of the external momenta and not just in

the specific configuration under which it appears in Rosenberg’s formulation. Of course, the

12

true presence of the pole in the IR has to be checked by taking the corresponding limit, since

the Schouten relations allow the extraction of a pole in the IR region at the cost of extra

singularities in the parameterization. For this reason we start by recalling the structure of the

L/T parameterization, which separates the longitudinal from the transverse components of the

anomaly vertex, which is given by

W λµν =
1

8π2

[
W Lλµν − W T λµν

]
, (37)

where the longitudinal component

W L λµν = wL kλε[µ, ν, k1, k2] (38)

(with wL = −4i/s) describes the anomaly pole, while the transverse contributions take the

form

W T
λµν(k1, k2) = w(+)

T

(
k2, k2

1, k
2
2

)
t(+)
λµν(k1, k2) + w(−)

T

(
k2, k2

1, k
2
2

)
t(−)
λµν(k1, k2)

+ w̃(−)
T

(
k2, k2

1, k
2
2

)
t̃(−)
λµν(k1, k2), (39)

with the transverse tensors given by

t(+)
λµν(k1, k2) = k1ν ε[µ,λ, k1, k2] − k2µ ε[ν,λ, k1, k2] − (k1 · k2) ε[µ, ν,λ, (k1 − k2)]

+
k2

1 + k2
2 − k2

k2
kλ ε[µ, ν, k1, k2] ,

t(−)
λµν(k1, k2) =

[
(k1 − k2)λ −

k2
1 − k2

2

k2
kλ

]
ε[µ, ν, k1, k2]

t̃(−)
λµν(k1, k2) = k1ν ε[µ,λ, k1, k2] + k2µ ε[ν,λ, k1, k2] − (k1 · k2) ε[µ, ν,λ, k]. (40)

The form factors wT (s, s1, s2) are all defined in the following Eqs.(50-52).

Notice that in this representation the presence of massless poles is explicit for any kine-

matical configuration and not just in the massless collinear limit, where the diagram takes the

Dolgov-Zakharov form. A second observation concerns the presence of other pole-like singulari-

ties in the transverse invariant amplitude and tensor structures. It is then obvious that one has

to wonder whether the pole present in wL is balanced, away from the collinear region, by other

contributions which are also singular. Indeed, as we are going to show, this is the case. In fact,

due to the Schouten relations, we are always allowed to introduce new polar amplitudes and

balance them with additional contributions on the remaining tensor structures. In fact we are
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W T
λµν(k1, k2) = w(+)

T

(
k2, k2

1, k
2
2

)
t(+)
λµν(k1, k2) + w(−)

T

(
k2, k2

1, k
2
2

)
t(−)
λµν(k1, k2)

+ w̃(−)
T

(
k2, k2

1, k
2
2

)
t̃(−)
λµν(k1, k2), (39)

with the transverse tensors given by

t(+)
λµν(k1, k2) = k1ν ε[µ,λ, k1, k2] − k2µ ε[ν,λ, k1, k2] − (k1 · k2) ε[µ, ν,λ, (k1 − k2)]

+
k2

1 + k2
2 − k2

k2
kλ ε[µ, ν, k1, k2] ,

t(−)
λµν(k1, k2) =

[
(k1 − k2)λ −

k2
1 − k2

2

k2
kλ

]
ε[µ, ν, k1, k2]

t̃(−)
λµν(k1, k2) = k1ν ε[µ,λ, k1, k2] + k2µ ε[ν,λ, k1, k2] − (k1 · k2) ε[µ, ν,λ, k]. (40)

The form factors wT (s, s1, s2) are all defined in the following Eqs.(50-52).

Notice that in this representation the presence of massless poles is explicit for any kine-

matical configuration and not just in the massless collinear limit, where the diagram takes the

Dolgov-Zakharov form. A second observation concerns the presence of other pole-like singulari-

ties in the transverse invariant amplitude and tensor structures. It is then obvious that one has

to wonder whether the pole present in wL is balanced, away from the collinear region, by other

contributions which are also singular. Indeed, as we are going to show, this is the case. In fact,

due to the Schouten relations, we are always allowed to introduce new polar amplitudes and

balance them with additional contributions on the remaining tensor structures. In fact we are

13

The	anomaly is associated to	a	longitudinal component,	which has a	pole:	
the	anomaly pole	(1/s).	The	transverse sector does not contribute to	the	anomaly.	

In	the	on-shell case	(two photons on	shell)	 		

as s1 = s2 = 0.

In the L/T parameterization we expect a similar polar result, after summing over the contri-

butions coming both from the longitudinal and transverse tensors. In this case, the only two

non-vanishing coefficients are wL and w(+)
T

wL(s, 0, 0) = w(+)
T (s, 0, 0) = −

4i

s
, (84)

w(−)
T (s, 0, 0) = w̃(−)

T (s, 0, 0) = 0 (85)

and the residues must be computed combining them with the corresponding tensor structures.

It is worth noticing that t(+)
λµν(k1, k2) = 0 for s1 = s2 = 0. This can be immediately checked

starting from its definition given in Eq. (39) and with the aid of the two Schouten identities

shown in Eqs.(22,23), which in this case become

kλ
1 ε[k1, k2, µ, ν] = −kν

1ε[k1, k2,λ, µ] +
s

2
ε[k1,λ, µ, ν], (86)

kλ
2 ε[k1, k2, µ, ν] = kµ

2 ε[k1, k2,λ, ν] −
s

2
ε[k2,λ, µ, ν], (87)

so that the unique contribution to the residue for s → 0 comes from the longitudinal part

lim
s→0

s Wµνλ(s, 0, 0) =
1

8π2
lim
s→0

s W L λµν

=
1

8π2
lim
s→0

s wL(s, 0, 0) kλε[µ, ν, k1, k2]

= −
i

2π2
kλ ε[k1, k2, µ, ν]. (88)

We conclude that the pole is indeed present in the L/T amplitude if the conditions s1 = s2 = 0

with s ̸= 0 are simultaneously satisfied

∆λµν(s, 0, 0) = Wµνλ(s, 0, 0) = −
i

2π2

kλ

s
ε[k1, k2, µ, ν]. (89)

Another interesting case is represented by a symmetric kinematical configurations in which

the external particles are massive gauge bosons of mass M . This will turn useful in the next

sections, when we will discuss the behaviour of a BIM amplitude with massive external lines

at high energy, showing, also in this case, its pole dominance. There are some conclusions

that we can draw from this study which are important for the analysis of the next sections.

Notice that in all the cases that we have discussed it is possible to isolate a 1/s contribution

in wL for any kinematical configurations other than the massless (s → 0) one, where the

20

Lagrangian,

i !c!"ð@$" " ieA"Þc "m !c

! i !c!"ð@$" " ieA" " ig!5B"Þc "m !c c (45)

so that the variation of the corresponding action with
respect to B" gives

#S
#B"

¼ ghJ"5 iA: (46)

Henceforth we shall set the axial vector coupling g ¼ 1.
Next let us decompose the axial vector B" into its trans-
verse and longitudinal parts,

B " ¼ B?
" þ @"B (47)

with @"B?
" ¼ 0 and B a pseudoscalar. Then, by an inte-

gration by parts in the action corresponding to (45), we
have

@"hJ"5 iA ¼ " #S
#B

: (48)

Thus the axial anomaly (5) implies that there is a term in
the one-loop effective action in a background A" and B"

field, linear in B of the form,

S eff ¼ " e2

16$2

Z
d4x%"&'(F"&F'(B; (49)

or since @)B) ¼ hB,

S eff ¼ " e2

16$2

&
Z

d4x
Z

d4y½%"&'(F"&F'((xh"1
xy ½@)B)(y;

(50)

where h"1
xy is the Green’s function for the massless scalar

wave operator h ¼ @"@
". Thus from (46), this nonlocal

action gives [25]

hJ"5 iA ¼ e2

16$2 @
"h"1%*+'(F*+F'(; (51)

which explicitly exhibits the massless scalar pole in the
massless limit of (54), and which agrees with the explicit
calculation of the physical h0jJ"5 jp; qi triangle amplitude
to two photons (43) in the previous section for p2 ¼ q2 ¼
m2 ¼ 0.

The nonlocal action (50) can be recast into a local form
by the introduction of two pseudoscalar auxiliary fields ,
and - satisfying the second order linear equations of
motion,

h, ¼ "@)B); (52a)

h- ¼ e2

8$2 F"&
~F"& ¼ e2

16$2 %
"&'(F"&F'(: (52b)

Then one can verify that the local quadratic action func-
tional,

S eff½,;-;A;B( ¼
Z

d4x
!
ð@",Þð@"-Þ " -@"B"

þ e2

8$2 ,F"&
~F"&

"
(53)

yields back the equations of motion (52) when freely
varied with respect to - and ,, respectively, while evalu-
ating to (50) upon using these equations of motion to solve
for and eliminate the auxiliary fields. In the auxiliary field
form of the effective action, (53) the quantum expectation
value of the chiral current (46) is given by

J"5 ½-( ¼
#Seff

#B"
¼ @"- ¼ e2

16$2 @
"h"1%*+'(F*+F'(

(54)

at least insofar as its anomalous divergence is concerned.
The effective action (53) reproduces the anomalous diver-
gence of hJ"5 i, but not necessarily the nonanomalous parts
of the tensor amplitude ""*+ðp; qÞ. The , and - fields and
their propagator are a local field representation of a mass-
less 0" state propagating in the physical matrix element
(43) with p2 ¼ q2 ¼ m2 ¼ 0, which may be represented
by the effective tree diagram with source F"&

~F"& on one
end and @)B) on the other, as in Fig. 3.
The same diagram also represents the vector current

expectation value hJ"iB in the presence of a background
axial field B) and gauge field A", also implied by the
original triangle diagram (Fig. 1) upon reversing the roles
of the axial vertex and one of the vector vertices, i.e.

J"½,( ¼ #Seff

#A"
¼ " e2

4$2
~F&"@&,

¼ e2

4$2
~F&"@&h

"1@)B): (55)

This crossing symmetry or equivalently, the fact that the
nonlocal action (49) involves a mixed term involving both
F"&

~F"& and @)B) is the reason why two massless pseu-
doscalar auxiliary fields rather than just one are required to
describe the amplitude correctly through a local effective
action. A single auxiliary field would necessarily produce

FIG. 3. Tree diagram of the effective action (53) showing the
massless propagator D-, representing the massless 0" state in

the triangle amplitude (43) to physical photons when the fermion
mass m ¼ 0.
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Conformal anomalies share	the	same behaviour
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Conformal Anomalies and the Gravitational Effective Action:

The TJJ Correlator for a Chiral Fermion

(a)Roberta Armillis, (a,b)Claudio Corianò and (a)Luigi Delle Rose 1

(a)Dipartimento di Fisica, Università del Salento

and INFN Sezione di Lecce, Via Arnesano 73100 Lecce, Italy

(b) Department of Physics, University of Crete

Heraklion, Crete, Greece

Abstract

We compute in linearized gravity all the contributions to the gravitational effective action due

to a virtual Dirac fermion, related to the conformal anomaly. This requires, in perturbation theory,

the identification of the gauge-gauge-graviton vertex off mass shell, involving the correlator of the

energy-momentum tensor and two vector currents (TJJ), which is responsible for the generation

of the gauge contributions to the conformal anomaly in gravity. We also present the anomalous

effective action in the inverse mass of the fermion as in the Euler-Heisenberg case.

1roberta.armillis@le.infn.it, claudio.coriano@le.infn.it, luigi.dellerose@le.infn.it
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Anomaly poles as the	common	signature of	chiral and	conformal anomalies
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The	general	conformal bootstrap	in	momentum space for	3-point	functions
confirms these results (Bzowski,	McFadden,	Skenderis)
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The	Trace	Anomaly and	Massless Scalar	
Degrees of	Freedom in	Gravity
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2 The conformal anomaly and gravity

In this section we briefly summarize some basic and well known aspects of the trace anomaly in

quantum gravity and, in particular, the identification of the non-local action whose variation generates

a given trace anomaly.

We recall that the gravitational trace anomaly in 4 spacetime dimensions generated by quantum

effects in a classical gravitational and electromagnetic background is given by the expression

T µ
µ = −

1

8

[
2bC2 + 2b′

(
E −

2

3
!R

)
+ 2c F 2

]
(1)

where b, b′ and c are parameters that for a single fermion in the theory result b = 1/320π2, b′ =

−11/5760π2, and c = −e2/24π2; furthermore C2 denotes the Weyl tensor squared and E is the Euler

density given by

C2 = CλµνρC
λµνρ = RλµνρR

λµνρ − 2RµνR
µν +

R2

3
(2)

E = ∗Rλµνρ
∗Rλµνρ = RλµνρR

λµνρ − 4RµνR
µν +R2. (3)

The effective action is identified by solving the following variational equation by inspection

−
2
√
g
gµν

δΓ

δgµν
= T µ

µ . (4)

Its solution is well known and is given by the non-local expression

Sanom[g,A] = (5)

1

8

∫
d4x

√
−g

∫
d4x′

√
−g′

(
E −

2

3
!R

)

x

G4(x, x
′)

[
2bC2 + b′

(
E −

2

3
!R

)
+ 2c FµνF

µν

]

x′

.

Notice that we are omitting
√
gR2 terms which are not necessary at one loop level. The notation

G4(x, x′) denotes the Green’s function of the differential operator defined by

∆4 ≡ ∇µ

(
∇µ∇ν + 2Rµν −

2

3
Rgµν

)
∇ν = !

2 + 2Rµν∇µ∇ν +
1

3
(∇µR)∇µ −

2

3
R! (6)

and requires some boundary conditions to be specified. This operator is conformally covariant, in fact

under a rescaling of the metric one can show that

gµν = eσ ḡµν → ∆4 = e−2σ∆̄4. (7)

Notice that the general solution of (4) involves, in principle, also a conformally invariant part that is

not identified by this method. As in ref. [16], we concentrate on the contribution proportional to F 2

and perform an expansion of this term for a weak gravitational field and drop from this action all the

terms which are at least quadratic in the deviation of the metric from flat space

gµν = ηµν + κhµν κ2 = 16πG, (8)

4
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with G the gravitational constant. The non-local action reduces to

Sanom[g,A] = −
c

6

∫
d4x

√
−g

∫
d4x′

√
−g′R(1)

x !
−1
x,x′ [FαβF

αβ ]x′ , (9)

valid for a weak gravitational field. In this case

R(1)
x ≡ ∂xµ ∂

x
ν h

µν −!h, h = ηµν h
µν . (10)

The presence of the Green’s function of the ! operator in Eq. (9) is the clear indication that the

solution of the anomaly equation is characterized by an anomaly pole. In the next sections we are

going to perform a direct diagrammatic computation of this action and reobtain from it the pole

contribution identified in the dispersive analysis of [16] and the conformal invariant extra terms which

are not present in (9). We start with an analysis of the correlator following an approach which is

close to that followed in ref. [16]. The crucial point of the derivation presented in that work is the

imposition of the Ward identity for the TJJ correlator (see Eq. (42) below) which allows to eliminate

all the Schwinger (gradients) terms which otherwise plague any derivation based on the canonical

formalism and are generated by the equal-time commutator of the energy momentum tensor with the

vector currents. In reality, this approach can be bypassed by just imposing at a diagrammatic level the

validity of an operatorial relation for the trace anomaly, evaluated at a nonzero momentum transfer,

together with the conservation of the vector currents on the other two vector vertices of the correlator.

3 The construction of the full amplitude Γµναβ(p, q)

We consider the standard QED lagrangian

L = −
1

4
FµνF

µν + i ψ̄γµ(∂µ − i eAµ)ψ −mψ̄ψ, (11)

with the energy momentum tensor split into the free fermionic part Tf , the interacting fermion-photon

part Tfp and the photon contribution Tph which are given by

T µν
f = −iψ̄γ(µ

↔

∂ ν)ψ + gµν(iψ̄γλ
↔

∂λψ −mψ̄ψ), (12)

T µν
fp = − eJ (µAν) + egµνJλAλ , (13)

and

T µν
ph = FµλF ν

λ −
1

4
gµνF λρFλρ, (14)

where the current is defined as

Jµ(x) = ψ̄(x)γµψ(x) . (15)

In the coupling to gravity of the total energy momentum tensor

T µν ≡ T µν
f + T µν

fp + T µν
ph (16)

5

Exchange	of	an	anomaly pole

=

(a)

k
p

q

(b)

p + l

l − q

l

q

p

k

+ exch.

(c)

l l − q

 

k p

q

+ + exch.

Figure 1: The complete one-loop vertex (a) given by the sum of the 1PI contributions called V µναβ(p, q) (b)

and Wµναβ(p, q) (c).

and

W µναβ(p, q) = −(ie2)i2
∫

d4l

(2π)4
tr
{
W ′µνα (l/+m)γβ(l/− q/+m)

}

[l2 −m2][(l − q)2 −m2]
, (33)

so that the one-loop amplitude in Fig. 1 results

Γµναβ(p, q) = V µναβ(p, q) + V µνβα(q, p) +W µναβ(p, q) + W µνβα(q, p). (34)

The bare Ward identity which allows to define the divergent amplitudes that contribute to the anomaly

in Γ in terms of the remaining finite ones is obtained by re-expressing the classical equation

∂νT
µν
ph = −FµνJν (35)

as an equation of generating functionals in the background electromagnetic field

∂ν⟨T µν
ph ⟩A = −Fµν⟨Jν⟩A, (36)

which can be expanded perturbatively as

∂ν⟨T µν
ph ⟩A = −Fµν⟨Jν

∫
d4w(ie)J ·A(w)⟩+ ... . (37)

Notice that we have omitted the first term in the Dyson’s series of ⟨Jν⟩A, shown on the r.h.s of (37)

since ⟨Jν⟩ = 0. The bare Ward identity then takes the form

∂νΓ
µναβ =

δ2
(
Fµλ(z)⟨Jλ(z)⟩A

)

δAα(x)δAβ(y)

∣∣∣∣
A=0

(38)

which takes contribution only from the first term on the r.h.s of Eq. (37). This relation can be written

in momentum space. For this we use the definition of the vacuum polarization

Παβ(x, y) ≡ −ie2⟨Jα(x)Jβ(y)⟩, (39)

8
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1	form factor in	the	TVV	is responsible for	the	anomaly

Appearance of	sum	rules as a	signature of	the	anomaly away from	the	conformal point

This is a	strong	indication of	compositeness in	the	IR	realizationof	the	anomaly action

(Serino,	Marzo,	Delle	Rose,	C	C.)	
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Dilaton Interactions and the Anomalous Breaking

of Scale Invariance of the Standard Model
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Abstract

We discuss the main features of dilaton interactions for fundamental and effective dilaton fields. In

particular, we elaborate on the various ways in which dilatons can couple to the Standard Model and on the

role played by the conformal anomaly as a way to characterize their interactions. In the case of a dilaton

derived from a metric compactification (graviscalar), we present the structure of the radiative corrections

to its decay into two photons, a photon and a Z, two Z gauge bosons and two gluons, together with their

renormalization properties. We prove that, in the electroweak sector, the renormalization of the theory is

guaranteed only if the Higgs is conformally coupled. For such a dilaton, its coupling to the trace anomaly

is quite general, and determines, for instance, an enhancement of its decay rates into two photons and two

gluons. We then turn our attention to theories containing a non-gravitational (effective) dilaton, which, in

our perturbative analysis, manifests as a pseudo-Nambu Goldstone mode of the dilatation current (JD). The

infrared coupling of such a state to the two-photons and to the two-gluons sector, and the corresponding

anomaly enhancements of its decay rates in these channels, is critically analyzed.

1claudio.coriano@unisalento.it, luigi.dellerose@le.infn.it, antonio.quintavalle@le.infn.it, mirko.serino@le.infn.it
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Figure 5: Exchange of a dilaton pole mediated by the JDV V correlator.

with the tensor basis given by

tµναβ1 (p, q) = (s ηµν − kµkν)uαβ(p, q),

tµναβ2 (p, q) = −2uαβ(p, q) [s ηµν + 2(pµ pν + qµ qν)− 4 (pµ qν + qµ pν)] ,

tµναβ3 (p, q) =
(

pµqν + pνqµ
)

gαβ +
s

2

(

ηανηβµ + ηαµηβν
)

−ηµν
(s

2
ηαβ − qαpβ

)

−
(

ηβνpµ + ηβµpν
)

qα −
(

ηανqµ + ηαµqν
)

pβ, (80)

where δab is the diagonal matrix in color space. Again we have s = k2 = (p + q)2, with the virtualities of the

two gluons being p2 = q2 = 0. Notice that in the massless fermion limit only the first (t1) of these 3 form

factors contributes to the anomaly. The corresponding on-shell form factors with massive quarks are

Φ1(s; 0, 0) = −
g2

72π2 s
(2nf − 11NC) +

g2

6π2

nf
∑

i=1

m2
i

{

1

s2
−

1

2s
C0(s, 0, 0,m2

i ,m
2
i ,m

2
i )

[

1−
4m2

i

s

]}

,

Φ2(s; 0, 0) = −
g2

288π2 s
(nf −NC)

−
g2

24π2

nf
∑

i=1

m2
i

{

1

s2
+

3

s2
D0(s, 0, 0,m

2
i ,m

2
i ) +

1

s
C0(s, 0, 0,m2

i ,m
2
i ,m

2
i )

[

1 +
2m2

i

s

]}

,

Φ3(s; 0, 0) =
g2

288π2
(11nf − 65NC)−

g2 NC

8π2

[

11

6
B0(s, 0, 0) − B0(0, 0, 0) + s C0(s, 0, 0, 0, 0, 0)

]

+
g2

8π2

nf
∑

i=1

{

1

3
B0(s,m

2
i ,m

2
i ) +m2

i

[

1

s
+

5

3s
D0(s, 0, 0,m

2
i ) + C0(s, 0, 0,m2

i ,m
2
i ,m

2
i )

[

1 +
2m2

i

s

] ]}

,

(81)

where mi denotes the quark mass, and we have summed over the fermion flavours (nf ), while NC denotes the

number of colors. Notice the appearance of the 1/s pole in Φ1, which saturates the contribution to the trace

anomaly in the massless limit which becomes

Φ1(s; 0, 0) = −
g2

72π2 s
(2nf − 11NC) . (82)

As for the QED case, this is the only invariant amplitude which contributes to the anomalous trace part of the

correlator. The pole completely accounts for the trace anomaly and is clearly inherited by the QCD dilatation
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Abstract

We discuss the signature of the anomalous breaking of the superconformal symmetry in N = 1 super

Yang Mills theory, mediated by the Ferrara-Zumino hypercurrent (J ) with two vector (V) supercurrents
(JVV) and its manifestation in the anomaly action, in the form of anomaly poles. This allows to inves-

tigate in a unified way both conformal and chiral anomalies. The analysis is performed in parallel to the

Standard Model, for comparison. We investigate, in particular, massive deformations of the N = 1 theory

and the spectral densities of the anomaly form factors which are extracted from the components of this

correlator. In this extended framework it is shown that all the anomaly form factors are characterized by

spectral densities which flow with the mass deformation. In particular, the continuum contributions from

the two-particle cuts of the intermediate states turn into into poles in the zero mass limit, with a single

sum rule satisfied by each component. Non anomalous form factors, instead, in the same anomalous corre-

lators, are characterized by non-integrable spectral densities. These tend to uniform distributions as one

moves towards the conformal point, with a clear dual behaviour. As in a previous analysis of the dilaton

pole of the Standard Model, also in this case the poles can be interpreted as signaling the exchange of a

composite dilaton/axion/dilatino (ADD) multiplet in the e↵ective Lagrangian. The pole-like behaviour

of the anomaly form factors is shown to be a global feature of the correlators, present at all energy scales,

due to the sum rules. A similar behaviour is shown to be present in the Konishi current, which identifies

additional composite states. We conclude that global anomalous currents characterized by a single flow in

the perturbative picture always predict the existence of composite interpolating fields. In case of gauging

of these currents, as in superconformal theories coupled to gravity, we show that the cancellation of the

corresponding anomalies requires either a vanishing � function or the inclusion of an extra gravitational

sector which e↵ectively sets the residue at the anomaly poles of the gauged currents to vanish.
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Figure 1: The triangle diagram in the fermion case (a), the collinear fermion configuration responsible for

the anomaly (b) and a diagrammatic representation of the exchange via an intermediate state (dashed line)

(c).

vertex at nonzero momentum transfers in QED [19][20] and QCD [21]. The case of a general non-abelian

theory, with the inclusion of scalars, is new and is discussed - in the massless case - in Section 3. This

may serve to highlight some specific properties of these types of vertices which have not received su�cient

attention in the past.

Then we turn to a perturbative study of the e↵ective action in the case of supersymmetricN = 1 theories,

focusing on the components of the FZ multiplet and on the corresponding anomalies. This is followed by a

study of the spectral densities of the relevant diagrams which are responsible for the superconformal anomaly.

We show the existence of a unique sum rule for each component of the multiplet, and of a spectral density

flow driven by the mass perturbations. As the deformation (mass) parameter turns to zero, restoring the

superconformal symmetry, the flow gets localized at zero invariant mass, signalling the exchange of a massless

pole in the anomaly e↵ective action. We will compare non supersymmetric and supersymmetric realizations,

highlighting the di↵erences between the two cases. In particular we will show in detail how the cancellation

of the extra poles of non anomalous form factors is realized in supersymmetric theories. Finally, we present

the structure of the anomaly action as a combination of the pole contributions, plus the non anomalous

(logarithmic) terms. In superspace, the first had been identified in the past relying on supersymmetric

arguments [2]. We will conclude our analysis with some comments on the possible implications of our

results about the physical manifestation of anomaly poles - for global anomalous symmetries - and their

cancellations in the case of their superconformal gaugings.

2 Sum rules

As pointed out long ago in the literature on the chiral anomaly [22], its perturbative signature is in the

appearance of a massless pole (an anomaly pole) in the spectrum of the hAV V i diagram. The pole is present,

in perturbation theory, only in a specific kinematic configuration, namely at zero fermion mass and with

on-shell vector lines. The intermediate state which is exchanged in the e↵ective action, see Fig. (1), and

which is mediated by the hAV V i diagram, is characterized by two massless and collinear fermions moving

on the light cone. It is rather compelling to interpret the appearance of this intermediate configuration -

within the obvious limitations of the perturbative picture - as signalling the possible exchange of a bound

state in the quantum e↵ective action.

4

where the symbol | on the right indicates that the quantity is evaluated at ✓ = ✓̄ = 0.

Notice that in the above equations the F - and D-terms have been removed exploiting their equations of

motion. Having defined the model, we can introduce the Ferrara-Zumino hypercurrent

JA ˙A = Tr
⇥

W̄
˙Ae

V WAe
�V ⇤� 1

3
�̄

 
r̄

˙A eV rA � eV D̄
˙ArA+

 
r̄

˙A

 
DA eV

�

� , (21)

where rA is the gauge-covariant derivative in the superfield formalism whose action on chiral superfields is

given by

rA� = e�V DA

�

eV �
�

, r̄
˙A�̄ = eV D̄

˙A

�

e�V �̄
�

. (22)

The conservation equation for the hypercurrent JA ˙A is

D̄
˙AJA ˙A =

2

3
DA



� g2

16⇡2

(3T (A)� T (R)) TrW 2 � 1

8
� D̄2(�̄eV �) +

✓

3W(�)� �
@W(�)

@�

◆�

, (23)

where � is the anomalous dimension of the chiral superfield.

The first two terms in Eq. (23) describe the quantum anomaly of the hypercurrent, while the last is of

classical origin and it is entirely given by the superpotential. In particular, for a classical scale invariant

theory, in which W is cubic in the superfields or identically zero, this term identically vanishes. If, on

the other hand, the superpotential is quadratic the conservation equation of the hypercurrent acquires a

non-zero contribution even at classical level. This describes the explicit breaking of the conformal symmetry.

We can now project the hypercurrent JA ˙A defined in Eq.(21) onto its components. The lowest component

is given by the Rµ current, the ✓ term is associated with the supercurrent Sµ
A, while the ✓✓̄ component con-

tains the energy-momentum tensor Tµ⌫ . In the N = 1 super Yang-Mills theory described by the Lagrangian

in Eq. (17), these three currents are defined as

Rµ = �̄a�̄µ�a +
1

3

⇣

��̄i�̄
µ�i + 2i�†

iD
µ
ij�j � 2i(Dµ

ij�j)
†�i

⌘

, (24)

Sµ
A = i(�⌫⇢�µ�̄a)AF

a
⌫⇢ �

p
2(�⌫ �̄

µ�i)A(D⌫
ij�j)

† � i
p
2(�µ�̄i)W†

i (�
†)

� ig(�†
iT

a
ij�j)(�

µ�̄a)A + Sµ
I A , (25)

Tµ⌫ = �F aµ⇢F a ⌫
⇢ +

i

4



�̄a�̄µ(�ac
!
@⌫ �g tabcAb ⌫)�c + �̄a�̄µ(��ac

 
@⌫ �g tabcAb ⌫)�c + (µ $ ⌫)

�

+ (Dµ
ij�j)

†(D⌫
ik�k) + (D⌫

ij�j)
†(Dµ

ik�k) +
i

4



�̄i�̄
µ(�ij

!
@⌫ +igT a

ijA
a ⌫)�j

+ �̄i�̄
µ(��ij

 
@⌫ +igT a

ijA
a ⌫)�j + (µ $ ⌫)

�

� ⌘µ⌫L+ Tµ⌫
I , (26)

where L is given in Eq.(17) and Sµ
I and Tµ⌫

I are the terms of improvement in d = 4 of the supercurrent and

of the EMT respectively. As in the non-supersymmetric case, these terms are necessary only for a scalar

field and, therefore, receive contributions only from the chiral multiplet. They are explicitly given by

Sµ
I A =

4
p
2

3
i
h

�µ⌫@⌫(�i�
†
i )
i

A
, (27)

Tµ⌫
I =

1

3

�

⌘µ⌫@2 � @µ@⌫
�

�†
i�i . (28)
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The terms of improvement are automatically conserved and guarantee, for W(�) = 0, upon using the

equations of motion, the vanishing of the classical trace of Tµ⌫ and of the classical gamma-trace of the

supercurrent Sµ
A.

The anomaly equations in the component formalism, which can be projected out from Eq. (23), are

@µR
µ =

g2

16⇡2

✓

T (A)� 1

3
T (R)

◆

F aµ⌫F̃ a
µ⌫ , (29)

�̄µS
µ
A = �i

3 g2

8⇡2

✓

T (A)� 1

3
T (R)

◆

�

�̄a�̄µ⌫
�

A
F a
µ⌫ , (30)

⌘µ⌫T
µ⌫ = � 3 g2

32⇡2

✓

T (A)� 1

3
T (R)

◆

F aµ⌫F a
µ⌫ . (31)

The first and the last equations are respectively extracted from the imaginary and the real part of the ✓

component of Eq.(23), while the gamma-trace of the supercurrent comes from the lowest component.

5 The perturbative expansion in the component formalism

In this section we will present the one-loop perturbative analysis of the one-particle irreducible correlators,

built with a single current insertion contributing - at leading order in the gauge coupling constant - to the

anomaly equations previously discussed.

We define the three correlation functions, �
(R)

, �
(S) and �

(T )

as

�ab �µ↵�
(R)

(p, q) ⌘ hRµ(k)Aa↵(p)Ab�(q)i hRV V i ,
�ab �µ↵

(S)A ˙B
(p, q) ⌘ hSµ

A(k)A
a↵(p) �̄b

˙B
(q)i hSV F i ,

�ab �µ⌫↵�
(T )

(p, q) ⌘ hTµ⌫(k)Aa↵(p)Ab�(q)i hTV V i , (32)

with k = p+ q and where we have factorized, for the sake of simplicity, the Kronecker delta on the adjoint

indices. These correlation functions have been computed at one-loop order in the dimensional reduction

scheme (DRed) using the Feynman rules listed in Appendix E. We recall that in this scheme the tensor

and scalar loop integrals are computed in the analytically continued spacetime while the sigma algebra is

restricted to four dimensions.

In order to provide more details, we will present the results for the matter chiral and gauge vector multiplets

separately, for on-shell external gauge lines. The chiral contribution will be discussed first, and the result

will be given with the inclusion of the corresponding mass corrections.

Notice that the matter chiral superfield belongs to a certain representation R of the gauge group. If the

representation is complex, for instance the fundamental of SU(N), then the superfield must be accompanied

by another superfield (eventually with the same mass) belonging to the complex-conjugate representation

R̄. In this case, the generator T̄ a of R̄ are related to those of R by the equation T̄ a = �(T a)T = �(T a)⇤. For

simplicity, in the following we will consider just the case of a single chiral superfield in a real representation

of the gauge group. The extension to a complex representation amounts just to a factor of 2 in front of
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Figure 6: Representatives of the family of spectral densities ⇢�(n)

⇡ (s) plotted versus s in units of m2. The

family ”flows” towards the s = 0 region becoming a �(s) function as m2 goes to zero.

From the two branches encountered with the ±i✏ prescriptions, the discontinuity is then present only for

k2 > 4m2, as expected from unitarity arguments, and the result for the discontinuity, obtained using the

definition in Eq. (76), clearly agrees with Eq. (77), computed instead by the cutting rules.

The dispersive representation of C
0

(k2,m2) in this case is written as

C
0

(k2,m2) =
1

⇡

Z 1

4m2
ds

⇢(s,m2)

s� k2
, (79)

which, for k2 < 0 gives the identity

Z 1

4m2

ds

(s� k2)s
log

 

1 +
p

⌧(s,m2)

1�
p

⌧(s,m2)

!

= � 1

2k2
log2

p

⌧(k2,m2) + 1
p

⌧(k2,m2)� 1
, (80)

with ⇢(s,m2) given by Eqs. (75) and (77). The identity in Eq. (80) allows to reconstruct the scalar integral

C
0

(k2,m2) from its dispersive part.

Having determined the spectral function of the scalar integral C
0

(k2,m2), we can extract the spectral

density associated with the anomaly form factors in Eqs. (61), (62), (63) and (74), which is given by

�(k2,m2) ⌘ �
1

(k2,m2)/k2, (81)

and which can be computed as

Disc�(k2,m2) = �(k2 + i✏,m2)� �(k2 � i✏,m2) = �Disc

✓

1

k2

◆

� 2m2Disc

✓

C
0

(k2,m2)

k2

◆

. (82)

22

In a phenomenological context, what gives a far broader significance to this kinematical mechanism is

the appearance of a certain kinematic duality, which accompanies any perturbative anomaly. In this case

it is better known as Q2-duality, relating the resonance and the asymptotic region of a certain correlator in

a nontrivial way [23]. This property, in general, finds its justification in the existence of a sum rule for the

spectral density ⇢(s,m2). Generically, it is given in the form

1

⇡

Z 1

0

⇢(s,m2)ds = f, (1)

with the constant f independent of any mass (or other) parameter which characterizes the thresholds or the

strengths of the resonant states eventually present in the integration region (s > 0). It should be stressed

that sum rules formulated for the study of the structure of the resonances, i.e. their strengths and masses,

as in the QCD case, involve a parameterization of the resonant behaviour of ⇢(s,m) at low s values, via a

phenomenological approach, with the inclusion of the asymptotic behaviour of the correlator, amenable to

perturbation theory, for larger s. For this significant interplay between the infrared (IR) and the ultraviolet

(UV) regions, the term duality is indeed quite appropriate to qualify the implications of a given sum rule.

It was pointed out, some time ago, that one specific tract of the chiral anomaly is in the existence

of a sum rule for the hAV V i diagram [24], later extended to a similar study of the trace of the energy

momentum tensor (trT ) for the htrTV V i in QED (with V a vector current), at zero momentum transfers

[25, 26]. Similar analysis were performed on the hTT i correlator in 2-dimensional gravity [27], which is

a↵ected by the trace anomaly. The analysis brought substantial evidence that the sum rule, combined

with the original identification of the anomaly pole from the perturbative spectral density [22], were two

important and related aspects of the anomaly phenomenon. We recall that the study of these types of

correlators has a quite long history [28, 29, 30].

More recently, very general perturbative analysis of the hTV V i correlator (or graviton-gauge-gauge ver-

tex), performed o↵-shell and at nonzero momentum transfer, have shown that the general features observed

in the hAV V i and htrTV V i cases where preserved [19, 20, 21, 31].

A specific feature of the spectral density of the chiral and conformal anomalies is that the pole is introduced

in the spectrum in a specific kinematical limit, as a degeneracy of the two-particle cut when any second scale

(for instance the fermion mass) is sent to zero. The property of the cut turning into a pole is peculiar to finite

(non superconvergent) sum rules. It is related to a spectral density which is normalized by the sum rule just

like an ordinary weighted distribution, and whose support is located at the edge of the allowed phase space

(s = 0) as the conformal deformation turns to zero. This allows to single out a unique interpolating state

out of all the possible exchanges permitted in the continuum, i.e. for s > 4m2, as the theory flows towards

its conformal/superconformal point.

2.1 Sum rule and the UV/IR conspiracy of the anomaly

As we have just mentioned, the existence of a sum rule for the form factor responsible for a certain anomaly

indicates a UV/IR connection manifested by the corresponding spectral density, but it is not exclusively

related, obviously, to the anomaly phenomenon. In fact, non anomalous form factors, in some cases, as

5

3	SUM	RULES	for	the	anomalies (chiral and	conformal)

we are going to show next, share a similar behaviour. We would expect, though, that the breaking of a

symmetry should manifest in the apperance of a massless state in the spectrum of the e↵ective theory, and in

this respect the saturation of the spectral density with a single resonance in an anomaly form factor acquires

a special status. Elaborating on Eq. (1), one can show that the e↵ect of the anomaly is, in general, related

to the behaviour of the spectral density at any values of s, although, in some kinematical limits, it is the

region around the light cone (s ⇠ 0) which dominates the sum rule, and amounts to a resonant contribution.

In fact, the combination of the scaling behaviour of the corresponding form factor F (Q2) (equivalently of

its density ⇢) with the requirement of integrability of the spectral density, essentially fix f to be a constant

and the sum rule (1) to be saturated by a single massless resonance. Obviously, a superconvergent sum rule,

obtained for f = 0, would not share this behaviour. At the same time, the absence of subtractions in the

dispersion relations guarantees the significance of the sum rule, being this independent of any ultraviolet

cuto↵.

It is quite straightforward to show that Eq. (1) is a constraint on asymptotic behaviour of the related

form factor. The proof is obtained by observing that the dispersion relation for a form factor in the spacelike

region (Q2 = �k2 > 0)

F (Q2,m2) =
1

⇡

Z 1

0

ds
⇢(s,m2)

s+Q2

, (2)

once we expand the denominator in Q2 as 1

s+Q2 = 1

Q2 � 1

Q2 s
1

Q2 + . . . and make use of Eq. (1), induces the

following asymptotic behaviour on F (Q2,m2)

lim
Q2!1

Q2F (Q2,m2) = f. (3)

The F ⇠ f/Q2 behaviour at large Q2, with f independent of m, shows the pole dominance of F for

Q2 ! 1. The UV/IR conspiracy of the anomaly, discussed in [31, 32, 20], is in the reappearance of the pole

contribution at very large value of the invariant Q2, even for a nonzero mass m. In fact, as we are going

to show in the following sections, the spectral density has support around the s = 0 region (⇢(s) ⇠ �(s)),

as in the massless (m = 0) case. This point is quite subtle, since the flows of the spectral densities with

m show the decoupling of the anomaly pole for a nonzero mass. Here, the term decoupling will be used

to refer to the non resonant behaviour of ⇢. Therefore, the presence of a 1/Q2 term in the anomaly form

factors is a property of the entire flow which a) converges to a localized massless state (i.e. ⇢(s) ⇠ �(s))

as m ! 0, while b) the presence of a non vanishing sum rule guarantees the validity of the asymptotic

constraint illustrated in Eq. (3). Notice that although for conformal deformations driven by a single mass

parameter the independence of the asymptotic value f on m is a simple consequence of the scaling behaviour

of F (Q2,m2), it holds quite generally even for a completely o↵-shell kinematics [19].

In summary, in complete agreement with a previous analysis by Giannotti and Mottola [19], we are going

to verify that for a generic supersymmetric N = 1 theory, the two basic features of the anomalous behaviour

of a certain form factor responsible for chiral or conformal anomalies are: 1) the existence of a spectral flow

which turns a dispersive cut into a pole as m goes to zero and 2) the existence of a sum rule which relates

the asymptotic behaviour of the anomaly form factor to the strength of the pole resonance.
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Away from	the	conformal limit (nonzeromass)	
Appearance of	sum	rules and	spectral density flows

bound states. For convenience, this point has been briefly reviewed by us, in the case of three-point

correlators, in Appendix D, to which we refer for further detais. Here, instead, we just present the expression

of the quantum e↵ective action obtained from the three-point correlation functions that we have previously

discussed.

We consider the massless case for the chiral supermultiplet and on-shell external gauge bosons and gauginos.

The anomalous part is given by the three terms

Sanom = Saxion + Sdilatino + Sdilaton (156)

which are given, respectively, by

Saxion = � g2

4⇡2

✓

T (A)� T (R)

3

◆

Z

d4z d4x @µBµ(z)
1

⇤zx

1

4
F↵�(x)F̃

↵�(x) (157)

Sdilatino =
g2

2⇡2

✓

T (A)� T (R)

3

◆

Z

d4z d4x



@⌫ µ(z)�
µ⌫�⇢

 
@⇢
⇤zx

�̄↵��̄(x)
1

2
F↵�(x) + h.c.

�

(158)

Sdilaton = � g2

8⇡2

✓

T (A)� T (R)

3

◆

Z

d4z d4x (⇤h(z)� @µ@⌫hµ⌫(z))
1

⇤zx

1

4
F↵�(x)F

↵�(x). (159)

We show in Figs. 10 the three types of intermediate states which interpolate between the Ferrara-Zumino

hypercurrent and the gauge (A) and the gaugino (�) of the final state. The axion is identified by the collinear

exchange of a bound fermion/antifermion pair in a pseudoscalar state, generated in the hRV V i correlator.
In the case of the hSV F i correlator, the intermediate state is a collinear scalar/fermion pair, interpreted as

a dilatino. In the hTV V i case, the collinear exchange is a linear combination of a fermion/antifermion and

scalar/scalar pairs.

The non-anomalous contribution is associated with the extra term S
0

which is given by

S
0

=
g2

16⇡2

Z

d4z d4xhµ⌫(z)
⇣

T (R) �̃
2

(z � x) + T (A) Ṽ (z � x)
⌘

Tµ⌫
gauge(x)

+
g2

64⇡2

Z

d4z d4x



i µ(z)
⇣

T (R) �̃
2

(z � x) + T (A) Ṽ (z � x)
⌘

Sµ
gauge(x) + h.c.

�

, (160)

where �̃
2

(z � x) and Ṽ (z � x) are the Fourier transforms of �
2

(k2, 0) and V (k2) respectively. Their contri-

butions in position space correspond to nonlocal logarithmic terms.

The relation between anomaly poles, spectral density flows and sum rules appear to be a significant

feature of supersymmetric theories a↵ected by anomalies. It is then clear that supersymmetric anomaly-free

theories should be free of such contributions in the anomaly e↵ective action. In this respect, it natural

to turn to the N = 4 theory, which is free of anomalies, in order to verify and validate this reasoning.

Indeed the � function of the gauge coupling constant in this theory has been shown to vanish up to three

loops [37, 38, 39], and there are several arguments about its vanishing to all the perturbative orders. As

a consequence, the anomaly coe�cient in the trace of the energy-momentum tensor, being proportional to

the � function, must vanish identically and the same occurs for the other anomalous component, related to

the R and to the S currents in the Ferrara-Zumino supermultiplet.
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Figure 10: The collinear diagrams corresponding to the exchange of a composite axion (top right), a dilatino

(top left) and the two sectors of an intermediate dilaton (bottom). Dashed lines denote intermediate scalars.

We recall that in the N = 4 theory the spectrum contains a gauge field Aµ, four complex fermions �i

(i = 1, 2, 3, 4) and six real scalars �ij = ��ji (i, j = 1, 2, 3, 4). All fields are in the adjoint representation of

the gauge group.

From the point of view of the N = 1 SYM, this theory can be interpreted as describing a vector and

three massless chiral supermultiplets, all in the adjoint representation. Therefore the hTV V i correlator in

N = 4 can be easily computed from the general expressions in Eqs (51) and (59) which give

�µ⌫↵�
(T )

(p, q) =
g2 T (A)

16⇡2

⇥

V (k2) + 3�
2

(k2, 0)
⇤

tµ⌫↵�
2S (p, q) = �g2 T (A)

8⇡2

k2 C
0

(k2, 0) tµ⌫↵�
2S (p, q) . (161)

One can immediately observe from the expression above the vanishing of the anomalous form factor propor-

tional to the tracefull tensor structure tµ⌫↵�
1S . The partial contributions to the same form factor, which can

be computed using Eqs. (51) and (59) for the various components, are all a↵ected by pole terms, but they

add up to give a form factor whose residue at the pole is proportional to the � function of the N = 4 theory.

It is then clear that the vanishing of the conformal anomaly, via a vanishing � function, is equivalent to the

cancellation of the anomaly pole for the entire multiplet.

Notice also that the only surviving contribution in Eq. (161), proportional to the traceless tensor structure

tµ⌫↵�
2S , is finite. This is due to the various cancellations between the UV singular terms from V (k2) and

�
2

(k2, 0) which give a finite correlator without the necessity of any regularization.

We recall that the cancellation of infinities and the renormalization procedure, as we have already seen

in the N = 1 case, involves only the form factor of tensor tµ⌫↵�
2S , which gets renormalized with a counterterm

proportional to that of the two-point function hAAi, and hence to the gauge coupling. For this reason the

finiteness of the second form factor and then of the entire hTV V i in N = 4 is directly connected to the

vanishing of the anomalous term, because its non-renormalization naturally requires that the � function has

to vanish.
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The	IR	stricture of	the	N=1	

Resort to	the	anomaly action in	the	Wess Zumino	form

−
µ−ϵ

ϵ

∫

ddx
√

ĝ Ĝ = −
µ−ϵ

ϵ

∫

ddx
√
g G+

∫

d4x
√
g

{

1

Λ

(

− τ G− 4R!τ + 8Rαβ ∇β∂ατ

)

+
2

Λ2

[

2R τ !τ +R ∂λτ ∂λτ + 4Rαβ

(

∂ατ ∂βτ − τ ∇β∂ατ

)

+ 6 (!τ)2 − 6∇β∂ατ ∇β∂ατ

]

−
4

Λ3

(

2Rαβ τ ∂ατ ∂βτ + 2 τ (!τ)2 + 5 ∂λτ ∂λτ !τ + 6 ∂ατ ∂βτ ∇β∂ατ − 2 τ ∇β∂ατ ∇β∂ατ

)

+
2

Λ4

(

4 τ ∂λτ ∂λτ !τ + 3
(

∂λτ ∂λτ
)2

+ 8 τ ∂ατ ∂βτ ∇β∂ατ

)}

. (44)

Notice that the renormalization scale µ is not Weyl gauged due to the presence of the d-dimensional (rather than

4-dimensional) integration measure on the left-hand side of (43) and (44).

The expressions above can be simplified using integrations by parts and the identity for the commutator of

covariant derivatives of a vector

[∇µ,∇ν ] vρ = Rλ
ρµν vλ . (45)

After these manipulations we find that the Weyl-gauging of the counterterms gives

−
µ−ϵ

ϵ

∫

ddx
√

ĝ F̂ = −
µ−ϵ

ϵ

∫

ddx
√
g F +

∫

d4x
√
g

[

−
τ

Λ

(

F −
2

3
!R

)

−
2

Λ2

(

R

3
∂λτ ∂λτ + (!τ)2

)

+
4

Λ3
∂λτ ∂λτ !τ −

2

Λ4

(

∂λτ ∂λτ
)2
]

, (46)

−
µ−ϵ

ϵ

∫

ddx
√

ĝ Ĝ = −
µ−ϵ

ϵ

∫

ddx
√
g G+

∫

d4x
√
g

[

−
τ

Λ
G+

4

Λ2

(

Rαβ −
R

2
gαβ
)

∂ατ ∂βτ

+
4

Λ3
∂λτ ∂λτ !τ −

2

Λ4

(

∂λτ ∂λτ
)2
]

. (47)

Obviously, a Weyl variation applied to (46) and (47) gives zero by construction. It follows that the Wess-Zumino

action can be extracted from (12)

ΓWZ [g, τ ] = Γren[g, τ ]− Γ̂ren[g, τ ] (48)

and thus takes the form

ΓWZ [g, τ ] =

∫

d4x
√
g

{

βa

[

τ

Λ

(

F −
2

3
!R

)

+
2

Λ2

(

R

3
∂λτ ∂λτ + (!τ)2

)

−
4

Λ3
∂λτ ∂λτ !τ +

2

Λ4

(

∂λτ ∂λτ
)2
]

+ βb

[

τ

Λ
G−

4

Λ2

(

Rαβ −
R

2
gαβ
)

∂ατ ∂βτ −
4

Λ3
∂λτ ∂λτ !τ +

2

Λ4

(

∂λτ ∂λτ
)2
]}

. (49)

Notice that the ambiguity in the choice of the Weyl tensor discussed above - i.e. between F and Fd - implies that no

dilaton vertex is expected to emerge from the gauging of the Fd-counterterm, being the latter conformal invariant.

This is indeed the case and we find the relation

−
µ−ϵ

ϵ

∫

ddx
√

ĝ F̂d = −
µ−ϵ

ϵ

∫

ddx
√
g Fd −

∫

d4x
√
g
τ

Λ
F , (50)

that modifies the structure of the Wess-Zumino action and it allows to eliminate all the terms proportional to βa

in (49) except for (τ/Λ) F .

Finally, we remark that in the case in which a finite counterterm of the kind (37) is present, the formulae of this

section are modified according to the simple prescription (see Eq. (40)),

βa → βa − 18 βfin , (51)
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Abstract

We use the method of Weyl-gauging in the determination of the Wess-Zumino conformal anomaly action

to show that in any even (d = 2k) dimensions all the hierarchy of correlation functions involving traces of the

energy-momentum tensor is determined in terms of those of lower orders, up to 2k. We work out explicitly

the case d = 4, and show that in this case in any conformal field theory only the first 4 traced correlators are

independent. All the remaining correlators are recursively generated by the first 4. The result is a consequence

of the cocycle condition which defines the Wess-Zumino action and of the finite order of its dilaton interactions.
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momenta (k1, k2, k3, k4, k5) the available pairs are

T {5, (ki1 , ki2)} = {(k1, k2), (k1, k3), (k1, k4), (k1, k5), (k2, k3), (k2, k4), (k2, k5), (k3, k4), (k3, k5), (k4, k5)}

(63)

while the possible triples are

T {5, (ki1 , ki2 , ki3 )} = {(k1, k2, k3), (k1, k2, k4), (k1, k2, k5), (k1, k3, k4), (k1, k3, k5),

(k1, k4, k5), (k2, k3, k4), (k2, k3, k5), (k2, k4, k5), (k3, k4, k5)} . (64)

As we move to higher orders, the description of the momentum dependence gets slightly more involved and we

need to distribute the external momenta into two pairs. The notation T {5, [(ki1 , ki2), (ki3 , ki4)]} denotes the set of

independent paired couples which can be generated out of 5 momenta. Their number is 15 and they are given by

T {5, [(ki1 , ki2), (ki3 , ki4)]} = {[(k1, k2), (k3, k4)], [(k1, k2), (k3, k5)], [(k1, k2), (k4, k5)]

[(k1, k3), (k2, k4)], [(k1, k3), (k2, k5)], [(k1, k3), (k4, k5)], [(k1, k4), (k2, k3)], [(k1, k4), (k2, k5)], [(k1, k4), (k3, k5)],

[(k1, k5), (k2, k3)], [(k1, k5), (k2, k4)], [(k1, k5), (k3, k4)], [(k2, k3), (k4, k5)], [(k2, k4), (k3, k5)], [(k2, k5), (k3, k4)]} . (65)

It is obvious that a direct computation of I2, I3 and I4 from the anomaly action (59) allows to extract the explicit

structure of these vertices in momentum space

I2(k1,−k1) = −
4

Λ2
βa k1

4 ,

I3(k1, k2, k3) =
8

Λ3

(

βa + βb

)(

k21 k2 · k3 + k22 k1 · k3 + k23 k1 · k2
)

I4(k1, k2, k3, k4) = −
16

Λ4

(

βa + βb

)(

k1 · k2 k3 · k4 + k1 · k3 k2 · k4 + k1 · k4 k2 · k3
)

, (66)

(with kni ≡ (k2i )
n/2). These relations can be used together with (57) in order to extract the structure of the 2- 3-

and 4-point functions of the traced correlators, which are given by

⟨T (k1)T (−k1)⟩ = −4 βa k1
4 ,

⟨T (k1)T (k2)T (k3)⟩ = 8

[

−
(

βa + βb

)(

f3(k1, k2, k3) + f3(k2, k1, k3) + f3(k3, k1, k2)

)

+ βa

3
∑

i=1

k4i

]

,

⟨T (k1)T (k2)T (k3)T (k4)⟩ = 8

{

6

(

βa + βb

)[

∑

T {4,[(ki1 ,ki2),(ki3 ,ki4 )]}
kii · ki2 ki3 · ki4

+ f4(k1 k2, k3, k4) + f4(k2 k1, k3, k4) + f4(k3 k1, k2, k4) + f4(k4 k1, k2, k3)

]

− βa

(

∑

T {4,(ki1 ,ki2)}
(ki1 + ki2)

4 + 4
4
∑

i=1

k4i

)}

, (67)

where we have introduced the compact notation

f3(ka, kb, kc) = k2a kb · kc ,

f4(ka, kb, kc, kd) = k2a (kb · kc + kb · kd + kc · kd) . (68)

The third and fourth order results, in particular, were established in [12] via the explicit computation of the first

three functional derivatives of the anomaly A[g] and exploiting recursively the hierarchical relations (8).
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Conclusions

Stuckelberg models have introduced the	concept of	
gauging of	an	anomalous U(1)	symmetry.	

They predict an	axion and	an	anomalous U(1)	
In	their susy version they predict a	supersymmetric multiplet.	
(fundammental)	

But there are	variants

Anomaly actions seem to	indicate	that we coudl also take	a	different route.	
All the	states that we come	from	the	breaking	of	a	dilatation current,	assuming
A	conformal symmetry in	the	UV		are	the	anomaly poles of	the	
supersymmetric current.	The	presence of	sum	rules in	N=1	theories away from	
the	conformal point seem to	provide this indication

The	symmetry should also appear as broken (spontaneously?)	


