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Whistler Heat Flux Instability



Background

Parallel whistler dispersion relation:
2
w = (kjde)” |2l

When k”pe ~1

Q w Vih ) 1
w =~ B:|? VP = ka ~ /tBeze, VH,res = S|gn(k||) </Be + n) Vth,e-

A distribution function with a heat flux can overcome cyclotron damping at n = +1
resonances.
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Simulations



Setup

& c,a

yT By

Using electromagnetic PIC code TRISTAN-MP (Anatoly Spitkovsky), following
Komarov et al. 2018

v

L, = {125,250,500}p,

Boundary Conditions:
x: Absorbing E&M, re-sample particles with wall temperature
y: Periodic E&M, periodic particles

Linear temperature profile with two equilibria:
Vpo=0  and Vpo = pog
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Let's Take the Next Step

Can we construct a collision operator for whistler turbulence so we can perform a
Chapman-Enskog-Braginskii like closure for this instability?
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Let's Take the Next Step

Can we construct a collision operator for whistler turbulence so we can perform a
Chapman-Enskog-Braginskii like closure for this instability?

Three Methods:
1. Fokker-Planck
2. Quasilinear

3. Chapman-Enskog

For each we can ask:
» Is the method self-consistent?

» |f so, what model can we derive from it?



Fokker-Planck Method: Background |

(W(ta,:,v) = —% SA(t, x, v)f(t,x,v)+ 8|(?;v : B(t, x, v)f(t,x,v).
. Av(t,x, v, At
At x,v) = AtIEp‘O” = At .
and
B(t, x,v) = 1 m (Av(t,x,v,At)Av(t, x, v, At)>,
2 At—"0” At
where

Av(t,x,v,At) = v(t + At, x) — v(t, x)

(...y=[dv(...)f(t,x,v).



Fokker-Planck Method: Background I

Ornstein-Uhlenbeck proess

dvy = —v(v — v)dt + odW, o

moments of Av have evolve in time 107! fmm—mmmmmmmm oo o — oo

[v(V = vo)|

(Av) = (\7 — vo) (1 — e_VAt)
(AV?) — (Av)? = ;i(l - e_2”At).

1079 avine vt
. (Av?)/At
Recover the Fokker-Planck equation for . . .
107t 10° 10! 102
At L v:
(Av) _
A(v,t) = ~ — —
(v, t) At V(V v)
1(A 2 2
B(v,t‘):f< V) ~Z

2 At 2



Fokker-Planck Method: Background I

Ornstein-Uhlenbeck proess

v=0.1, (V-vg)=1,0%2=.4

dvy = —v(v — v)dt + odW, o

A -]

oY YRR 4

Assumptions: 107! e oo

[v(V = vo)|

» Stationary: v(t) =v, o(t) =0
» Markov: At > 7o

» PDF of increments is Gaussian vAE=1
1 — (avyat

- (Av?)/At

107! 10° 1

Any deviation from these is non-FP
behavior



A Note on Autocorrelation Time

For Fokker-Planck

But

Tac < At < v71

Ta“(? ~ (V” . Ak”)_l

Consider a wave packet centered at kpe ~ 1 with Ak/k ~ 1.
For gyroresonaces v ~ vih e:

But for v — 0:

lin -1
Tac ™ Qe

lin
Tac — 0

Fokker-Planck fomally invalid as v — 0

(Unless nonlinearities are involved)




Quasilinear Method: Background |

In its simplest form, a quasilinear diffusion coefficient follows the form

3k
D ~ /(;!7_‘_)3W3(k)5(w(k) — kHVH — nQe).

Assuming w(k) < kv ~ Qe and Wp(k) = Wp(k) ~ k2,

1
|v) cost|

nQe

(5((.;)(/() — kHV” — nQe) — VH COS¢9'

(5(/( — kH,res)v where k||,res =

Therefore,

1 kit 1 1 nQ, \*+?
(2m)? /_1 cos lvjcosf|  (2m)? /_1 €08 v c050|< v c059>

will diverge when v — 0, sending k|| res — 00.




Quasilinear Method: Background Il

The singularity as v — 0 is the well-known 90-degree pitch angle problem.
Replace d(x) with:

1. Laplacian

1 Aw
5(X) — % (X)2 + sz

> Aw = 3kiD (Treumann & Baumjohann 1997)

> Aw ~ wp (Meng et al. 2018)
2. Integral function of D (Dupree 1966)

§(x) = R(x,D) = /000 drexp [i(x)T — %kH2D73]

3. Box distribution (Karimabadi et al. 1992)
1/4 <2
(5(X) s / Wh, ‘X‘ S 2Wp
0, x| > wp

etc...



Chapman-Enskog Method: Background |

Assume the form of the operator: pitch-angle scattering in the whistler frame
v"‘ = V|| — Vw, Where vy, is the whistler phase speed:

o1—¢?2 , , Of
Clf] = 555 V-0

Utilize the correction equation from a Chapman-Enskog expansion:

Ch v2 5
— = ( 5 —2)V§VInT.

fo Vth7e

Transform back to lab coordinates:
C[f] = Co[f] + Ewcl[f] —+ .-

where €, ~ v,/ vthe.



Chapman-Enskog Method: Background Il

€w ~ Viw/vthe ~ 1/f, is same order as diffusive flux (Drake et al. 2021).
Put all together and Invert to solve for v:

1=/ v 5 of of




Fokker-Planck: Velocity Results |
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Fokker-Planck Method: Velocity Results Il
PDFs of Av for AtQ. = {1/10,1,10}
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Fokker-Planck Method: Velocity Results |l
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Fokker-Planck Method: Velocity Results IV

Vv/Vth,e

6\/2/‘}[2/176

- R-63 g
ﬁe ,,’

&

Ty

Be

A(v, &) = -1 (&, 56)(‘/ - Vth,eO)
Uv(faﬂe)

2
B(v,&) = —5 v

Vv(§7 Be) = Vv,O/Béﬁsfuv(g)
oo (&, Be) = 000827 f2(€)

f,, (&) and £, (&) are nontrivial functions of
dB/By

Does not explain g ~ 1/8




Fokker-Planck Method: Pitch-Angle Results |

Pitch-angle scattering dominates velocity
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Fokker-Planck Method: Pitch-Angle Results Il
PDFs of A¢ for tQ. = {1/10,1,10}
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Fokker-Planck Method: Pitch-Angle Results IlI
PDFs of A¢ for tQ. = {1/10,1,10}
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Fokker-Planck Method: Pitch-Angle Results IV
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Quasilinear Method: Results |
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Quasilinear Method: Results |l

Sufficiently wide broadening gives large scattering at v = 0.
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Chapman-Enskog Method: Results |

Two methods to construct fy:
> fo=(f)e
» Simple pitch-angle average
> Ensures [ dww(®12f =0
» v-dependence follows f - not
guaranteed Maxwellian
> fo="1um
» Maxwellian constructed from
moments
> [dww(©12f +£0
» v-dependence guaranteed
Maxwellian
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Chapman-Enskog Method: Results Il

(f)¢ follows expected scaling — fy; does not

Our expansion ordering is formally incorrect. Let's say you didn't check and try
fo = (f)¢ anyway. In the limit v, — 0:

1-/( v 5 AN
Dgg(v,f):fgzg(‘; 2>vVInT(ag)

Vth,e

and velocity dependence of fy doesn't matter



Chapman-Enskog Method: Results |ll
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Drake 2021 Model

Pitch-angle scattering in the whistler frame v"‘ =V — Vw

i1—§’2 (/)g
o¢ 2 Vo

2 4/3
VW:o.me<58) ( v )
By Vih e

» 0.1 prefactor estimated from their simulations

clfl =

» 1, independent of &.

» v*/3 dependence comes from k~7/3 electron-MHD cascade (Biskamp et a. 1999)
and quasilinear argument.



Drake 2021 Model

Pitch-angle scattering in the whistler frame v"‘ =V — Vw

91-¢?  , Of
C[f] = aingVW(v )875/

2 4/3
I/W:O.]_Qe((SB) ( v )
By Vih e

» u,, independent of £&. NOT true for quasilinear operators nor our FP operator

» 0.1 prefactor estimated from their simulations

» v*/3 dependence comes from k~7/3 electron-MHD cascade (Biskamp et a. 1999)
and quasilinear argument. Our FP operator suggests closer to ~ v



Conclusions

1. We didn't have enough scale separation.
> We tried to go larger L1 (lower §B/By), but PIC noise suppressed the instability.
> §B/By < 1 for Gaussian statistics
» Presumably there are real collisionless systems where B8/By > 1/10 where this is
important
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2. Why does
N /Bthh,e
Lt

§B?
Vw ~ Big‘ﬂel
carry deep into large §B/By where other methods fail?

» Can this be used to build a generic nonlinear diffusion model?
» Refine a resonance broadening model?
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Conclusions

1. We didn't have enough scale separation.

> We tried to go larger L1 (lower §B/By), but PIC noise suppressed the instability.

> §B/By < 1 for Gaussian statistics

» Presumably there are real collisionless systems where B8/By > 1/10 where this is
important

2. Why does
N /Bthh,e
Lt

§B?
Vw ~ Big‘ﬂel
carry deep into large §B/By where other methods fail?

» Can this be used to build a generic nonlinear diffusion model?
» Refine a resonance broadening model?

3. What is the message here?
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