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{¥tf+-¥_- 0 Vlasov 's Equation (Liouville's , really)
§ crit) ↓

1729=4"_e§d3if-ñ] Poisson ≤

For dgtfdGQGCf)=o
fluctuations are ( linearly )

("Landau damping
"

) V- function G(f) ( including , but
not only , flogf)tf equilibrium is unstable , 46-1--10i::::::::÷::| "

Casimir invariants
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appear , f-
evolves towards stability .

a.k.a
. phase -volume conservation

G(f) =8( f- (Q) - y )
rare injected externally , even
stable f- centimes evolving . constrained GFDGQSCFIQ) -1) = 94 ) -_ const
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"
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distribution
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Here is a recent example of a relaxed distribution from a
"

truly collision less
"

simulation (using Gkeyk code ; be Skoutnert Ap-5872 , L28,2019 - a
distribution resulting from relaxation of two beams)

f = f- (F) + Sf CF ,F)
✗
what is the structure ofIs there a universal collision less

equilibrium ? for classes of them) phase-space turbulence ?
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(Lynden Bell 1967 - for stellar
kinetics

Kaoomtser &Pogutse 1970 realized relevance
to plasmas )

¥É_ •Break Ñ"* ˢPʳᵗ """ """•""T""""P""/ / / f f(a) = y
or 0 ("waterbag

"

)
↑

CF
,F) , or

whatever

⇒É • Coarse - grain into macrocells ,
with M microcells in each

f-i =Y/
← occupation# of

i-th macrocell

W = 1?
.

distinguishable
"

particles
" with exclusion principle (because

phase volume is conserved )
↳
Entropy 5- hint

= const - ¥fdQ[Eyes¥+11- E) ha- E)] →max
I JDQf- =N

get Terni -Dirac distribution

er¥2- a)+1 ←
set panda from
¢ fdQm¥ f- = K

f- =7-

[1B : Assuming perfect mixing in phase space ! ]
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STATISTICAL MECHANICS OF COLLISION LESS PLASMA
''hot beams" "cold beans

"

F- "tophat
" + "

"
I
, g- naxwdtian1111i☒E¥

More "degenerate"(p→cs) : Less"ogenerate"Cp→o) :
f◦mMftne available FEFÉfte available
phase space tgirenk phase space Tgivenkr

[Interestingly ,this is rather similar tonhtstoutnev-1209 report . . . ] )i fdQf_=N ,

Fermi -Diracoistribnt
'on

ekE-ie-1-8tpaudqf.com#fdQmEf-=kf-=7-
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Easy generalisation :
"multi - waterboy model

"

: f(Q) = IFJCQ)
Treat each waterbag as a

"

species ! get
JT

7J 020
f- = § 't Ps (Q)→ fdyy ICQ,y )[ "

hyperkinetic
"distribution

Map from energy and⇔ ::::÷→i::::::*.
fdQm¥ f- =KIn this captures awide class JDQICQ ,y) =pG)of equilibria , including , y_q

,} ,muggy , one,
win

awww.mg.am,
invariants

"

power-law tails , which
can

be argued 1- emerge organically .

• Power- law distributions are observed
in many

astro

contexts : electrons in solarwind ,
cosmic rays

etc .

They are associated with
"

nor thermal particle acceleration
"

.

• Lynden-Bell equilibria develop power-law tails because
of the exclusion principle - can't shore particles towards
lower ("thermal ") energies while conserving phase volume

[Ewart&AAS 2022]
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Objective : Derive
"

collision less collision integral
"

¥t=C[F)← eeuilibria are fixed points CEE]
__ 0

,

proved unique if there is an
H- theorem

,
i.e.
,

starting point : an
"

entropy
" that always increases until

maximised by the equilibrium distribution _

(Y-t-J-pf-e-m-E.FI = 0) → only Imckciii
'
)

contributes

↳ 2¥ = - e-mzj.la>e)of> = E. E-
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Thus
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this is still the same ,

but %¥+Tx8f=eñE?¥- + E.É-3¥ ,

[ decompose f- f-+Sf
✓
and look forSf { ⇒ "

' inkspa" '

of of of
'
>%E1-ik.irfe-igqbi.IT

"
""ʳe

"

starting point : 5
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KINETIC THEORY OF PHASE MIXING

thisisstillthesame.bntagf-t-v-xsf-E.FI?E--e-mE- 3¥ ,

[ decompose f- f-+Sfand lookforsf { ⇒ orinkspace ,
of ofGf2>%¥ + ik.irfe-igqk.IT

"
""ʳe

"

starting point : 5

z+i→f - e_mÉ?¥_=0 phase - ie-m-Z.q.tt!2mixing 4
nonlinear couplingQUASI LINEAR THEORY : drop nonlinearity ,

let

gv-e-ik-it-sf.tt and workout the asymmetric patofckcvit
'

)

ñ ↑ ←
initial celevolntionfou This /eadsto ahh
distribution sourcetphasemi collision operators that are
4usemicrooanuuion-i.iae.aap.is?oisffenaa-rpj.?oa!eCalsodepeudsongk generalisations of Bateson -

ansatzto calculate law ) conserving plasmas.ie/ftDl?LgECi')gv-Cv-DTheirfixedpoinbare
and clever collision less
✓

Lynden-Bell equilibria !closure for <g2>

[Severed towel 1980 , Charanis2005 , Ewart -12022] [ Ewart 1- 2022 /arXiv : 2201.03376]
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For kinetic theory fans :SIMF-IF-IALLE.EU?10NtNTEGRALSE---'%?¥ E- - Sati
'

?ᵗ¥%;÷⇒ . 1<8>⇔ - age>a-P¥]
← 5

5 47 - f-
2

dielectric function↳
• for one waterbag ,

<f-27 - f-
2
= Cy - f) f- kaoomtsev - Pogutse

coll
. integral Gato)

↳ Fermi -Dirac is fixed point
• non

- degenerate: y⇒ f- , so
Lf2) - f-

2
= y f- Bateson- Lenard coll . integral (1%0)

e-g. for true 2-particle collisions , f
= ? SCF- E.)sci-Fi) (Klimonto

✓ich distr. function )

↳ got =L
"

collisionless collision frequency
"

: Neff ~ y ☐TV+rue⇒ Vtme
FAST RELAXATION

• for many watertags , upgrade to HYPERKINETICS :

Icy ,F) = <8 (f CJ,F) - y )> 7D phase space G , F, F)

3¥ -- 'Yn!t¥ . fdhi-ZY.IT?;!.--!1.fdyiyi1G'-f-a-'DPTv-ii)%I
- G- f-(D) P-cv-ipapjf.FI]Ici) = fdyy FG ,F)
↳ Lynden-Bell equilibriaT-fd3v-P-cy.it) =pG) =const

↑ "waterbag content
"

conserved are fixed points
("Casimir invariants

"

) [Serene&Luwel 1980 , Ewart-12022]
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this is still the same ,

but
2E+Tx8f=eñE -3¥ + E.É-3¥ ,

[ decompose f-- f-+Sf
✓
and look forSf { ⇒ "

'
in KSM" '

of of of
'
>

%¥ + ik.irfe-igq.fi
←

"
""ra

"

starting point : 5

2¥ + F-Pf - e_mÉ?¥- = 0 phase - ie-m-zq.tt
!

<mixing 4
nonlinear coupling]QUASI LINEAR THEORY : drop nonlinearity ,

let

8¥ gv-e-ik-it-sf.tt and work out the asymmetric part of
CHEF

'

)

" -

why is this reasonable? Just as
Maxwell

initial
distribution✓{ÉÉÉtt ,

weassume that /9
everything gets thoroughly

stoohasticioed
Use microgranulation <
ansatz to calculate so we can

" reset
"

the initial condition

<gEC)gkCTD at each
" time step

"

of 2¥ .

That is the

and clever collision less

closure for <g2>

[serene & towel 1980 , Chavanigzoos , Ewart+ zozzy

¥¥ʰÉ£
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KINETIC THEORY OF PHASE MIXING

this is still the same ,

but 2g+Tx8f=eñE?¥- + ≤mÉ%¥ ,
[ decompose f- f-+Sfand lookforsf { ⇒ orinkspace ,

%fE-i-ik.irfa-ie-mqk.IEstarting point :

m§%E!2of
,

¥E+J -tf - e_mÉ?¥- = 0 ↓ ⇒
cplv-ity-ofitv-jsfr.lv)> → 2¥ + ik -CET

')Ck=É+Nr<
↳ Cpg

"

phase- space spectrum
"

sisdualofv-t
' ÉÉ+k•%¥=§ks+Nks

Tatton
1B :

sÉ%÷i⇒ick.st-CK-sckci.it/-tqci;ig
asymmetric
lthisisohoeQLcoll.in/egralsconefrom)
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thisisstillthesame.bntagf-t-v-xsf-E.FI?E- + ≤mÉ%¥ ,
[ decompose f- f-+Sfand lookforsf { ⇒ orinkspace ,

%fE-i-ik.irfa-ie-mqk.IEstarting point :

m§%E!2of
,

¥t+T -tf - e_mÉ?¥_=0 ↓
,
⇒

cplv-ity-ofitv-jsfr.lv)> → 2¥ + ik -CET
')Ck=Sn+NÉ

↳ Cpg
"

phase- space spectrum
"

sisdualofv-t
' ÉÉ+k•%¥=§ks+Nks

i
atlow coupling

between
K'sÉii¥¥?÷T%⇔"⇒

. .

Mrs



KINETIC THEORY OF PHASE MIXING GUNMIXING

thisisstillthesame.bntagf-t-v.psf-E.FI?E- + ≤mÉ%¥ ,
[ decompose f=f-+8f
✓
and tookforsf { ⇒ "

' inkspa" '

%fE-i-ik.irfa-ie-mqk.IEstarting point :
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KINETIC THEORY OF PHASE MIXING & UNMIXING

superficially , suppression of phasemixing E- Landau damping] by echoes seems
to Symmet rise Cks and perhaps even produce a solution with zero flux
of <of

2
> roughly compatible with microgranulation ansatz :

<ofECT
'

/ 8fact)> = 48f) 0¥ Sci-T
'

)

[ ticks = const ins
this might depend on k and

be

✗ velocity scales Cns
-

3) Where

nonlinearity wins over phone mixing

%"P↳m•ˢrdm"¥⇒*;¥÷¥?%""
Sis dual of T-J

'

t
at low
[
coupling

"phase s between
K's leading to

""";¥ii÷÷¥÷⇒¥¥;÷
""""

"

phase
unnaiximg

"

[ Asimple solvable
mood of this :]

(plasma
Adkins& AAS JPP (2018) echo )
Nastac + (2022)
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KINETIC THEORY OF PHASE -SPACE TURBULENCE

Phase - space spectrum found by Adkins&AAS
was not symmetric and can be shown
to carry

constant flux [Nastac-12022]
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KINETIC THEORY OF PHASE -SPACE TURBULENCE

Phase - space spectrum found by Adkins&AAS
was not symmetric and can be shown
to carry

constant flux [NastaC+ 2022]

IN FACT
,
this is a system into which

<of} is constantly injected by S
'

ks and{ this flux hasto be carried to larges ,
+o%;;÷:%÷÷Éii÷⇔%÷="

s is dual of T-J
'

↑ 1¥
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spirals out by combined action of]{ of phase mixing and nonlinearityiu⑧→k untie thoma lied by collisions
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INTERESTING QUESTIONS FOR FURTHER RESEARCH ?

• Collision less collision integral in a field of constant -flux turbulence :

¥t = - 4"_meˢ¥- ◦{ i%fd3v%fEciysfr.li )> = CEE] ≠
0

What is this? Does it have fixed points?
Is there an H theorem ?
What is entropy ?

• While f- is collision less ,if reaches collisional scales (small
or) fast

Ccf.
"

dissipative anomaly
" in fluid turbulence ) - see poster by M . Nastac.

[cf . Zhdankin's recent papers]%÷÷:;÷÷i÷ˢ"÷÷:÷÷÷:÷i÷É
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INTERESTING QUESTIONS FOR FURTHER RESEARCH ?

• Collision less collision integral in a field of constant -flux turbulence :

¥t = - 4"_meˢz .{ i%fd3ikoffciysfr.li )> = C [ f-] ≠
0

What is this? Does it have fixed points?
Is there an H theorem ?
What is entropy ?

• While f- is collision less ,if reaches collisional scales (small
of) fast

Ccf.
"

dissipative anomaly
" in fluid turbulence ) - see poster by M . Nastac .

Is this always true?
What does it imply for Casimir constraints ?

[cf . ZhanKin's recent papers]

• How does all this work in magnetite systems ?
Nonlinearity is

"
more space- like

"
- advection by F-✗B flow :

↓ fMaxwdliaw 9
'
M

-

Mey rand+ PNAS 111,1185 (2019 )
asf -
It

+ Kitts f- + 4117118f- + Fm ) = 0

AAS+ JPP (2016) - theory for drift- kinetic turbulence

Meg rand + PNAS (2019 )
-
simulations for density

turbulence in solar wind : flux entirely along be
[ " fluidisation

"

- no Landau damping in inertial

range) .

Is phase mixing always suppressed?


