
13th Plasma kinetics 
Working meeting

Wolfgang Pauli Institute 

Vienna

Summary and discussion



A pat on the back
• Great organization: thank you Norbert, WPI staff and Alex


• 13th edition: a long-term collective effort starting to pay off


• Lots of progress on many problems only loosely defined 15 years ago  

• Technical maturity (theory formalism, numerics) —> fast conceptual progress


• New exciting emerging directions & connections 

• Stimulating environment for students, postdocs, researchers


• Top students & postdocs: bright future !
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Electrostatic sETG turbulence

I We conjecture that in the inertial range, the following critical balance holds:
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I At the outer scale, we have the balance between injection and nonlinearity
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and the energy injection is given by
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I We fix the relationship between the parallel and perpendicular outer-scale by
conjecturing that ko
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I Putting these results together, we obtain the following scaling of the heat-flux,
for QgB = n0eT0evthe (⇢e/LB)
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Using regularity properties (26 )and Lebesgue dominated convergence theorem, one obtains that
Ψε converges in L1(K) strong towards the cluster point Ψε, which is defined by

Ψε(t,σ, x, v) = R+(t) {Td−2vτ}(x) (∇v · +(σ − 2τ)∇x· )
∑

k∈Zd

Ak(σ)e
−i(ωk−k·v)σk ⊗ k∇vφ(t, v) .

Using properties (26) for Ak, and passing to the limit ε→ 0 in Iε, one obtains

Iε = −

ˆ

R
+
t

dt

ˆ

Rd
v

dv f ε(t, v)∇v ·
(1
2

∑

k∈Zd

k ⊗ k

ˆ

R

dσAk(σ)e
−i(ωk−k·v)σ∇vφ(t, v)

)
.

Using this last equation, definitions (27) and (29), and passing to the limit ε → 0 in (40), ones
obtains (39), which ends the proof of the Proposition 7. !

2.4 The basic stochastic theorem

From the above derivation one deduces

Theorem 1 Let {Eε(t, x;ω)}ω∈Ω = {−∇Φ(t, x;ω)}ω∈Ω be a family of stochastic (with respect to
the random variable ω ∈ Ω) gradient vector fields. Assume that such vector fields satisfy the ε-
independent local in time regularity hypothesis

∀ε > 0 and ∀T > 0, sup
0<t<T

∥Eε(t)∥W 2,∞(Td) ≤ C(T ) ,

and the following detailed ergodicity hypotheses. With

∀k ∈ Z
d\{0}, Eε(t, k) =

 

Eε(t, x)e−ik·xdx = Eε(t, k)e−i
ωkt

ε2 = −ikΦε(t, k)e−i
ωkt

ε2 ,

there exist a constant τ ∈ (0, +∞) and functions σ *→ Ak(σ), k ∈ Zd\{0}, such that

E[Φε(t, k)Φε(s, k′)] = Ak

( t− s

ε2

)
δ(k + k′) ,

σ *→ Ak(σ) is even, |σ| > τ =⇒ Ak(σ) = 0 , and
∑

k∈Zd

ˆ

R

|k|3|Ak(σ)|dσ < C1 ,

with C1 being independent of ε.
Then,

1. For all k ∈ Zd\{0} the Fourier transform of the function σ *→ Ak(σ) is non negative and the
bounded diffusion matrix

D(v) =
1

2

∑

k∈Zd\{0}

k ⊗ k Âk(ωk − k · v) (42)

is symmetric non negative and analytic in the variable v.

2. Define by V ⊂ L2(Rd
v) the closure of the space of functions φ ∈ D(Rd

v) for the norm

∥φ∥2V = ∥φ∥2L2(Rd
v)
+

ˆ

Rd
v

(
D(v)∇vφ , ∇vφ

)
.
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vanishes. Indeed, only local two-body resonances of the
form v = v1 are permitted, which, because of the exact
local cancellation of the sum of the drift and diffusion
coefficients, cannot drive any relaxation of the system’s
mean DF. One-dimensional homogeneous systems are
generically kinetically blocked w.r.t. two-body correla-
tions at order 1/N . This drastically slows down the sys-
tem’s long-term evolution. As a consequence, it is only
through weaker three-body correlations, via 1/N2 effects,
that such systems can relax to their thermodynamical
equilibrium. This is the dynamics on which the present
paper is focused.

On the one hand, the effective derivation of the sys-
tem’s appropriate kinetic equation is straightforward, as
the roadmap to follow is systematic. On the other hand,
these calculations rapidly become cumbersome in prac-
tice given the large numbers of terms that one has to deal
with. In addition, to finally reach a simple closed form,
one also has to perform numerous symmetrisations and
relabellings. All in all, to alleviate the technical aspects
of these calculations, we carried out all our derivation
using Mathematica with a code that can be found in the
Supplemental Material [48]. In this paper, we will restrict
ourselves to the outline of the derivation.

The key details of our approach are spelled out in Ap-
pendix A. In a nutshell, the main steps of the deriva-
tion are as follows. (i) First, we derive the usual cou-
pled BBGKY evolution equations for the one-, two-, and
three-body distribution functions, i.e., the equations that
fully encompass the system’s dynamics at order 1/N2.
(ii) Using the cluster expansion [49], we can rewrite these
evolution equations as coupled equations for the one-
body DF, F (v, t), and the two- and three-body corre-
lation functions. At this stage, the evolution equations
are still coupled to each other, but are ordered w.r.t. the
small parameter 1/N . (iii) We may then truncate these
equations at order 1/N2. In addition, at this stage, we
also neglect the contribution from collective effects, as-
suming that the system is dynamically hot so that it
is not efficient at self-consistently amplifying perturba-
tions.6 Another key trick is to split the two-body correla-
tion functions in two components, respectively associated
with the 1/N and 1/N2 contributions. (iv) Finally, hav-
ing set up a set of four (well-posed) coupled partial dif-
ferential equations, we may solve them explicitly in time.
At that stage, the key assumption is Bogoliubov’s ansatz,
i.e., the assumption that the system’s mean DF evolves
on timescales much longer than its correlation functions.
Following various relabellings, symmetrisations, and inte-
grations by part, we finally obtain an explicit and closed
expression for the system’s 1/N2 collision operator. The
hardest part of this calculation is the appropriate use of
the resonance conditions to simplify accordingly the ar-

6 Eventually, this assumption should be lifted to describe colder
systems.

guments of the functions appearing in the kinetic equa-
tion.
All in all, the kinetic equation then reads

∂F (v)

∂t
= 2π3µ2 ∂

∂v

[∑

k1,k2

k22
k21(k1+k2)

U(k1, k2)P
∫

dv1
(v−v1)4

×
∫
dv2 δD

[
k · v

](
k ·

∂

∂v

)
F3(v)

]
, (4)

where the sum over k1, k2 is restricted to the indices such
that k1, k2, and (k1+k2) are all non-zero. In Eq. (4), to
shorten the notations, we introduced the velocity vector
v = (v, v1, v2), as well as F3(v) = F (v)F (v1)F (v2). Fi-
nally, we introduced the resonance vector

k =
(
k1+k2,−k1,−k2

)
(5)

as well as the coupling factor

U(k1, k2)=
(
(k1+k2)Uk1

Uk2
−k1Uk1+k2

Uk2
−k2Uk1+k2

Uk1

)2
.

(6)
In Eq. (4), we also introduced Cauchy’s principal value,
as P , which acts on the integral

∫
dv1. We postpone to

Section V the proof of its well-posedness.
Of course, the similarities between the 1/N Balescu-

Lenard equation (3) and the present 1/N2 equation are
striking. We emphasise that Eq. (4) is proportional to
µ2 ∼ 1/N2, so that it effectively describes a (very) slow
relaxation on N2td timescales. In addition, we also note
that the collision operator involves the DF three times,
which stems from the fact that the relaxation is sourced
by three-body correlations. Such correlations are cou-
pled through a resonance condition on three distinct ve-
locities, namely via the factor δD[k · v]. This is one of
the key changes w.r.t. to the 1/N kinetic equation (3),
as the present three-body resonances allow for non-trivial
and non-local kinetic couplings, driving a non-vanishing
overall relaxation. Equation (4) also differs from Eq. (3)
in one other significant manner, in as much as it does
not involve the dielectric function, εk(ω), since collective
effects have been neglected at this stage (we suggest in
footnote 7 how collective effects may be accounted for in
Eq. (4)).
Equation (4) is the main result of the paper: this

closed and explicit kinetic equation is the appropriate
self-consistent kinetic equation to describe the long-term
evolution of a dynamically hot one-dimensional homoge-
neous system, as driven by 1/N2 effects. It is quite gen-
eral since Eq. (4) applies to any arbitrary long-range in-
teraction potentials, as defined in Eq. (2). Finally, Eq. (4)
holds as long as the system remains linearly Vlasov sta-
ble, to prevent it from being driven to an inhomogeneous
state.

III. PROPERTIES

In this section, we explore some of the key properties
of the kinetic equation (4).

[Fouvry]
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Spatial structure of entropy

� = 1/2
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Fiducial Evolution
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→Focus at the four stages of evolution:

l (a) :
l (b) :
l (c) :
l (d) :

→Higher field strength in Bulk region starts 

the mirror instabilities early as shown in 

figure (b).

→ In figure (c), the CS should still be tearing

stable, but we start seeing magnetic mirror.

→ In figure (d), the reconnection is well 

underway with non-linear tearing as 

indicated by merging magnetic islands. 
Simulation parameters:

β = 16, k⊥/k∥ = 4, λ∥ = 2000ρi, δB|| = 0.8B0

Mirror instabilityHigh positive anisotropy Kinked field lines/scattering

Winarto (reconnection)

Majeski (magnetosonic modes)

Large- , Kunzologyβ

7

 Yerger 

(whistler  

thermal


conduction)


Kempf (MTI in ICM) 

Simulation de turbulence
MHD induite par la MTI

8.

III. Mes activités de stage 
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(position vector r0) using the time-dependent (diagonal)
Jacobian transformation matrix ⇤(t) ⌘ @r/@r0, as in
the Hybrid Expanding Box (HEB) model of Hellinger &
Trávńıček (2005, appendix A). Pegasus++ solves the fol-
lowing modified versions of Faraday’s and Ohm’s laws in
the expanding frame for the magnetic field B0 ⌘ �⇤�1B
and the electric field E0 ⌘ ⇤E:

@B0

@t0
= �cr0 ⇥E0, (2)

E0 = �u0

c
⇥B0 � Te

en0r
0n0 + (r0 ⇥B0)⇥ ⇤2B0

4⇡en0�
,

(3)

where the primed-frame number density n0 ⌘ �n and ion-
flow velocity u0 ⌘ ⇤�1u, � ⌘ det⇤, and t0 = t. These
fields are used to update the simulation ion-particle po-
sitions r0

p = ⇤�1rp and velocities v0
p = ⇤�1vp via

dr0
p

dt0
= v0

p, (4)

dv0
p

dt0
=

e

mi
⇤�2


E0(t0, r0

p) +
v0

p

c
⇥B0(t0, r0

p)

�

+ ⇤�1F (t0, r0
p)

mi
� 2⇤�1 d⇤

dt0
v0

p. (5)

The final (velocity-dependent) term in equation (5)
is straightforwardly incorporated into the semi-implicit
Boris algorithm for solving particle trajectories alongside
the v0

p ⇥B0 rotation. Quantities in the non-expanding
frame are easily obtained ex post facto.

The expansion is taken to be perpendicular to ẑ and
linear in time: ⇤(t) = ẑẑ + (1 + t/⌧exp)

�
I � ẑẑ

�
, where

⌧exp is the expansion time and I the unit dyadic. Thus
the perpendicular size of the simulated plasma increases
in time as L?(t) = L?0(1+t/⌧exp), while the parallel size
of the simulated plasma remains constant, Lk(t) = Lk0.
(We denote any given quantity X evaluated at the start
of the simulation by X0.) Magnetic-flux conservation
then gives Bg(t) = Bg0(1 + t/⌧exp)�2. This prescrip-
tion is physically relevant to the expanding solar wind at
&0.1 au, on account of the solar wind’s constant speed
and radial direction at those distances (Verscharen et al.
2019), although our treatment of the mean magnetic field
as radial is a simplifying assumption.

2.3. Physical set-up

At the start of the simulation (time t0), Nppc = 103

simulation ion-particles per cell are drawn randomly from
a stationary Maxwellian distribution with temperature
Ti0 and number density n0 and placed uniformly in an
elongated 3D computational domain of size Lx ⇥ Ly ⇥
Lz = (65⇢i0)2 ⇥ 390⇢i0 containing 2562 ⇥ 1536 cells.
At this box size and resolution, the captured wavenum-
bers are initially in the range k(x,y)⇢i0 2 [0.097, 12.37]
and kz⇢i0 2 [0.016, 12.37]. The initial ion beta param-
eter is �ki0 = 2, representative of near-Earth condi-
tions in the solar wind (Matteini et al. 2007). Prior to
initiating expansion, steady-state Alfvénic turbulence is
generated in the plasma by forcing the particles with
an F (t, r) having the correlation time ⌧A0/2⇡, where
⌧A0 ⌘ Lz/vA0 ⇡ 552⌦�1

i0 is the initial Alfvén-crossing
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<latexit sha1_base64="zKe0JUMqcHclCIFV/yGPPpBMdfc=">AAAB7HicbVBNS8NAEJ31s9avqhfBy2IRvBiS4tex4MVjBdMW2lA22027dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v9HK6tr6xmZpq7y9s7u3Xzk4bOokU5T5NBGJaodEM8El8w03grVTxUgcCtYKR3dTv/XElOaJfDTjlAUxGUgecUqMlfwL16ld9SpV13FnwMvEK0gVCjR6la9uP6FZzKShgmjd8dzUBDlRhlPBJuVupllK6IgMWMdSSWKmg3x27ASfWaWPo0TZkgbP1N8TOYm1Hseh7YyJGepFbyr+53UyE90GOZdpZpik80VRJrBJ8PRz3OeKUSPGlhCquL0V0yFRhBqbT9mG4C2+vEyaNce7dmoPl9X6cRFHCU7gFM7Bgxuowz00wAcKHJ7hFd6QRC/oHX3MW1dQMXMEf4A+fwAqVY17</latexit>
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<latexit sha1_base64="3vjIvTjQ6diENEOp0oL0nsG+/CM=">AAAB63icbVDLSgMxFL3xWeur6kZwEyyCqzJTRF0W3LisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtLPQ1gMhh3Pu5d57wkRwYz3vG62tb2xubZd2yrt7+weHlaPjtolTTVmLxiLW3ZAYJrhiLcutYN1EMyJDwTrh5C73O09MGx6rRztNWCDJSPGIU2Jzyat53qBSzb8ceJX4BalCgeag8tUfxjSVTFkqiDE930tskBFtORVsVu6nhiWETsiI9RxVRDITZPNdZ/jCKUMcxdo9ZfFc/d2REWnMVIauUhI7NsteLv7n9VIb3QYZV0lqmaKLQVEqsI1xfjgecs2oFVNHCNXc7YrpmGhCrYun7ELwl09eJe16zb+u1R+uqo3TIo4SnME5XIIPN9CAe2hCCyiM4Rle4Q1J9ILe0ceidA0VPSfwB+jzB7XWjT0=</latexit>
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<latexit sha1_base64="o94AlWT6oPWnxeBeT4tvOh2PRJw=">AAAB63icbVDLSsNAFL2pr1pfVTeCm8EiuApJ8bUsuHFZwT6gDWUynbRDZyZhZiKU0F9w40IRt/6QO//GSZuFth64cDjnXu69J0w408bzvp3S2vrG5lZ5u7Kzu7d/UD08aus4VYS2SMxj1Q2xppxJ2jLMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMEmlzy3fjWo1jzXmwOtEr8gNSjQHFS/+sOYpIJKQzjWuud7iQkyrAwjnM4q/VTTBJMJHtGepRILqoNsfusMnVtliKJY2ZIGzdXfExkWWk9FaDsFNmO97OXif14vNdFtkDGZpIZKslgUpRyZGOWPoyFTlBg+tQQTxeytiIyxwsTYeCo2BH/55VXSrrv+tVt/uKw1Too4ynAKZ3ABPtxAA+6hCS0gMIZneIU3RzgvzrvzsWgtOcXMMfyB8/kDwHSNRA==</latexit>
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<latexit sha1_base64="jLEQlSps1+lje76+NJl3gQPRa5Q=">AAAB63icbVDLSsNAFL2pr1pfVTeCm8EiuApJ8bUsuHFZwT6gDWUynbRDZyZhZiKU0F9w40IRt/6QO//GSZuFth64cDjnXu69J0w408bzvp3S2vrG5lZ5u7Kzu7d/UD08aus4VYS2SMxj1Q2xppxJ2jLMcNpNFMUi5LQTTu5yv/NElWaxfDTThAYCjySLGMEmlzz3yhtUa57rzYFWiV+QGhRoDqpf/WFMUkGlIRxr3fO9xAQZVoYRTmeVfqppgskEj2jPUokF1UE2v3WGzq0yRFGsbEmD5urviQwLracitJ0Cm7Fe9nLxP6+Xmug2yJhMUkMlWSyKUo5MjPLH0ZApSgyfWoKJYvZWRMZYYWJsPBUbgr/88ipp113/2q0/XNYaJ0UcZTiFM7gAH26gAffQhBYQGMMzvMKbI5wX5935WLSWnGLmGP7A+fwBvW+NQg==</latexit>
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Figure 1. Volume rendering of the x component of the magnetic
field, �Bx/Bg, (a) just prior to expansion, (b) when the firehose
modes emerge, and (c) near the end of the run well after one ex-
pansion time. Regions where |�Bx|/Bg is small are transparent.

time, vA0 ⌘ Bg0/(4⇡min0)1/2 is the initial Alfvén speed,
and ⌦i0 ⌘ eBg0/mic is the initial ion-cyclotron fre-
quency. The magnitude of the force is such that criti-
cal balance is maintained for the box-scale fluctuations:
urms/vA0 ⇡ L?/Lk, where urms is the root-mean-square
(rms) turbulent velocity. Assuming a �5/3 power-law
scaling for turbulent fluctuations on scales larger than
the box, the inferred perpendicular wavenumber at which
the energy of the turbulent fluctuations becomes com-
parable to that of the guide magnetic field is kouter

? ⇠
10�3⇢�1

i0 , a comparable degree of separation to that ob-
served in the fast, � & 1 solar wind (Wicks et al.
2010). This initial non-expanding phase of the simula-
tion lasts for five Alfvén-crossing times until t = 0, so
that t0 = �5⌧A0 ⇡ �2758⌦�1

i0 . The turbulent magnetic

Bott (firehose+ turbulence)

Firehoses in Alfvén-enabling state
Anomalously large                           in Alfvén-enabling state due to parallel ion-Larmor-scale modes

<latexit sha1_base64="fxWgNkZrYclxPSLdbgE1n+IRo94=">AAACDXicbVC7SgNBFJ2NrxhfUUubwSjEJu4uQS1DbCwjmAfkscxObpIhM7vLzKwYlvyAjb9iY6GIrb2df+PkUWjigQuHc+7l3nv8iDOlbfvbSq2srq1vpDczW9s7u3vZ/YOaCmNJoUpDHsqGTxRwFkBVM82hEUkgwudQ94fXE79+D1KxMLjTowjagvQD1mOUaCN52ZN8qwtcE1z2klYEMhp33POyZ3fcMyNIgQV5GHvZnF2wp8DLxJmTHJqj4mW/Wt2QxgICTTlRqunYkW4nRGpGOYwzrVhBROiQ9KFpaEAEqHYy/WaMT43Sxb1Qmgo0nqq/JxIilBoJ33QKogdq0ZuI/3nNWPeu2gkLolhDQGeLejHHOsSTaHCXSaCajwwhVDJzK6YDIgnVJsCMCcFZfHmZ1NyCc1Eo3hZzJXceRxodoWOURw66RCV0gyqoiih6RM/oFb1ZT9aL9W59zFpT1nzmEP2B9fkDrq6apw==</latexit>

(�B2
?/B

2
0)max

For `asymptotic’ Alfvén-enabling state… …parallel modes eventually grow larger than oblique ones

Q: what excites parallel modes? Linearly stable for bi-Maxwellian…
A: evolution has two initial phases before reaching quasi-periodic state:
1. Bi-Maxwellian with                 drives (non-propagating) ion-Larmor-

scale oblique firehoses unstable (with                   )
2. Back-reaction isotropizes distribution function near                   , 

destabilising propagating right-handed parallel modes
Distinct wave populations clearly seen in Fourier analysis!

<latexit sha1_base64="u6xCsA3ArY1fslcLNJIZwTPCzuw=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCpJKepKCm5cVugN2hAm00k7dDIZZiZCiPVV3LhQxK0P4s63cdJmoa0/DHz85xzOmT8QjCrtON9WaWNza3unvFvZ2z84PLKPT3oqTiQmXRyzWA4CpAijnHQ11YwMhCQoChjpB7PbvN5/IFLRmHd0KogXoQmnIcVIG8u3qx0/Gz3O4Q3MQRAp5tC3a07dWQiug1tADRRq+/bXaBzjJCJcY4aUGrqO0F6GpKaYkXlllCgiEJ6hCRka5CgiyssWx8/huXHGMIyleVzDhft7IkORUmkUmM4I6alareXmf7VhosNrL6NcJJpwvFwUJgzqGOZJwDGVBGuWGkBYUnMrxFMkEdYmr4oJwV398jr0GnX3st68b9ZajSKOMjgFZ+ACuOAKtMAdaIMuwCAFz+AVvFlP1ov1bn0sW0tWMVMFf2R9/gDoX5RB</latexit>

Tk > T?
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Rm ≃ 2800Rm ≃ 1400Rm ≃ 175Rm ≃ 45

Re ≃ 2800

Re ≃ 700

Re ≃ 175

Re ≃ 45

Pm = 4

Pm = 0.5

Rincon (large-scale inhomogeneous 

turbulent  helical dynamo)

Galishnikova-Kunz

(small-scale reconnecting 


turbulent dynamo)

Vienna, July 2022

Tearing-mediated cascade & backreaction
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[Galishnikova et al. 2022, arXiv:2201.07757]

• Phenomenology in A. Schekochihin’s MHD                   
turbulence JPP review [arxiv:2010.00699]  

• Reconnecting field backreacts on flows                           
[Brandenburg & Rempel, ApJ 2019; Grete et al., ApJ 2021] 

• 3D still far from asymptotic in Rm ! 

• Significance for helical fields unclear [more later]

Rm ≃ 48000Rm ≃ 9400Rm ≃ 1890Rm ≃ 760
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4 R. Meyrand and others

1

�i

1

�i

imbalanced balanced

1

�i

1

�i

imbalanced balanced

Figure 1. The spatial structure of the perpendicular electron flow u?, or equivalently, the
perpendicular electric field E? = �r?' [see Eqs. (2.2) to (2.3)]. We compare imbalanced
and balanced turbulence in the left and right panels, respectively. Top panels show a parallel
(x, z) slice (B0 = B0ẑ left to right), bottom panels show a perpendicular (x, y) slice (B0 out
of the page). The dramatic dependence on imbalance arises because imbalanced turbulence is
a✏icted by the “helicity barrier”: at a nonuniversal scale k⇤

?⇢i . 1 most of the energy cascade
of the dominant component (E+) cannot proceed to smaller scales, violating the zeroth law of
turbulence. The resulting sharp break in the spectrum is shown in Fig. 2, and is followed by the
re-emergence of a cascade at yet smaller scales (see zoomed region of left-hand panel). These
simulations have a resolution of 20483 and are initialised by refining the 2563 simulations of
Figs. 4–6, starting at t ⇡ 18⌧A.

field, and that the correlation length lk of a perturbation in the field-parallel direction
is much larger than its field-perpendicular correlation length l? (Schekochihin et al.

2009). The resulting system (gyrokinetics) is still quite complex, and significant further
simplification is possible using an expansion in �e ⇠ �i ⌧ 1 (Zocco & Schekochihin
2011; Schekochihin et al. 2019). In this case, the ion-thermal speed is small compared to
the Alfvén speed, implying there is minimal coupling between perpendicular (Alfvénic)
motions and ion-compressive (kinetic) degrees of freedom, even for ion-Larmor-scale
fluctuations (Schekochihin et al. 2019). This means that energy injected into Alfvénic
motions at the largest scales (l? � ⇢i) cannot directly heat ions (within the low-frequency
approximation), allowing the formulation of a simple closed set of fluid equations (i.e.,
equations in 3-D space) to describe the Alfvénic component of the turbulence both above
and below the ⇢i scale.† These are the FLR-MHD equations. We note that the assumption

† Compressive fluctuations, which cascade passively to ⇢i scales, where they likely heat the
ions through nonlinear phase mixing (Meyrand et al. 2019; Kawazura et al. 2020), can modify
the equations around ⇢i scales by changing the relationship between �ne and ' (although they

Squire-Meyrand 

(imbalanced FLR-MHD)

6 J. Squire and others

Figure 2. Two-dimensional spherically polarised solution on an `, z plane angled at 30� from
the x̂ (mean-field) direction. The top three panels show periodic traces of B (black), Bx (blue),
By (red), and Bz (yellow) along the white line plotted on the bottom-left panel (at an angle
↵ ⇡ 11.3 degrees from the ˆ̀ direction, with l = 0 in the centre of the domain). The initial
condition is constructed from a random superposition of modes in Ax, scaled to give amplitude
A ⇡ 0.2 (top panel). It then grows in time according to Eqs. (2.1) and (2.2). The bottom panels
show the 2-D structure of the components of B at the time corresponding the bottom trace,
when A ⇡ 5. At least to the precision of the 3842 resolution used here, discontinuities develop
in the field structure, unlike the 1-D solutions (the most prominent is near near l = 1 on the
trace plots). Aside from numerical ringing caused by the development of these discontinuities,
however, B remains very constant throughout the domain (the colorbar of B on the bottom left
is scaled to ±2%)

for the development of discontinuities in such solutions, and a solution for ↵ can be found
for most choices of smooth, low-amplitude Ax (at least in two dimensions; see below).

Large-amplitude solutions Starting from a constant-B initial condition, Eqs. (2.1)
and (2.2) can be solved using standard methods. For simplicity, we use an Euler timestep-
per with the timestep chosen based on the maximum of � over the domain. The only
complication arises from the non-homogenous derivative operator in the Poisson equa-
tion (2.2), which must be recomputed and solved at every timestep as �B, and thus r?,
change. We choose to use a periodic sixth-order finite-di↵erence representation†, forming
r2

? as a sparse matrix through left-multiplication of the relevant gradient operators by
Bi. A di�culty in the interpretation and solution of Eq. (2.2) is that the r2

? matrix has a
rather high dimensional nullspace, which means that, depending on the source ��B ·B,

† A range of finite-di↵erence orders were tested. Lower-order operators cause a clear decrease
in solution quality, but there was little gained for orders above 6.

Squiritons

Reflection-driven turbulence in the

super-Alfvénic solar wind

Meyrand Romain

Meyranistic art (reflection-driven MHD turbulence)
�⇡ 0 ⇡

x

⇡

0

�⇡

y

Correlation integrals

V

2D slice of  from simulation of MHD decayψ = h = A ⋅ B

Iψ = ∫ d3r⟨ψ(x )ψ(x + r)⟩ = lim
V→∞

⟨[ ∫V d3x ψ(x )]
2⟩

V

Hosking’s invariants
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Conclusions
• Current sheet instability implies that very large aspect ratio, super-

critical, current sheets cannot form in the first place.

• Current sheet instability must therefore be analyzed in the context of current 
sheet formation.

• Reconnection onset may be the moment of time when plasmoids disrupt the 
forming current sheet.

• Same ideas apply to reconnection onset in collisionless plasmas, but 
range of instabilities to consider is much broader, and requires 3D.
• Realizability implies that one can’t bypass the formation process: 

without it, it’s unknown what the parameters and configuration 
during the actual reconnection stage are.

24

Loureiro (reconnection + Ion-Acoustic)
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MFBEJOH�PSEFS JO UIF (NF/NJ)

�/� FYQBOTJPO
 UIF NPEF GSFRVFODZ JT EFUFSNJOFE CZ UIF SFTQPOTF PG JPOT BOE USBQQFE FMFDUSPOT JO UIF PVUFS
SFHJPO 	θ ∼ �

 CZ TPMWJOH FRVBUJPOT 	��
 BOE 	��

 XJUI RVBTJOFVUSBMJUZ 	��
� 5IF QBTTJOH QBSU PG UIF FMFDUSPO EJTUSJCVUJPO GVODUJPO )F JT
QSPQBHBUFE GSPN MFGU UP SJHIU
 WJB FRVBUJPO 	��

 TUBSUJOH XJUI [FSP BNQMJUVEF BU θ =−∞
 SFDFJWJOH BO JNQVMTF ∆)F GSPN UIF QPUFOUJBM φ JO
UIF PVUFS SFHJPO 	TFF FRVBUJPO 	��


 BOE àOBMMZ
 DBSSZJOH UIBU BNQMJUVEF JOUP UIF JOOFS SFHJPO 	θ ∼ (NJ/NF)

�/�
� *O UIF JOOFS SFHJPO
 UIF
USBQQFE FMFDUSPO SFTQPOTF NBZ CF EFUFSNJOFE XJUI FRVBUJPO 	��

 BOE UIF FMFDUSPO SFTQPOTF EFUFSNJOFT φ
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Hardman, Chandran (MTM)

Fiducial Evolution
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→Focus at the four stages of evolution:

l (a) :
l (b) :
l (c) :
l (d) :

→Higher field strength in Bulk region starts 

the mirror instabilities early as shown in 

figure (b).

→ In figure (c), the CS should still be tearing

stable, but we start seeing magnetic mirror.

→ In figure (d), the reconnection is well 

underway with non-linear tearing as 

indicated by merging magnetic islands. 

Winarto (reconnection + mirror)

Vienna, July 2022

Tearing-mediated cascade & backreaction
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[Galishnikova et al. 2022, arXiv:2201.07757]

• Phenomenology in A. Schekochihin’s MHD                   
turbulence JPP review [arxiv:2010.00699]  

• Reconnecting field backreacts on flows                           
[Brandenburg & Rempel, ApJ 2019; Grete et al., ApJ 2021] 

• 3D still far from asymptotic in Rm ! 

• Significance for helical fields unclear [more later]

Kunz+Rincon

(dynamo+reconnection)

Cowley’s explosive instabilities & metastability

Vienna, July 2022

Zoom on largest-Rm run (T06)

24

5122 x 2048 spectral  
[512 / forcing scale before dealiasing] 

Rm=2800, Pm=4  

Jz
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Figure 1: Dependence of the turbulent ion heat flux on the inverse ion-temperature-
gradient scale length. In the simulations labelled by green ‘+’ signs, the externally
imposed mean flow shear was set to zero. For all other simulations, �E = �0.079.
Zonal modes are artificially zeroed out in simulations labelled by black crosses. The
black circle denotes a simulation where amplitudes decay with time and no saturated
turbulent state is observed. The dashed line marks the temperature gradient below
which there is no e↵ective linear instability (h�it < 0) in the presence of mean flow
shear.

Figure 2: Consecutive snapshots of the turbulence in real space for the low-transport
state where a/LTi = 1.76 and �E = �0.079. In the top panels, the fluctuating
elecrostatic potential is plotted at three successive times at the outboard of the
torus, in the plane perpendicular to B. In the bottom panels, the zonal flow is
plotted at the same times.
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Barnes (ITG bistability)

heat-flux scalings in other regimes
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I Further scaling arguments show that the sTAI does not actually contribute to
the cascade, meaning that the outer scale moves to even smaller parallel
scales, eventually encountering the cTAI (which peaks at a specific parallel
wavenumber).
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Real-space data
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Adkins 

(ETG, TAI)
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MFBEJOH�PSEFS JO UIF (NF/NJ)

�/� FYQBOTJPO
 UIF NPEF GSFRVFODZ JT EFUFSNJOFE CZ UIF SFTQPOTF PG JPOT BOE USBQQFE FMFDUSPOT JO UIF PVUFS
SFHJPO 	θ ∼ �
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 XF àOE UIBU UIF
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NF

NJ

)�/� FφPVUFS
5F
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�/� → �
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Hardman, Chandran (MTM)
Wolfgang Pauli Institute
10:00, Thursday, 28.07.2022Collisionless equation for the OC distribution, "

2 ! �{L ! " ! 1

‚ Use˚ |uy “ iJpq | rHy to express Wu „ symb |uy xu| through WÄH „ symb | rHy x rH|:
WÄH “ p2⇡q´pn`1q ´ d⌧ ds ei!⌧´ik¨s rHpt ` ⌧{2,x ` s{2,pq rHpt ´ ⌧{2,x ´ s{2,pq

‚ For the OC distribution F
.“ f ` Bp ¨ p⇥ Bpfq, we get an equation that is applicable

both to on-shell and o↵-shell waves and captures ponderomotive e↵ects:

BF
Bt “ tH, F u ` B

Bp ¨
ˆ
DDD

BF
Bp

˙

H “ H ` B
Bp ¨

 
d! dk

kW ÄH
2p! ´ k ¨ vq

⇥ “ B
B#

 
d! dk

kk
:
W ÄH

2p! ´ k ¨ v ` #q

ˇ̌
ˇ̌
#“0

DDD “ ⇡

ˆ
dk kk

:
W ÄHpt,x,k ¨ v,k;pq

‚ No coordinate transformations Ñ no singularities. Also, when averaging over
phase-space volume �x�k Á 1, DDD is proven positive-semidefinite Ñ H-theorem.

˚In the z-representation, pq “ ´iBz. Image: adapted from xkcd.com

Ivanov (Drift-kinetic linear theory 

with complex-plane acrobatics)



Schekochinamics & Hyperobbinetics

Ewart, Nastac, Adkins

18 R. J. Ewart et al.

Figure 3: A 1D cartoon depicting exact and mean phase-space densities for a three-
waterbag system. Panels (b) and (d) show f0(v) corresponding to the exact f(v) shown
in panels (a) and (c), respectively. The dotted, dashed and dot-dashed lines in panels (b)
and (d) show to the contributions ⌘JpJ(v) of each of the three waterbag densities to the
mean phase-space density. The system in the top two panels has a total energy equal
to E = 1.003Emin, where Emin is the minimal energy that the system could have subject
to phase-volume conservation. The system in the bottom two panels has E = 1.05Emin.
This allows the second most dense waterbag (dashed line) to intermingle with the densest
waterbag (dotted line) giving a substantial contribution to the mean phase-space density
at v = 0. In contrast, in the top panels, the little energy that the system has above Emin

permits very little mixing between waterbags, making the mean phase-space density
appear very close to a step function (a ‘ziggurat’).

and simple, features can be gleaned from (3.27). First, �EJ↵ can be very small if
either ⌘(J+1)↵ � ⌘J↵ is small or, more subtly, if one of �J↵ or �(J+1)↵ is small compared
to the other. The first of these possibilities is a manifestation of the fact that, if the
phase-space densities of two waterbags are similar, the distribution function does not
change significantly by allowing them to intermingle. The second possibility makes the
energy required to intermingle the waterbags small because only a small portion of phase
space needs to be ‘excited’.

The corollary of (3.27) is, therefore, that the initial energy of the system must only be
greater than its minimum possible energy by an amount E �Emin ⇠ minJ�EJ↵ for the
Lynden-Bell equilibrium distribution of species ↵ to be considerably distinct from the
Gardner distribution. If, for instance, �EJ↵ were minimal for a particular J = J̄ , then
at energies such that E � Emin ⇠ �EJ̄↵, the equilibrium would allow the waterbags J̄
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First, we notice that the ⌘00 integral of the first bracketed term is
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Secondly, in the second bracketed term, anything that is not multiplied by both ⌘ and ⌘00

integrates to zero by (4.17):
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With these insights, the rate of change of entropy becomes
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Finally, we symmetrise the entire expression by swapping ↵ $ ↵00, ⌘ $ ⌘00, v $ v00,
which allows us to write (4.23) in an explicitly positive-semidefinite form:
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(4.24)

Expanding the squared expression in (4.24) does indeed recover (4.23) as all excess terms
cancel. The collision integral (4.15) therefore never decreases the Shannon entropy (3.41).

To prove that all initial conditions will eventually reach their corresponding Lynden-
Bell equilibrium (4.18), we must show that the rate of entropy growth (4.24) will equal
zero if and only if the Lynden-Bell equilibrium has been reached. Owing to the squared
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Expanding the squared expression in (4.24) does indeed recover (4.23) as all excess terms
cancel. The collision integral (4.15) therefore never decreases the Shannon entropy (3.41).

To prove that all initial conditions will eventually reach their corresponding Lynden-
Bell equilibrium (4.18), we must show that the rate of entropy growth (4.24) will equal
zero if and only if the Lynden-Bell equilibrium has been reached. Owing to the squared
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High-. dissipation turns on at "" .

In the range "" < ( < /) , the 
“kinetic dissipation” dominates.

In the range /) > (, the “fluid 
dissipation” dominates. 

Zhou (electron heating)

Zhdankin (cascade+acceleration)
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Spatial structure of entropy

� = 1/2
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Local Casimir momenta are proxy 
for irreversible dissipation

High-energy Casimir

Low-energy Casimir

Plasma energy
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Simplifying the collision operator

Large time limit

  Kinetic blockings and 1/N2 kinetic theory

lim
t→+∞ ∫

t

0

dt′ !ei(t− t′!)ωR = πδD(ωR) + i %(
1

ωR
)

Number of terms keeps growing: ~10,000 terms

Do NOT perform these calculations by hand!

Using a custom grammar in Mathematica

Interaction potential

U(w, w′!) = ∑
k

Uk[J, J′!] eik(θ− θ′ !)

Monotonic frequency profile

J ↦ Ω(J)

 26

  Damped modes of stellar clusters

Dispersion function

ωM/Ω0 = 0.0143

−0.00142 i

damped modeℓ=1
|εℓ=1(ω)|

10-13

10-11

10-9

10-7

10-5

10-3

det[εℓ(ω)]

Slow mode

Weakly damped

Im[ωM]/Re[ωM] ≪ 1

Re[ωM]/Ω0 ≪ 1

Isotropic isochrone cluster

Kinetic blocking &

1/N2 kinetic theory

Damped modes of stellar clusters



Necesseary condition for non-degenerate diffusion 1/2

Theorem (A)

Let {f "0 }">0 be a sequence of non-negative initial data and C0 be a positive constant such that

kf"0 kL1(Q) + kf"0 kL1(Q)  C0,

ˆ
Q

f"0 |v |2 dxdv  C0,

���E"
0 := r��1

Ä ˆ
Rd

f"0 dv � 1
ä���

L2(Td )

 C0.

Let (f ",E")">0, be a sequence of weak solutions of the rescaled Vlasov–Poisson system with
initial data f "|t=0 = f "0 , whose existence is known or proved (Arsenev 75, Diperna–Lions 88, ...) for
all " > 0.

Then:
i) There exists a function f = f (t , v), independent of x, such that f 2 L1(R+; L1

\ L1(Rd )),
and up to subsequences one has,

f " * f in L1(R+; L1(Q)) weak�⇤, 
dx f " * f in L1(R+; L1(Rd )) weak�⇤.

ii) The electric field E" converges weakly to zero as " ! 0, more precisely,

E" * 0 in L1(R+;W 1,1+2/d (Td )) weak�⇤.

Nicolas BESSE (03/08/22) Around the quasilinear approximation of the Vlasov equation Vienna 25/07-05/08 5 / 42

Besse & Bardos

Dodin

Catto

Quasi-linear theory
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Wolfgang Pauli Institute
10:00, Thursday, 28.07.2022Summary

‚ Result: QL theory is corrected and derived from first principles as a local theory.
Wigner tensors vs. global-mode decomposition

- general Hamiltonian, any interaction field;

- inhomogeneity, collisions and o↵-shell waves;

- H-theorem for inhomogeneous plasma;

- generalized conservative Balescu–Lenard collision operator;

- conservation of the action, energy, and momentum for on-shell fields;

- many known results are subsumed as special cases.

‚ Take-home message: OpB̄t, B̄xq is non-negligible on t " !
´1 and ` " k

´1.
Calculations ignoring this are unreliable. Weyl calculus is the way to get things right.
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‚ Potential applications: RF current drive, models of turbulence saturation

Wolfgang Pauli Institute
10:00, Thursday, 28.07.2022Summary

‚ Result: QL theory is corrected and derived from first principles as a local theory.
Wigner tensors vs. global-mode decomposition

- general Hamiltonian, any interaction field;

- inhomogeneity, collisions and o↵-shell waves;

- H-theorem for inhomogeneous plasma;

- generalized conservative Balescu–Lenard collision operator;

- conservation of the action, energy, and momentum for on-shell fields;

- many known results are subsumed as special cases.

‚ Take-home message: OpB̄t, B̄xq is non-negligible on t " !
´1 and ` " k

´1.
Calculations ignoring this are unreliable. Weyl calculus is the way to get things right.

rfk “ ´ipe{mq rEk

!k ´ kv

Bf
Bv ` OpBtf, Bxfq, F ´ f “ B

Bp ¨
ˆ
⇥

Bf
Bp

˙
“ Op rE2q

‚ Potential applications: RF current drive, models of turbulence saturation



Uzdensky

Yerger (thermal conduction)

More closure
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<latexit sha1_base64="pYiT9bZ6Dd5A9UJRec4NDR/0Fpo=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIq6kUoePFYwX5AE8Jmu2mX7iZhdyItoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1PBNTjOt7W2vrG5tV3aKe/u7R8c2keVtk4yRVmLJiJR3ZBoJnjMWsBBsG6qGJGhYJ1wdDfzO09MaZ7EjzBJmS/JIOYRpwSMFNgVwLfYA5IFuackZuN0GthVp+bMgVeJW5AqKtAM7C+vn9BMshioIFr3XCcFPycKOBVsWvYyzVJCR2TAeobGRDLt5/Pbp/jMKH0cJcpUDHiu/p7IidR6IkPTKQkM9bI3E//zehlEN37O4zQDFtPFoigTGBI8CwL3uWIUxMQQQhU3t2I6JIpQMHGVTQju8surpF2vuVe1i4fLaqNexFFCJ+gUnSMXXaMGukdN1EIUjdEzekVv1tR6sd6tj0XrmlXMHKM/sD5/AEn1k+0=</latexit>

t
=

⌧ e
x
p

Magnetic-field structure
Firehose magnetic-field perturbations depend qualitatively on whether                               or 

<latexit sha1_base64="GYRDR6FcAyuhJ3FCVNcWTNwdcWY=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjYbwLQS0DWlgqGBVy4ZjbTHRx74PdOTEc+Qk2/hUbC0VsLe38N25iCjU+GHi8N8PMvDBV0pDrfjoTk1PTM7OFueL8wuLScmll9dwkmRbYFIlK9GUIBpWMsUmSFF6mGiEKFV6EN4cD/+IWtZFJfEa9FNsRXMWyKwWQlYLSVsU/QkUQyO0g93XEDVCf+5CmOrnjO7VdP8SBG5TKbtUdgo8Tb0TKbISToPThdxKRRRiTUGBMy3NTauegSQqF/aKfGUxB3MAVtiyNIULTzocP9fmmVTq8m2hbMfGh+nMih8iYXhTazgjo2vz1BuJ/Xiuj7kE7l3GaEcbie1E3U5wSPkiHd6RGQapnCQgt7a1cXIMGQTbDog3B+/vyODmvVb29av20Xm7URnEU2DrbYBXmsX3WYMfshDWZYPfskT2zF+fBeXJenbfv1glnNLPGfsF5/wIzrZwH</latexit>

(�i)sat ⇡ �2/�i
<latexit sha1_base64="FKEr/WfqCt0u8DRa3p6QwD3dL8E=">AAACCnicbVA9SwNBEN3zM8avqKXNahBiYbwLQa0koIVlBJMIuePY20x0yd4Hu3NCOFLb+FdsLBSx9RfY+W/cS1L49WDg8d4MM/OCRAqNtv1pzczOzS8sFpaKyyura+uljc22jlPFocVjGavrgGmQIoIWCpRwnShgYSChEwzOcr9zB0qLOLrCYQJeyG4i0RecoZH80k7FPQeJzBf7fuaqkGqGI3pKD2qHbgC57pfKdtUeg/4lzpSUyRRNv/Th9mKehhAhl0zrrmMn6GVMoeASRkU31ZAwPmA30DU0YiFoLxu/MqJ7RunRfqxMRUjH6veJjIVaD8PAdIYMb/VvLxf/87op9k+8TERJihDxyaJ+KinGNM+F9oQCjnJoCONKmFspv2WKcTTpFU0Izu+X/5J2reocVeuX9XKjNo2jQLbJLqkQhxyTBrkgTdIinNyTR/JMXqwH68l6td4mrTPWdGaL/ID1/gXhlZkT</latexit>

(�i)sat > �2/�i
<latexit sha1_base64="cBEw2BuQjq12GZ6QdbnGrjhCj1A=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6jHoxWME88AkhNnZ3mTI7OwyMyssS/7CiwdFvPo33vwbJ4+DJhY0FFXddHf5ieDauO63s7K6tr6xWdgqbu/s7u2XDg6bOk4VwwaLRazaPtUouMSG4UZgO1FII19gyx/dTvzWEyrNY/lgsgR7ER1IHnJGjZUeuwEKQ8lNP+uXym7FnYIsE29OyjBHvV/66gYxSyOUhgmqdcdzE9PLqTKcCRwXu6nGhLIRHWDHUkkj1L18evGYnFolIGGsbElDpurviZxGWmeRbzsjaoZ60ZuI/3md1ITXvZzLJDUo2WxRmApiYjJ5nwRcITMis4Qyxe2thA2poszYkIo2BG/x5WXSrFa8y8r5/UW5Vp3HUYBjOIEz8OAKanAHdWgAAwnP8ApvjnZenHfnY9a64sxnjuAPnM8fCgyQdg==</latexit>

�By
<latexit sha1_base64="BqYUcJEmKJEkaAWPDqU0bU5Thzo=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexGUY9BLx4jmAcmIczO9iZDZmeXmV4hLvkLLx4U8erfePNvnDwOmljQUFR1093lJ1IYdN1vJ7eyura+kd8sbG3v7O4V9w8aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ic3E7/5CNqIWN3jKIFuxPpKhIIztNJDJwCJjF73nnrFklt2p6DLxJuTEpmj1it+dYKYpxEo5JIZ0/bcBLsZ0yi4hHGhkxpIGB+yPrQtVSwC082mF4/piVUCGsbalkI6VX9PZCwyZhT5tjNiODCL3kT8z2unGF51M6GSFEHx2aIwlRRjOnmfBkIDRzmyhHEt7K2UD5hmHG1IBRuCt/jyMmlUyt5F+ezuvFStzOPIkyNyTE6JRy5JldySGqkTThR5Jq/kzTHOi/PufMxac8585pD8gfP5AwuQkHc=</latexit>

�Bz 2D spectrum 1D spectra

<latexit sha1_base64="TsaUKWBBwCS8KcUO8K/ve/mbN7U=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5C0at0IBTcuK9gHNCFMptN26OTBzI1YQt34K25cKOLWv3Dn3zhts9DWAxcO59zLvfcEieAKbPvbWFpeWV1bL2wUN7e2d3bNvf2milNJWYPGIpbtgCgmeMQawEGwdiIZCQPBWsHweuK37plUPI7uYJQwLyT9iPc4JaAl3zwEfIVtq1I9xy6Q1M9cGWL2kIx9s2Rb9hR4kTg5KaEcdd/8crsxTUMWARVEqY5jJ+BlRAKngo2LbqpYQuiQ9FlH04iETHnZ9IMxPtFKF/diqSsCPFV/T2QkVGoUBrozJDBQ895E/M/rpNC79DIeJSmwiM4W9VKBIcaTOHCXS0ZBjDQhVHJ9K6YDIgkFHVpRh+DMv7xImmXLubAqt2elWjmPo4CO0DE6RQ6qohq6QXXUQBQ9omf0it6MJ+PFeDc+Zq1LRj5zgP7A+PwB8SOVRg==</latexit>

t
=

0.
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<latexit sha1_base64="6p2ZFa7oJ9Mu1Oi3PR06RiizIGY=">AAACD3icbVDJSgNBEO1xjXGLevTSGBRPYSaKehEEL96MYBbIxKGnU0madM8M3TViGPIHXvwVLx4U8erVm39jZzm4PSh4vFdFVb0wkcKg6346M7Nz8wuLuaX88srq2nphY7Nm4lRzqPJYxroRMgNSRFBFgRIaiQamQgn1sH8+8uu3oI2Io2scJNBSrBuJjuAMrRQU9nxkaZD5WlG4S4bUv1TQZYGgp7Tso1BgqOfeHASFoltyx6B/iTclRTJFJSh8+O2Ypwoi5JIZ0/TcBFsZ0yi4hGHeTw0kjPdZF5qWRsxuamXjf4Z01ypt2om1rQjpWP0+kTFlzECFtlMx7Jnf3kj8z2um2DlpZSJKUoSITxZ1UkkxpqNwaFto4CgHljCuhb2V8h7TjKONMG9D8H6//JfUyiXvqHRwdVg8K0/jyJFtskP2iUeOyRm5IBVSJZzck0fyTF6cB+fJeXXeJq0zznRmi/yA8/4F1d2bMA==</latexit> ⌧ e
x
p
⌦

i
=

2
⇥
10

3
<latexit sha1_base64="bOWdPa6SDiVXlPpDyCbJDf4Mhd0=">AAACD3icbVDJSgNBEO1xjXGLevTSGBRPYSaKehEEL96MYBbIxKGnU0madM8M3TViGPIHXvwVLx4U8erVm39jZzm4PSh4vFdFVb0wkcKg6346M7Nz8wuLuaX88srq2nphY7Nm4lRzqPJYxroRMgNSRFBFgRIaiQamQgn1sH8+8uu3oI2Io2scJNBSrBuJjuAMrRQU9nxkaZD5WlG4S4bUv1TQZYGgp7Tso1BgqOfeHAaFoltyx6B/iTclRTJFJSh8+O2Ypwoi5JIZ0/TcBFsZ0yi4hGHeTw0kjPdZF5qWRsxuamXjf4Z01ypt2om1rQjpWP0+kTFlzECFtlMx7Jnf3kj8z2um2DlpZSJKUoSITxZ1UkkxpqNwaFto4CgHljCuhb2V8h7TjKONMG9D8H6//JfUyiXvqHRwdVg8K0/jyJFtskP2iUeOyRm5IBVSJZzck0fyTF6cB+fJeXXeJq0zznRmi/yA8/4F12GbMQ==</latexit> ⌧ e

x
p
⌦

i
=

2
⇥
10
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<latexit sha1_base64="GYRDR6FcAyuhJ3FCVNcWTNwdcWY=">AAACEHicbVA9SwNBEN3zM8avqKXNYhBjYbwLQS0DWlgqGBVy4ZjbTHRx74PdOTEc+Qk2/hUbC0VsLe38N25iCjU+GHi8N8PMvDBV0pDrfjoTk1PTM7OFueL8wuLScmll9dwkmRbYFIlK9GUIBpWMsUmSFF6mGiEKFV6EN4cD/+IWtZFJfEa9FNsRXMWyKwWQlYLSVsU/QkUQyO0g93XEDVCf+5CmOrnjO7VdP8SBG5TKbtUdgo8Tb0TKbISToPThdxKRRRiTUGBMy3NTauegSQqF/aKfGUxB3MAVtiyNIULTzocP9fmmVTq8m2hbMfGh+nMih8iYXhTazgjo2vz1BuJ/Xiuj7kE7l3GaEcbie1E3U5wSPkiHd6RGQapnCQgt7a1cXIMGQTbDog3B+/vyODmvVb29av20Xm7URnEU2DrbYBXmsX3WYMfshDWZYPfskT2zF+fBeXJenbfv1glnNLPGfsF5/wIzrZwH</latexit> (�
i)
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<latexit sha1_base64="FKEr/WfqCt0u8DRa3p6QwD3dL8E=">AAACCnicbVA9SwNBEN3zM8avqKXNahBiYbwLQa0koIVlBJMIuePY20x0yd4Hu3NCOFLb+FdsLBSx9RfY+W/cS1L49WDg8d4MM/OCRAqNtv1pzczOzS8sFpaKyyura+uljc22jlPFocVjGavrgGmQIoIWCpRwnShgYSChEwzOcr9zB0qLOLrCYQJeyG4i0RecoZH80k7FPQeJzBf7fuaqkGqGI3pKD2qHbgC57pfKdtUeg/4lzpSUyRRNv/Th9mKehhAhl0zrrmMn6GVMoeASRkU31ZAwPmA30DU0YiFoLxu/MqJ7RunRfqxMRUjH6veJjIVaD8PAdIYMb/VvLxf/87op9k+8TERJihDxyaJ+KinGNM+F9oQCjnJoCONKmFspv2WKcTTpFU0Izu+X/5J2reocVeuX9XKjNo2jQLbJLqkQhxyTBrkgTdIinNyTR/JMXqwH68l6td4mrTPWdGaL/ID1/gXhlZkT</latexit> (�
i)

sa
t
>

�
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i

Saturation

• In Alfvén-enabling state, quasi-periodic spectrum of  oblique and parallel modes on ion-Larmor scales
• In Alfvén-inhibiting regime, broad quasi-static spectrum of  modes including above ion-Larmor scales

<latexit sha1_base64="g2kaGVhutNaJMVaBjcLOCSLPZBo=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsJuiI+LEPDiMYKJgWRZZieTZMjsg5leIS75Ei8eFPHqp3jzb5wke9DEgoaiqpvuriCRQqPjfFuFtfWNza3idmlnd2+/bB8ctnWcKsZbLJax6gRUcyki3kKBkncSxWkYSP4QjG9m/sMjV1rE0T1OEu6FdBiJgWAUjeTb5V7AkfqZcKbkmpw7vl1xqs4cZJW4OalAjqZvf/X6MUtDHiGTVOuu6yToZVShYJJPS71U84SyMR3yrqERDbn2svnhU3JqlD4ZxMpUhGSu/p7IaKj1JAxMZ0hxpJe9mfif101xcOVlIkpS5BFbLBqkkmBMZimQvlCcoZwYQpkS5lbCRlRRhiarkgnBXX55lbRrVfeiWr+rVxq1PI4iHMMJnIELl9CAW2hCCxik8Ayv8GY9WS/Wu/WxaC1Y+cwR/IH1+QMU55IE</latexit>

�i0 = 50

Box-averaged collisionality
Anomalous collisionality model with                        agrees with box-averaged numerical estimates  <latexit sha1_base64="R1ntI0JNQK71FR7Quyms7GvpzCI=">AAACCnicbVA9SwNBEN3zM8avU0ub1SBYxbsgainYWEYwUciFY28zSRZ3947dOTEcqW38KzYWitj6C+z8N24+Cr8eDDzem2FmXpJJYTEIPr2Z2bn5hcXSUnl5ZXVt3d/YbNo0NxwaPJWpuU6YBSk0NFCghOvMAFOJhKvk5mzkX92CsSLVlzjIoK1YT4uu4AydFPs7kc5jTiMrFI0SQBaLgwhZHheRURTusmHsV4JqMAb9S8IpqZAp6rH/EXVSnivQyCWzthUGGbYLZlBwCcNylFvIGL9hPWg5qpkC2y7GrwzpnlM6tJsaVxrpWP0+UTBl7UAlrlMx7Nvf3kj8z2vl2D1pF0JnOYLmk0XdXFJM6SgX2hEGOMqBI4wb4W6lvM8M4+jSK7sQwt8v/yXNWjU8qh5eHFZOa9M4SmSb7JJ9EpJjckrOSZ00CCf35JE8kxfvwXvyXr23SeuMN53ZIj/gvX8B9dyaaA==</latexit>

⌫c ⇠ �i/⌧exp

Box-averaged collisionality:
…

<latexit sha1_base64="IZ74nrvwh7drbQrmhsYOBGBFx+k="></latexit>

⌫c = ˙̄µ/(Tki � T?i)/B ⇠ ⌧�1
exp

<latexit sha1_base64="O1lyh7iKA6L1DTvfIWor/LD663w="></latexit>

⌧exp⌦i = 2000,�i0 = 50
<latexit sha1_base64="dRyPkqRoj/NPm+PLr12K4sG9LBA=">AAACGXicbVA9axtBEN1TbMeWv+SkdLNYGFwIsSeEk8YgSJMuDli2QCeOudVIWrR7d+zOBYtDf8NN/oobFwkhZVLl32T1UfjrwcDjvRlm5iW5Vo6E+BdU3mxsbr3d3qnu7u0fHNaO3l27rLASuzLTme0l4FCrFLukSGMvtwgm0XiTTD8t/JtvaJ3K0iua5TgwME7VSEkgL8U1EREUcRlZw/E2n/Poi8ExxIpf8JYQosGjBAniUon5SoprddEUS/CXJFyTOlvjMq79iYaZLAymJDU41w9FToMSLCmpcV6NCoc5yCmMse9pCgbdoFx+NuenXhnyUWZ9pcSX6uOJEoxzM5P4TgM0cc+9hfia1y9o9HFQqjQvCFO5WjQqNKeML2LiQ2VRkp55AtIqfyuXE7AgyYdZ9SGEz19+Sa5bzfC82f7arnca6zi22TE7YWcsZB9Yh31ml6zLJLtj9+wH+xl8Dx6CX8HvVWslWM+8Z08Q/P0PPX+d0g==</latexit>

⌧exp⌦i = 2000,�i0 = 200

Alfvén-inhibiting states Alfvén-enabling states
<latexit sha1_base64="Zb4FtuDN2pJ6MEkQfY9t4CpQg6Q=">AAACGXicbVDLSitBEO3xbXxFXbppDIILCT3iayMIbu5OBaNCJgw1nUps7J4ZumsuNwz5DTf+ihsXV8SlrvwbOzELXwcKDudUUVUnybVyJMRbMDY+MTk1PTNbmZtfWFyqLq9cuKywEhsy05m9SsChVik2SJHGq9wimETjZXJzPPAv/6J1KkvPqZdjy0A3VR0lgbwUV0VEUMRlZA3Hf3mfRycGuxArfsi3hccWjxIkiEsl+l7bFXG1JupiCP6ThCNSYyOcxtWXqJ3JwmBKUoNzzVDk1CrBkpIa+5WocJiDvIEuNj1NwaBrlcPP+nzDK23eyayvlPhQ/TxRgnGuZxLfaYCu3XdvIP7mNQvqHLRKleYFYSo/FnUKzSnjg5h4W1mUpHuegLTK38rlNViQ5MOs+BDC7y//JBfb9XCvvnO2UzvaGsUxw9bYOttkIdtnR+wPO2UNJtktu2f/2WNwFzwET8HzR+tYMJpZZV8QvL4DQCud1Q==</latexit>

⌧exp⌦i = 20000,�i0 = 50

vs. 
<latexit sha1_base64="eDInjGuvDRNVNziRddP+krVLN1M="></latexit>

⌫CGL
c =

1

3�i

d

dt
logB

<latexit sha1_base64="+nfd2cLWnJmnFwZfdkS/5JIJCag=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIIHCbshPi6C4MWbCkaFbFh6J504OLO7zPSKYclvePFXvHhQxKOe/BsnMQdfBQ1FVTfdXXGmpCXf//DGxicmp6ZnZktz8wuLS+XllXOb5kZgQ6QqNZcxWFQywQZJUniZGQQdK7yIrw8H/sUNGivT5Ix6GbY0dBPZkQLISVHZDwnyqAiN5nib9Xl4rLELkeT7fNt32OJhjARRIf2+02rbUbniV/0h+F8SjEiFjXASld/CdipyjQkJBdY2Az+jVgGGpFDYL4W5xQzENXSx6WgCGm2rGH7W5xtOafNOalwlxIfq94kCtLU9HbtODXRlf3sD8T+vmVNnr1XIJMsJE/G1qJMrTikfxMTb0qAg1XMEhJHuVi6uwIAgF2bJhRD8fvkvOa9Vg51q/bReOaiN4phha2ydbbKA7bIDdsROWIMJdsce2BN79u69R+/Fe/1qHfNGM6vsB7z3T0nJneA=</latexit>

⌧exp⌦i = 50000,�i0 = 25

<latexit sha1_base64="bS/0BObm7KjaMKeEUap3zAH3NtY=">AAACFHicbVBNS8NAEN34bf2qevSyWARBqImIehS8eFSwVmhK2Gwnuri7CbsTsYT8CC/+FS8eFPHqwZv/xu2HoK0PBh7vzTAzL86ksOj7X97E5NT0zOzcfGVhcWl5pbq6dmnT3HBo8FSm5ipmFqTQ0ECBEq4yA0zFEprx7UnPb96BsSLVF9jNoK3YtRaJ4AydFFV3Qp1HRWgUhSQpaWiFomEMyKJClLshsh/3Piujas2v+33QcRIMSY0McRZVP8NOynMFGrlk1rYCP8N2wQwKLqGshLmFjPFbdg0tRzVTYNtF/6mSbjmlQ5PUuNJI++rviYIpa7sqdp2K4Y0d9Xrif14rx+SoXQid5QiaDxYluaSY0l5CtCMMcJRdRxg3wt1K+Q0zjKPLseJCCEZfHieXe/XgoL5/vl873hvGMUc2yCbZJgE5JMfklJyRBuHkgTyRF/LqPXrP3pv3Pmid8IYz6+QPvI9vNnie5Q==</latexit>

⌫e↵ ⇠ �i/⌧exp

… but               not 
proportional to                .

(Why? Answer depends on
velocity-dependent 
collisionality…)

<latexit sha1_base64="noUPHEPXOp8pUPBsBeqeOa3NeRo=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeIq7IajHgBdvRjAPyIZldtKbDJmZXWZmhbDm4K948aCIV3/Dm3/j5HHQxIKGoqqb7q4w4Uwb1/12ciura+sb+c3C1vbO7l5x/6Cp41RRaNCYx6odEg2cSWgYZji0EwVEhBxa4fB64rceQGkWy3szSqArSF+yiFFirBQUj3yZBpmvBIYoGp/7twL6JGBBseSW3SnwMvHmpITmqAfFL78X01SANJQTrTuem5huRpRhlMO44KcaEkKHpA8dSyURoLvZ9P4xPrVKD0exsiUNnqq/JzIitB6J0HYKYgZ60ZuI/3md1ERX3YzJJDUg6WxRlHJsYjwJA/eYAmr4yBJCFbO3YjogilBjIyvYELzFl5dJs1L2LsrVu2qpVpnHkUfH6ASdIQ9dohq6QXXUQBQ9omf0it6cJ+fFeXc+Zq05Zz5ziP7A+fwBt9WV3g==</latexit>

⌫e↵/⌦i
<latexit sha1_base64="OeTwdSF+Hj0XQxtKbPV75aquPzY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5qEoi5L3bisYB/QR5hMb9uhk0mYmQgl1I2/4saFIm79C3f+jdM2C209cOFwzr3ce08Qc6a043xbK6tr6xubua389s7u3r59cFhXUSIp1GjEI9kMiALOBNQ00xyasQQSBhwawehm6jceQCoWiXs9jqETkoFgfUaJNpJvH7d7wDXBFT9txyDjSde7qPhO1/PtglN0ZsDLxM1IAWWo+vZXuxfRJAShKSdKtVwn1p2USM0oh0m+nSiICR2RAbQMFSQE1UlnH0zwmVF6uB9JU0Ljmfp7IiWhUuMwMJ0h0UO16E3F/7xWovvXnZSJONEg6HxRP+FYR3gaB+4xCVTzsSGESmZuxXRIJKHahJY3IbiLLy+Tuld0L4ulu1Kh7GVx5NAJOkXnyEVXqIxuURXVEEWP6Bm9ojfryXqx3q2PeeuKlc0coT+wPn8A/JqV5g==</latexit>

�B2
?/B

2
0

Bott (firehose turbulence)

Conclusions

1. We didn’t have enough scale separation.
I We tried to go larger LT (lower �B/B0), but PIC noise suppressed the instability.
I �B/B0 ⌧ 1 for Gaussian statistics
I Presumably there are real collisionless systems where �B/B0 � 1/10 where this is

important

2. Why does

⌫w ⇠
�evth,e
LT

⇠ �B2

B2

0

|⌦e |

carry deep into large �B/B0 where other methods fail?
I Can this be used to build a generic nonlinear di↵usion model?
I Refine a resonance broadening model?

3. What is the message here?

Fokker-Planck Method: Pitch-Angle Results I

Pitch-angle scattering dominates velocity
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A few lessons learned



Nonlinear self-organisation is a thing
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Reflection-driven turbulence in the

super-Alfvénic solar wind

Meyrand Romain

Vienna, July 2022

A large-scale, migrating dynamo wave

25

Vienna, July 2022

A large-scale, migrating dynamo wave

25Figure 1: Dependence of the turbulent ion heat flux on the inverse ion-temperature-
gradient scale length. In the simulations labelled by green ‘+’ signs, the externally
imposed mean flow shear was set to zero. For all other simulations, �E = �0.079.
Zonal modes are artificially zeroed out in simulations labelled by black crosses. The
black circle denotes a simulation where amplitudes decay with time and no saturated
turbulent state is observed. The dashed line marks the temperature gradient below
which there is no e↵ective linear instability (h�it < 0) in the presence of mean flow
shear.

Figure 2: Consecutive snapshots of the turbulence in real space for the low-transport
state where a/LTi = 1.76 and �E = �0.079. In the top panels, the fluctuating
elecrostatic potential is plotted at three successive times at the outboard of the
torus, in the plane perpendicular to B. In the bottom panels, the zonal flow is
plotted at the same times.
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Critical balance is going strong
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Critical balance

23 / 24

Adkins (fluid ETG)
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!A(t)/!nl(t) vs. k?⇢i

Figure 3. Evolution of (a) kinetic and (b) magnetic energy spec-
tra, each obtained by averaging Fourier amplitudes over a time
interval of size ⌧A0. The inset of panel (b) shows the evolution of
the spectral break point in the magnetic energy. (c) Instantaneous
spatial anisotropy of turbulent fluctuations as a function of per-
pendicular scale. At t = 0.4⌧exp, the calculation of the anisotropy
is weighted towards firehose-stable regions with �ki�i � �1.4 (see
text); the anisotropy of the full field is denoted by the dashed line.
The inset of panel (c) shows the instantaneous ratio of linear Alfvén
frequency !A(t) and nonlinear frequency !nl as a function of per-
pendicular scale. Adaptive critical balance (!A/!nl ⇠ 1) holds
throughout the inertial range.

the e↵ective Alfvén frequency of the box-scale fluctu-
ations, 2⇡vA,e↵/Lk (solid-blue line), matches the data
well.

The production of negative temperature anisotropy
during the expansion is shown in Figure 2(d). During the
initial phase, the parallel (blue line) and perpendicular
(red line) ion temperatures evolve approximately double-
adiabatically: T?i(t) ⇡ T?i(0)[B(t)/B(0)] (red-dashed
line) and Tki(t) ⇡ Tki(0)[n(t)/n(0)]2[B(t)/B(0)]�2 (blue-
dashed line). However, at t ⇡ tf ⌘ 0.4⌧exp, an abrupt
change in the evolution of T?i(t) and Tki(t) occurs, and
the double-adiabatic predictions no longer hold. This
change is coincident with �i decreasing su�ciently (and
�ki increasing su�ciently—see Figure 2(e)) that �i .
�1.4/�ki (see Figure 2(f)), at which point the plasma is
unstable to kinetic firehose instabilities. Such firehose
fluctuations, visually evident near the ion-Larmor scale
in Figure 1(b), are characterized later in this section.

Figures 3(a) and (b) display 1D power spectra of the

velocity (Eu) and magnetic (EB) fluctuations at se-
lect times as functions of the perpendicular wavenum-
ber k? normalized to the time-dependent ion-Larmor
scale, ⇢i ⌘ [2T?i(t)/mi]1/2/⌦i(t). Their overall shapes
are similar to those found in prior hybrid-kinetic simula-
tions of non-expanding, �ki ⇠ 1 turbulence (e.g., Arza-

masskiy et al. 2019): Eu(k?), EB(k?) / k�5/3
? in the

inertial (“MHD”) range, before steepening at k?⇢i & 1
due to finite-Larmor-radius e↵ects. The “break point”
at which this steepening occurs, (k?⇢i)break (blue curve,
Figure 3(b) inset), decreases at a rate quantitatively con-
sistent with theoretical expectations (Kunz et al. 2018,
§3.6.4) that

(k?⇢i)break / (1 + �ki�i/2)1/4 ��1/4
ki (T?i/Tki)

1/2 (6)

(red curve, Figure 3(b) inset).2 These spectral features
are maintained throughout the expansion, even for t & tf .

Having provided evidence that various properties of
the large-scale fluctuations adapt to the changing back-
ground pressure anisotropy in a manner consistent with
critical balance, we now utilize the spectra in Figure 3
to show that critical balance is in fact maintained adap-
tively, scale by scale, as the plasma expands. We do
so by computing the spectral anisotropy of the fluctu-
ations using an approach proposed by Cho & Lazar-
ian (2009) in which the characteristic parallel wavenum-
ber kk(k?) of magnetic-field fluctuations with perpen-
dicular wavenumber k? is determined from their rms
parallel lengthscale (see their equation (34)). For fluc-
tuations with a given k?, this measure is most sensi-
tive to the energetically dominant fluctuations with the
largest kk, and so the approach can be used to deter-
mine the linear frequency !A ⌘ kkvA,e↵ of these fluc-
tuations and compare it with their nonlinear frequency
!nl ⌘ k?[k?Eu(k?) + v2

A,e↵k?EB(k?)/B2
g ]1/2. In criti-

cally balanced turbulence, the turbulent energy is con-
centrated in a cone satisfying !A . !nl, with the edge of

the cone having kk / k2/3
? (Goldreich & Sridhar 1995).

The result of this calculation is shown at di↵erent
times in Figure 3(c). At t = 0, the measured spec-
tral anisotropy in the inertial range is consistent with

the critical-balance scaling kk / k2/3
? . As the expansion

proceeds, this scaling is maintained as the overall de-
gree of anisotropy decreases in tandem with the decreas-
ing aspect ratio of the plasma. Furthermore, the inset
shows that !A ⇡ !nl scale by scale; thus critical balance
holds adaptively. At t ⇡ tf , firehose modes (which, un-
like the Alfvénic fluctuations, are not highly elongated in
the field-parallel direction) emerge and bias slightly the
calculated scaling of kk(k?) in the inertial range. To mit-
igate this bias, a weight function is applied to the mag-
netic field that preferentially removes firehose-unstable
regions before evaluating kk. Using this weight function,

2The break point (k?⇢i)break is computed at a given time by first

evaluating eEB0 ⌘
R k?u
k?l

dk? k
5/3
? EB(k?)/(k?u�k?l), where k?l

and k?u define the lower and upper bounds of the inertial range,

and then determining the value of k? at which k
5/3
? EB(k?) falls

below some fraction of eEB0, denoted by eEB,cut. We use k?l⇢i =

0.4, k?u⇢i = 0.8, and eEB,cut = 0.8 eEB0; the result is qualitatively
insensitive to moderate variations in these parameters.

3

(position vector r0) using the time-dependent (diagonal)
Jacobian transformation matrix ⇤(t) ⌘ @r/@r0, as in
the Hybrid Expanding Box (HEB) model of Hellinger &
Trávńıček (2005, appendix A). Pegasus++ solves the fol-
lowing modified versions of Faraday’s and Ohm’s laws in
the expanding frame for the magnetic field B0 ⌘ �⇤�1B
and the electric field E0 ⌘ ⇤E:

@B0

@t0
= �cr0 ⇥E0, (2)

E0 = �u0

c
⇥B0 � Te

en0r
0n0 + (r0 ⇥B0)⇥ ⇤2B0

4⇡en0�
,

(3)

where the primed-frame number density n0 ⌘ �n and ion-
flow velocity u0 ⌘ ⇤�1u, � ⌘ det⇤, and t0 = t. These
fields are used to update the simulation ion-particle po-
sitions r0

p = ⇤�1rp and velocities v0
p = ⇤�1vp via

dr0
p

dt0
= v0

p, (4)

dv0
p

dt0
=

e

mi
⇤�2


E0(t0, r0

p) +
v0

p

c
⇥B0(t0, r0

p)

�

+ ⇤�1F (t0, r0
p)

mi
� 2⇤�1 d⇤

dt0
v0

p. (5)

The final (velocity-dependent) term in equation (5)
is straightforwardly incorporated into the semi-implicit
Boris algorithm for solving particle trajectories alongside
the v0

p ⇥B0 rotation. Quantities in the non-expanding
frame are easily obtained ex post facto.

The expansion is taken to be perpendicular to ẑ and
linear in time: ⇤(t) = ẑẑ + (1 + t/⌧exp)

�
I � ẑẑ

�
, where

⌧exp is the expansion time and I the unit dyadic. Thus
the perpendicular size of the simulated plasma increases
in time as L?(t) = L?0(1+t/⌧exp), while the parallel size
of the simulated plasma remains constant, Lk(t) = Lk0.
(We denote any given quantity X evaluated at the start
of the simulation by X0.) Magnetic-flux conservation
then gives Bg(t) = Bg0(1 + t/⌧exp)�2. This prescrip-
tion is physically relevant to the expanding solar wind at
&0.1 au, on account of the solar wind’s constant speed
and radial direction at those distances (Verscharen et al.
2019), although our treatment of the mean magnetic field
as radial is a simplifying assumption.

2.3. Physical set-up

At the start of the simulation (time t0), Nppc = 103

simulation ion-particles per cell are drawn randomly from
a stationary Maxwellian distribution with temperature
Ti0 and number density n0 and placed uniformly in an
elongated 3D computational domain of size Lx ⇥ Ly ⇥
Lz = (65⇢i0)2 ⇥ 390⇢i0 containing 2562 ⇥ 1536 cells.
At this box size and resolution, the captured wavenum-
bers are initially in the range k(x,y)⇢i0 2 [0.097, 12.37]
and kz⇢i0 2 [0.016, 12.37]. The initial ion beta param-
eter is �ki0 = 2, representative of near-Earth condi-
tions in the solar wind (Matteini et al. 2007). Prior to
initiating expansion, steady-state Alfvénic turbulence is
generated in the plasma by forcing the particles with
an F (t, r) having the correlation time ⌧A0/2⇡, where
⌧A0 ⌘ Lz/vA0 ⇡ 552⌦�1

i0 is the initial Alfvén-crossing
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Figure 1. Volume rendering of the x component of the magnetic
field, �Bx/Bg, (a) just prior to expansion, (b) when the firehose
modes emerge, and (c) near the end of the run well after one ex-
pansion time. Regions where |�Bx|/Bg is small are transparent.

time, vA0 ⌘ Bg0/(4⇡min0)1/2 is the initial Alfvén speed,
and ⌦i0 ⌘ eBg0/mic is the initial ion-cyclotron fre-
quency. The magnitude of the force is such that criti-
cal balance is maintained for the box-scale fluctuations:
urms/vA0 ⇡ L?/Lk, where urms is the root-mean-square
(rms) turbulent velocity. Assuming a �5/3 power-law
scaling for turbulent fluctuations on scales larger than
the box, the inferred perpendicular wavenumber at which
the energy of the turbulent fluctuations becomes com-
parable to that of the guide magnetic field is kouter

? ⇠
10�3⇢�1

i0 , a comparable degree of separation to that ob-
served in the fast, � & 1 solar wind (Wicks et al.
2010). This initial non-expanding phase of the simula-
tion lasts for five Alfvén-crossing times until t = 0, so
that t0 = �5⌧A0 ⇡ �2758⌦�1

i0 . The turbulent magnetic

Nastac (Vlasov-Kraichnan 

entropy cascade )

Bott (collisionless, high-  expanding turbulence) β

11

Figure 4. Energy and dissipation properties from a set of simulations at resolution
N? = Nz = 256. Panel (a) compares the time evolution of energy in imbalanced FLR-MHD
(�" = 0.88, ⇢i = 0.02L) to balanced FLR-MHD (�" = 0, ⇢i = 0.02L) and imbalanced RMHD
(�" = 0.88, ⇢i = 0). The stars indicate the time from which the higher-resolution simulations of
Figs. 1–2 were initialised. Panel (b) shows "diss? (solid lines) and "dissz (dotted lines) for each case,
to show that saturation is reached through parallel dissipation (unlike in balanced turbulence and
in imbalanced RMHD). Panel (c) shows the (k?, kz) dissipation spectrum in the saturated state
of imbalanced FLR-MHD, illustrating that dissipation occurs primarily at the perpendicular
break scale (k⇤

?⇢i ' 0.15) at high kz.

This inability of the perpendicular cascade to process injected energy into perpendic-
ular dissipation suggests that the parallel dissipation must play a role. This is surprising
given that parallel dissipation is usually neglected in magnetised-turbulence theories
because the increasing elongation of eddies at smaller scales generally implies "diss

?
�

"dissz . In Fig. 3(b), we show the turbulent-energy saturation amplitude Esat as a function
of the parallel hyper-dissipation ⌫6z. These simulations are again forced with injection
imbalance �" = 0.88 and use a lower resolution N? = 64 and 64 6 Nz 6 256
(with Nz chosen as appropriate for each ⌫6z) because of the long saturation times.
The perpendicular dissipation is fixed and su�ciently small for there to be a helicity
barrier. We compare FLR-MHD turbulence with ⇢i = 0.1L? (coloured points) to
RMHD turbulence (⇢i = 0; black points) to demonstrate the significant role played by
FLR e↵ects. The di↵erence is obvious: FLR-MHD turbulence saturates at much larger
amplitudes, which increase with decreasing dissipation; larger amplitudes are associated
with longer saturation times (see inset; cf. Miloshevich et al. 2020). This dependence
of saturation time and large-scale properties on ⌫6z shows that imbalanced FLR-MHD
turbulence violates the zeroth law of turbulence with respect to the parallel, as well as
the perpendicular, dissipation.

The implications of these findings are twofold. First, in order to saturate, imbalanced
FLR-MHD turbulence must access small-scale parallel physics, escaping the ordering
assumptions (lk � l?) used to derive the FLR-MHD model in the first place. This
suggests that detailed properties of the saturated state achieved by this model are
not relevant to real physical systems. Secondly, when the helicity barrier halts the
perpendicular cascade, the system does not develop a true parallel cascade that can
process the energy and helicity input into parallel dissipation. Rather, its saturated

4 R. Meyrand and others
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Figure 1. The spatial structure of the perpendicular electron flow u?, or equivalently, the
perpendicular electric field E? = �r?' [see Eqs. (2.2) to (2.3)]. We compare imbalanced
and balanced turbulence in the left and right panels, respectively. Top panels show a parallel
(x, z) slice (B0 = B0ẑ left to right), bottom panels show a perpendicular (x, y) slice (B0 out
of the page). The dramatic dependence on imbalance arises because imbalanced turbulence is
a✏icted by the “helicity barrier”: at a nonuniversal scale k⇤

?⇢i . 1 most of the energy cascade
of the dominant component (E+) cannot proceed to smaller scales, violating the zeroth law of
turbulence. The resulting sharp break in the spectrum is shown in Fig. 2, and is followed by the
re-emergence of a cascade at yet smaller scales (see zoomed region of left-hand panel). These
simulations have a resolution of 20483 and are initialised by refining the 2563 simulations of
Figs. 4–6, starting at t ⇡ 18⌧A.

field, and that the correlation length lk of a perturbation in the field-parallel direction
is much larger than its field-perpendicular correlation length l? (Schekochihin et al.

2009). The resulting system (gyrokinetics) is still quite complex, and significant further
simplification is possible using an expansion in �e ⇠ �i ⌧ 1 (Zocco & Schekochihin
2011; Schekochihin et al. 2019). In this case, the ion-thermal speed is small compared to
the Alfvén speed, implying there is minimal coupling between perpendicular (Alfvénic)
motions and ion-compressive (kinetic) degrees of freedom, even for ion-Larmor-scale
fluctuations (Schekochihin et al. 2019). This means that energy injected into Alfvénic
motions at the largest scales (l? � ⇢i) cannot directly heat ions (within the low-frequency
approximation), allowing the formulation of a simple closed set of fluid equations (i.e.,
equations in 3-D space) to describe the Alfvénic component of the turbulence both above
and below the ⇢i scale.† These are the FLR-MHD equations. We note that the assumption

† Compressive fluctuations, which cascade passively to ⇢i scales, where they likely heat the
ions through nonlinear phase mixing (Meyrand et al. 2019; Kawazura et al. 2020), can modify
the equations around ⇢i scales by changing the relationship between �ne and ' (although they

Squire-Meyrand (imbalanced  FLR-MHD turbulence)
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Quasilinear Method: Results II

Su�ciently wide broadening gives large scattering at vk = 0.

Conclusions

1. We didn’t have enough scale separation.
I We tried to go larger LT (lower �B/B0), but PIC noise suppressed the instability.
I �B/B0 ⌧ 1 for Gaussian statistics
I Presumably there are real collisionless systems where �B/B0 � 1/10 where this is

important

2. Why does

⌫w ⇠
�evth,e
LT

⇠ �B2

B2

0

|⌦e |

carry deep into large �B/B0 where other methods fail?
I Can this be used to build a generic nonlinear di↵usion model?
I Refine a resonance broadening model?

3. What is the message here?



Taking a step back
• Things that look encouraging / much better than 15 years ago  

• Deeper understanding of phenomenology                                                                                                         
(high-  kinetic effects, MHD turbulence, entropy cascades, i/eTG turbulence) 


• Emerging theory/ heavy numerics connections to solve                                            
key closure & relaxation problems


• “Semi-asymptotic” high-resolution simulations                                                                             
(reconnection, dynamo, high- and low  turbulence…) 


• Connection between theory/numerics and data in space plasmas 

• Significant pockets of resistance


• Collisionless relaxation


• particle acceleration (origin of power tails, velocity-cascade)


• electron dynamics (ETG, TAI / MTM, resistivity, thermal conduction)


• electron vs ion heating & transport (disks, ICM, fusion…)


• Self-accelerating/explosive dynamo & plasma “batteries”

β

β
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Three discussion threads
• What can physicists learn from mathematics (& conversely) ?


• Can physically relevant (albeit mathematically “hard”) processes be mathematically constrained ?


• What mathematical developments can be of physical interest ?


• What can we learn & what should we hunt for on theory front ?


• Even linear theory remains challenging 

• Invariants: a lot of untapped potential ?


• Kinetic relaxation & thermodynamics … work still very much in progress


• Closures: anomalous diffusion, non-perturbative musings  ? 

• How do we make theoretical & numerical knowledge practically relevant ?


• Is meta/bistability/subcriticality & phenomenological turbulence understanding actionable?


• Reliable closures for transport theory/large-scale structure: “One MHD to rule them all” ? 

• Bridges with observation and data — physics constraints 
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Thank you


