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Atomic and Laser Physics

Motivation
• Linear, low-frequency (gyrokinetic) 

modes comprehensively 
understood in                plasma
• At sub-electron-Larmor 

scales, no propagating modes 
(Boldyrev 2013)

• Much is known about turbulent 
cascades in astrophysical plasma 
(Schekochihin 2009)
• At sub-electron Larmor scales, 

find electron-entropy cascade 
– ‘last cascade’
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• Is the same true for            ?
• Surprisingly not! For      sufficiently large, there exist propagating waves with           

(whisper waves). 
• Life can be electromagnetic beyond the electron-Larmor-scale in a high- plasma 
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Atomic and Laser Physics

Talk overview

1. Linear theory of  whisper waves

2. Nonlinear whisper-wave equations 

3. Should anyone care about whisper waves?

4. Whispered wishes…
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Whisper waves: orderings
• Assume that                 , where 
• Frequency     and perpendicular wavenumber       of  the whisper wave will then satisfy

Notes on frequency/wavenumber ordering

1. , so gyrokinetic equation for electron species valid
2. Ion behaviour:  for a hydrogen plasma with                  , 

Ø If                  , ions can be treated as static

• Ordering for electromagnetic field components:

Ø Energetically dominant EM field component is  
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Full governing equations
• Gyrokinetic equation for electron distribution function:

• Maxwell’s equations, with only electron source terms:
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Full governing equations
• Gyrokinetic equation for electron distribution function:

• Useful to write Maxwell’s equations in Fourier-space representation:

because the ring-averaged gyrokinetic potential is then related to the Fourier-transformed EM fields via  
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Linearisation
• Could in principle apply whisper-wave orderings consistently to full governing equations…

• …but won’t do so yet! Easier to derive damping rate etc. by linearising first, then 
expanding linearised equations in small parameter 

• Consider infinitesimal perturbation in the usual way (drop subscripts):

• Rearranging linearised gyrokinetic equation (neglecting collisions) gives distribution function 
in terms of  Fourier-transformed EM fields:
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Linearisation
• Rearranging linearised gyrokinetic equation (neglecting collisions) gives distribution function 

in terms of  Fourier-transformed EM fields:
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• Substitute result into Maxwell’s equations (see Howes 2006), deduce algebraic equations:

where and                                                           .

• In general determine frequencies by looking for solutions with vanishing determinant
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Expansion procedure
• Now expand in                                                  , and assume whisper-wave orderings:    

• Use asymptotic identities for special functions:  

✏ = ��1/5 ⇠ ↵�1/2 ⇠ ⇠ ⌧ 1
<latexit sha1_base64="gcdbmm9Km17oUdH66DeR35PNMI8="></latexit>

! = !(0) + ✏!(1) + . . . ,

⇠ = ⇠(0) + ✏⇠(1) + . . . ,

�k,! = �(0)
k,! + ✏�(1)

k,! + . . . ,

Akk,! = A(0)
kk,! + ✏A(1)

kk,! + . . . ,

�Bkk,! = �B(0)
kk,! + ✏�B(1)

kk,! + . . . ,
<latexit sha1_base64="Uq956kZQfEskWnT7iHmbCfr4JdE="></latexit>

�(0)
k,! ⇠ ✏2A(0)

kk,! ,

�B(0)
kk,! ⇠ ✏k?A

(0)
kk,! .

<latexit sha1_base64="sV7RBAORm5yfcywdqGtaRnMFDO0="></latexit>

�0(↵) =
1p
2⇡↵


1 +

1

8↵
+O

✓
1

↵2

◆�
,

�1(↵) =
1p
8⇡↵3


1 +O

✓
1

↵

◆�
,

<latexit sha1_base64="sQ3uxsO/tSIJLcJfSLJV/4HSBUQ="></latexit>

Z(⇠) ⇡ i
p
⇡ [1 +O (⇠)] .

<latexit sha1_base64="Mw0XcjEeAyqdhj6nYeJFXQko+QY="></latexit>



Atomic and Laser Physics

Dispersion relation
• Quasi-neutrality:

• Perpendicular Ampere’s law:

• Parallel Ampere’s law:
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Ø Whisper-wave dispersion relation

`Whisper waves’, because dispersion relation is a bit like a whistler, but at a higher pitch...



Atomic and Laser Physics

Dispersion relation
• Quasi-neutrality:

• Perpendicular Ampere’s law:

• Parallel Ampere’s law:
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Ø Whisper-wave dispersion relation

`Whisper waves’, because dispersion relation is a bit like a whistler, but at a higher pitch...
• Alternative: `warbler’ wave, after the willow warbler’s song (descends in pitch…)
• Suggestions welcome…!
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Damping of  whisper waves

• Damping rate: need to go to next order in expansion of  parallel Ampere’s law, find

• Presence of  two terms result of  two physical damping mechanisms operating on the whisper 
waves: Landau damping associated with the parallel electric field inherent in the wave, and linear 
coupling to Barnes-damped modes. 
• The efficiency of  these mechanisms as         increases is counterposed. 
• Damping is minimised when                            , with 

• Whisper-wave frequency at this wavenumber satisfies                                      . 
• For          sufficiently small or large, damping rate of  the whisper waves becomes 

comparable to their frequency – no longer waves!
• Require                                   for whisper waves to propagate at all… 
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Phase-space structure of  whisper waves 

• For order-unity velocities, whisper-wave distribution function takes the form

• Corollary: all particles are not equal… Whisper waves are kinetic!
• Example: parallel current proportional to
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Ø Whisper waves have perpendicular phase-space structure…! 

Ø Particles with                                           do not contribute significantly to current
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Physical mechanism of  whisper waves
• For propagating wave-motion to be possible, need          in anti-phase with         , and        

phase difference with parallel current perturbation
• Q: How does         generate current perturbation?
• A: Interaction with gyro-orbiting electrons with         at edge of  their orbits 
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Deriving self-consistent whisper-wave equations I
• Derive closed ‘whisper-wave equations’ by applying whisper-wave orderings directly to the full 

gyrokinetic equation
• First, convenient to decompose the ring-centre distribution function into even and odd 

components:

• Then defining modified gyrokinetic potential                             , find  
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ẑ ·


r? ⇥

Z
d3v hv?h

+ir
�
.

<latexit sha1_base64="o+o2m/mig6adSBtgVCm2zWU3d/E="></latexit>



Atomic and Laser Physics

Deriving self-consistent whisper-wave equations II
• Now use linear analysis to show that for               ,

• Final equations: parallel Ampere,  and 

• Time-evolution of        is slow, so can be neglected 

v ⇠ vth
<latexit sha1_base64="lyMua5yxv3P93MUbTHqRdSa5Zsg=">AAACA3icbVBNS8NAEJ34WeNX1JteFovgqSQq6LHgxWMF+wFNCJvttl26m4TdTaGEghf/ihcPinj1T3jz37hNc9DWBwOP92aYmRelnCntut/Wyura+sZmZcve3tnd23cODlsqySShTZLwRHYirChnMW1qpjntpJJiEXHajka3M789plKxJH7Qk5QGAg9i1mcEayOFzvEY+YoJNA5zXwqkh1O7AEIodKpuzS2AlolXkiqUaITOl99LSCZorAnHSnU9N9VBjqVmhNOp7WeKppiM8IB2DY2xoCrIix+m6MwoPdRPpKlYo0L9PZFjodRERKZTYD1Ui95M/M/rZrp/E+QsTjNNYzJf1M840gmaBYJ6TFKi+cQQTCQztyIyxBITbWKzTQje4svLpHVR8y5r3v1Vte6VcVTgBE7hHDy4hjrcQQOaQOARnuEV3qwn68V6tz7mrStWOXMEf2B9/gBDZ5Sc</latexit>

h+ ⇠ e

T0

n0

v3th

!hAkiR
kkc

,
<latexit sha1_base64="TXKtTXMUEhFt/yZGP8/3bOYQ1pk="></latexit>

h� ⇠ ✏h+ ,
<latexit sha1_base64="0xp0B2yDGH+1Hl5l6tXgXOZnVcA=">AAACD3icbZDLSgMxFIYz9VbH26hLN8GiCNYyUwVdFty4rGAv0BlLJk3b0EwyJBmhDH0DN76KGxeKuHXrzrcx085CW38I/HznHE7OH8aMKu2631ZhaXllda24bm9sbm3vOLt7TSUSiUkDCyZkO0SKMMpJQ1PNSDuWBEUhI61wdJ3VWw9EKir4nR7HJIjQgNM+xUgb1HWOh/fp2QT6ikbQJ7GiTHBo2KlhZVi2M0EIu07JrbhTwUXj5aYEctW7zpffEziJCNeYIaU6nhvrIEVSU8zIxPYTRWKER2hAOsZyFBEVpNN7JvDIkB7sC2ke13BKf0+kKFJqHIWmM0J6qOZrGfyv1kl0/ypIKY8TTTieLeonDGoBs3Bgj0qCNRsbg7Ck5q8QD5FEWJsIbROCN3/yomlWK955xbu9KNWqeRxFcAAOwQnwwCWogRtQBw2AwSN4Bq/gzXqyXqx362PWWrDymX3wR9bnDyyHmM8=</latexit>

h�̄iR ⇡ �hv? ·A?iR
c

⇠ ✏
hvkAkiR

c
.

<latexit sha1_base64="fa830rmuT9G9w9iueCgjSR648Gg="></latexit>
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ẑ ·

r? ⇥

Z
d3v hv?h

+ir
�
⇡ 0 .

<latexit sha1_base64="ULNVqi6LtFcz1g2KbOyTAA74fXQ="></latexit>

eF0

cT0

@hAkiR
@t

� @h+

@z
⇡ � 1

B0

�
hAkiR, h+

 
,

@h+

@t
+ vk

@h�

@z
+

eF0

T0

@h�̄iR
@t

⇡
vk
B0

�
hAkiR, h� � c

B0

�
h�̄iR, h+

 
.

<latexit sha1_base64="LwJj+9FUQQBvmss+Xrd3lHjSCwg="></latexit>

h�
<latexit sha1_base64="mbPap4M6BzfIQPdnvOMSoYZA33k=">AAAB83icbVBNS8NAEJ34WeNX1aOXxSJ4sSQq6LHgxWMF+wFtLJvtpl262YTdiVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJkXplIY9LxvZ2V1bX1js7Tlbu/s7u2XDw6bJsk04w2WyES3Q2q4FIo3UKDk7VRzGoeSt8LR7dRvPXFtRKIecJzyIKYDJSLBKFqpO3zMzyeuBSGkV654VW8Gskz8glSgQL1X/ur2E5bFXCGT1JiO76UY5FSjYJJP3G5meErZiA54x1JFY26CfHbzhJxapU+iRNtSSGbq74mcxsaM49B2xhSHZtGbiv95nQyjmyAXKs2QKzZfFGWSYEKmAZC+0JyhHFtCmRb2VsKGVFOGNibXhuAvvrxMmhdV/7Lq319Van4RRwmO4QTOwIdrqMEd1KEBDFJ4hld4czLnxXl3PuatK04xcwR/4Hz+AItnj1c=</latexit>



Atomic and Laser Physics

Nonlinear whisper-wave interactions are kinetic
• Informative to take zeroth moments of  governing equations:

• Linearized equations are fluid-like, and recover whisper-wave dispersion relation:

• Nonlinear  equations are not fluid-like; most obvious in Fourier-space representation:

e

cT0

@

@t

Z
d3v F0hhAkiRir

�
� @

@z

Z
d3v hh+ir

�
= � 1

B0

Z
d3v h

�
hAkiR, h+

 
ir ,

@

@t

Z
d3v hh+ir

�
+

c

4⇡e

@

@z
r2

?Ak =
1

B0

Z
d3v hvk

�
hAkiR, h� � c

�
h�̄iR, h+

 
ir .

<latexit sha1_base64="9QXNtbrev9FCx7okxsaXbWLF34A="></latexit>

1

n0

@2

@t2

Z
d3v F0hhAkiRir

�
+

d2e
2

@2

@z2
r2

?Ak = 0 .
<latexit sha1_base64="wWSLcEeHP88yFjdD0V/hb+jdlIc="></latexit>

e

cT0

1p
⇡k?⇢

@Akk

@t
� ikk

Z
d3v J0

✓
k?v?
⌦

◆
h+
k

=
1

B0

X

k0
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Nonlinear cascades of  whisper waves I 
• Equations have conserved generalised energy:

• Scaling arguments for whisper-wave cascade: suppose some energy flux is delivered to sub-
electron-Larmor scales. Then, assuming constant flux across perpendicular scales    , 

• Balancing nonlinear term of  gyrokinetic equation with the field-ring interaction term gives

• Critical balance (                       ) then gives desired scalings (for                      ):

W =

Z
d3r

"
�B2

8⇡
+

Z
d3v

T0h(h+)
2ir

2F0

#
.

<latexit sha1_base64="w46nEquL26icsKSW9EEWS6jkUbI="></latexit>

v8theh
2
e�

n2
e0⌧h�

⇠ "h ,
<latexit sha1_base64="9hxmBg0sTz5Y3p7/PsS5yRmYt90="></latexit>

he� ⇠ ne0

v3the

1

�1/2
e

�B?�

B0
.

<latexit sha1_base64="+43gmluisAP2Jwl1M4xmj97HLVU="></latexit>

⌧h� ⇠ `k/vthe
<latexit sha1_base64="3TwZmRw2yAj9ITFcCFsiGE5IpNc=">AAACIHicbVDLSgMxFM34rPVVdekmWARXdUYFXQpuXFawttApQya9tcFkZkjuFEqcT3Hjr7hxoYju9GvM1C58HQgczrmH3HviTAqDvv/uzczOzS8sVpaqyyura+u1jc0rk+aaQ4unMtWdmBmQIoEWCpTQyTQwFUtoxzdnpd8egTYiTS5xnEFPsetEDARn6KSodkxpiCyP7DCULtVnBQ2NUNSGIGVkw9ui2LcjRxTDoVYWhwUUBaVRre43/AnoXxJMSZ1M0Yxqb2E/5bmCBLlkxnQDP8OeZRoFl1BUw9xAxvgNu4auowlTYHp2cmBBd53Sp4NUu5cgnajfE5YpY8YqdpPlnua3V4r/ed0cByc9K5IsR0j410eDXFJMadkW7QsNHOXYEca1cLtSPmSacXSdVl0Jwe+T/5Krg0Zw2Agujuqn/rSOCtkmO2SPBOSYnJJz0iQtwskdeSBP5Nm79x69F+/1a3TGm2a2yA94H58L76Qb</latexit>

⌧�1
h� ⇠ ⇢�1/2

e ��1/2vthe
�B?�

B0
$

<latexit sha1_base64="BpNqhFy6l7NDFD4ynv39h5sQ3Qg="></latexit>

he� ⇠ ne0

v3the
��1/6�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="qiyzoIYXWIWYe3m5FPYZhtKitG0="></latexit>

�B?�

B0
⇠ �1/3�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="McqQUGzMrfFjgE6eEuYLeb/kDtA="></latexit>

`k ⇠ ��1/3�1/3⇢1/3e `1/30 .
<latexit sha1_base64="v6XlydJFAw7M25dODoQgJ+ozVw8="></latexit>

`0 ⌘ v3the/"h
<latexit sha1_base64="dVz5NpC8c56LfBdTpWmb0oWTqXg=">AAACHHicbVDLSsNAFJ3UV42vqEs3g0VwVRMr6LLgxmUF+4Amhsn0th06eTgzCZTQD3Hjr7hxoYgbF4J/46TtQlsPDBzOOZe59wQJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QUvGqaDQpDGPRScgEjiLoKmY4tBJBJAw4NAORteF385ASBZHd2qcgBeSQcT6jBKlJd+qucC5b2MXHlKWYZz5uRsSNRRhroYTmNzXztyMCEgk4zo/xKaJfatiV+0p8DJx5qSC5mj41qfbi2kaQqQoJ1J2HTtRXk6EYpTDxHRTCQmhIzKArqYRCUF6+fS4CT7RSg/3Y6FfpPBU/T2Rk1DKcRjoZLG4XPQK8T+vm6r+lZezKEkVRHT2UT/lWMW4aAr3mACq+FgTQgXTu2I6JIJQpfs0dQnO4snLpHVedWpV5/aiUrfndZTRETpGp8hBl6iOblADNRFFj+gZvaI348l4Md6Nj1m0ZMxnDtEfGF8/u2qhDQ==</latexit>



Atomic and Laser Physics

Nonlinear cascades of  whisper waves II
• Scalings:

• In terms of  spectral scalings, this becomes
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Nonlinear cascades of  whisper waves II
• Scalings:

• In terms of  spectral scalings, this becomes
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• If  correct, one would measure much shallower spectra below the electron Larmor scale (or at 
least a knee!). 
• Like with KAWs/ion entropy cascade, not clear how efficient energy injection is…

• Relationship to velocity-space structure is the usual: 

• Transition scale to electron-entropy cascade at 
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Does any of  this matter?
• Expansion parameter                            is not very small in most astrophysical plasmas of  

interest…
• Schekochihin law of  small numbers (              ) implies 

• Yet even if  asymptotic theory not entirely accurate, still the case that electromagnetic 
interactions extend beyond electron Larmor scale at moderately high 
• E.g. for                 find that pure electrostatic cascade only emerges for 

• Perhaps more relevantly, whisper waves can be very important in plasma with negative 
electron pressure anisotropy – they become unstable (whisper-wave instability):
• Describable by pressure-anisotropic gyrokinetics
• Assuming electron pressure anisotropy satisfies                      , can show that only 

changes to governing equations is additional term in parallel Ampere’s law:

• Thus, have identical eigenmodes to stable whisper waves, and dispersion relation 
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Sub-electron-Larmor scale microinstabilities
• Whisper-wave instability is special example of  sub-

electron Larmor scale microinstabilities which only exist 
in plasma with a background magnetic field
• Smaller and smaller scale microinstabilities

triggered as    increases (for fixed        )
• Example: microinstabilities of  the electron 

Chapman-Enskog distribution function, with

• Peak growth rates for such microinstabilities often much 
faster than microinstabilities at comparable scales in 
unmagnetised plasma (e.g. Weibel/transverse instability)

• Whisper-wave instability dominates for 
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Whispered wishes…
• Remain number of  open questions about whisper waves/sub-electron-Larmor scale dynamics 

• How are results affected by finite but large     ?
• Can one construct more quantitative theories of  nonlinear interactions between whisper 

waves?
• How do whisper waves interact with large-scale motions?
• How does the whisper-wave instability saturate?

• Does it affect the thermal conductivity?

• To help answer these questions, numerics would be helpful – AstroGK/modified Pegasus 
simulations?
• Working on the former – very preliminary results support existence of  mode

• Could experimental evidence for whisper waves be found?
• Solar-wind data not appropriate, as      too low
• Laser-plasma experiments more promising – very high plasma     , and can access 

relevant regime at high-energy facilities 
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Conclusions
1. There can exist propagating waves (whisper waves) describable by gyrokinetics with

perpendicular length scales below the electron-Larmor scale in a high- plasma

2. These waves are electromagnetic rather than electrostatic (dominated by ), which implies
that the turbulent-cascade model appropriate for plasma at sub-electron-Larmor scales
don’t apply to high- plasma

3. Whisper waves have interesting properties:
I. They have significant perpendicular phase-space structure
II. Their nonlinear interactions are fundamentally kinetic (i.e. cannot be described by a few

moments)
III. For sufficiently large electron-pressure anisotropies ( ), whisper-

waves are destabilised, and are the most rapidly growing of all unstable modes
(including unmagnetised instabilities)

4. Results testable both in simulations (gyrokinetic or PIC) and potentially laser-plasma
experiments
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Any questions?


