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Atomic and Laser Physics

Motivation
• Linear, low-frequency (gyrokinetic) 

modes comprehensively 
understood in                plasma
• At sub-electron-Larmor 

scales, no propagating modes 
(Boldyrev 2013)

• Much is known about turbulent 
cascades in astrophysical plasma 
(Schekochihin 2009)
• At sub-electron Larmor scales, 

find electron-entropy cascade 
– ‘last cascade’
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• Is the same true for            ?
• Surprisingly not! For      sufficiently large, there exist propagating waves with           

(whisper waves). 
• Life can be electromagnetic beyond the electron-Larmor-scale in a high- plasma 
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Atomic and Laser Physics

Talk overview

1. Linear theory of  whisper waves

2. Nonlinear whisper-wave equations 

3. Should anyone care about whisper waves?

4. Whispered wishes…
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Whisper waves: orderings
• Assume that                 , where 
• Frequency     and perpendicular wavenumber       of  the whisper wave will then satisfy

Notes on frequency/wavenumber ordering

1. , so gyrokinetic equation for electron species valid
2. Ion behaviour:  for a hydrogen plasma with                  , 

Ø If                  , ions can be treated as static

• Ordering for electromagnetic field components:

Ø Energetically dominant EM field component is  
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Full governing equations
• Gyrokinetic equation for electron distribution function:

• Maxwell’s equations, with only electron source terms:
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Full governing equations
• Gyrokinetic equation for electron distribution function:

• Useful to write Maxwell’s equations in Fourier-space representation:

because the ring-averaged gyrokinetic potential is then related to the Fourier-transformed EM fields via  
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Linearisation
• Could in principle apply whisper-wave orderings consistently to full governing equations…

• …but won’t do so yet! Easier to derive damping rate etc. by linearising first, then 
expanding linearised equations in small parameter 

• Consider infinitesimal perturbation in the usual way (drop subscripts):

• Rearranging linearised gyrokinetic equation (neglecting collisions) gives distribution function 
in terms of  Fourier-transformed EM fields:
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Linearisation
• Rearranging linearised gyrokinetic equation (neglecting collisions) gives distribution function 

in terms of  Fourier-transformed EM fields:
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• Substitute result into Maxwell’s equations (see Howes 2006), deduce algebraic equations:

where and                                                           .

• In general determine frequencies by looking for solutions with vanishing determinant
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Expansion procedure
• Now expand in                                                  , and assume whisper-wave orderings:    

• Use asymptotic identities for special functions:  
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Dispersion relation
• Quasi-neutrality:

• Perpendicular Ampere’s law:

• Parallel Ampere’s law:
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Ø Whisper-wave dispersion relation

`Whisper waves’, because dispersion relation is a bit like a whistler, but at a higher pitch...
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Dispersion relation
• Quasi-neutrality:

• Perpendicular Ampere’s law:

• Parallel Ampere’s law:
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Ø Whisper-wave dispersion relation

`Whisper waves’, because dispersion relation is a bit like a whistler, but at a higher pitch...
• Alternative: `warbler’ wave, after the willow warbler’s song (descends in pitch…)
• Suggestions welcome…!
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Damping of  whisper waves

• Damping rate: need to go to next order in expansion of  parallel Ampere’s law, find

• Presence of  two terms result of  two physical damping mechanisms operating on the whisper 
waves: Landau damping associated with the parallel electric field inherent in the wave, and linear 
coupling to Barnes-damped modes. 
• The efficiency of  these mechanisms as         increases is counterposed. 
• Damping is minimised when                            , with 

• Whisper-wave frequency at this wavenumber satisfies                                      . 
• For          sufficiently small or large, damping rate of  the whisper waves becomes 

comparable to their frequency – no longer waves!
• Require                                   for whisper waves to propagate at all… 
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Phase-space structure of  whisper waves 

• For order-unity velocities, whisper-wave distribution function takes the form

• Corollary: all particles are not equal… Whisper waves are kinetic!
• Example: parallel current proportional to
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Ø Whisper waves have perpendicular phase-space structure…! 

Ø Particles with                                           do not contribute significantly to current
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Physical mechanism of  whisper waves
• For propagating wave-motion to be possible, need          in anti-phase with         , and        

phase difference with parallel current perturbation
• Q: How does         generate current perturbation?
• A: Interaction with gyro-orbiting electrons with         at edge of  their orbits 



Atomic and Laser Physics

Deriving self-consistent whisper-wave equations I
• Derive closed ‘whisper-wave equations’ by applying whisper-wave orderings directly to the full 

gyrokinetic equation
• First, convenient to decompose the ring-centre distribution function into even and odd 

components:

• Then defining modified gyrokinetic potential                             , find  
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Deriving self-consistent whisper-wave equations II
• Now use linear analysis to show that for               ,

• Final equations: parallel Ampere,  and 

• Time-evolution of        is slow, so can be neglected 
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Nonlinear whisper-wave interactions are kinetic
• Informative to take zeroth moments of  governing equations:

• Linearized equations are fluid-like, and recover whisper-wave dispersion relation:

• Nonlinear  equations are not fluid-like; most obvious in Fourier-space representation:
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Nonlinear cascades of  whisper waves I 
• Equations have conserved generalised energy:

• Scaling arguments for whisper-wave cascade: suppose some energy flux is delivered to sub-
electron-Larmor scales. Then, assuming constant flux across perpendicular scales    , 

• Balancing nonlinear term of  gyrokinetic equation with the field-ring interaction term gives

• Critical balance (                       ) then gives desired scalings (for                      ):

W =

Z
d3r

"
�B2

8⇡
+

Z
d3v

T0h(h+)
2ir

2F0

#
.

<latexit sha1_base64="w46nEquL26icsKSW9EEWS6jkUbI="></latexit>

v8theh
2
e�

n2
e0⌧h�

⇠ "h ,
<latexit sha1_base64="9hxmBg0sTz5Y3p7/PsS5yRmYt90="></latexit>

he� ⇠ ne0

v3the

1

�1/2
e

�B?�

B0
.

<latexit sha1_base64="+43gmluisAP2Jwl1M4xmj97HLVU="></latexit>

⌧h� ⇠ `k/vthe
<latexit sha1_base64="3TwZmRw2yAj9ITFcCFsiGE5IpNc=">AAACIHicbVDLSgMxFM34rPVVdekmWARXdUYFXQpuXFawttApQya9tcFkZkjuFEqcT3Hjr7hxoYju9GvM1C58HQgczrmH3HviTAqDvv/uzczOzS8sVpaqyyura+u1jc0rk+aaQ4unMtWdmBmQIoEWCpTQyTQwFUtoxzdnpd8egTYiTS5xnEFPsetEDARn6KSodkxpiCyP7DCULtVnBQ2NUNSGIGVkw9ui2LcjRxTDoVYWhwUUBaVRre43/AnoXxJMSZ1M0Yxqb2E/5bmCBLlkxnQDP8OeZRoFl1BUw9xAxvgNu4auowlTYHp2cmBBd53Sp4NUu5cgnajfE5YpY8YqdpPlnua3V4r/ed0cByc9K5IsR0j410eDXFJMadkW7QsNHOXYEca1cLtSPmSacXSdVl0Jwe+T/5Krg0Zw2Agujuqn/rSOCtkmO2SPBOSYnJJz0iQtwskdeSBP5Nm79x69F+/1a3TGm2a2yA94H58L76Qb</latexit>

⌧�1
h� ⇠ ⇢�1/2

e ��1/2vthe
�B?�

B0
$

<latexit sha1_base64="BpNqhFy6l7NDFD4ynv39h5sQ3Qg="></latexit>

he� ⇠ ne0

v3the
��1/6�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="qiyzoIYXWIWYe3m5FPYZhtKitG0="></latexit>

�B?�

B0
⇠ �1/3�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="McqQUGzMrfFjgE6eEuYLeb/kDtA="></latexit>

`k ⇠ ��1/3�1/3⇢1/3e `1/30 .
<latexit sha1_base64="v6XlydJFAw7M25dODoQgJ+ozVw8="></latexit>

`0 ⌘ v3the/"h
<latexit sha1_base64="dVz5NpC8c56LfBdTpWmb0oWTqXg=">AAACHHicbVDLSsNAFJ3UV42vqEs3g0VwVRMr6LLgxmUF+4Amhsn0th06eTgzCZTQD3Hjr7hxoYgbF4J/46TtQlsPDBzOOZe59wQJZ1LZ9rdRWlldW98ob5pb2zu7e9b+QUvGqaDQpDGPRScgEjiLoKmY4tBJBJAw4NAORteF385ASBZHd2qcgBeSQcT6jBKlJd+qucC5b2MXHlKWYZz5uRsSNRRhroYTmNzXztyMCEgk4zo/xKaJfatiV+0p8DJx5qSC5mj41qfbi2kaQqQoJ1J2HTtRXk6EYpTDxHRTCQmhIzKArqYRCUF6+fS4CT7RSg/3Y6FfpPBU/T2Rk1DKcRjoZLG4XPQK8T+vm6r+lZezKEkVRHT2UT/lWMW4aAr3mACq+FgTQgXTu2I6JIJQpfs0dQnO4snLpHVedWpV5/aiUrfndZTRETpGp8hBl6iOblADNRFFj+gZvaI348l4Md6Nj1m0ZMxnDtEfGF8/u2qhDQ==</latexit>



Atomic and Laser Physics

Nonlinear cascades of  whisper waves II
• Scalings:

• In terms of  spectral scalings, this becomes
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Nonlinear cascades of  whisper waves II
• Scalings:

• In terms of  spectral scalings, this becomes

he� ⇠ ne0

v3the
��1/6�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="qiyzoIYXWIWYe3m5FPYZhtKitG0="></latexit>

�B?�

B0
⇠ �1/3�1/6⇢1/6e `�1/3

0 ,
<latexit sha1_base64="McqQUGzMrfFjgE6eEuYLeb/kDtA="></latexit>

`k ⇠ ��1/3�1/3⇢1/3e `1/30 .
<latexit sha1_base64="v6XlydJFAw7M25dODoQgJ+ozVw8="></latexit>

Whisper-wave cascade

E�B?(k?) / k�16/3
? ,

E�Bk(k?) / k�16/3
? ,

E�(k?) / k�10/3
? .

<latexit sha1_base64="JwUe/DDXDevTNj4KA3BjzFQGQ3w="></latexit>

Electron-entropy cascade
E�B?(k?) / k�4/3

? ,

E�Bk(k?) / k�10/3
? ,

E�(k?) / k�7/3
? .

<latexit sha1_base64="Glp4CKVZypqfocl3slke4PaV0Sg="></latexit>

• If  correct, one would measure much shallower spectra below the electron Larmor scale (or at 
least a knee!). 
• Like with KAWs/ion entropy cascade, not clear how efficient energy injection is…

• Relationship to velocity-space structure is the usual: 

• Transition scale to electron-entropy cascade at 
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Does any of  this matter?
• Expansion parameter                            is not very small in most astrophysical plasmas of  

interest…
• Schekochihin law of  small numbers (              ) implies 

• Yet even if  asymptotic theory not entirely accurate, still the case that electromagnetic 
interactions extend beyond electron Larmor scale at moderately high 
• E.g. for                 find that pure electrostatic cascade only emerges for 

• Perhaps more relevantly, whisper waves can be very important in plasma with negative 
electron pressure anisotropy – they become unstable (whisper-wave instability):
• Describable by pressure-anisotropic gyrokinetics
• Assuming electron pressure anisotropy satisfies                      , can show that only 

changes to governing equations is additional term in parallel Ampere’s law:

• Thus, have identical eigenmodes to stable whisper waves, and dispersion relation 

✏ ⌘ ��1/5
e ⌧ 1

<latexit sha1_base64="BWyy+X2T/A3vWjsnw3CzwnR8o0Q=">AAACE3icbVDJSgNBEO2JWxy3qEcvjUEQwTjtgh4DXjxGMAtkYujpVJImPT1jd08gDPkHL/6KFw+KePXizb+xsxw08UHB470qquoFseDaeN63k1lYXFpeya66a+sbm1u57Z2KjhLFoMwiEalaQDUILqFsuBFQixXQMBBQDXrXI7/aB6V5JO/MIIZGSDuStzmjxkrN3JEPseYiktiHh4T3sR+AoU24T4/JycUQ+0Jg4rouxriZy3sFbww8T8iU5NEUpWbuy29FLAlBGiao1nXixaaRUmU4EzB0/URDTFmPdqBuqaQh6EY6/mmID6zSwu1I2ZIGj9XfEykNtR6Ege0MqenqWW8k/ufVE9O+aqRcxokBySaL2onAJsKjgHCLK2BGDCyhTHF7K2ZdqigzNkbXhkBmX54nldMCOSuQ2/N8kUzjyKI9tI8OEUGXqIhuUAmVEUOP6Bm9ojfnyXlx3p2PSWvGmc7soj9wPn8AoYGbVA==</latexit>

1/3 ⌧ 1
<latexit sha1_base64="MsFt25EUMJW6sjDYLIXPD9uWOP8=">AAAB+nicbVDLSgNBEOyNr7i+Nnr0MhgET3HHCHoMePEYwTwgWcLsZDYZMvtgZlYJaz7FiwdFvPol3vwbZ5M9aGJBQ1HVTXeXnwiutOt+W6W19Y3NrfK2vbO7t3/gVA7bKk4lZS0ai1h2faKY4BFraa4F6yaSkdAXrONPbnK/88Ck4nF0r6cJ80IyinjAKdFGGjgVfF5HfSEQtnMghAZO1a25c6BVggtShQLNgfPVH8Y0DVmkqSBK9bCbaC8jUnMq2Mzup4olhE7IiPUMjUjIlJfNT5+hU6MMURBLU5FGc/X3REZCpaahbzpDosdq2cvF/7xeqoNrL+NRkmoW0cWiIBVIxyjPAQ25ZFSLqSGESm5uRXRMJKHapGWbEPDyy6ukfVHD9Rq+u6w23CKOMhzDCZwBhitowC00oQUUHuEZXuHNerJerHfrY9FasoqZI/gD6/MHSQiQEA==</latexit>

�e & 250
<latexit sha1_base64="99L1SW0IZdIn/5dwEtGYk+nd5KQ=">AAACA3icbVC7SgNBFJ2Nrxhfq3baDAbBKuxGRcuAjWUE84BsWGYnN8mQ2Qczd4WwBGz8FRsLRWz9CTv/xkmyhSYeGDiccy537gkSKTQ6zrdVWFldW98obpa2tnd29+z9g6aOU8WhwWMZq3bANEgRQQMFSmgnClgYSGgFo5up33oApUUc3eM4gW7IBpHoC87QSL595AWAzAfqDdCkQlq9dEoGlFLfLjsVZwa6TNyclEmOum9/eb2YpyFEyCXTuuM6CXYzplBwCZOSl2pIGB+xAXQMjVgIupvNbpjQU6P0aD9W5kVIZ+rviYyFWo/DwCRDhkO96E3F/7xOiv3rbiaiJEWI+HxRP5UUYzothPaEAo5ybAjjSpi/Uj5kinE0tZVMCe7iycukWa245xX37qJcc/I6iuSYnJAz4pIrUiO3pE4ahJNH8kxeyZv1ZL1Y79bHPFqw8plD8gfW5w9gkZSt</latexit>

�e = 100
<latexit sha1_base64="lCCasMzTyGneYkqJGx1Nqde3C04=">AAAB/XicbVBNS8NAEN3Urxq/4sfNy2IRPJWNCnoRCl48VrC10Iaw2U7apZtN2N0ItRT/ihcPinj1f3jz37htc9DWBwOP92aYmRdlgmtDyLdTWlpeWV0rr7sbm1vbO97uXlOnuWLQYKlIVSuiGgSX0DDcCGhlCmgSCbiPBtcT//4BlOapvDPDDIKE9iSPOaPGSqF30InA0BDwFfYJcS0wxqFXIVUyBV4kfkEqqEA99L463ZTlCUjDBNW67ZPMBCOqDGcCxm4n15BRNqA9aFsqaQI6GE2vH+Njq3RxnCpb0uCp+ntiRBOth0lkOxNq+nrem4j/ee3cxJfBiMssNyDZbFGcC2xSPIkCd7kCZsTQEsoUt7di1qeKMmMDc20I/vzLi6R5WvXPqv7teaVGijjK6BAdoRPkowtUQzeojhqIoUf0jF7Rm/PkvDjvzsesteQUM/voD5zPHyYGkbY=</latexit>

k?⇢e & 5 � 1
<latexit sha1_base64="9x1OWAQcEk5GtY7Hht4kzwid6+U=">AAACEHicbVDLSsNAFJ34rPEVdelmsIiuSuIDXRbcuKxgH9CEMJnetENnkjAzEUroJ7jxV9y4UMStS3f+jdM2C209MHA451zu3BNlnCntut/W0vLK6tp6ZcPe3Nre2XX29lsqzSWFJk15KjsRUcBZAk3NNIdOJoGIiEM7Gt5M/PYDSMXS5F6PMggE6ScsZpRoI4XOyTAs/AxkNsa+HKQhYL+vTVzgS8P62LMNMMahU3Vr7hR4kXglqaISjdD58nspzQUkmnKiVNdzMx0URGpGOYxtP1eQETokfegamhABKiimB43xsVF6OE6leYnGU/X3REGEUiMRmaQgeqDmvYn4n9fNdXwdFCzJcg0JnS2Kc451iift4B6TQDUfGUKoZOavmA6IJFSbDm1Tgjd/8iJpndW885p3d1Gtu2UdFXSIjtAp8tAVqqNb1EBNRNEjekav6M16sl6sd+tjFl2yypkD9AfW5w9CaJoK</latexit>

�e
<latexit sha1_base64="nzgbPwR0iMcq9E+7FiLQ6X1J15Q=">AAAB9HicbVBNS8NAEN34WeNX1aOXxSJ4KokKeix48VjBfkAbymY7aZduNnF3Uiihv8OLB0W8+mO8+W/ctjlo64OBx3szzMwLUykMet63s7a+sbm1Xdpxd/f2Dw7LR8dNk2SaQ4MnMtHtkBmQQkEDBUpopxpYHEpohaO7md8agzYiUY84SSGI2UCJSHCGVgq6ISDrgeu6lNJeueJVvTnoKvELUiEF6r3yV7ef8CwGhVwyYzq+l2KQM42CS5i63cxAyviIDaBjqWIxmCCfHz2l51bp0yjRthTSufp7ImexMZM4tJ0xw6FZ9mbif14nw+g2yIVKMwTFF4uiTFJM6CwB2hcaOMqJJYxrYW+lfMg042hzcm0I/vLLq6R5WfWvqv7DdaXmFXGUyCk5IxfEJzekRu5JnTQIJ0/kmbySN2fsvDjvzseidc0pZk7IHzifP+TEkCc=</latexit>

r2
?Ak =

4⇡e

c

Z
d3v vkhh�ir +

�e

d2e
Ak

<latexit sha1_base64="4rzgzolCMCi9fXKaI/ZVaC9XUHk="></latexit>

|�e| ⇠ ��3/5
e

<latexit sha1_base64="DjIBRbY6sB1rM90j0dU4eMgvayQ=">AAACDHicbVC7TsMwFHV4lvAqMLJYVEgslISCYKwEA2OR6ENqQuW4N61V5yHbQarSfgALv8LCAEKsfAAbf4PTZoCWI1k6Pudc2fd4MWdSWda3sbC4tLyyWlgz1zc2t7aLO7sNGSWCQp1GPBItj0jgLIS6YopDKxZAAo9D0xtcZX7zAYRkUXinhjG4AemFzGeUKC11iqWRcw1ckQ6MsCNZgB0Pstt9elw5OR+bJsZYp6yyNQGeJ3ZOSihHrVP8croRTQIIFeVEyrZtxcpNiVCMchibTiIhJnRAetDWNCQBSDedLDPGh1rpYj8S+oQKT9TfEykJpBwGnk4GRPXlrJeJ/3ntRPmXbsrCOFEQ0ulDfsKxinDWDO4yAVTxoSaECqb/immfCEKV7s/UJdizK8+TxmnZrpTt27NS1crrKKB9dICOkI0uUBXdoBqqI4oe0TN6RW/Gk/FivBsf0+iCkc/soT8wPn8AYWqZKw==</latexit>

! = ±⇡1/4

p
2
kkvth

⇥
k?⇢e

�
k2?d

2
e +�e

�⇤1/2
.

<latexit sha1_base64="lUHIsQ9+DLoNgw0l1jE42hRzQCM="></latexit>



Atomic and Laser Physics

Sub-electron-Larmor scale microinstabilities
• Whisper-wave instability is special example of  sub-

electron Larmor scale microinstabilities which only exist 
in plasma with a background magnetic field
• Smaller and smaller scale microinstabilities

triggered as    increases (for fixed        )
• Example: microinstabilities of  the electron 

Chapman-Enskog distribution function, with

• Peak growth rates for such microinstabilities often much 
faster than microinstabilities at comparable scales in 
unmagnetised plasma (e.g. Weibel/transverse instability)

• Whisper-wave instability dominates for 
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Whispered wishes…
• Remain number of  open questions about whisper waves/sub-electron-Larmor scale dynamics 

• How are results affected by finite but large     ?
• Can one construct more quantitative theories of  nonlinear interactions between whisper 

waves?
• How do whisper waves interact with large-scale motions?
• How does the whisper-wave instability saturate?

• Does it affect the thermal conductivity?

• To help answer these questions, numerics would be helpful – AstroGK/modified Pegasus 
simulations?
• Working on the former – very preliminary results support existence of  mode

• Could experimental evidence for whisper waves be found?
• Solar-wind data not appropriate, as      too low
• Laser-plasma experiments more promising – very high plasma     , and can access 

relevant regime at high-energy facilities 
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Conclusions
1. There can exist propagating waves (whisper waves) describable by gyrokinetics with

perpendicular length scales below the electron-Larmor scale in a high- plasma

2. These waves are electromagnetic rather than electrostatic (dominated by ), which implies
that the turbulent-cascade model appropriate for plasma at sub-electron-Larmor scales
don’t apply to high- plasma

3. Whisper waves have interesting properties:
I. They have significant perpendicular phase-space structure
II. Their nonlinear interactions are fundamentally kinetic (i.e. cannot be described by a few

moments)
III. For sufficiently large electron-pressure anisotropies ( ), whisper-

waves are destabilised, and are the most rapidly growing of all unstable modes
(including unmagnetised instabilities)

4. Results testable both in simulations (gyrokinetic or PIC) and potentially laser-plasma
experiments
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Any questions?


