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Introduction

Anomalous transport is driven by turbulence,
> IS : at scales where kp; S'1

~

> ES : at scales where 1 < kpe <1

~

» do all scales matter?

> is cross scale coupling important?

> To answer these questions we take a scale separated approach

2/21



Introduction: do all scales matter?

> simulation evidence where

Qe ~ 1OQegB ~ (?)QigB €.g.

Jenko and Dorland (2002)

> recent experimental evidence on

NSTX Ren et al. (2017)

> Howard et al. (2016) Fig 3:
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Introduction: is cross scale coupling important?

> Fig 2 from Maeyama et al. (2015):
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Introduction: can we reduce the mass ratio?

> Fig 5 from Howard et al. (2015):
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Introduction: a scale separated approach

The ion scale flux tube —_—
An electron scale flux tube —
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A Quick Reminder: Scale separation in turbulence

log [¢(k)[?

1/a 1/p

log ks,

> scale separation: p. =p/a— 0= f=F+446f
> statistical periodicity: (6f)¢yp =0
> gyro average: <~)|%yr°
> orderings:
Of ~ p«F

VF ~ YV 6f ~ p 'V 6f
0eSf ~ (ve/a)of ~ p.Q6F

O:F ~ p3QF
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A Quick Reminder: The Gyrokinetic Equation

The gyrokinetic equation for h = §f — (Ze¢/ T)Fo:
ZeFy 0y

oh Oh
s b-Vo— .Vh VFy = 1
8t+V” V80+(VM+VE) Vh+ve-VFk T 2t (1)
where,
c
o= <¢>‘gyr0’ Vg = Eb/\Vap. (2)
Closed by quasi-neutrality,
Z2e2n,,
S Zoe( [ dulha) = 30 22 (). ©)
o a o
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Separating lon and Electron Scale Turbulence

log [ (k)[*

T f
1/.0"7 1//)e

log ks,

> scale separation: pe/p; ~ Vij/Vte ~ \/Mme/m; — 0, = 6f = 6f + 6f

> electron scale statistical periodicity: <5~f>Es =0

> orderings:
V.0f ~ pi_lﬁ, 0¢0f ~ (vyi/a)df
V16F ~ pTi8F,  0:8F ~ (vie/a)sF.
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Separating lon and Electron Scale Turbulence:The Coupled Equations

> ijon scale equations, with new back reaction term:

Z;eFo; %

i+ VE) Vhi +Vg - VFy = T ot (4)
Ohe Ohe ES eF 0P,
ot +VHb V@ +(VMe+VEe) Vhe"‘VEe VFoe+V- < heVEe> = TOe Pe (5)
e
222 2.
/ Puli(Zieh; — ehe) = (S 4 )G, (6)
T; Te
> electron scale equations, with the new advection and drive terms:
. _ P — eFpe 0P
(Vie + Ve +VEe) - Vhe +ige - (Vhe + VFoe) = — 22 22 (7)
Te Ot
. e272%n; e%ne -
—/d3v|rehs =( T Ly T:)qs, (8)
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Separating lon and Electron Scale Turbulence: Difficult Points

> non-locality of the gyro Gyrormetion — .
""" oole ° Azpe
average = Electron A= pi ¢

> ions at electron scales

= solved by considering v

allowed sizes of the

fluctuations in dominant b ;

balance . . .

> the parallel boundary condition

= solved by choosing an electron scale boundary condition which ensures that
the electron scale turbulence follows the field lines of the ion scale
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Relative Size of the Fluctuations

The coupled equations allow the maximal ordering:

ed ed
? ~ Pisk, ? ~ Pex
ﬂ,’ Ee e$ i7e qu 77,'
Foi  Foe T’ Foe T’ Fo
with subsidiary orderings:
ep e
?(b < Pex, T ~ Pex
= ES sets saturation level and suppresses IS turbulence
ed ed
T ~ Pix, T K pex

= IS sets saturation level and suppresses ES turbulence

(©)
Me y1/4 €0
R (10)
(11)
(12)
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The Parallel Boundary Condition

> 4 radial, a: field line label,
0: poloidal angle, ¢: toroidal angle

> (¢, 0,¢) = ao+ ¢ — qo(¥)0 = ao + ¢ — qof + g4(v) — 10)6
> a(479 + 271-’1»[)) - CM(C, 9,15) = 727Tq0 7271'(]6(1[1 - wo)
——

neglected

A0 +2m,0(C, 0 + 27, 1), ¥) = A0, (¢, 0,%), 1) (13)
Beer et al. (1995)

= b.c. enforces statistical periodicity on a (¢, ¢) plane
= b.c. couples in «

¢ <

0==+m \ 0 ! w
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The Parallel Boundary Condition

> 4 radial, a: field line label,
0: poloidal angle, (: toroidal angle

> (¢, 0,9) = ag+ ¢ — qo(¥)0 = ao + ¢ — qof + gy — 10)0
> ¢, 0+2m,¢) — ¢, 0,9) = —2mq0 —2mq4(v — o)
——

neglected

A0 +2m, o, 0 + 27, 9), ¥) = A0, (¢, 6, %), %)

Beer et al. (1995)

= b.c. enforces statistical periodicity on a (¢, ¢) plane
= b.c. couples in

(13)

)

13/21



The Parallel Boundary Condition

> consider

_ - % oh 07 Ok
Vh==-VaAvy.-b| 22 2220 14
VE gy <8a8¢ azpaa) (14)

> need parallel boundary condition for i consistent with boundary condition on @

> Vg - Vh should be continuous along extended 6

= correct b.c. :
A(6 + 27, a(C, 0 + 27, ), P (¢, 0 + 27, 9), P)

= b.c. enforces statistical periodicity on a (¢, () plane

= b.c. couples ES fluxtubes in o
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Simulations: modification of ES linear physics: CBC

ed ed
? ~ Pix, ? <K Pex
= IS sets saturation level and suppresses ES turbulence
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Simulations: modification of ES linear physics: CBC a/Lt, = 2.3

D(ky) /(prer/a)*(Trer/€)* » Run IS to saturation

» Form coefficients for ES linear
calculation (*)

(*) For continuity require kyp; ~ 10
and/or || b.c. enforcing filter
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Simulations: modification of ES linear physics: CBC a/Lt, = 2.3
Top left: No IS gradients. Rest: IS gradients from different IS (¢, 1)) locations
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Simulations: modification of ES linear physics: CBC a/Lt, = 1.38

» Run IS to saturation
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Simulations: modification of ES linear physics: CBC a/Lt, = 1.38
Top left: No IS gradients. Rest: IS gradients from different IS (¢, 1)) locations




Summary

We have derived equations for the IS and ES turbulence:

>

| 4

scale separated

non-local (k) interaction terms - no shear!

> a parallel b.c. - introduces perpendicular coupling

>

interesting subsidiary orderings

The ES terms have been implemented in GS2:

>

Look at the effect on ES linear physics

Questions:

>

>

>

Which structures enhance/retard ES instability and why?
Which pieces of v space matter and why?

Does parallel b.c. break scale separation? ()

Can we resolve an IS simulation with only kcp; ~ 17 (v))
the effect of the back reaction on IS physics?

the effect on ES nonlinear physics?

timescale separation in a coupled IS-ES system?
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Thanks to Felix Parra, Alex Schekochihin, Paul Dellar, Bill Dorland for discussion

Thank you for listening!
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Should We Expect Cross Scale Interaction?

Yes! Because:

electron scale eddies have /| ~ pe

v

ion scale eddies have /| ~ p;

v

ambient gradient argument = he ~ piFoe, he ~ p; Foe
» = Vhe ~ Vhe ~ VFo.

v

= gradients of the distribution function are comparable at all scales
= electron scale eddies can be driven by ion scale gradients

> applying the same argument to E = —-V¢
> = Vén~ Vo

=-eddy ExB drifts vp g, are comparable at all scales

> applying the critical balance argument
- 1 . ~
> vee/lj ~ Tt~ VEXB/L
_ 4 -
> v/l ~ T~ VExB/IL
>~y
= parallel correlation lengths are the same for ion scale and electron scale eddies
= electron scale eddies are long enough to be differentially advected by Vp . g
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Visualising the lon Scale ExB Velocity with
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Separating lon and Electron Scale Turbulence: Technicalities

> We introduce a fast spatial variable rf and a slow spatial variable rs and the fast
and slow times tf, ts

> In the gyrokinetic equation we send,
f(t,r) — Of(ts, tr, ¥s,v¢), V — Vs+ Vg, 2 — i-‘ri, (16)
ot Oots Ot
> then asymptotically expand in the mass ratio (me/m;)1/2
» remembering Vs ~ (me/m,-)l/2Vf, and 0/0ts ~ (ms/m;)l/za/atf
> explicitly define the electron scale average,

o ES 1 ts+7c/2 )
Of (ts,rs) = <6f(ts,tf,rs,rf)> == A/ P dtf/A doredf(ts, tr,rs,re), (17)
c ts—Tc

sfs
» We assume that,

(5f(ts, tr, ¥s, I'f) = (Sf(ts, tr, rs, re + nA X + mAny), (18)

~\ES
> This enforces <6f> =0.
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Splitting the Quasi-Neutrality Relation

\4

We split the guiding centre into a slow Rs and a fast Ry part.

v

R =r — p(r), where p(r) is the vector gyroradius

> Thus using the periodicity property equation (18) the electron scale average may
be taken over guiding centre or real space coordinates.

v

This observation allows us to note that the electron scale average commutes with
the gyro average,

1 27 1 27 _
(o [ iotenr)™ = o= [ arie(otar)) ™ = o= [ vl
iy 27 0
(19)
The splitting of the quasi neutrality relation follows directly,
— Z2e%ny —
> Zae(/ Pulha(Re)) = 3 2o g0, (20)
To
«@ «@
- Z2e%ny ~
3 Zae(/ dvliFa(Re,Rp) = 3 225 (e ). (21)
«@ [e% @
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Addressing the Non-Locality of the Gyro Average
» Taking the gyro average at fixed guiding centre <-)\%er, couples multiple rs
points.
> but we aim to find scale separated equations!
> Expanding both the slow and the fast spatial variable in Fourier series we note

that,
~ b gyro 1 2 r
@(ts)tﬁRS:Rf) = <¢(t5)tf7r57rf)>|R = E/ d’YlR(b(tSatf»rS’rf)
0
1o - ike-rs ik 1o = iks-Rs ikrRe o—i(kstky)
[ — d ks Ts ! f'rfzi/ d e!Ks Rs oIkt Rf g =1 KsTKF ) P
o /0 YR D Broks 2 Jo YR D Pk
ks, ks ks ks
= 3 Geanee™ o™ R U (I(ks + kr)lp), (22)

ks ke
for electrons:
> |kelpe ~ 1 and [ks|pe ~ (me/m;)L/2
> we can expand the Bessel function to return to a local picture in the slow variable
with O(me/m;)!/? error.
> We will exploit this in scale separation.
for ions:
> |kslpi ~ 1 and |ke|pj ~ (me/m;)~1/2.
> we are unable to expand the Bessel function
> we are unable to avoid the coupling of multiple rs in the equations for ions at
electron scale
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Addressing the Non-Locality of the Gyro Average: continued

> assume we can neglect the ion contribution to electronscale quasi neutrality -
shown later,

Be(ts, tr, R, Re) = D Gu, i ™ Roe™rRe Jo(|(ks + k)| p)
ks kf

Te ike- ike- ~
= 3 MR R (ks + k) [ B s (ks ko)) (23)

nee
ks k¢

» now we use that,

dJo(z)
Jo(|(ks + ke)lpe) = Jo(|kelpe) + O(ks - kep2 o

|z:|kf|pe)7 (24)

> exploit that |ks|pe ~ (me/m;)1/2 to bring Rs under the velocity integral
> regard Rs as a fixed parameter in the integration, to find,
Pe(ts, tr, Rs,Rf) =
_ anue2 _1 iks-Ry Kotk 3 i R K 0 N\1/2
e -5 D™ R do(I(kstke)lp) | d*VIR, Pek, (Rs)Jo([k|pe) (14O (me/m;)'/?)
v [¥3
(25)

> we can evaluate quasi-neutrality purely locally in the slow variable.
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Splitting the Gyrokinetic Equation
> we apply the electronscale average to the gyrokinetic equation
> we neglect terms which are small by (me/m;)'/2

lon scale equation:

oh 6 ES ZeFy 0%
Ba T VIb VO (- Ve) Veh+Vs- < hvE> +E VR = S0 0F. (26)
> we subtract the ion scale equation from the full equation and neglect terms
Electron scale equation:
oh oh L I _ ZeFy 0%
— b-VO— -V¢h - (Vsh+VF) = —, (27
ot VI 59 T (M + Ve +VE) Veh+Ue  (Vsh+ VFo) = — ot; (27)
where c c
Ve=—=bAVsp, Vg=—bAV¢p. 28
VE= g P V=g FP (28)
Note that,

> there are two additional terms on the electron scale, Vg - V¢h and Vg - Vsh

- ES
» there is one new term at the ion scale, Vs - <§h\75>

> Vg cannot be removed with the boost or a solid body rotation because of the
dependence of @
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Scaling Work: the Relative Size of the Fluctuations

> if we assume the following scalings:

- e - ed
hj N?d)FOH he"’?d)FOev

he ~ (me V222 22 Foe -parallel gradient term,

» Then we can show that:

~ e(;S
hiN(m )1/4 TFOH
1

p— ei
he ~ ?d)Foe -6 constant piece.

.o
= ~Pes = P

(29)

(30)
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Scaling Work: Neglecting lons at Electron Scales

note that:

> Jo(kepi) ~ (me/mi)t/*

> so:

/ dulchi ~ (RS ené (31)
T

lons at electron scales can be neglected to O((me/m;)!/?) in the electronscale
equations!
note that:

v, - £;",.~.ESNO Nve - h:
> s B iVE; ((me/ml) VEi l)

lons at electron scales can be neglected to O((me/m;)!) in the ion scale equations!
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Scaling Work: which multiscale terms do we keep?

The only remaining multiscale terms are in electron species equations:

note that:
> Ve - Vsze ~ VEe - v1‘77e ~ Vg - VfBe
> ion scale gradients contribute at O(1) to the electron scale

> ion scale shear can be neglected to O((me/m;)1/2) at the electron scale

cr o \FS /2. .
S <EhevEe> ~ O((me/mi)/ %ge - he)
> back reaction contributes at O((me/m;)!/?) to the electron equation at ion scales

> small but can be self consistently included
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Scaling work: Heat Flux

Substituting for the gyro Bohm scalings of the potential we find that,

Qi (e, Qe (Teyrz g~ (32)

6i mj Qe mj
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Discontinuities and filtering

VEe - vF'e/};e
VMe * vi:’e/i:'e

: CBC a/Lt, =23

Fypre;=40.000, ) =-0.00
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—800
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» filter in extended ballooning angle 7

for each chain coupled by || b.c.

> exp [—D(7/Tmax)*]

kypre;=40.000. 6y =0.00
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Discontinuities and filtering: CBC a/Ly, = 2.3

> \755 . Vﬂe/(};
> ‘7Ee . V":Oe/¢

Fypre;=40.000, ) =-0.00
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> exp [—D(7/Tmax)*]
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100

50

=50

—100

1501

—200

—— wstaris kx—402.124

—15 —10 —5 0 5 10

13/13




	Introduction
	Appendix

