
Frequency Spectrum of Outward (e+) and Inward (e-) 
Propagating Alfven Waves

Helios measurements  at 0.3 AU (Tu & Marsch 1995)
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Fig. 2-2. Sequence of e ~: across a high-speed stream near 0.3 AU. The upper panel shows the profile 
of the solar wind velocity. In the lower panel, five pairs of e + spectra are shown (e + by solid lines 
and e -  by dots). The corresponding time periods are shown at the bottom of the upper panel by a 
horizontal shaded bar, respectively. For box c~ and e we have n d =  4, for b, n d =  6, for other boxes 
r~d = 2, where r~d is the number of data points to be averaged before calculating the spectrum. The 
error bar is calculated for 10 degrees of freedom (adopted from Tu et al., 1990). 

f l  is closely correlated with 6n/n .  These correlations between spectral intensities 
and slopes have been quantified and described in much detail by Grappin et aL 
(1991). 

2.4.4. Normalized Cross-helicity crc 
By means of the rugged invariants described by Matthaeus and Goldstein (1982a), 
Roberts et al. (1987a, b) analysed Helios and Voyager data and found that the 
normalized cross-helicity o-~ radially evolved from a value near 1 at 0.3 AU to 
near zero at 20 AU. The same trend was also found by Bruno and Bavassano 
(1985) in a case study, and by Vellante and Lazarus (1987) and Luttrell and Richter 
(19881. Figure 2-4 (Marsch and Tu, 1990a) shows the evolution of o-c in both 
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• Solar-wind turbulence is 
mostly non-compressive 
(dn/n0 << dB/B0) 

• Incompressible MHD 
turbulence should have 
an f -5/3 inertial-range 
power spectrum 

• Problem solved.

slow solar wind



Not so fast !

Helios measurements  at 0.3 AU (Tu & Marsch 1995)

e+

e-

22 C.-Y. TU AND E. MARSCH 

BOO 

700 

600 

soo 
>= 

/~00 

s e c l o r  b o . n d o r y  

HELLOS 2~ 1976 

t 

1 0  8 .]I~_ ,_ u u . L _  L J. . . , t l  - a  .t, m,' 

107 1 ~ . ~  e 

'2: 

+l ! ,o,tt ,-o,. \ 

300 

9 ; / 0 ,   9 

!: J !! ! 

1fl-5 11) -4 1{1 "3 0-[~ ID-4 I|)'-Zl 10-5 10-4 111-21 111-5 10-4 ii)<l 111-5 10-4 10-3 ID"2 
Frequer}cy (llz } Frequency {|lz} Frequency (Hz} I,'r~;qtiency {Fir.) l'~requeney {14z) 

13.33ALI ~Ot~kms-1O-3ZAU 379kms-~ 0.3AU 6071~ms -~ 0.29AU 7 ]3kms ~ 0.3]AU 6S~kms a 

Fig. 2-2. Sequence of e ~: across a high-speed stream near 0.3 AU. The upper panel shows the profile 
of the solar wind velocity. In the lower panel, five pairs of e + spectra are shown (e + by solid lines 
and e -  by dots). The corresponding time periods are shown at the bottom of the upper panel by a 
horizontal shaded bar, respectively. For box c~ and e we have n d =  4, for b, n d =  6, for other boxes 
r~d = 2, where r~d is the number of data points to be averaged before calculating the spectrum. The 
error bar is calculated for 10 degrees of freedom (adopted from Tu et al., 1990). 

f l  is closely correlated with 6n/n .  These correlations between spectral intensities 
and slopes have been quantified and described in much detail by Grappin et aL 
(1991). 

2.4.4. Normalized Cross-helicity crc 
By means of the rugged invariants described by Matthaeus and Goldstein (1982a), 
Roberts et al. (1987a, b) analysed Helios and Voyager data and found that the 
normalized cross-helicity o-~ radially evolved from a value near 1 at 0.3 AU to 
near zero at 20 AU. The same trend was also found by Bruno and Bavassano 
(1985) in a case study, and by Vellante and Lazarus (1987) and Luttrell and Richter 
(19881. Figure 2-4 (Marsch and Tu, 1990a) shows the evolution of o-c in both 

22 C.-Y. TU AND E. MARSCH 

BOO 

700 

600 

soo 
>= 

/~00 

s e c l o r  b o . n d o r y  

HELLOS 2~ 1976 

t 

1 0  8 .]I~_ ,_ u u . L _  L J. . . , t l  - a  .t, m,' 

107 1 ~ . ~  e 

'2: 

+l ! ,o,tt ,-o,. \ 

300 

9 ; / 0 ,   9 

!: J !! ! 

1fl-5 11) -4 1{1 "3 0-[~ ID-4 I|)'-Zl 10-5 10-4 111-21 111-5 10-4 ii)<l 111-5 10-4 10-3 ID"2 
Frequer}cy (llz } Frequency {|lz} Frequency (Hz} I,'r~;qtiency {Fir.) l'~requeney {14z) 

13.33ALI ~Ot~kms-1O-3ZAU 379kms-~ 0.3AU 6071~ms -~ 0.29AU 7 ]3kms ~ 0.3]AU 6S~kms a 

Fig. 2-2. Sequence of e ~: across a high-speed stream near 0.3 AU. The upper panel shows the profile 
of the solar wind velocity. In the lower panel, five pairs of e + spectra are shown (e + by solid lines 
and e -  by dots). The corresponding time periods are shown at the bottom of the upper panel by a 
horizontal shaded bar, respectively. For box c~ and e we have n d =  4, for b, n d =  6, for other boxes 
r~d = 2, where r~d is the number of data points to be averaged before calculating the spectrum. The 
error bar is calculated for 10 degrees of freedom (adopted from Tu et al., 1990). 

f l  is closely correlated with 6n/n .  These correlations between spectral intensities 
and slopes have been quantified and described in much detail by Grappin et aL 
(1991). 

2.4.4. Normalized Cross-helicity crc 
By means of the rugged invariants described by Matthaeus and Goldstein (1982a), 
Roberts et al. (1987a, b) analysed Helios and Voyager data and found that the 
normalized cross-helicity o-~ radially evolved from a value near 1 at 0.3 AU to 
near zero at 20 AU. The same trend was also found by Bruno and Bavassano 
(1985) in a case study, and by Vellante and Lazarus (1987) and Luttrell and Richter 
(19881. Figure 2-4 (Marsch and Tu, 1990a) shows the evolution of o-c in both 

e+

e-

e+

e-

slow solar wind fast solar wind

f -1



• An outward-propagating Alfven wave (AW) decays 
into an outward-propagating slow magnetosonic 
wave (“slow wave”) and an inward-propagating AW. 

• I will focus on fast solar wind at r < 0.3 AU. 

• I’ll take  β to be small. (β ~ 0.25 at r=0.3 AU, and β 
is smaller at smaller r.) 

• I’ll use weak turbulence theory:                             
ωnl/ωlinear ~ (δvrms /vA)2 ~ 1/4 at r=0.4 AU. Even 
smaller at smaller r.  (No kz =0 problem as in 
incompressible MHD.)

Parametric Instability in the Low-β Solar Wind



Weak Compressible MHD Turbulence at Low Beta

• Perturbation theory to describe wave-wave interactions.

• Add collisionless damping terms post facto. (Strong slow-wave damping.)

• Resonant 3-wave interactions:

– wk = wp +wq

– ~k = ~p+~q

• AAA interactions = interactions among 3 Alfv

´

en waves

• FFF interactions = interactions among 3 fast waves

• AFF interactions - 2 fast waves and 1 Alfv

´

en wave

• A±k = 3D power spectrum of Alfv

´

en waves propagating in ±z direction.

• S±k = 3D power spectrum of slow waves propagating in ±z direction.

• Fk = 3D power spectrum of fast waves propagating in k direction.

~B0 = B0 ẑ

(ωnonlinear << ωlinear)



Wave Kinetic Equations for Weak MHD Turbulence 
(Chandran 2008)
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perpendicular Alfven-wave cascade

Wave Kinetic Equations for Weak MHD Turbulence 
(Chandran 2008)
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Wave Kinetic Equations for Weak MHD Turbulence 
(Chandran 2008)
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parametric instability when slow 
waves are strongly damped



Integrate the Wave Kinetic Equations over k⏊

inverse cascade 
of wave quanta
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The wave kinetic equations allow for obliquely propagating 
waves, but these integrated equations depend only on the 

parallel wavenumber kz and t.



Alfven Wave Frequency Decreases Slightly During 
Each Parametric Decay
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Why Do the Wave Kinetic Equations Have This Form?
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spectrum of 
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Linear Limit 

This result was found by Cohen & Dewar (1974) for parallel-
propagating waves at low beta, assuming slow waves are strongly 

damped.

“Pump-wave” amplitude fixed (E+
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Conservation of Wave Quanta and Inverse Cascade

inverse cascade 
of wave quanta
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Exact Solutions to Wave Kinetic Equation
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Numerical Solution of the Nonlinear Evolution

e+

e± =
2⇡E±

U
= frequency spectrum

Alfven speed = 150 km/s. Initial dominant 
frequency (maximum of fef ) is 0.01 Hz. 

(via Taylor’s hypothesis. 
U = solar-wind speed = 733 km/s.)

e+(f, t = 0) =
�+(f/f0)�0.5

1 + (f/f0)1.5

(Chandran 2018)



Linear stage: the inward waves 
grow fastest at the largest 
wavenumbers where the 

spectrum is flatter than 1/f.

e+
e-

Numerical Solution of the Nonlinear Evolution

(Chandran 2018)



The outward-going “pump 
waves” acquire a 1/f spectrum 

in a form of quasilinear 
“flattening”

e+
e-
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Numerical Solution of the Nonlinear Evolution

(Chandran 2018)
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Numerical Solution of the Nonlinear Evolution

(Chandran 2018)



Same Simulation, Plotted over a Smaller Frequency 
Range, out to 32 Hrs

dotted lines in upper left show evolutionary tracks of 
spectral peaks in an approximate analytic solution

1

e+

e-

(Chandran 2018)



Comparison Between Numerical Solution and Helios Measurements

Tu & Marsch (1995)

Helios Measurements

Alfven speed = 150 km/s. Initial dominant 
frequency (maximum of f x Ef) is 0.01 Hz.  
Alfven travel time to 0.29 AU is 12 hours.
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e-

(Chandran 2018)



Nonlinear Evolution of the Parametric Instability
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Nonlinear Evolution of the Parametric Instability
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• assess the errors introduced by weak turbulence 
theory (via, e.g., numerical simulations) 

• determine how results are modified as beta 
approaches unity. 

• better treatment of slow-wave damping 

• interplay between parametric instability and other 
types of nonlinear interactions, as well as linear non-
WKB reflection. 

• effects of solar-wind expansion and radial evolution

Future Directions



• Alfven-wave turbulence is a leading candidate for explaining the 
heating and acceleration of the solar wind.  

• The origin of the 1/f frequency spectrum of outward-propagating 
Alfven waves is an important unsolved problem. 

• Here I have argued that in the fast solar wind, a 1/f magnetic 
spectrum at sub-hour timescales emerges dynamically between 
10 Rs and 60 Rs via parametric instability and inverse cascade.  

• Prediction: the 1/f range is much broader at 60 Rs than at 10 Rs.  

• Prediction: the 1/f range spreads out in both directions from the 
initial energy-dominating frequency (at which fef is maximized). 
As PSP gets closer to the Sun, the 1/f range that it sees in fast 
wind will narrow from both the high and low-frequency ends, 
eventually disappearing at small enough r.

Conclusion and Predictions


