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Introduction

Anomalous transport is driven by turbulence,
> at scales where kp; <1 - ion scale

~

> at scales where kpe ~ 1 - electron scale

We want to answer the following questions:
» do all scales matter?

> is cross scale coupling important?

» To answer these questions we take a scale separated approach
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Introduction: do all scales matter?

> simulation evidence where
Qe ~ Q,‘gB ~ 4/ mi/meQegB e.g.
Jenko and Dorland (2002)

> recent experimental evidence on
NSTX Ren et al. (2017)

> Howard et al. (2016) Fig 3:
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Introduction: is cross scale coupling important?

> Fig 2 from Maeyama et al. (2015):
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Introduction: can we reduce the mass ratio?

> Fig 5 from Howard et al. (2015):
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Introduction: a scale separated approach

The ion scale flux tube —_—
An electron scale flux tube —
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A Quick Reminder: The Gyrokinetic Equation

The gyrokinetic equation:

ZeFo 6@

T ot’

oh oh
a + V”b VG + (VM + VE) Vh+4+veg-VFy= (1)
where,

C
= ZbAVep. 2
VE= 5 ® (2)

Closed by quasi-neutrality,

3 Zae( [ ieha) = 30 22 ), 3

Ingredients:
> a kinetic equation for f
> scale separation: px = p/a— 0, f=F+4f
> statistical periodicity: (6f)y,p =0
> orderings: 0f ~ p.F, VF ~YV_ 6f ~ pZIVHsz
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Separating lon and Electron Scale Turbulence

lp(ki)?

| |

} }
1/pi 1/pe
kL

Using the ingredients:

» scale separation: y/me/m; — 0, an electron scale average, <>

> scale separation: <6f> =06Ff, O6f =0f +06f

> electron scale statistical periodicity: <5~f> =0

> orderings:
— =  O6f  Vi— - e O6F Ve -
V. Of ~p 6F, —— ~ ZESF, YV, Of ~pIt6F, —— ~ ZS6F.
+ Pi ot a + Pe ot a
we can derive the coupled equations!
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The Coupled Equations

> ijon scale equations, with new back reaction term:

Z;eFo; %

8;; +vb- VGZ—Z + (vmi +Vg) - Vhi + Vg - VFy = T, o’ (4)
88—%+VHb.ve%+(vme+vEe)~vﬂe+vEe~VFoE+v~<%Ee\75e> == eio af; ®)
[ @vizieh — ehe) = (92??"" 2T )o. (©)

> electron scale equations, with the new advection and drive terms:
‘Zf + va.ve%ﬁof + (Ve + Vg +VEe) Ve +Uge - (Vhe + VFoe) = — 650 8;: - (M
~ [ Poter = (CET S @
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The Coupled Equations: Sticky Points

Deriving parallisable coupled equations requires dealing with:

> non-locality of the gyro average
> the relative size of fluctuations - gyro Boehm scaling

> ijons at electron scales

\{

the parallel boundary condition (*)

(*) Not yet resolved!
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Visualising the lon Scale ExB Velocity with
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Outline of structure of multigs2: A diagram

multigs2 runs N+1 instances of gs2 and handles communication
of gradients and fluxes between them
v he VES
Electron Electron Electron
Ion scale scale scale e scale
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v <\7E6h6>
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Electron Scale Simulations: Modification of the Linear Growth Rate
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Electron Scale Simulations: Modification of the Linear Growth Rate
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Electron Scale Simulations: Modification of the Linear Growth Rate
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Electron Scale Simulations: Modification of the Linear Growth Rate
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Electron Scale Simulations

®? /(pi/a)(Ti/e)?
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Electron Scale Simulations
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Electron Scale Simulations

t(v/a)
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Summary

Conclusions:
> we have derived coupled equations for the ion and electron scale turbulence
> the electron scale terms have been implemented in gs2

> we have begun a search for a suitable proof of concept case for simulation

Future Work:
> understanding the electron scale equation through simulation

> including the back reaction in simulations
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Should We Expect Cross Scale Interaction?

Yes! Because:

electron scale eddies have /| ~ pe

v

ion scale eddies have /| ~ p;

v

ambient gradient argument = he ~ piFoe, he ~ p; Foe
» = Vhe ~ Vhe ~ VFo.

v

= gradients of the distribution function are comparable at all scales
= electron scale eddies can be driven by ion scale gradients

> applying the same argument to E = —-V¢
> = Vén~ Vo

=-eddy ExB drifts vp g, are comparable at all scales

> applying the critical balance argument
- 1 . ~
> vee/lj ~ Tt~ VEXB/L
_ 4 -
> v/l ~ T~ VExB/IL
>~y
= parallel correlation lengths are the same for ion scale and electron scale eddies
= electron scale eddies are long enough to be differentially advected by Vp . g
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Separating lon and Electron Scale Turbulence: Technicalities

» We introduce a fast spatial variable rf and a slow spatial variable rs and the fast
and slow times tf, ts

> In the gyrokinetic equation we send,
of(t,r) — Of(ts, tr,¥s,vf), V — Vs+ Vg, 92 — i—&—i, 9)
ot Ots  Otr
> then asymptotically expand in the mass ratio (me/m;)1/2
> remembering Vs ~ (me/m;)}/2V¢, and 8/dts ~ (me/m;)/20/0t;
> explicitly define the electron scale average,

. 1 ts+T7c/2
5 (ts,15) = (8F(ts, tr,re,1¢) ) = dtr | d?rf(ts, te,vs,ve),  (10)
TeA Jts—7c )2 A

sfs

» We assume that,
5f(t5, te, ¥s, I'f) = Jf(ts, tr, s, re + nA X + mAny), (11)

> This enforces <6~f> =0.
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Splitting the Quasi-Neutrality Relation

v

We split the guiding centre into a slow Rs and a fast Rf part.

v

R =r — p(r), where p(r) is the vector gyroradius

v

Thus using the periodicity property equation (11) the electron scale average may
be taken over guiding centre or real space coordinates.

v

This observation allows us to note that the electron scale average commutes with
the gyro average,

<% /027r d7|R¢(rs,rf)> - i /02” d7|R<¢(rs’rf)> - % /02" dledles),  (12)

The splitting of the quasi neutrality relation follows directly,

2 2"047

ZZae(/ d3v|rha(Rs)) = Z Za%qﬁ(rs)’ (13)
262na .

3 Zoe( [ dvlcha(ReiRA) = 37 2520 e ), (14)
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Addressing the Non-Locality of the Gyro Average
» Taking the gyro average at fixed guiding centre <_>‘%yrov couples multiple rs
points.
> but we aim to find parallelisable equations!

> Expanding both the slow and the fast spatial variable in Fourier series we note

that,

~ b gyro 1 [ b

(P(ts)tﬁRS:Rf): <¢(t57tf7r57rf)>|R = gl dW|R¢)(ts,tf,|’s,"f)
1o - ike-rs ik 1o = iks-Rs ikrRe o—i(kstky)

[ — d ks Ts ! f'rfzi/ d e!Ks Rs oIkt Rf g =1 KsTKF ) P
27r/0 YR D Broks 2 Jo YR D Pk
ks, ks ks ks
= 3 Geanee™ o™ R U (I(ks + kr)lp), (15)

ks ke
for electrons:
> |k¢lpe ~ 1 and [ks|pe ~ (me/m;)!/?
> we can expand the Bessel function to return to a local picture in the slow variable
with O(me/m;)'/? error.
> We will exploit this in parallelisation.
for ions:
> |kslpi ~ 1 and |ke|pj ~ (me/m;)~1/2.
> we are unable to expand the Bessel function
> we are unable to avoid the coupling of multiple rs in the equations for ions at
electron scale
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Addressing the Non-Locality of the Gyro Average: continued

> assume we can neglect the ion contribution to electronscale quasi neutrality,

Be(ts, tr, R, Re) = D Gu, i ™ o™ R7 Jo(|(ks + k) p)

ks k¢
T . . .
__le Z elk5~Rselkf~Rf/d3v he7k5,kag(‘(ks+kf)|P) (16)
nee =
» now we use that,
dho(z
o1k + ke)lpe) = Jo(lkrlpe) + Olks ke 2Ny )

> exploit that |ks|pe ~ (me/m;)}/? to bring Rs under the velocity integral

> regard Rs as a fixed parameter in the integration, to find,
T, ik =
& 57 [ duln, bty (Re) B (lkrlpe) (1 + O(me/m)' )
ke

(18)

@e(ts, tr,Rs,Rf) = —

> we can evaluate quasi-neutrality purely locally in the slow variable.

25/31



Splitting the Gyrokinetic Equation
> we apply the electronscale average to the gyrokinetic equation

> we neglect terms which are small by (me/m;)'/2

lon scale equation:

oh oh — C o~ _ ZeFy 09
be T VIb VO (v o+ VE) Vsh+Vs-<EhvE>+vE-VFo_ o (19)
> we subtract the ion scale equation from the full equation and neglect terms

Electron scale equation:

oh oh L - = ZeFy O

5o TVIP - VOSS + (vu + Ve +VE) - Veh g - (Vsh 4 Vo) = ;05%, (20)
f

where c
7 —b/\V , Vg =—=bAV¢e. 21
VE= g P V=g @ (21)

Note that,
> there are two additional terms on the electron scale, Vg - Vf}; and Vg - Vsh

» there is one new term at the ion scale, Vs - <§l~7\75>

> Vg cannot be removed with the boost or a solid body rotation because of the 0

dependence of @
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Scaling Work: the Relative Size of the Fluctuations

> if we assume the following scalings:

- e - ed
hj N?d)FOH he"’?d)FOev

he ~ (me V222 22 Foe -parallel gradient term,

» Then we can show that:

~ e(;S
hiN(m )1/4 TFOH
1

p— ei
he ~ ?d)Foe -6 constant piece.

.o
= ~Pes = P

(22)

(23)
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Scaling Work: Neglecting lons at Electron Scales

note that:
> Jo(kep;) ~ (me/m;j)t/*
> so:
= m m en
/ dPulefy o (T4 0 (24)
mj mj T
lons at electron scales can be neglected to O((me/m;)!/2) in the electronscale
equations!
note that:

> Vs <%F'i‘7Ei> ~ O((me/m;)3/*Vg; - h;)

lons at electron scales can be neglected to O((me/m;)3/*) in the ion scale equations!
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Scaling Work: which multiscale terms do we keep?
The only remaining multiscale terms are in electron species equations:

note that:
> Vge - Vshe ~ Ve - Vihe ~ Uge - Vihe
> ion scale gradients contribute at O(1) to the electron scale

> ion scale shear can be neglected to O((me/m;)1/2) at the electron scale

> Vs - <%Ee\7Ee> ~ O((me/mi)1/2vEe 'Ee)
> back reaction contributes at O((me/m;)!/?) to the electron equation at ion scales

> small but can be self consistently included
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Scaling work: Heat Flux

Substituting for the gyro Bohm scalings of the potential we find that,

Qi (e, Qe (Teyrz g~ (25)

6i mj Qe mj
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(*) The Parallel Boundary Condition

using the field line label a = & — q()0 =~ & — qof — g{6(x) — 1bo) the fluctuations take
the form:
A6, a,1p) = Z Ano 90(g)ei"o((a—a0)+%90+q(§9(¢—7#0)) (26)

no,0o

the parallel boundary condition in these variables is, Beer et al. (1995) ,
An0,00+27rN(9 + 27TN) = Ang,ﬂo(e) (27)

If we have parametric ionscale coordinate (@, ) dependence then this boundary
condition should become:

An0,90+27'rN(9 + 271'N,&(0 + 27TN)7 E) = Ang,go(eza(o)va)r (28)
where a(6 + 27 N) — a(8) ~ —go2w N — g{ 2 N(3p — o)

which would couple the electronscale flux tubes together!
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