
	  	  	  	  

3D Braginskii simulations of Turbulence in 
the tokamak edge, part 1: the SOL !

B. Rogers and P. Ricci!

How do global fluid simulations of the edge differ !
from local (flux tube) simulations?  When are global !
effects important?!
!
What can global simulations teach about transport,!
H and L pedestal structure, the LH transition, !
density limit, etc?!
!
Can we predict the plasma profiles given the source !
strengths and plasma parameters?!



	  	  	  
	  	  	  	   Torpex (EPFL-CRPP)! Helimac (U. of Texas)!

LAPD:!
(UCLA)!



3D Braginskii Equations (Ti=0)!

Parallel BCs at sheath edges (z = ±Lz/2) :

V||i = ±cs , cs =
�
Te/mi

V||e = ±cs exp (Λ− eφ/Te) , Λ = ln
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d∇2
⊥φ

dt
= −V||i

∂∇2
⊥φ

∂z
+

2B

cmiRn

∂pe
∂y

+
miΩ2

ci

e2n

∂j�
∂z

dV||i

dt
= −V||i

∂V||i

∂z
− 1

nmi

∂pe
∂z

men
dV||e

dt
= −meV||e

∂V||e

∂z
− Te

n

∂n

∂z
+ e

∂φ

∂z
− 1.71

∂Te

∂z
+

e

σ�
j�

dn

dt
=

2c

eRB

�
∂pe
∂y

− en
∂φ

∂y

�
−

∂(nV||e)

∂z
+ Sn

dTe

dt
=

4cTe

3eRB

�
7

2

∂Te

∂y
+

Te

n

∂n

∂y
− ∂φ

∂y

�
+

2

3

Te

en
0.71

∂j�
∂z

−V||e
∂Te

∂z
− 2

3
Te

∂V||e

∂z
+ ST Source!

Source	  



Resistive Ballooning Mode!

∂pe

∂t = c
B [φ, pe] → γp̃e = −ikyp�e0cφ̃/B
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Max{γ/ky} = (0.6)γb/kb for ky = (0.9)kb

γ � γb for ky > kb , γ � (k2y/k
2
b )γb for ky < kbSo:!

These give:!

For later:!
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, k� ∼ 1/(qR)

σx ∼
�

L/ky � L for kyL � 1Radial mode width:!



q=4 : full system!
!
Poloidal slice of !
3D toroidal !
simulation!

Limiter! Density and!
Temp sources!

‘Hard’ wall!

Resistive!
B-mode!
turbulence!



Nonlinear saturation mechanisms!

∂tW ∼ γW ∼ [φ,W ] ∼ kxkyφW → φ ∼ γ/(kxky)1. KH:!

dp1/dx ∼ kxp1 ∼ dp0/dx → p1 ∼ p�0/kx
2. Gradient!
    Removal:!

∂tp ∼ [φ, p] → p1 ∼ kyφp�0/γBut:!

and combining this with previous result gives the KH estimate:!

p1 ∼ kyφp�0/γ ∼ p�0/kx → φ ∼ γ/(kxky)

Thus we expect KH and gradient removal mechanisms!
to be potentially competitive, provided that KH is unstable!



Why	  would	  it	  ma2er	  if	  KH	  is	  unstable,	  if	  gradient	  
removal	  is	  a	  possibility?	  It	  ma2ers	  because	  of	  kx.	  

kx ∼ kyNow,	  if	  KH	  is	  unstable,	  it	  typically	  breaks	  up	  eddies	  with	  

∂tW ∼ [φ,W ] ∼ kxkyφW → φ ∼ γ/(kxky)

dn1/dx ∼ kxn1 ∼ n�
0 → n1 ∼ n�

0/kx ∼ n0/(kxL)

Γx ∼ VExn1 ∼ kyφn1 ∼ n0γ/(k2xL)

D ∼ Γx/n�
0 ∼ γ/k2x

DKH/Dno KH ∼ 1/(kyL) � 1

Thus	  consider	  the	  parDcle	  flux	  and	  diffusivity:	  

But	  if	  KH	  is	  stable,	  smallest	  	   kx ∼ 1/σx ∼
�

ky/L ∼ ky/
�
kyL

Thus:	   Gyro-‐Bohm	  vs	  Bohm	  
for	  driKwaves	  



q=4 : full system!



q=4, no KH:! ∂tW + [φ,W ] → ∂tW + [�φ�y,W ]

Very little changes in plasma profiles, etc…!



q=16 : full system!



q=16: no KH!

Elimination of KH leads to streamers and flatter profiles!



Why is KH stable at low q but not higher q?!
At low q, the eddies are too short to be KH unstable:!

γKH ∼ (0.3)kyVEx

Typical KH growth rate (sinusoidal flows,  max for kx=(0.6)ky)!

τ ∼ σx/VEx =
�
L/ky/VEx

Max eddy turnover time:!

So for KH instability, need:!

γKHτ > 1 →
�

kyL > 3

(kx � 0.6ky)



Gaussian	  eddy,	  	  	  	  Lx/Ly=6	  	  	  
(with	  Ly~λ/2:  ky Lx~6π)	  



Gaussian	  eddy,	  	  Lx/Ly=2	  	  (ky Lx~2π)	  



Gaussian	  eddy,	  	  Lx/Ly=1	  	  
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�

L/ky



Transport and profile scaling for KH stable cases!

∂tn+∇ · (n�VE) = Sn

dΓx/dx ∼ Γx/L ∼ n0cs/(qR) where Γx ∼ n1VEx

Consider density as an example:!

Take flux surf and time average, assume parallel losses dominate:!

Recall previous result for        and assume  !

Γx ∼ n0γ/(Lk2x) ∼ n0γ/ky ∼ n0γb/ky , ky ∼ kb

Thus:!

n0cs/(qR) ∼ Γx/L ∼ n0γb/(kyL) ∼ n0[cs/
√
RL]/(kyL)

kx ∼
�

ky/LΓx

Comparing	  first	  and	  last:	   L ∼ R1/3(q/ky)2/3 , ky ∼ kb
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L ∼ R1/3(q/ky)2/3 , ky ∼ kb
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But we are not quite done. From before:!

Now use!

to get!

or!

Final condition for KH instability:!



Summary!

•   For the cases considered, KH is near marginal stability, 
with gradient removal mechanism dominant. The 
transport increases strongly at this point due to an 
elongation of the eddies:!

!
•  The SOL equilibrium scale length:!

!
is a geometric mean of large and small scales!

Lsol ∼ R1/3(q/kb,eq)2/3

kx ∼ ky → kx ∼
�
ky/L



In an open fieldline system,  the plasma develops a 
positive potential relative to the wall until the electron 
and ion outflows along B balance: !

φ = φse

φ = 0

Sheath Physics!



Electrons dynamics in sheath region!

fe = nse [me/(2πTe)]
3/2 exp

�
−
�
(1/2)mev

2 − e(φ− φse)
�
/Te

�

n =

�
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3v = nse exp {e(φ− φse)/Te} (= nse for φ = φse)

Γ�e =

�

vz>0
fevzd

3v = nse

�
Te/(2πme) exp {e(φ− φse)/Te}

= nsecs exp {Λ+ e(φ− φse)/Te}
where cs =

�
Te/mi , Λ = ln

�
mi/(2πme)

So electron flux to wall where φ = 0 :

Γ�e,wall = nsecs exp {Λ− eφse/Te}

Continuity across sheath :

nseV�e,se = Γ�e,wall so V�e,se = cs exp {Λ− eφse/Te}



Ion dynamics at edge of sheath!

Bottom Line : in equilibrium need V�i � V�e → φ � ΛTe/e

Continuity :

∂z
�
nV�i

�
= 0 so n∂zV�i = −V�i∂zn

Momentum (isothermal for simplicity) :

minV�i∂zV�i = −Te∂zn

Combining these gives :

−miV
2
�i∂zn = −Te∂zn or V�i,se = cs , cs =

�
Te/mi

Electrons : V�e,se = cs exp {Λ− eφse/Te}



Resistive Driftwaves!

νek
2
yρ

2
sγ

2 + k2||c
2
s(1 + 2.94k2yρ

2
s)γ + ik2||c

2
sω∗ = 0 (νe = e2nη�/mi)

Fastest mode :

γdw � 0.1cs/Lp for k⊥ρs � 0.5, k� � 0.2
�
νe/(csLp)

Define driftwave regime as :

γdw > γI where γI � cs/
�
RLp

Thus for DWs need Lp/R < 0.01

Neglecting the curvature terms, soundwaves, and me :!
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