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Background

In hot tokamaks the reconnecting layeris  narrower than the ion
Larmor radius

—> gyro-kinetic model for ions,
l.e. fluid model inappropriate

Use semi-collisional model for electrons

Earlier work:

Cowley et al — gyro-kinetic ions, both collisionless and
semi-collisional electrons

Pegoraro, Porcelli & Schep - gyro-kinetic ions, no
temperature effects on electrons

Drake et al — cold ions, semi-collisional electrons

Apply to tearing and internal kink mode stability



Equations

Quasi-neutrality — from electron continuity eqn, Ohm’s Law and ion FL R density

response
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Regions

Simplify equations by considering two
regions

Region 1 - ‘lon region’ X~p,>0
Region 2 - 'Electron region’” X~0<p,

Asymptotic matching of solutions in the two
regions: involves interplay between k-space
and x-space

At large x match to MHD boundary condition
involving tearing mode stability parameter: &



Region 1

e Convenient to Fourier Transform and introduce

current
J:—d'A;, or J=k?A X =x/p,
dX
In Region 1:
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Region 2

« Fourier transform produces 4™ order equation: best to
back-transform
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Low B=(,./2L2/L2 Solution (1)

Region 1: Expand in {3 , matching to
MHD at low k
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Low [3 Solution (2)

Region 2 4= 30(6(52) —cbzﬁ's[ds'(s—s’)c_f(s’z))
o() = 2705
1+d,ss +ds

So we can identify b,



Unified Low f%Dispersion Relation

e ™ %A(cb) B(6) + 61+ Gt C(G) D(6) =0

where

Modes

A(®) = VI+ T /dg(L+Gr) + G~ 1-1.71n, + 2/, (L+ D)G(1+ dor)

AT'E o (-1 L0 /2) [iﬂ+€n[ P, D + 67 (0-1) (@)
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oy =1~ 2@-1) B
Tt

D(Q) = (6-1-1.71n, ) /e(1+ 1) +(D—1) Jd,(1+ ) .

l(&n;, 1)

D(w) =0, C=1:Drift —tearing mode (DT)
C(®) =0:'Kinetic Alfven waves' (KAW)
Stability controlled by small o,/p, term



Modes
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Drift-tearing Mode (1)
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Drift-tearing Mode Stability (1)

~ 6 6)1/2 I I
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crit crit

Cowley et al Similar to Drake et al
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Drift-tearing Mode Stability (2)
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Coupling of DT and KAW Modes
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Kinetic Alfven Wave

« When A'pifi ~0O(1) the drift-tearing mode couples
strongly to the KAW and there is an interchange of stabllity;

for higher values of A'p 3 the DT is stable and the KAW
unstable
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DT and KAW Coupling
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High B=(B./2)L%/L?
At highB, &=1-0/p): simplifies equations

lon Region: Asymptotic power law solution holds down
to low k; Hypergeometric function solution provides
transition for matching to MHD boundary condition.
Since only small k involved, fluid-like solution

Electron region: Modified Bessel function solution in s
shields resonant layer in presence of [,

Matching solutions provides dispersion relation 17



High B Dispersion Relation

e (M+1/ 22 (=) | D=cot(m(1/4+u/2))
e R" =
@/2-wr2(p) D—cot(n(1/4—u/2))

V2, (1+1+n) " T (5/4-p/2)r (5/4+p/2) R:( 8d, ]p_?(1+T+ni)>>1
mo (0-1)" T(3/4-p/2)r(3/4+u/2)

171, ) & (1/4-1?)

Generalises result of Drake et al to finite . and T

Always stable!

Atlarge &, §~-1/(R"’Ap)) 18



Intermediate B

ey

KAW branch has W=1 as [ increases
Can solve electron region for special [,
Simplify 0(S) by considering regions in s:
2

For s~1 %(B(do -1.7In_/(1+ T))52 +dls4)J—1.71r]ef3J =0
If d,—1.7In,/Q+ 1) =2/d, =, =2.53 for T=1

] > -3/2 5
can solve exactly: J= (1+ u ) COS( 1- A“arctan u),

u=d*s

For s>>1 solution still In terms of Bessel function
solutions, but now both | and K needed for matching
— reduces stabilising ‘shielding’! 19



Critical [ for Stability (1)

i (M+1/2)r2(-p)| D—cot(m(1/4+u/2))
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Implies A'piﬁ >>1 for consistency

Agrees with low 3
limit:

o_ 323 d 1 (1_@1’%;%@‘;0}

Y= Jom p, (1.71In,) A’pifS3 (1+r + r]i) 1.7InB p



Critical g for Stability (2)
Critical B: stability if A>0, i.e A =1

N Pa

d
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Tearing Mode Stability Diagram

Finite 3 theory

=

ﬁ - (éo/pi )1/2
Validity condition for
low (3 theory when

Cowley et al low [A3 theory

BA'p, ~ 0(1)
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Internal Kink Mode

* Internal kink mode correspondsto  C(() =0

e Usually introduce A, =-TU/A'r,

A, >0=ided MHD instability

Lowfs theory reproduces Pegoraro et a results
A, <O=dissipative MHD instability

Our low 3 theory in the |&<<1 limit reproduces Pegoraro

et a results but iIncludes eectron thermal effects N



Dissipative Internal Kink Stability (1)

e Dispersion relation

ot ) T e

» Unstable mode in ion direction for A, =0
« Stable mode in electron direction for

8/ P, << B/, <<P?
« Marginally stable criterion

oo T __[@0dn) 8|, (pf?  m  [2d, +n—1+(1—ijl(ﬂ-)
AL 2d, | | & (1+1)"*\d(n.) 2) =

» Validity condition 6y <<1=p>(5,/p,)"
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Dissipative Internal Kink Stability (2)

Can exploit | <<1 to develop a finite 3 treatment

In electron region

2

d A
—A —-0Bo(s)A =0,
Z Ba(s)

1+1.71n, +d,s°

© (d, =1-1.71n,)s* +(1+ 1) Gs"

— match simpler subregions:s~1 and s~|(11|_1/2
s~1 involves elementary expansion;

~A|-1/2 . . .
s~|& " involves hypergeometric solutions
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Dissipative Internal Kink Stability (3)

In ion region

For k~1 use similar expansion as before based on |@<<1

rather than <<1, maiched to A,

But intermediate region k~\&)(_l where k™ tail of

G(k)/F(k):—GJ(1+T)+(1—r]i/2)/\/ﬁk competes before
reaching large k e€lectron region

— solution involves hypergeometric solutions
26



Dissipative Internal Kink Stability

Dispersion relation follows from matching
Critical negative A,  for marginal stability

= H) J(lﬂ)dméo
8 d,

JBm (snms)t B [3 _(l_mjl o o B HW) [@Ddny)
GyosnylsnEny/a) @2 2 U 2)% g 8 |

where

H(lJ.l) _ {D(—Hl) (|J'1 +1/ 2) _COS(TMI) D, = \/1/4+ ﬁ/(l"‘ 1), d(ne) — do _1_1.71ne

() (Ul -1/ 2) [COS(TIHl/ 2) + (sin(Tml/Z)Sin(3Tq.11/2))l/2:|}

With negative frequency

0= 6o H(I"ll) dl (1_r|i /2)
p, 8 ra(n.) (1+ T)3/2 27




Dissipative Internal Kink Stability

Validity coj

0.1r

Wdition|

O i 1

Stable
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0,/ P

=10

28



Dissipative Internal Kink Stability

Diagram (2)
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Sawtooth Trajectory Iin Stability Diagram
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Precise expressions for trigger criteria as functions of

B Ne N TL, /L.

for use in sawtooth models such

as that of Boucher, Porcelli and Rosenbluth
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Conclusions (1)

. Unified treatment of tearing mode and
Internal kink mode for large ion orbits and semi-
collisional electrons using Fourier transform
formulation

. For tearing mode, recovered orbit
stabilisation of Cowley etalatlow f  and
stabilisation due to plasma gradients ( n.) of Drake
et al at high [

— determined critical beta for this stabilisation
- anyway, stable for A" >[3/5,
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Conclusions (2)

Generalises theory of internal kink mode of Porcelli
et al to include electron thermal effects: n.

Critical, large A" (=-m/A,)) for dissipative internal
kink instability at low B ; always unstable above
critical

Joint tearing/internal kink stability diagram of
relevance to sawtooth modelling; provides precise,
guantitative trigger criteria (Jim Hastie)

Technigues can be applied to issue of reconnection
driven by ITG modes (S Cowley, A Zocco)
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