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Background
• In hot tokamaks the reconnecting layer is narrower than the ion 

Larmor radius
gyro-kinetic model for ions ,

i.e. fluid model inappropriate

• Use semi-collisional model for electrons

• Earlier work:
Cowley et al – gyro-kinetic ions, both collisionless and 
semi-collisional electrons
Pegoraro, Porcelli & Schep – gyro-kinetic ions, no 

temperature effects on electrons
Drake et al – cold ions, semi-collisional electrons

• Apply to tearing and internal kink mode stability

⇒
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Quasi-neutrality – from electron continuity eqn, Ohm’s Law and ion FL R density 
response

Ampere’s Law – current from electron continuity and quasi-neutral ity

Semi-collisional conductivity
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Regions

• Simplify equations by considering two 
regions

• Region 1 - ‘Ion region’:

• Region 2 - ’Electron region’
• Asymptotic matching of solutions in the two 

regions: involves interplay between k-space 
and x-space

• At large x match to MHD boundary condition
involving tearing mode stability parameter:

ix ~ δ ρ≪
ix ~ ρ δ≫

′∆
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Region 1
• Convenient to Fourier Transform and introduce 

current
2
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Region 2
• Fourier transform produces 4th order equation: best to 

back-transform

• Thus

• Matching condition
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Low Solution (1)2 2
e s n2 L Lˆ ( / ) /β = β

Thus for k → ∞

Region 1: Expand in , matching to 
MHD at low k
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Low     Solution (2)β̂
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Unified Low Dispersion Relation
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Modes
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Drift-tearing Mode (1)

0 e1 0 74ˆ ˆ .ω = ω + η≃
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Drift-tearing Mode Stability (1)
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Drift-tearing Mode Stability (2)

crit i
′∆ ρ
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Coupling of DT and KAW Modes
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Kinetic Alfven Wave
• When the drift-tearing mode couples

strongly to the KAW and there is an interchange of stability; 
for higher values of   the DT is stable and the KAW 
unstable

•
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DT and KAW Coupling

iy ˆ′= ∆ ρ β

( )1 2

0 iLarger cross ovgrowth ra rte at e
/

ˆ: ~ /γ δ −ρ



17

High   

At high 1 0 1 simplifies equationsˆ ˆˆ, ( / ) :β ω = − β

eη

Ion  Region: Asymptotic power law solution holds down 
to low k; Hypergeometric function solution provides 
transition for matching to MHD boundary condition.  
Since only small k involved, fluid-like solution

Electron region: Modified Bessel function solution in s 
shields resonant layer in presence of 

Matching solutions provides dispersion relation

2 2
e s n2 L Lˆ ( / ) /β = β
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High Dispersion Relation
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Intermediate β̂
1 as increasesˆω̂ β≃

eη
KAW branch has

Can solve electron region for special 

Simplify          by considering regions in s: 

For s~1

If 

can solve exactly:

For s>>1 solution still in terms of Bessel function 
solutions, but now both I and K needed for matching 
– reduces stabilising ‘shielding’!
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Critical for Stability (1)β̂
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Dispersion Relation
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Critical for Stability (2)
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Tearing Mode  Stability Diagram

β̂

β̂

Cowley et al low       theory

Finite      theory

Validity condition for 
low theory when

i 0 1ˆ ~ ( )′β∆ ρ

β̂

1 2
0 i

/ˆ ~ ( / )β δ ρ

i 0 1ˆ ~ ( )′β∆ ρ
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Internal Kink Mode
• Internal kink mode corresponds to 

• Usually introduce

•

C 0ˆ( )ω =

H sr/ ,′λ = −π ∆

H ideal MHD0 instabilityλ > ⇒

Low theory reproduces Pegoraro e rest l tsa ulβ̂

H dissipative0 instabMHD ilityλ < ⇒

Our theory in the 1 limit reproduces Pegoraro

et al results but incl

low

electron therudes mal effects

ˆ

,

ˆ ω <<β
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Dissipative Internal Kink Stability (1)
• Dispersion relation

• Unstable mode  in  ion direction for
• Stable mode in electron direction for

• Marginally stable criterion

• Validity condition

H 0λ =
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Dissipative Internal Kink Stability (2)
Can exploit to devel1 finitop a treatmente ˆω̂ << β

( ) ( )
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2
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2 4
0 e

1 2
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d
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1 1 71 d s
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Dissipative Internal Kink Stability (3)

1 1

H

i

For k 1 use similar expansion as before based on 1

rather than 1 matched to

But region k where of

G k F k 1 1 2 k competes before

reaching large k electron region

solution i

intermediat

n

k taile
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ˆ~ ,

ˆ ,

ˆ~

ˆ( ) / ( ) ( ) ( / ) /

−−

ω <<

β << λ

ω

= −ω + τ + − η π

− ves hypergeometric solutions

In ion region
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Dissipative Internal Kink Stability
• Dispersion   relation follows from matching
• Critical negative for marginal stability

• where

• With negative frequency
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     δ + τ ηβ π πµ β η µ  × − − − − − +        + τ πµ πµ + τ ρ        

ℓ

( )
( )

i0 1 1
3 2

i e

1 2H d

8 d 1
/

/( )
ˆ

( )

− ηδ µω =
ρ π η + τ

Hλ
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Dissipative Internal Kink Stability 
Diagram (1)

3
0 i 10/ −δ ρ =

Validity condition
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Dissipative Internal Kink Stability 
Diagram (2)

3
0 i 10/ −δ ρ =

2
0 i 10/ −δ ρ =
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Sawtooth Trajectory in Stability Diagram

Precise expressions for trigger criteria as functions of
for use in sawtooth models such 

as that of  Boucher, Porcelli and Rosenbluth
e e i n sL L, , , , / ...β η η τ
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Conclusions (1)
• Unified treatment of tearing mode and 
internal kink mode for large ion orbits and semi-
collisional electrons using Fourier transform 
formulation

• For tearing mode, recovered orbit   
stabilisation of Cowley et al at low and 
stabilisation due to plasma gradients ( ) of Drake 
et al at high 

– determined critical beta for this stabilisation
– anyway, stable for 

0
ˆ /′∆ ≥ β δ

β̂

β̂
eη
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Conclusions (2)

• Generalises theory of internal kink mode of Porcelli
et al to include electron thermal effects:

• Critical, large                        for dissipative internal 
kink instability at low ; always unstable above 
critical

• Joint tearing/internal kink stability diagram of 
relevance to sawtooth modelling; provides precise, 
quantitative trigger criteria (Jim Hastie)

• Techniques can be applied to issue of reconnection 
driven by ITG modes (S Cowley, A Zocco)

H( / )′∆ = −π λ
β̂

β̂

eη


