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Setting of the talk: Time independent magnetic field. We only deal
with the dynamics of ions.
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Motivation

Ivdn Calvo, Asociacién EURATOM-CIEM Gyrokinetic theory with a single expansion parameter



Gyrokinetic ordering

Notation: L ~ |V (In|A|)|~!, v; the thermal speed, p; a typical ion
gyroradius, € a typical gyrofrequency, ¢(r,t) the electrostatic potential.

me=p;/L<K1.
m Zep/T; ~ €.
m Flp(-,t)](k) is localized in the region

] |kJ_|pz ~1, ie. |kJ_| NE_I/L,
] |kH| ~ L1

m Flp(r,-)](w) localized in the region w/ ~ e.
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Gyrokinetic ordering

Notation: L ~ |V (In|A|)|~!, v; the thermal speed, p; a typical ion
gyroradius, € a typical gyrofrequency, ¢(r,t) the electrostatic potential.

me=p;/L<K1.
m Zep/T; ~ €.
m Flp(-,t)](k) is localized in the region

] |kJ_|pz ~1, ie. |kJ_| NE_I/L,
] |kH| ~ L1

m Flp(r,-)](w) localized in the region w/ ~ e.

However, modern derivations of the gyrokinetic equations are carried out
by performing two independent expansions:

(1) Guiding-center expansion in € = p;/L.

(11) Gyrokinetic expansion in powers of a parameter, €, giving the size
of the electrostatic fluctuations.

Ivdn Calvo, Asociacién EURATOM-CIEMAT, Madrid Gyrokinetic theory with a single expansion parameter



We will implement the gyrokinetic ordering, defined only by ¢, in the
phase-space Lagrangian formalism and give a fully explicit expression for

the €2 term of the gyrokinetic Hamiltonian, F@), in general geometry.

m Calculations are much more complicated.

m Guiding-center and gyrokinetic dynamics are inextricably tied
together and new terms arise that are absent in the customary
derivations.

m Similar remark made by A. M. Dimits in Phys. Plasmas (2010).
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Preliminaries: phase-space Lagrangian formalism and gyrokinetic
ordering
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Phase-space Lagrangian formalism

Take a dynamical system defined by a Hamiltonian H(q, p,t) and the
canonical Poisson bracket {¢',p;} = &}. Then, Hamilton equations can
be obtained by making stationary the functional

to

Sla,pl = [ L(a(t),p(t),a(t),p(t),t)dt,

t1

where A
ﬁ(qv b, CL pa t) = pqu - H(q7 b, t)

Ivdn Calvo, Asociacién EURATOM-CIEMAT, Madrid Gyrokinetic theory with a single expansion parameter



Phase-space Lagrangian formalism

Take a dynamical system defined by a Hamiltonian H(q, p,t) and the
canonical Poisson bracket {¢',p;} = &}. Then, Hamilton equations can
be obtained by making stationary the functional

to

Sla,pl = [ L(a(t),p(t),a(t),p(t),t)dt,

t1

where A
ﬁ(qv b, CL pa t) = pqu - H(q7 b, t)

This formulation combines

m scalar invariance and variational principle from Lagrangian
mechanics,

m flexibility of coordinate transformations in phase-space from
Hamiltonian mechanics.
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Lagrangian of a charged particle in an electromagnetic field

The Lagrangian in Gaussian units is given by
L(r,v,F,v,1) = ((Ze/c)A(r) + Mv) b — H(r,v,1),
with the Hamiltonian

H(r,v,t) = Mv?/2 4+ Zep(r,t).
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Lagrangian of a charged particle in an electromagnetic field

The Lagrangian in Gaussian units is given by

L(r,v,E,v,1) = ((Ze/c)A(r) n Mv) b — H(r,v,1),

with the Hamiltonian

H(r,v,t) = Mv?/2 4+ Zep(r,t).

In dimensionless variables
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Lagrangian of a charged particle in an electromagnetic field

The Lagrangian in Gaussian units is given by

L(r,v,E,v,1) = ((Ze/c)A(r) n Mv) b — H(r,v,1),

with the Hamiltonian

H(r,v,t) = Mv?/2 4+ Zep(r,t).

In dimensionless variables

) v owt . Zep . A . H
TV T W T LT ey BoL’

1=
¢

L= (eTA®F) +7V) T — (0*/2+ep(i.1)).
Our ordering is completed by assuming that

Ve, @~ O(e). Formally, ¢(F 1 /e, ), 1).
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Gyrokinetic change of coordinates
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General strategy of the change of coordinates

E(qv P; q7 pa t) = pqu - H(q7 P, t)

We obtain equivalent Lagrangians via:
m Change of coordinates: q(Q, P, t), p(Q,P,1).
m Addition of total time derivatives: £ — L + dS/dt.
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General strategy of the change of coordinates

E(qv P; q7 pa t) = pqu - H(q7 P, t)

We obtain equivalent Lagrangians via:
m Change of coordinates: q(Q, P, t), p(Q,P,1).
m Addition of total time derivatives: £ — L + dS/dt.

Applying both transformations:

- o¢ 0S8\ -, o¢ 08
QPP = (n@P o+ )@ <p¢(Q,P,t)8]ZJ LAy

d¢* 08 )

- (H(Q(Q7P7t),p(Q,P,t),t) ~p( QP15 —
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General strategy of the change of coordinates

E(qv P; q7 pa t) = pqu - H(q7 P, t)

We obtain equivalent Lagrangians via:
m Change of coordinates: q(Q, P, t), p(Q,P,1).
m Addition of total time derivatives: £ — L + dS/dt.

Applying both transformations:

dq¢t IS

Roughly speaking, in gyrokinetics (Q,P) = {R, u, i, 0} and one wants
to answer the following question: Do new coordinates {R,u, u,0} and a
function S exist such that L' is independent of 6 and y is a constant of
motion?
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General strategy of the change of coordinates

Just for technical convenience, we will write the gyrokinetic
transformation 7, as the composition of two transformations,
T, = T1Ts.
m 17y, is a prescribed, preparatory change of variables adapted to the
magnetic field structure.

m 15, is determined order by order by imposing the
gyrophase-invariance of the Lagrangian and the conservation of p.
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General strategy of the change of coordinates

Just for technical convenience, we will write the gyrokinetic
transformation 7, as the composition of two transformations,
T, = T1Ts.
m 17y, is a prescribed, preparatory change of variables adapted to the
magnetic field structure.

m 15, is determined order by order by imposing the
gyrophase-invariance of the Lagrangian and the conservation of p.

Remark: We will not use a geometrical formulation (no mention of
pull-backs and differential forms in the talk, except this one!). For those
familiar with this machinery, however, it will be obvious how to translate
every step of the computation into that language.
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General strategy of the change of coordinates

Just for technical convenience, we will write the gyrokinetic
transformation 7, as the composition of two transformations,
T, = T1Ts.
m 17y, is a prescribed, preparatory change of variables adapted to the
magnetic field structure.

m 15, is determined order by order by imposing the
gyrophase-invariance of the Lagrangian and the conservation of p.

Remark: We will not use a geometrical formulation (no mention of
pull-backs and differential forms in the talk, except this one!). For those
familiar with this machinery, however, it will be obvious how to translate
every step of the computation into that language.

L =(2 .
Remark: In order to determine H( ), computation of the term
proportional to 6 in the Lagrangian is needed at order €3. We will use the
notation £ = -+ + O(e3, €*).
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Transformed Lagrangian under 77,

é1(r), éx(r), orthonormal vector fields such that &;(r) x é;(r) = b(r).
Then, (r,v) = T1(Ry, v)g, ptg, 04) is defined by

(r,v) = (Rg + ep(Ry, p1g,6y), UIIQB(Rg) + p(Ry, 11, 0g) X B(Rg)>‘

PRy, g, 0g) 1= — \/ 2119/ B(Ryg) [sinfgé1(Ry) — cosOg€a(Ry)] .
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Transformed Lagrangian under 77,

é1(r), éx(r), orthonormal vector fields such that &;(r) x é;(r) = b(r).
Then, (r,v) = T1(Ry, v)g, ptg, 04) is defined by

(r,v) = (Rg + ep(Ry, p1g,6y), UIIQB(Rg) + p(Ry, 11, 0g) X B(Rg)>‘

PRy, g, 0g) 1= — \/ 2119/ B(Ryg) [sinfgé1(Ry) — cosOg€a(Ry)] .

Now, we compute the transformed Lagrangian at the required order and
add the total time derivative

62

6

€

d
_dt{Ag.pg—i_ngpg:VRgAg—i_ pgpg:ngngAg'pg

[ et R o x5
0
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Transformed Lagrangian under 77,

1 N .
LoTic(Ry,v) g, g, 0g) = (EAg +v)14bg + eI‘gz + eQI‘gZ) ‘R,

€ (—,ug + d‘g) + 621—‘(93)) 0, — HO —ed™ + O3 ¢*),
where

1 N . - 1 . B, .
rd ) = unggegg +€19 = )1y VR, by - Py — 5 (Py - VR, By)Py X by + 79;)9 -Vr,bg X pg,

@ _ 2pg
Rg 6pqpq VRngng X pg — 38, ( VRQ Bg)VRgegq €1y
_?Q[Pg'ngBg'(Pg XBQ)]VRgbg'pgﬁ
(1) _ 24 @ _ M5 1 b b B b
Feg :EPQ'VRHBQ’ F9_q _@(I_bg g)'vRvag 9 Pg»

1 ~
H(O) = E’Uﬁg + H/ngv H(l> = (¢>(R9L/67 RgHvug?t) + ¢(Rgl/€7 Rg|‘7“g7egvt)'

d(Rg1/€ Ry, 11g,0g:t) = o(Rg1 /e + p(Ry, tig,0g), Rg)), t)-
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Transformed Lagrangian under 71775,

The operator (Ry, )4, fig; 0g) = Toc(R, u, p1,6) can be written as a
Lie-transform

00
(Rg7 UHga Mg, ag) = exp Z €" (Rn . vR + unau + ,unau + 6n69) (R7 U, b, 9)7
n=1
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Transformed Lagrangian under 71775,

The operator (Ry, )4, fig; 0g) = Toc(R, u, p1,6) can be written as a
Lie-transform

00
(Rg7 UHga Mg, ag) = exp Z €" (Rn . vR + unau + ,unau + 6n69) (R7 U, b, 9)7
n=1

but the following variables are more useful for us (R; = 0):

- 1 u1 ORa u1 ORg 01 ORo
R3=Rs+-Ry-V Ro+ 2272 A1 072 710702
s=Rat Re VryoRet o =+ S o0 T2 a0

wdu g dur 61 0w
2 Ou 2 Ou 2 06’
~ 1 uy Our | p1 Ouir | 61 Opa
= "Ry -V Lo, Mok, T oM
p2=p2t o R Vwjagmt+ 55 5 501 e
w00 g 001 | 01 96

~ 1
0y =0+ -Ry-V gy + L
2=t R Vim0t 5t S o T2 5o

(R, vyjg: g, 0g) =

(R + Ry + Ry, u + euq + Tg, 1+ €pi1 + €2fin, 0 + €6y + 6252) + ...
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Transformed Lagrangian under 71775,

LoTy. 0Ty =
[e_lAR +ubg + e(r;” +Ry- VrAR + u16R> + e (Fg) +Rs- VrARr
+ fizbr + uRz - Vibr + md,LR) + 0, TR + 00,08 )| - R+ cAr - Ro
+62[UBR~R2+AR-IL{3} +63[AR-f{4+uBR-ﬁ3
+ (I‘g) + Ry - VRAR + u16R> . Rg] + e[ —u+ e(Fél) — 1)
+ €2 (F((f) — fi2 + M15MF§)1) + 9139F((;1))}9' — b,
+é [(Fél) - u1)91 - [1/9;2} — Hg)) —¢ (Hg) + uug + M1BR)
w2
— é(uiiy + - + fisBr + R - VRBR + Ra - Vin, /o Hiy|

+ B HG + 00 HE ) + O, ).
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Transformed Lagrangian under 71775,

Allow the addition of a total derivative to the Lagrangian,

c(ijt [eS( )+ 252 4 356 :|(RJ_/€ R,u,pu,0,t),
and impose that the Lagrangian be of the form

(1)} dR  df _FgO _ gh_eg® | O, éY),

1 . —
where F(O),F(l),ﬁ@) are gyrophase independent and we choose

(1) = VRE2R - €1R — *bRbR VR X br.

These conditions allow to determine Ro, uy, p1, 01, IN{M, U, 12,
7O 7Y 7P, s 52 and §@).
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Explicit expressions for the change of coordinates

U » N 1
Ry, = —7BRbR X VRbr - p — fBRPP'VRBR - B2 br x VR, /o)

2u - - 1 : .
Ry = _BRbR -Vbr - (p X br) — 3 [pp— (p x bR)(p X bR)} : VRbr

~ ~ B ~ ~ ~
w1 = ubg - Vb - p— = [p(p x br) + (p x bR)p} . Vrbr
¢

__® _ v b b : Vrbrg.
H1 Br BRbR Vbr - p+ 4{ (pxbr)+ (px R)P} Vrbr
1 0% u? -
— b b b
0, = Br 3u + 21Br R Vbr - (p X br)

U N 1 ~
+—|pp — (p X bR)(p X bR>:| : vaR + 7([) X bR) . VRBR.

8,LL BR
~ 0~
@;:/ 6 db.
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Explicit expressions for the gyrokinetic Hamiltonian

— 1
H(O) _ 5“2 1 uBg,

7Y = (9),
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Explicit expressions for the gyrokinetic Hamiltonian

— 1
H(O) _ 5“2 1 uBg,

7Y =),
=@ 1 = (¢ AN 196
H - QB%)L <V<RL/E>(I) (bR x V<RL/6>O)> 2Br O

u ~ - p
" Bn <<V(Ri/e)¢ X bR) - VRbr - P> - EVRBR “V(®, /e)(®)

- ﬁ <V(RJ_/E)$' [PP — (p x br)(p x E’R)} : VRBR> - ?;VRBR (o p)

2. N o ~ . 0 /~ N N
- %bR - VRbr - a(%ﬂ) + %VRbR ' on <¢ [P(P X br) + (p x bR)P]>

3u’p u? L. .
— 2B2 (bR VRbR) VrBr + 7(1 — brbr): VRVRBR - br
3u 2 pu? : o T
T B |VRL Brl|® + 7vaR Vrbr + 8 = 4Bn Vgrbr : (VRbR)
(3 Y (g by (P Y o Vb
8Br | 16 R°PR 2Bg  2BZ ) TROR

2 2

[ o A L,

+ br - Vr X b .
(SBR 16) (br R R)
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Gyrokinetic Poisson equation

Ivédn Calvo, Asociacién EURATOM-CIEMAT, Madrid Gyrokinetic theory with a single expansion parameter



Gyrokinetic Poisson equation

In dimensionless variables and denoting by Ap the Debye length:

V2(r,t) = —ZL2/)3, ( / £, v, t)dby — ne(r,t)> .
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Gyrokinetic Poisson equation

In dimensionless variables and denoting by Ap the Debye length:
V20(r,t) = —ZL2/22, ( / Fr,v, )Py — ne(r,t)> .
If \p/p; < 1 and VR F ~ O(1), this equation gives
/BI*I (R,u) [F(R,u, u, t) — eusr O F (R, u, p, t) — epir 5 F (R, u, 1, t)]

x6(R 4+ ep(R, 1, 0) — r)d*Rdududf — n.(r,t) + O(e?) = 0,
where B (R, u) = (B(R) +euV x b(R)) -b(R).

Ivdn Calvo, Asociacién EURATOM-CIEMAT, Madrid

Gyrokinetic theory with a single expansion parameter



Gyrokinetic Poisson equation

In dimensionless variables and denoting by Ap the Debye length:
V20(r,t) = —ZL2/22, ( / Fr,v, )Py — ne(r,t)> .
If \p/p; < 1 and VR F ~ O(1), this equation gives
/BI*I (R,u) [F(R,u, u, t) — eusr O F (R, u, p, t) — epir 5 F (R, u, 1, t)]
x6(R 4+ ep(R, 1, 0) — r)d*Rdududf — n.(r,t) + O(e?) = 0,
where B (R, u) = (B(R) +euV x b(R)) -b(R).
A careful elimination of the delta function yields
0= —ne(r,t)+ /Bﬁ (r—ep(r, 1, 0),u) [F(r —ep(r, 1, 0),u, u,t)
— €Uir_ep(r,u,0)02F (v — ep(r, 11, 0), u, i, t)

- Eﬂlr—ep(r7u79)a3F(r - Ep(I‘, My 9)3 u, i, t)} (1 —€Vy- P(r» Hs 0)>dUd/ud0 + 0(62)'
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Gyrokinetic Poisson equation

We can recover more familiar expressions assuming

F=Fy+eF+0(#), VRF ~O0(1),
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Gyrokinetic Poisson equation

We can recover more familiar expressions assuming

F=Fy+eF+0(#), VRF ~O0(1),

Then,
/BH(I')FO(I'7 w, i, t)dududd + e/BH (r)Fi(r — ep(r, 1, 0), u, p, t)dududd

+Bi BH (r)¢(r - Ep(ra Hs 9)7 t)83F0(r, u, i, t)dUd.U’da

+eb, - (V x by) /“Fo(r,mu,t)dudud@ —ne(r,t) +O0(?) = 0.

m The Jacobian coming from the delta function does not contribute.

m From the final expression we deduce that Vg F| ~ e L.
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Conclusions and further work
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Conclusions and further work

m We have formulated a gyrokinetic theory with a single expansion
parameter, ¢, in the Lagrangian formalism.

m No splitting between guiding-center and gyrokinetic dynamics is
possible.

m The €2 term of the gyrokinetic Hamiltonian in general geometry has
been explicitly computed.

m By setting ¢ = 0 we get for free the guiding-center Lagrangian with
zero electrostatic potential to an order higher than available in the
literature, as far as we know.

Next steps:
m Work out the electromagnetic case.
m Include external flows.

m Implications?
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