Abbazia di Spineto, 26 May 2017

Electron Sub-1L.armor Turbulence

Alex Schekochihin (Oxford)
with
«— Steve Cowley (UKAEA/Oxford),
Bill Dorland (U of Maryland), —
Tomo Tatsuno (UEC Tokyo),
Gabriel Plunk (IPP, Greifswald)

ApJS 182, 310 (2009), section 7.12



Electron Gyrokinetics (@ Sub-Larmor Scales

k.0 1 electron Larmor rings are >> spatial scale of e-m fluctuations

w < Q. but electron Larmor period << time scale of e-m fluctuations
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Electron Gyrokinetics (@ Sub-Larmor Scales

I'C_;_/)(,- > 1 ... . .
0 this is simultaneously possible if £y < k, , because w ~ kv,
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fe = Fy + ‘%,‘9({-, r)F, + h(t, R, v, 'I'H) « distribution
equilibrium  Boltzmann gyrocentre ~
Maxwellian ~ response R=r-— vy xb

(yes, L know...) ¢ =ep/T, (2,



Electron Gyrokinetics (@ Sub-Larmor Scales
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Maxwellian ~ response R=r-— viXxb (from larger
(yes, L know...) ¢ =ep/T, {2 scales)
-
oh Oy
g + v Vih+ (ur)r-Vih=- <Yf) Fy + ("[I)] + X
ot O
parallel  gyroaveraged gyroaveraged collisions
particle streaming ~ ExB drift velocitty =~ wave-ring interaction
(more of it latet!) G P< Uthe R 5 B <([_: dfe >
SA S | I v, xb
C{;:&\Q> e é\] (P)R = D dv | R + L()
My A RS (v T Jo e
& QO G Oe



Electron Gyrokinetics (@ Sub-Larmor Scales

l‘i?_l_/)(; > 1 .. . . .
this is simultaneously possible if £y < k, , because w ~ kv,
w K (1 |
fe =Fy+ @(t,r)Fy+ h(t,R,v, ,v)) « distribution
1 1 1 of rings
equilibrium  Boltzmann gyrocentre ~ energy injection
Maxwellian ~ response R=r-— viXxb (from larger
(yes, L know...) ¢ =ep/T, {2 scales)
-
oh Oy
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Gyroaveraging is a Bessel operator, so, at k| p. > 1, {g)r = Jop ~



Electron Gyrokinetics (@ Sub-Larmor Scales

k_L/)(f = 1 ... . .
this 1s simultaneously possible if ky < kg because y ~ k| Vthe
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Electron Gyrokinetics (@ Sub-Larmor Scales

AT_L/)(.; > 1 .. . . .
this 1s simultaneously possible if ky < kg because (y ~ k| Vthe
w K (1, |
fe=Fo+@(t,r)Fo+ h(t,R,vy p”) distribution
1 1 1 of rings
equilibrium  Boltzmann gyrocentre ~
Maxwellian ~ response R=r-— vy xb
(yes, L know...) ¢ =ep/T, {2
dh d(
— + v/ Vih+ (ur)r-Vih=- $20: F() + C[h] +
ot ) ot
[
To calculate o, use quasineutrality:
on, 1 2 on; e g
— =+ — [ d°v(h), = = —_—— = ——
Ne " e Le n; . 1; T; 3

Ions have Boltzmann response
because everything else averages
out over their (huge!) Larmor orbits



Electron Gyrokinetics (@ Sub-Larmor Scales

k_l_/)(f > 1 ... . .
this 1s simultaneously possible if ky < ks because y ~ k|| Vthe
w <& ),
fe =Fy+ @(t,r)Fy+ h(t,R,v, ,v)) « distribution
1 1 1 of rings
equilibrium  Boltzmann gyrocentre ~
Maxwellian ~ response R=r— v xb

(yes, L know...) ¢ =ep/T, Q.
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Electron Gyrokinetics (@ Sub-Larmor Scales

A:_J_p(g > 1 ... . .
this is simultaneously possible if kg <k because (y ~ k|| Vthe
w K (), |
fe =Fy+ @(t,r)Fy+ h(t,R,v, ,v)) « distribution
1 1 1 of rings
equilibrium  Boltzmann gyrocentre -
Maxwellian ~ response Ri=ip— v‘_* xb
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Magnetic Fluctuations (@ Sub-Larmor Scales

Our equations are electrostatic. Is this a good approximation?

oh d(
/ 5 + I'”v”h -+ <U_L>R_ . V_J_h _- - <(;t)RE) -+ p[h] =X
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Closed system

p(r) = = /(1“v (h)r = aZ(”"k'ri dv .J kLo h
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Magnetic Fluctuations (@ Sub-Larmor Scales

Our equations are electrostatic. Is this a good approximation? — YES:

, , 47 . dme .
Paralle]l Ampere’s law: Vif'l” — _TJH il d>v uH(h,)r

C

a U kv

3 I 1V

d’v ' .]() 0 h’k L
Uthe ¢

small factor!

Qv . : 1 : kv
o) = oo [atvime=aFer fava(S5% ) m

k

1
1+ T / i &




Magnetic Fluctuations (@ Sub-Larmor Scales

Our equations are electrostatic. Is this a good approximation? — YES:

47 de

Parallel Ampere’s law: v'j_A” = - = — d*v '1,'”(/1.),
(SB_Lk 3 v)| A‘?_L'l.'_]_
— — 1‘ o] , o)
B() Vo Uthe ! Q(—: B

small factor!

Perpendicular Ampere’s law:
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Magnetic Fluctuations (@ Sub-Larmor Scales

Our equations are electrostatic. Is this a good approximation? — YES:

, | mweg 47 | e :
Parallel Ampere’s law: V3 4 = —— = d*v vy (h),
(SB_Lk 3 v)| A‘.‘-_L'l.'_j_
= — 1°v J h @
B() i Uthe ! Qc B

small factor!

Perpendicular Ampere’s law:

3 X 47 - | dre - :
Vi‘)BII = “‘Tb (VL x]j1)= —(—b' <v¢ X /(l“v <VJ_h'>r>

&

‘ 2 kv
/ d3v — .]l( = L) hie < ¢
Ne . Uthe Q(f

small factor!

Key point: magnetic spectra are slaved to the spectra of density and of :

0B B
By /‘._L/-)'.' 4




Plan: Theory = Observables

1. Solve this system for i and Q-

(())_I; + v Vih+ (ui)r - Vih = - angﬂ) + Clh] +x
T
(PrR=)_ (f""RJu(ks‘;j*) P
e e
@o(r) = ni /d:‘v (h)y = « Zcik'r% /(l:‘v Jo (kg"l) hy
e = e . e

...and getspectta E_(k ) oc k7", Ep(ky) < k("

. R _— e f 3
2. Infer density spectra: [, (k| ) o l{_" because ¢ = ¥ — _ (1 -+ —) @
Ne o 1;
magnetic-field spectra: fip(k ) o A'Iﬂ_z because 08 5 Be Q
B k_L Pe

— 42

clectric-field spectra: Fp(k ) oc k| because R 1 ==Vioxk,p




Free Energy

1. Solve this system for j and Q-

dh AR
3 TUVih+(uir-Vik=— (i;t.,)
u, = pc Uthe b v 1
/\. v
()R = Z 'kRI()( 0 )'\Pk
k ey
- 3 dic i 1
p(r)=— [ d&°v{h), = QZ(: —
Ne 7 Te

Fo + p[h] + X

/ & ']"< Q;l

A_]_l'

) h.k

Rather than “solving,” we can resort to Kolmogorov-ology: scalings will be
set assuming constant flux of some conserved quantity, viz., free energy:

3 3
(11‘ [n( //d vd RQF(, | ./d

20

3k

= //(1 vd‘R
Ne

hC|h]
Fo

hx
70+I

//(1 vd’R

free energy

111] ection

collisional d1331pation
(negative definite!)

[AAS et al. 2008, PPCF 50, 24024]



Free Energy

1. Solve this system for j and Q-

b

1 ’ &z zkr’ dli 7.
n('/(vz az / v()<

3l O{yp
— 4o Vih+ (u)g - Vih=—1 (?/)RFO + Clh] + X
ot at
i /7< lz'tlu B V
. ke | V)
(P)R=)_ 6"k'R'1"( zll_) K

kiv, ]
2
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Rather than “solving,” we can resort to Kolmogorov-ology: scalings will be
set assuming constant flux of some conserved quantity, viz., free energy:

hx

Fy

3 3 3
(11‘ [n(//dVdRQF(,_ ./d ] n(//dvdR

_+_

hC|h]
Fo

//(];V(];R

Ne

free energy injection

collisional dissipation
(negative definite!)

NB: free energy has to get to small scales in velocity space, to dissipate.




Free Energy

In general, the free energy in § f kinetics is

| 55 oy
F Z'J;(ss Z! o[// d’vd’r f,In f, ] Z //(/ vd'r )l‘f
4L ()s

2
i 3p * | in our case
=Nl [n( //d vd' R‘)F() +/1 r‘)a]

Kruskal & Oberman 1958 Howes et al. 2006

Bernstein 1958 Schekochihin et al. 2007-09
_ . Fowler 1963, 68 Scott 2010
This has a long bistory: Krommes & Hu1994  Banon, Jenko et al. 2011-14
Krommes 1999 Plunk et al 2012
Sugama et al. 1996 Abel et al. 2013
Hallatschek 2004 Kunz et al. 2015...

Rather than “solving,” we can resort to Kolmogorov-ology: scalings will be
set assuming constant flux of some conserved quantity, viz., free energy:

//1 I‘R—2+/1‘_ ~ /, 1‘R—+—//1 ];Rh.(?[h]
df ne ) 2F()T,(r‘7(1 m/”" Fy dvd'R =0

free energy 1n]ect1on collisional d1ss1pation
(negative definite!)

)

. . . '
So our conserved quantity is (minus) entropy! [AAS et al. 2008, PPCF 50, 24024]




Constant-Flux Cascade

) A h —1
| h= — ateachscale k T

- F

Constant flux of free energy:

Rather than “solving,” we can resort to Kolmogorov-ology: scalings will be
set assuming constant flux of some conserved quantity, viz., free energy:

. 02 /('1
d’r f;a] = = //(1 vd‘RF + —//(1 V(I‘R : ’]

free energy 1n]ect1on collisional d1ss1pat1on
£ (negative definite!)

[AAS et al. 2008, PPCF 50, 24024]



Constant-Flux Cascade

b2
Constant flux of free energy: \f_ ~eE, | h= ]_) at each scale kll
T Fy

cascade time

Oh , ' R
ot + v V) h +’ T gt Fo + C[h] TX

[AAS et al. 2008, PPCF 50, 24024]



Constant-Flux Cascade

12
Constant flux of free energy: \f_ ~e | h= ]_) at each scale kll
g = Fy

cascade time

Oh | O(¢)r
e +"’ =g, ] X

eUthe ¢ 2
u e 2th bxViw~ pQ.k; ¢
. ,L (A
= k'R i ¥
<¢>R _ 61 v] o) / ~
? ”( Q. ) R R N

Cascade time: |77 ~ ki (u g ~ Qe(kLpe)? ](, ~ Q. (ls:lpe):‘/za,o

[AAS et al. 2008, PPCF 50, 24024]



Constant-Flux Cascade

12
Constant flux of free energy: \f_ ~e | h= ]_) at each scale kll
g = Fy

cascade time

Oh | O(¢)r
e +"’ =g, ] X

¢:v e 9
u, e ch bxViw~ pQ.k; ¢
. ,L (A
— k'R L ¥
(P)R = E eik'R g o Ralbabies &
k 0< Sl"f ) e o v k| Pe

Cascade time: |77 ~ ki (u g ~ Qe(kLpe)? Jow ~ Qe(kL pe)? %

|
NB: 77! <« Q. provided ¢ < (kLpo)3r2 (we’ll check this later)
1 Pe

[AAS et al. 2008, PPCF 50, 24024]



Constant-Flux Cascade

>

\
~
o

-~

~e | h= I_’ at each scale kll

) =
Fy

Constant flux of free energy:

3/2

Cascade time: | 77!~k (u, )r ~ Q(;.(A:L/)(,_)Q.]A()ap ~ Qe(kLpe)? %

1
NB: 77! <« ), provided ¢ < T (we’ll check this later)
vl Pe) “

[AAS et al. 2008, PPCF 50, 24024]



Constant-Flux Cascade

-~

Constant flux of free energy: fz,2¢ s ﬁ (k. /)(__)—3.""2

A

Cascade time: | 771 ~ ki{uy)r ~ Qe(kipe )QJA()-',Q ~ Sl(;(litl/)(:.):""’zp

1
NB: 77! <« ), provided ¢ < (kL p)372 (we’ll check this later)
K1Pe)”

[AAS et al. 2008, PPCF 50, 24024]



Gyroaveraged Response

Constant flux of free energy: | h2p ~ — (k1pe

—-3/2
(), )

...and we now need a relationship between  and}, :

¥ ¢ ) 1 . Aj U
.5‘:'(1’) = ; / (l‘;V <h>r — ¥ Z C’.lk.rz . d“v .]() ( B(‘-L) hk('“_L)

k

[AAS et al. 2008, PPCF 50, 24024]



Gyroaveraged Response

| F2s & e —3/2
Constant flux of free energy: | h*yp 0 (k1pe) we'll show this
€
decorrelates ,
. . -~ ( l
...and we now need a relationship between ¢ and }, : on the scale ——= l
vl Pe
x : T |
pEr= /(1“v (h)r = E Bt
71-(-; . k ,1( M

Y

A A eRiel
— COS ( —_— — )
TR vV . SZ, 4 :

oscillatory integral, sign changes
with period
Av 27
Ut he f-'_/),

[AAS et al. 2008, PPCF 50, 24024]



Gyroaveraged Response

| Fan & —3/2
Constant flux of free energy: | h*p ~ Q ( kips) we'll show this
€
decorrelates ; :
v
..and we now need a relationship between ¢ and B on the scale —~+ | :
Uthe vl e

@p(r) = = /(I:‘V (h)y a elleT — /d v
£

1 h h . 1/2
L rv , ~ 2(), AT /‘,'Ll" '
VEkipe VN k1 pe - ( kv, e T TR
T T oscillatory integral, sign changes
from [,  integral accumulates with petiod
(gyroaverging)  as a random walk, .
, A(.L 27
N Uthe o /‘-L : S — i -
] (51‘_L s Uthe vl e

[AAS et al. 2008, PPCF 50, 24024]



Nonlinear Phase Mixing

Constant flux of free energy: }1,2¢ o Qi ( ki pe )—3/ 2

€

we’ll show this

decorrelates :
. . -~ ( l
...and we now need a relationship between ¢ and }, : on the scale —~=
Uthe 'I“_L/)(‘
¥ . -1, J. v kJ_ U
ey / v () = a Y ek — / d*v J (e(v1))
71‘(? a k 71-({ a Q(-_-

~

| 1 h h
" \/l‘ 1 Pe \/l\r k 1 Pe

o + vV h + Vih=- (’)’t Fo + C[h] + x

Two values of gyroveraged E x B velocity

(u_L>R('l’_L ) and <UL)R("1) come from spatially
decorrelated fluctuations if

~ i - (5'1'_;_ 1

5 coherence scale in velocity space, g.e.d.
~ ’
AT_L Uthe k_L/)(:

[AAS et al. 2008, PPCF 50, 24024]
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Nonlinear Phase Mixing

| T £ —3/2
Constant flux of free energy: | h*y ~ Qe (kipe) well show this
decorrelates 5 '
..and we now need a relationship between  and J, : on the scale Z%L :
Uthe 'L Pe
e : : ; kiv,
o(r) = — [ d®*v(h)y = a e’k'r— /d“v Ji
elr) Ne / (R ; Ne | A 0

1 h h
vVkipe VN  kipe

Oh Ao R
F + v|V”h @ V_Lh. - - O

Two values of gyroveraged E x B velocity

(uy)r(vy) and (u)r (v’ ) come from spatially
decorrelated fluctuations if

v ' . .
o 1 coherence scale in velocity space, g.e.d.

1
ki Uthe  KLipe [Tatsuno et al. 2009, PRL 103, 015003]



Entropy Cascade

M

Constant flux of free energy: ’Alz(p‘ I (klpe)—ii/Q

Q. we’ll show this
decorrelates 5 :
...and we now need a relationship between ¢ and , : on the scale 2L :
Uthe vl Pe
¥ . - ]. v k_j_ (2
o(r) = — [ &®v(h), = a s /d“v J,
o (r) Ne / (i ; Ne | e Qi

-~

| 1 h h
i vVkipe VN  kipe

Thus, we have a phase-space cascade (“entropy cascade”),
Simultaneous in position and velocity.

ov | 1

S coherence scale in velocity space.
Uthe  K1pe [Tatsuno et al. 2009, PRI, 103, 015003]




Entropy Cascade

m

A ;

Constant flux of free energy: | h*p ~ — (ki p.

—3/2
3.8 )

...and we now need a relationship between ¢ and J, :

v of & o s T
@p(r) = il /d“v (h)r = a Ze"k'r— /d';V -]()(
" Ne |
20

Ne |

we’ll show this
decorrelates
on the scale oV -

~

| h h
7_’) ~ ~ 2
\/.Ii?_]_pe \/1\'r ki pe 20
Thus, we have a phase-space cascade (“entropy cascade”), =19
simultaneous in position and velocity. =
Q 5

Spectral representation in terms of Hankel transform:

fz.k(P) A / dvy vy Jo(pry )hi(vy)

1

) i Uthe l“_L/)(‘

-1

Phase-space spectrum: Ey,(k,,p) = p |’~?k(1)) |2 ! 1 5 10 20
Plunk et al. 2010, k1 pe
JEM, 664, 407] P Uthe ~ k| p.| coherence scale in velocity space.
[Tatsuno et al. 2009, PRL 103, 015003]




Entropy Cascade

Constant flux of free energy: }3_%9 o )—3/ 2

— (kLpe
P~ q, (kLpe

~

| 1 h h
" \/'I‘J_ Pe \/l\r k—l— Pe




Entropy Cascade

B oy cnegf | & P -
o, (FLpe) Q,

Constant flux of free energy: h2p ~
A

y

) N\ 1/3 “
h ~ (Q;) (klf)e)—l/ﬁ - E;, o K. A

e

2 il i? £ v 7/6 E L —10/3
P~ v —— | o~ (=] (kipe) 6| Epocki™”
T \/'I‘_Lpe \/17\'1' L_Lﬂf T (Qf> ( = )
B o~ ’”_L(P E; All .
Y - 1/3
Q 45 Be T & ; (kyp )—13/6
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Theory vs. Simulations

GK SIMULATIONS by T. Tatsuno (2D, electrostatic, decaying):

0
107 .

1[]_1 \\Ehl:;ﬂl}fli . {a} | THEORY:
107 ""‘“‘h:""ﬁ-_kl h \  : -4/3
3 | N R B i P e
:E-E 'E';-_'.Ili:'FEJ_:I.'r l"T H“\E‘-\ L. 1043 4\\\/ B o }_—l(l"‘i
! | T : i

108 -~ 0 N
T A () S Eg o k748
o8 L (i) . e
1 2 9 10 20 50 100
kyp
[Tatsuno et al. 2009, PRL 103, 015003] y
EB o A_J—_l(),".i




Theory vs. Simulations

GK SIMULATIONS (3D electrostatic, ITG):

THEORY:
Ej, o< k74°

= -

© ©

N
E, x L_Im,.-.;
Eg oc k7*/°

Ky
[Banon Navarro et al. 2011, PRL 106, 055001]

__1.—16/3
l:BaX.kl

This was done for ion entropy cascade, but in the electrostatic limit,
the theory and results are exactly the same [AAS et al. 2008, PPCF 50, 24024]



Theory vs. Experiment!

FSLP [7,, 6]

LAB O TO RY EXPERIMENT: EA:L;SS; :]?; . LP [nyg, Tg, 05l (2=0.17 m)
O 1 Hot cathode ,| E[Z‘Z
. (W coated with LaBg)

I
Magnetic coi Z
I agnet ils (2.45 GHz, 30 kW)

Turbul enC e (60,000 AT x2, 20,000 AT x3) [X]/ B3 Xz o

kyLP[7,, &1 LPA [7, 6] ISP [T}]

001 B . (ECR) - (z=0.93 m) (m:l;i;;=043m)
— 0.001 -
= ~
< 0.0001 F  ®

THEORY:

10-7 "

[Kawamori (2013), PRL 110, 195001]

This was done for ion entropy cascade, but in the electrostatic limit,
the theory and results are exactly the same [AAS et al. 2008, PPCF 50, 24024]
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Ej oc k7™
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SRR | |
L.; X AL
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Theory vs. Simulations

PIC SIMULATIONS (3D, self-generated m. field):

(@) 1P~
| Biermann Weibel, l
10°F \ N\ _
“ e FIE
o 102+ ' il (DR
2 l &«
v | |
ﬁ 1
@ 10* | -
twpe= :
_%3 |
10.6— :%2(5)7 : ]
- —— 1881.6 : | K| pe =1
— 2331 ,
10-8 1 Lol 1 Lol 1 Ll L Ll 1
0.001 0.010 0.100 1.000 10.000

| k| de
[Schoeffler et al. (2014), PRL 112, 175001]

THEORY:

. —4/3
L;I X A '

-

] & _-‘]("."’..
E, AL

-
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e




Theory vs. Simulations

GK SIMULATIONS by J. TenBarge (3D, forced):

@
100 i -~

— AstroGK, t = 2.477
10 |- - -Exponential: kIS/%z’ kipe

N Broken: k[ *— k| °

They say exponential is
a better fit here, but I don’t think so.

| =—AstroGK, t = 1.927
10 T - - -Exponential: k| /& ke
----- Broken: kl__3—> kl‘r’

10’

kipi
[TenBarge et al. (2013), ApJ 774, 139]
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Theory vs. Observations

E(k,) (nT?km)

SOLAR WIND OBSERVATIONS (Cluster):

cluster/staff —s«
| % cluster/staff-sa
¢ staff —sa noise

10-8 1 1 PO S S N B | 1 1 PR S S S S |

0.01 0.10 1.00
k, (km™)

[Alexandrova et al. (2012), Ap] 760, 121]

THEORY:

-~ —4/3
L-;, X :l\ '

-

- SRS [
L.; X LL

-

Al - .—>l.."‘-.
L]-" X AJ_




Theory vs. Observations

SOLAR WIND OBSERVATIONS (Cluster):

THEORY:
—~~ y 1. —4/3
x _ 2 L‘h ~ /{_ .
5 10 % o
o! |
S 107* : o
\9/ Lv; ~ ‘I‘_J_](L.J
g 107°
O e
s -8 L‘ X 1‘-——1)
10 & Ve )
1070

0.01 0.10 1.00 10.00 100.00
frequency (Hz) o
Ep k"

[Sahraoui et al. (2009), PRL 102, 231102]




Theory vs. Observations

# of events

SOLAR WIND OBSERVATIONS (Cluster):
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[Sahraout et al. (2013), ApJ 777, 15]
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Theory vs. Observations

MAGNETOSHEATH OBSERVATIONS (Cluster):
2002-01-30 09:35 UT
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[Huang, Sahraoui et al. (2014), Ap] 789, L.28]



Theory vs. Observations
MAGNETOSHEATH OBSERVATIONS (Cluster):

2002-01-30 09:35 UT
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“Kolmogorov” Scale

Where does the electron entropy cascade cut off?

oh ()R
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ot ot !
nonlinear advection collisional dissipation
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[AAS et al. 2008, PPCF 50, 24024]



“Kolmogorov” Scale

Where does the electron entropy cascade cut off?
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[AAS et al. 2008, PPCF 50, 24024]



“Kolmogorov” Scale

01 T T . .
Turbulence This appears to have been checked in
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Validity of Low-Frequency Limit
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Linear (||) vs. Nonlinear (| ) Phase Mixing

Quick treatment:
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Linear (||) vs. Nonlinear (| ) Phase Mixing

Quick treatment:
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if “ecritical balance” holds,

so linear phase mixing is slow

[AAS et al. 2008, PPCF 50, 24024]



Linear Phase Mixing and Critical Balance
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[analogous to AAS et al. 2016, JPP 82, 905820212]



Linear Phase Mixing and Critical Balance
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Linear Phase Mixing and Critical Balance
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2D Spectra
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2D Spectra
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[analogous to AAS et al. 2016, JPP 82, 905820212]



2D Spectra

These are “2D spectra” of .
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2D Spectra

These are “2D spectra” of .
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» To get “1D spectra,” integrate over wavenumber ranges bounded by critical balance:
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Phase-Space Spectra

These are “2D spectra” of .
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» To get “1D spectra,” integrate over wavenumber ranges bounded by critical balance:
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Details: another talk. .. or (exercise) derive this yourself by analogy with this paper

[analogous to AAS et al. 2016, JPP 82, 905820212]



Conclusions

» Turbulence associated with the kinetic species at sub-Larmor scales can be
understood in terms of entropy cascade, intimately associated with nonlinear
perpendicular phase mixing (small-scale spatial structure imprints itself on the

velocity space due to Larmor gyration of particles).

» Spectra at electron sub-Larmor scales:

density , oc k] /?, electric field Ep oc k7", magnetic field Ep oc k7 %/°

These appear to have numerical, experimental and perhaps observational support.
» Parallel phase-mixing is a subdominant effect (but this has not been checked!)

» Phase-space dynamics, statistics, scalings, etc. remain largely unexplored.

THIS IS THE NEW FRONTIER (imho): both for theoreticians & for observers.
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