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Lecture # 7.

Transport Timescale: Heating Terms in Gyro Kinetics and Energy
Conservation. :

Warning, needs checking for minor errors and the notation needs cleaning up.

1 Summary of Gyro-kinetic Equations.

Here I am just tidying up Lecture # 6’s notes. We write:
f=Fp(&,7)exp(—¢ ( > ))+g(R hy E3) A+ 8 Fsn (T, V) oo

Where Fy is & Maxwellian and s labels species. We take & periodic slab (box) with B = Bpz and volume
V. We denote the order in the gyro-kinetic expansion by the subscript (i.e. df1 ~ eFy and dfs ~ edfy) —
note g ~ O. The velocity is given by v = vz + vy (cosfx + sinfy) where 8 is the gyro-phase. We use the
velocity variables 8, p = v3 /By, £ = (1/2)me? and ¢ the sign of v. The guiding center is R = r -+ *32.
We define the gyro or ring average at fixed R as:

VX E

(alt,v, D) =—j{da )

where the w = gB/m and the ¢ integration is done keeping R fixed. Note, these gyro-averages are functions
of R, p and € and . We also define a ring average af fixed r as:

1 VX
(o(R, &, p,0,0,)), = o jg dfa(r + 0’ €, p,0,0,1),
where the § integration is done keeping r, 1 and £ and ¢ fixed. The ring distribution g(R, o, €, 0, ) satisfies
the gyro-kinetic equation:

8y
at

oy 22+ (0] — o) = o e 2 2 B

where
=[¢~ Y4 va -AL]
= e Tk

It is important to note that ¢, A and y all have zero spatial average over the box. Maxwell’s equations
(assuming a plasma with one species of ion and electrons) become:

Quasi-Neutrality.

g ¢+;,»qu02 [ ] @m0, = +2m3[,2 / f il 0. 10,0.0),
®



Parallel Ampere’s Law.

VZA“ = poJ) = po2mgBo Z / / dudEo {gi(R, £, 4,0, 8, 1)} . —po2me By fod,udiﬁ'o- {9(R,E, 1,0, 8,20},

(3)
Perpendicular Ampere's Law.
VOB = pozx I = po2ngBo X, [ [ B (2 % v)gi(R, €, ,0,6,1)),
- .U‘DQ'?TEBOE ff%ﬁ Z X v)gE(R,E,u,o,ﬁ,t)), (4)
or after a little algebra this becomes:
Perpendicular Pressure Balance.
V6ByBo = —poV - 0PL = po2nbo, J f L (mu(vivi)gs(R,E, 1, 0,0,0),
-+ ,uoi?.'ngE ff ﬁ me(VJ_VJ.)Qe(R:EJ {1k, J#Hnt»r (5)

where clearly 6P is the ring averaged perturbed perpendicular pressure tensor.

2 Transport timescale and Heating Rate

Here we calculate the heating terms in Gyrokinetics. There are two derivations here — the first is more

conventional but longer the second uses entropy conservation and is, in some sense, more intuitive. Let us

also define a time average over times long compared to the fluctuation time (the medium timescale) but

short compared to the heating time (which turns out to be tpeqat ~ {we?) 1) wherew is the typical frequency
of the fluctuations — i.e. 7~ 1) '
t+T/2 ) :

-7/ ®

T/z

where 1 € wT' < "§' During this average we may hold 7 constant. :
To obtain the long time dependance of ng and Ty we consider the moment equations of the full wn-gyro-

averaged kinetic equation for any species (i— Cor{fs: fr) + Cos(fa, f5) where Cor(fs, fr) is colligions of
species s on species v and Css(fs, fs) is like particle collisions). This avoids having to write out all the O(e?)
terms from the expanded equations. Integrating over velocity we obtain, after mtegratmn by parts, the well

known result:
3
f‘“’fda —eoy £ (28 [ v =o

which is of course conservation of particles (we have used that the first order dlstnbutlons space average
to zero). Averaging over the mediwm timescale removes the §f,2 term and we are left with:

dﬂ@ 3
dr

2



so for both species ng is constant. More interesting is to calculate the energy exchange, multipying the
FP equation by 1mv? and integrating we obtain:

Br a1 ,8fs 3 LdTps  d fdr f 51 4
/-T/_—/dV§mV—a—t——n0_sf +—‘/?/d\"§mvfjf52

2 dr dt

=f%/d3vq(E -V} s +fd—;£/d3‘r%mv26‘sr(fa,fr)

where the colligional enerpy exchange terms between species are now included — note like particle collisions
do not produce a Ioss of energy and thus do not appear (this is easy to prove). The collisional energy exchange
is standard since to this order it is between Maxwellian species. Specifically:

3
/vﬂ-v—r/da']zlmvzcsr(fm.fr) = nDsV?,‘T(T‘r _'Ts)-

Where v§" is given on page 33 of the plasma formulary — it is 1/m./m; smaller than the ion collision
rate which is 1tself +/me/m; smaller than the electron collision rate. Note we are taking {as I say in the first
paragraph) the lowest order the distribution function Fy to be a Maxwellian. In the hea.tmg term the scalar

potential is the largest but as we see it mostly cancels,

& [aviearvon = [ [eviedin- [EF [ oGy von
/ fdav[ 3¢5f]+/d3 /d"" vial Bf_i_v 4] - /da a(¢f)
fdl"fd3 v]g 5f] /d3 /dsv-— [{E+"XB¢f] ]drfdav[q(o(f,f) Y6 — fds vig2@h) qﬁf)]

-8 oo [ el

where: we have integrated by parts in time and space between lines one and two, between lines two and
three we use —i = C(f, f) and, finally, we use gauss's law in velocity space and that all collisions conserve
particies to obta.m line four. Therefore gathering terms we get,

83 Tp,d fdr 51 , _/‘ﬁ/ 5 . O yh vi-Ay
Tpe +dt_/7/d vemvidfa= [ 5 [ d V{fi'{_),t[f}5 2 —T]Jf}

27 dr
fd3 fds_m,u o ) — fds ¢5f)

a very familiar form. Note putting in the scalings for the fluctuating quatities now gives the order

3 To
Znge? =2 ~ we .

2 dr



This shows that the equilibrium variations are, as expected, one order higher than is kept in gyro-kinetic

calculations of the fluctuating quantities i.e. %‘“;Q ~ 52@—'£ It is not hard to show that this ordering is

consistent with all the cascading energy in the Alfven wave cascade becoming heat. The adiabatic/Boltzman
term gives.

a* a A -A d3
JEE [oviedip- 22 e by g By = 2 [ rig0 By

since: the A term is odd in v and the A gyro-averages to zero {or equivalently is odd in v ). Doing
the gyro averages we obtain,

3 2dT03 d dsr 3 l 9 _ ﬁ qf'nos tﬁz
et 1 2| [ 2 [ avGmatiia+agh) - [ e (S

2 dr dt
4R, '
f / da nh) + noeE (L = 1) Y

Note the fast time average (see Equation (6)) of the second term on the left hand side is zero and therefore
doesn’t contribute to the average heating. The first term on the right hand side is the desired heating term
— we have written it in a slightly confusing way as an integral over v at constant gyro—fcenter variable R then
an integral over R this is to connect with the gyro-kinetic equation.

Multiplying the gyro-kinetic equation, Eq. (5) by (Th)/Fy and integrating over space and velocity we

get:

d i d*r T d°R i) (x)
v 2 / f dB 0Os / / d3v
T [Evarn- vaehsCl) = [ 5 [ dvia=gtn) (®)
Clearly the {ime average of the heating term arises [rom the collisional termn Combining Eqgs. (8) and (7) we
obtain:

3 LdTp, d[[fdr [ o 1 Tos ;2 r gPros
5THsE + = U‘v/d v(5ms VS + gadlis — ST, hs) — ?[T—:(?)]

2 dr  di
/drfdﬂ Tﬂsh G(hs) + ﬂnsy (Tr ) ‘ (g)

The second term on the left hand side of Eq. (9) is the sloshing energy and averages to zero over the
long time-scale. The collisional term (with the negative sign) is positive definite for hke particle and pitch
angle collision operators. Thus it yields the long time-scale heating of species s:

gn%eﬂ%}i —_ / dr / &y T'[h'o T+ noswi (T — 7). (10)

This form is much easier to evaluate numerically than the fast time average of Eq. (7) since
it is positive definite and therefore there cannot be cancelation between positive and negative

parts malking the average hard to calculate. It is also clear that heating i5 collisional —when
collisions are small 4 will develop small scales in velocity space (typically Av ~ v'?) 50 that the



heating to be is essentially independent of v. This is roughly the argument made by Landau to
justify the collisionless rate of landau damping when it is known that entropy can increase only
due to collisions. We believe that it is essential for any kinetic code to have some collisions
to smooth the distributions at small velocity scales. We now rederive the result of Eq. {10) using an

entropy argument.

3 Entropy Argument

For ions the Boltzman H theorem is {ignoring the small electron ion collisions):

ds; d [d® d? |
=g [ [evtampi=- [ S [dvinrous (12)

The standard tricks {for example see Lifshitz and Pitaevski Physical Kinetics) show that the right hand side
is positive and therefore that entropy increases. We expand entropy about the Maxwellian as in Eq. (1). We
obtain to second order:

a5; d

—_— . —— cs.flzi]
dt di

dr
S [ VIl B (14 0 Fo)éfoc +
dr of1: )
~— f o / ] FJ;I 1Cu(6f0) - (12)
Where we have used the energy conservation properties of the ion-ion collisions and: the fact that 6fy; has

zero average over space. Using the conservation of particles, the form of the Maxwelhan and the definition
of A we obtain the slow evolution of temperatire.

3 ZdT dBr [ 4 1mﬂf qdhi TP 5 d*r g?ng; ¢
g o+ o [/ /d 8fia + ) — ?[T_{j'(_)]

T d‘i" 2 T; { ZFn,_ ¢
dir

- f o th iCis () (13)

this is just the result of Eq. (9) — we see the heating directly as irreversible entrqpy production. Again
the heating is just the average of the entropy production term - i.e. the right hand side of Eq. (13) — and the
fast time average of the sloshing term of course vanishes (otherwise the perturbed distributions accumulate).

4 Energy Conservation

Lets now move on to energy conservation: Poyntings theorem is:

a eh? B? ) }g cEx B

d®r — d8=— [ & E,
Bt ( 9 + 2#0 + 47‘_ dS /d [‘(J + -]a.nfennu).
Where J is the plasma current. In a periodic box the surface term is zero. Now lets examine the

gyro-kinetic orderings.



0E)

v~ "'B— ~ Vd‘mmagnehc ~ Vthit

SE,
6B ~ vygieB ~ —"

@ 8B
B
thus
0B ~ en{vens) e B2
§B?
— ~ (e B
Ho
thus because we are non-relativistic the magnetic energy dominates as it should since we drop the dis-
placement current from which we get the electric field energy term. Thus we have:

a ( ) —fdsl'(.] =+ Jantenna) ‘E.

during any growth phase prior to saturation both sides are of order we2B? ~ wePngTp since we treat
g= ’M ~ (1). Averaging over the medium timescale requires the B2 energy to be constant and we

arrive at the steady state balance:
/dsr(J + Jantenna) - B = 0.

Or summing the heating over species the time average energy conservation is:

T .
Z _‘”O.‘;Ezﬂ = fd r']aﬂ.teﬂ.na. ' (14)
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Lecture # 8.
Linear Waves in the Collisionless Gyrokinetic Slab — Alfven Waves.

Warning, needs more checking for errars.

1 Collisionless waves.

In many cases of MED turbulence the small seale fluctuations continue below the mean fres path scale i.e. o scales
where kjAmsp 3> 1. For example in fusion the mean free path is about 1&m and the fluctuations can be on parallel
scales of & few meters and less. In the solar wind the mean free path is about equal to the distance fo the sun
1.5 % 1019 em. and fluctuations of much smaller parallel scales are observed. Alfven waves in these systems don’f dis-
sipate/damp until k1 5 ~ 1 and this is usually a very collislonless scale. Thus there are reasons to believe that even
when the system is stirred af scales well above the mean free path, energy cascades to collisionless scales before dissi-
pating. We would like to understand Affven wave furbulence in this regime — for all kinds of applications. In fact, as

a

MHD Spectrum?

Slow Waves

Stirring scale
Alfvent waves

m P

we shall see, we expect a.spectrum like: :

Today we will look at the properties of collisionless linear waves in the gyro-kinetic slab — this is a fairly algebraic
topic but I hope to insert as much physics as possible. These waves will be the huilding blocks of the turbulence.
As we show below the slow wave is damped in this regime while the Alfven wave continues to the larmor radius

scales kj p; ~ 1.

=¥



2  Summary of Gyro-kinetic Equations.

Here I am just tidying up Lecture # 7's notes — getting more of the typos. We write:

r,t .
[ =Fgp(€,m)exp (—q%) Hg(Ry 14, €,1) 4 ez (T, ¥ oo,
Where Fyg is & Maxwellian and s labels species. We take a periodic slab (box) with B = Byz and volume V. We
denote the order in the gyro-kinetic expansion by the subscript (i.e. §f; ~ eFy and 8f3 ~ &6 f1) — note g ~ O(e).
The velocity is given by v = vz + v (cosfx + sin 0y) where 8 is the gyro-phase. We.use the velocity variables 0,
p =1} /By, £ = (1/2)mv* and & the sign of v|. The guiding center is R = r -+ ¥X2. We define the gyro or ring

average at fixad R as:
v XE

(oo, e = 5 § (R~ T22,v,0),

where the w = ¢3/m and the § integration is done keeping R. fixed. Note, these gyro-averages are functions of R,
# and £ and o. We alsa define a ring average at fixed r as: -

1 VvXEZ :
(@R, E 30,0, = 5 f e+ 52 80,8,

where the # integration is doue keeping r, u and £ and ¢ fixed. The ring distribution g(R, 1, &, 7, 1) satisfies the
gyro-kinetic equation:

g | 8y _ R8s _ R8s
Bt + ) 3z 0w, 9] = {Cl@)g, = 55 "pr = qﬁ_f}t'_ (1)
h
where _[¢hU§|AIf_vl-AL]
P e c *

It is important to note that ¢, i and x all have zero spatial average over the box. Maxwell’s equations {assuming
2 plasma with one species of ion and electrons) become:

Quasi-Neutrality.
dpdé | dudE

2 e -
——ﬂ-—%‘ﬁ + 2wqBy Zﬂ:/ W(gi(R, elﬁf‘s,amt))r = 'T%i(b +2?Te-80;//Eﬂ*<ge(ngl #;Jat))r (2

Parallel Ampere’s Law.

Vi) = wod) = p02wq302//dud£a (9i(R €, 1t, 0, 8)),. — mo2meBy fodpdga (ge(R, &, 0, t)),  (3)
a /8

Perpendicular Ampere’s Law.



VOB =z x I = po2rgBe3, [ [ B ((z % V)gi(R,y €, ,0,8)),

- polneBy ), ff %ﬁ]ﬁ ((z % V)ge(R, &, py o, t))y (4

or after a little algebra this becomes:
Perpendicular Pressure Balance.

VéB By = ~ oV - 6P 1L = 2w 8o za_ff—df;::—ie {mi(vivy)g:(R, S,:',LL, 7,80,
+  pp2w By Ea’ff %‘% (me(V.LV.L)ge(R)gJ_P') RN (5)

where clearty 6P, is the ring averaged perturbed perpendicular pressure tensor,

3 Linear Collisionless Gyro-kinetics.
To find the collisionless linear waves we linearize the GK equation and drop the eollisions:

8g 8  8Rdls  Fod{xa
5t T, " % o In, & : ()

In treating the MHD Alfven wave we found it convenient to wse V -J = 0. The gyro-kinetic version of this
relation can be derived by multipying Eq. (6) for both species (ions and electrons) by the charge, integrating over
velocity and summing. Using Eqs. (2} we obtain;

2. 2 2y 2
=g (S 0+ o= (o T v A D aA)) @
where the double bracket is for species « is defined by:
o0 2
(o= [ doron () exp (T80 {(ate,vo D0y ), @

and the two ring averages are defined in the previous section — note they depend ‘on the species since R, =
r+ "n’i" = r + pg. Clearly the right hand side of Eq. (7) is minus the divergence of the perpendicular current,
It is instructive to take the drift kinetic limit where we can expand in small larmor radins (for example ¢(r,{) ~
$(R, 2} + p, - VRIR, 1) + 304 - VR(Py » TRH(R, ). oonr.). In this limit we get

Oy _ 8 (P o ]

Py ﬁpzv ¢} +O(Piv7§0") (9
the first term on the right hand side is the divergence of the ion polarization eurrent. The second term is negligible
in this limit as we shall see. Note there is no divergencs of the lowest order Ex B velocity and sinee it is independent

of the mass and charge it carries no current anyway. :
For plane waves the ring averages are conveniently wiitten in terms of Bessell functions. For example let,

#(r,t) = per,



sinee the right hand side of the linearized GK equation is proportional to e™ R it is clear that we can also write

Q(Rs 61 Ho, t) = g(‘sa nuﬂ’t)eik.R E (11)
and the ring averages at constant r of g are also expressed in terms of Bessel functions, For example:

kJ_'U_[_
)éa & tp, )T,

(QQ(RQ, )”Olt)} _JD(

Substituting Eqs. (10) and (1) into Eq. {6) and takmg the time dependence of all perturbed quantities to be
e~ we gbtain:

Ji —ﬁ—"“ R
§u = fefin — 0 [Jo( Y — vy dp) + 2 )—J'm: M;’},]
kv
e Fba 7 orkyv) 20 Fon ) mod 8
= e () Ay + S [‘IG( hat)(@ - kHA")+ _gr-LE( i ;] (2

You will notice that §, is the produet of functions of vy and functions of u,;, This property makes it possible
to write all the velocity integrals (which we do as infegrals over vy, vx and 8) in Egs. (2), (3) and (5) as products
of modified Bessel functions and plasma dispersion functions. For the parallel velocity integrala we use the plasmsz
dispersion function defined as:

(13)

Z(ky) = \_}/?_[L'dw;:mg for argument £, = k"m

where the integral is taken along the Landau contour i.e. from ~co to co below £, in the complex = plane. For the
perpendicular integrals we use the Bessel function identity (see Bessel Punctions by Wa.tson)

03 p2 qﬂ
/ e (e (gmYode = oy (L)~ (14)
0
where I, is the n’th order modiﬁe_d Bessel function. We define two functions:
- TolBa) = e P10 (B}
~ 1— By for .1 A . {15}
Ti(fa) = ¢ llo(Ba) - (B j
~ 1— 385 for B, « 1 (16)

where ff, = k—;: and p, = -@ is the thermal larmor radius of species a.
With these algebraic tricks we write Ampere’s law Eq. (3) using Eq. (7) as :

e*n,

—KL Ay = oy = —proe [q L1 - To(B)d + (—ro{ﬁe))q“w(qnirlwi)’—enerl(ﬁe))‘ﬁ'] (17)

. . . K p2
or since from now on we are interested in 5, = —p‘ <1

1 To 8+ me(T3 (8 - 1)51;89"

o
—k1 Ay = tod) = "P"ﬂ'];"'




then

Ot

(60 n, = - § Bl THP  Lgten f ageiers — g, f’““’*)gs kR

Jo is the zeroth order Bessel function of the first kind. We have used ik- g, = z—h—-‘- sin ¢ where & is the angle
between p, and k) and identified the ring integral with the integral form of .Jg. T'his is the ring average of a plane
wave:

In the drift kinetic Inmt when kpp ~ —4*-=- < 1 we have the usual small argument expansion of the Bessel
functions:

kivy
a2y 1 - (B
so that to lowest order in drift kinetics the ring average is the same as the value at. the guiding center position.
The polarization drift correction is the next order term. In the opposﬂ:e limit when the rings are large compared
to the wavelength & p ~ —-'-—-L — 00,

kv o
Jo 5 J-) ~ O(!c_wJ_) —

and the gyro motion ” averages out” the potentlal T&kmg plane waves for all the potentlals we obtain (after a little
algebra)

LUL. g N ( ) mu:vJ_ ‘5B|I iR
o, @A+ —r— kéu % Do l®

where JB" =i(ky x A1)z It is very helpful that the averages become simple multiplications by Bessel functions
in "k space” — integral equations become algebraic equations.

n, = |JolE (10)



where we have used charge neutrality, gn; = ene. Quasi-neutraility gives:

2 ~ ~
|Zr (81 + 626 + 2| - -Ai) =
qzn.; (SB]]
T (1 - To(Bi))d — [aniT1(Bi)6: 2(&) — encteZ (Ee)] (19}
 and finally the perpendicular pressure balance gives:
%i]" = $rlona(T1(8) — D — [l (Bi)(1 + &2 (6)) — ena(1 +4eZ (Ee)))( — A
~2[n T (Be)6 2(8) + meTeba Z(Ee)] B “B" : (20)

Egs. (18), (19) and (20) are simultaneous algebraic equations for the field quantities. Clearly the condition that a
solution exists is that the determinant of the matrix of coeflicients of the field quantities is zero — the dispersion
relation. Tt is not difficult to write this down buf it is not lluminating. Rather we will look at the limits of these

equations themselves,

4 The Alfven Wave at k& p; < 1

When k1p; < 1 we can expand To(8;) and Ty (#:). It is clear from Eqgs. (18), (19} and (20) thai a consistent
ordering is: :

88y g
B~ mﬁ%ﬂ
- ,%"fi") ~ O3 1) ' (21)

note that at lowest order there are no forces along the field since E) and the mirror force (which is oc ké.3)) are
boih small. Amperes law and Ep = (6 — A") 0 then yield:

A= kuVﬁ¢

$= (22) -

?r[g

and thus
w =tk Vs t 7 {23)

Clearly the parallel dynamics are unimportant in this wave and although there is a J" it requires Only a small
parallel force fo drive it.
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