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10.4. Airy Functions

Definitions and Elementary Properties

l?iffcren_tiai Equsaiion
10.4.1 | w—aw=0
Pairs of linea;f}_r independent solutions are
Al (2), Bt (2),
At (2), Al (262,
Al (2), Al (ze7¥'2).

Ascending Series

10.4.2 Al (2)=c f(2) —eag(2)
10.4.3  Bi (2)=+3[c:f(2) +-e29(2))

=t st ooy
@ . 1 -z3k
=23 (ﬁlm
2
g(z):z-}—:g 2t "'—|—21(5)| 8 A SR

- =3 (y), (3;3)'
artg) =1

g (a—]—%)k: (Bat-1) (Bat-4) . . . (Buf-3k—2)

(e arbitrary; k=1, 2,3,...)
(See 6.1.22.)

10.4.4
e, =Al (0)=Bi (0)/y/3=374/T(2/3)

=.35502 80538 87817
10.4.5

o=—AY (0)=BY' (0)/¥3=3"""/T(1/3)
=,25881 94037 22807
Relations Between Solutions
10.4.6. Bi(z)=e"® Al (2e%1R) J-g71" Al (ze™r15)
10.4.7
Al (&) -Fe¥iR Al (2eiR) 4o~ % 1R Aj (ze™ ') =0
10.4.8
Bi (2} +e&¥1P Bi (26™1#) o~ =1R Bi (g7 ) =0
10.4.9 Al (ze=H) =1¢= YAl (2) Fi Bi (2))

Wronskiana
10.4.10 WAL (2), Bi (9} =+"!
10,431 W{Ai (2), Al (ze¥%) ) =37~ te =0

10.4.12  W{AL (2), Al (ze*1B) } =g lg=/®
10.4.13  W{AI {ze¥"7), Al (ze™27%) } ={ox~!

1.0 -
8- /ﬁ \
S a0 / \ |
TN i § f 'l
A -// \j\ 1 4i'tx)
) N\aitx) \ /," \\ J '.\ P
o ¥ \;—j‘ \ { 1 ! | L ! ! | / i 1
L t ],q i 'l\g Ifl all‘ |[ I) 5 —&x
—2 LA ! / A }
! \\ / W VI
—al- \,\" A |
C \ I
sl / |
|
- - s / /
-ro L hd

Ficgurzs 10.6, Al (Fz), Ai" (L2).

Frguae 10.7. Bi (£z), B {£3).
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Differential Equations for Gi (2}, Hi {z) %:— 10.4.62 10.4.
10.4.55 R ] Al (—2)~—rizt l:cos (H%) 23 (1) e
1 4. 1 ,. 4 =
w(0)= Bi (0)=—5 Ai (0)=20497 55424 78 +sin (HZ) >3 (=1 daws f_zm] A
' : ar 3
w’(0)=% Bi’ (0)=—% A’ (0)==.14042 94524 49 : (Inrg <l<<3m) r
, 10.4.63 .
w(z)=Gi(z) H Bi (2 . . Pri
1{zg)~mr"1z"1g - 1
10.4.56 W' g %; o (lorg 2<<3m) 10.4.
w(0)=§ Bi ()= Al (0)=.40995 10849 56 i 10.4.64 10.4.%
9 9 3 Bi (—2)~wizgt [cos ({—I—g) i (—1)ept— % 10.4.7
w’ (0)== Bi’ (0)=—-= Ai’ (0)==.20885 89048 98 £ ¢ ,
3 e z _ e 10.4..
w(e)=Hi ) a2 +sin (I’ +E) Zo" (“1)tczx+1$°"2k"]]
== 2 S
. . i (larg 2l<<3)
Differential Equation for Products of Airy Functions -_ ?
Dttt 'f" 10.4.65 10.4.
10.4.57 W' —dzw’ —29=0 -5 Bi (ze*711)
. i .
Linearly independent solutions are Ai* (z), p: . ) i - 10.4.
4i (2) Bi (2, B (2). e sin (P R 2) 3 (Wens |
Wronslian for Preducts of Airy Functions —cos (.'."‘JFE:F% In 2) i (—l)kcgkﬂ{'_?‘t_IJ Asy
10.4.58 W{AD (2), Al (2) Bi (2), Bi® (2) ) =2z 0
T 2z
Asymptiotic Expansions for |2| Large (I& g 2l<im 10.4,
st g DOEED) @D @ES) ... (Ge=1) 10.4.66 ) 4
| 0 54 RIT(k-3) 2165} 7 * Bif (2)~nlztel ? du* (Jarg 2|<3 ) -
_ X G(z)-
do=1,dk~~%€—t% o (k=1,2,3,..) , ‘ 1?"4"67 Ny W @)
B (—z)~rtat [s'm (;Jq-) 3 (1t
] —cos (f‘i‘g) %‘; (—1Ydap f'_zk"]] 10.4.
10459 . N (laxg 2/ <2 ) A

J Al () L g~ Wp—VWig-t Zw; (—1)ret* JI&TS 2|<C) 10.4.68
i : Bi’ (zex=tm : 10.4

] J — T T .
(x)

L0460 o
NP AL (=) Vrg [sin (r+§) 53 (— Lot~ a ~VRmeTe ik [""’S (f +7F; 2) o (1
—cos (g._[_g) é (_l)xczk_l_lg-—zk_l] E -F-sin (I‘f"g:i:% In 2) é (—I)kdakﬂf‘?kﬂ:l

(g 2l<zm) | A7

(! arg Zf <3 ) _ Modulus and Phase 10.4

10.4.61 | 10.4.69 B

] Al () ~— L2\t Z:.\: (—1)du—* Al (—2) =M (z) cos 8(z), Bl (—z) =M(z) sin 8(z) 10.4

£ ¥
Miz)=[AL (—2)-}-Bit (—a)),
1 (larg 2| <m) f(x)=arctan [Bi (—z)/Al (—z}] .

*See page m.
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ment given above, often by assuming that the radial width of
the linear eigenmode is the radial mixing length, and the
growth rateis the decorrelation time. In this paper, we argue
that both the mixing length and correlation time are set by
nonlinear processes. Estimates based on the linear mode
structure can be vastly wrong, see Sec. VL.

The ion-temperature-gradient {ITG) mode®® has been
postulated as the major cause of thermal transport under
certain plasma conditions, e.g., high-ien-temperature plas-
mas with sufficiently weak density profiles. For simplicity,
we restrict ourselves in this paper to consideration of only
this mode. This instability has the nice feature of being large-
ly fluid in character when the stability threshold is well ex-
ceeded. .

We address three questions: What drives the ITG unsta-
ble, what saturates it, and what determines the shape of an
eddy? We do not attempt to calculate the saturated spectrum
of the ITG or the transport arising from it. However, our
results do bear directly on mixing lenpgth estimates of the
transport.

In Sec. II, we present a simple, but realistic, physical
model of the ITG, We introduce the Ex B nonlinearities in
Sec. IIT and show that modes saturate by eddy turnover.
Long thin eddies with A, » 4,, where the equilibrium V7 is
in the x direction and B isin the z direction, saturate at large
amplitudes. These long thin eddies are similar to the
“sireamers” seen in the simulations by Drake et a/.” In addi-
tion, a simple approximate model of the nonlinear dynamics
is given in Sec. I11. The nonlinear behavior of a single eddy is
further examined in Sec. IV. In Sec. V, we introduce magnet-
ic shear and finite Larmor radius effects. We show that the
linear mode has two equivalent representations, Fourier
modes, in which 4, =& (p;) (Sec. V C}, and twisted ed-
dies,®? in which the eddies are long and thin, but twist in the
sheared magnetic field (Sec. V D). Section V depends on
Appendices A and B. Weanalyze the twisted-eddy represen-
tation in a finite length box in Appendix A to show that this
representation, rather than the Fourier representation, is the
appropriate one, and that A, is of order &{{p,L;)"?],
where L is the scale length of 7. In Appendix B, we show
how the twisted eddy in a torus is related te the ballooning-
mode representation.'® We also demonstrate that the twisted
eddy pives a useful representation of the ITG in a torus, '™

In Sec. VI, we argue that fully developed twisted eddies
that havea large 4, can lead to Bohm-like transport, because

the mixing length could be as large as \Jp,L,,. Since Bohm
transport is much greater than the observed transport, this is
puzzling. The problem is resolved to some extent in Sec. VII,
where we show that the long thin eddies (and, therefore,
twisted eddies) are vulnerable to fast growing secondary in-
stabilities that feed on the large gradients produced by long
thin eddies. This prevents them from reaching large ampli-
tudes, The nonlinear development of the secondary instabili-
ties is not completely ciear. However, they should play a
significant role in determining the mixing lengths and corre-
lation times. The existing numerical simulations are exam-
ined far evidence of our proposed mechanisma. We argue
ihat, if the secondary instabilities break up the twisted ed-
dies, the characteristic eddy shape will be a twisted elliptical
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eddy. In Sec. VIII, we draw the conclusion that nonlinear

processes, not linear processes, determine mixing lengths

and correlation times. We also discuss how experimental gb.

servations of the isotropy of the k spectrum, as a function of

poloidal angle, would clarify this conclusion.

Il. SIMPLE PICTURE OF THE ITG MODE

[n this section, we examine the basic dynamics that gives
rise to the VT-driven instability. It is helpful to have a simple
physical picture of the mode for the subsequent discussion of
nonlinear effects. We take V=0, B = B,%, 6B =0, and
assume a fluid response for the ions. We look for instability
in the range

Ky <@ €hkyuy, . (N

where vy, = \27,/m;, vy, =J2T,./m,, and k; is a typical

parallel wave number. Therefore, electraons set up the *equi-
librium” Boltzmann distribution along the field line

6nc/n0 = e¢/Te’ (2)

We concentrate on modes with long perpendicular
wavelengths

kyp €l (3)

The plasma is quasineutral, i.e., §a, ~8n; since kl, <1,
where Ap, is the Debye length. In this regime, @ €w_,, theion
motion perpendicular to B is given by the EX B motion,

8 -
£, sy, = EXB_ | VéXZ

at B2 Bq
and v, is, therefore, incompressible. The ion density pertur-
bation (from the continuity equation) is entirely due to par-
allel compression : |
i\
A

. (4)

on; a
e —Viéy = __§l’

o Jz (>)

where £ is the parallel displacement of the ions. The ion
pressure perturbation ép, is

&pi/py = — i+ (Vpo/po) — ?’V|3§1|. (6)
wherepy = n7,. Here, the first term on the right-hand side of
Eq. (6) is the convection of the equilibrium pressure by the
Ex B motion, and the second term is the parallel compres-
sion of pressure {y is the ratio of specific heats), Finally, the
parallel equation of motion for the ions is

1
!
it
ot
When Vp, = 0, Egs. (2}-(7) describe ion sound waves.
These equations allow both standing and traveling wave so-
lutions in the parallel (z) direction. We consider standing-
wave solutions since they are analogous to the *ballooning™
type solutions that we examine in later sections. We take

= —V,8p, —en Vg (7N

on = 8ny cos k,z exp( — fot + ik, y),

bp; = bp, cos k,zexp( — fwt + ik y), (8}
&y =&y sin k,zexp( — iwt + ik, p).

Let us define the drift frequency
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k,Tic [V kT,
&J*—z ¥ IC(I Pol)z » ,C (9)

I
# eB o eB I’
‘The dispersion relation for the mode is obtained from Eqgs.
(2)-(8):
ofw* — (KIC2NT+ 1)] = — (k:C 2wk, (10)
with ' = y7,/T, and C2? = 27, /m,. Note that, if ak =0,
we get sound waves, Equation (10) has an unstable root if
{@k] > 40(T + 1)/6)'?k,C,|. In the limit lwk| > |k, C.|,
Eq. (10) becomes®

o = — (k2CY2)wh. (1)

In this limit, the mode has a simple physical description.
First, note that the parallel compression term in Eq. (6) is
small, so the pressure perturbation is entirely due to the con-
vection of equilibrium pressure by the E X B motion. Physi-
cally, this arises because the mode frequency  is fastér than
the rate of pressure relaxation along the field lines k,C..
Also, the electric field term in the parallel ion equation of
motion is negligible compared to the pressure gradient terp.
Hence the equations can be written

5n, ok,
o _ e % (122)
g T, Jz

a3 J

Zo g, £2b
e T T E Y (12b)

and

op; Vo; T,
i _ _§1._P:=_&_;(e¢)_ (12¢)
Po Po @ T: Tr.'
For the unstable mode, @ = |k}/Clax /2"

X e = @y ++ iy, The various physical quantities with their
relative phases are

¢ = dye’ cos k, z cos(k,y — wy1),

dé ” ( 1]’)
—— = |w|dge™ cos k,z cos| ky — wgt - — |,
ey | 1¢o x pY — @y 6

bp = 8pye™ cos k,z cos(k,p — wyt — 7/3),

9p |8, e™ cos (kzzcoskyy — gt ;”;), (13)
gt 5
£, = £ e sin k,z cos(k,y — ayt),
% oo _
= rt k 5 k -__ ro J
£ |l o€ sin zzco( VP — @y 6)
I, s -
P = |w|*,ge" sin &,z cos(kyy — mozﬁa_).

Roughly, the instability proceeds as follows. Compres-
sion of the ions by parallel flow gives rise to a potential,
which draws in the electrons so that §n, = dn;. The poten-
tial causes an EXB drift, which brings cool ions into the
compressed region and lowers the pressure. The low pres-
sure sucks in more ions along the field line, and thereby in-
creases the compression. This completes a kind of feedback
loop that leads to instability. This expansion is a little too
simple, as it ignores the relative phases of the physical quan-
tities, which must be correct to yield instability.

In Fig. 1, we illustrate the phase relations of the various
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High
Density

Birection of Propagation

FIG. L. Picture of the V7 instability. The ions are compressed at z~-0,
¥y~0, and a potential s et up to draw in electrons to establish neutrality.
The potential causes an EXB flow with a maximem at z — 0,y=7/2.The
E X B flow conveets cold plasma into the region 0 < ¥ < 7. The pressure min-
imum that is at y = 7/3 is lowered and moved to the right by the cocling
flow. The pressure minimum sucks in ions along the field lines, thereby in-
creasing ¥y, in the region — 7/6 < y < 5u/6. Again, since the pressure
minimum [eads the maximum in ¥y by 7/6, the maximum in Vo is
increasing and moving to the right, Finally, Vv which is a maximum at
¥ = n/6 increases with Sa; in the region — #/3 <y < 2m/3. Thus the den-

sity maximum increases and moves to the right. i
} i
!

physical quantities. The cooling ExB flow is 7/2 out of
phase with the density maximum, but since the mode is
propagating to the right and growing, the pressure minimum
lags the maximum of the cooling flow by #/6. The pressure
minimum (at 7/3 relative to the density maximum) acceler-
ates the parailel flow, but again because the model is propa-
gating to the right, the maximum in the parallel flow (and
parallel flow divergence) lags the pressure minimum by 7/6.
Finally, the rate of change of density is a maximum where
the parallel flow divergence is largest (7/6 out of phase with
the density maximum). Since the density is increasing at its
maximum (J §n/dt is positive at the maximum.of 8n}, the
mode must grow. Physical pictures of the instability of vary-
ing detail are given by Rudakov and Sagdeev® and Coppi e
al.® and recently, for the case with a density gradient, by
Dimits ef al.'?

[ll. SIMPLIFIED NONLINEAR EQUATIONS

In the limit mﬁ->ku C,, we can obtain simple nonlinear
equations for the ITG. Note that the modes have the healthy
lincar growth rate given by Eq. (11). The basic expansion
parameters are
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