Section S18 ADVANCED QUANTUM MECHANICS

1. Using Fourier transform or any other method, show that the Green’s function
G(z,z') obeying the equation LG(z,z") = 6(z —~ z) and the boundary conditions
Gz, z") - C exp (ik|z|) for |z| — oo, where [ = “'g—;gg — E is the one-dimensional
Schridinger operator for a free particle with & > 0, C' is a constant and k = v2mE/R,
is given by G(z,2') = 35 exp (ik|z — 2'|).

A non-relativistic quantum particle of mass m is incident from the left on the
one-dimensional potential U(z) < 0, where U{z) — 0 for |z| - 0. Show that the wave
function of a stationary scattering state of the particle satisfies the integral equation

. o0
bole) = o — T [ U, (@)da
—co
Considering the agymptotics of ¢;(z) at & — +o0, define the reflection and transmission
coefficients T' and R. Show that the reflection coefficient is given by

2

¥

R = k;n—?; Lf R U 3V iy () da

9]

where 1,(x) is the solution of the integral equation above.

Find the solution of the integral equation for the potential U{z) = —ad(z), o > 0.
Find the transmission and reflection coefficients T and R, and show that B+ 71T = 1.

Consider developing a perturbation theory for ¢¥,(x) in the form ¢s(z) = §”) (x)+
@bgl)(m) +..., where f(,b,go) (z) = "= is the solution of the free equation. Find R to leading
order in the perturbation theory and compute it for the potential U(z) = —ad(z).
Compare with the exact solution. FExplain the physical meaning of the approximation
made.

Now consider stationary states with £ < 0. Show that the wave function ¢ (x)
for such states obeying the houndary corditions ¥{z) — 0 for z — Zoo satisfies the
integral equation

Plz) = — ;;2 ;/ e*’“lmﬁqu(m’)w(x')dm’ ,

where k = —2mE/k. Using the equation, find the energy levels in the potential
Ulz) = —aé(x), o > 0. How are they related to the singularities of the transmission
coefficient in the same potential?
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2. Consider a non-relativistic quantum particle of mass m whose wavefunction ¥ (x)
satisfies the one-dimensional Schrodinger equation

——— 2+ Uz)(z) = Bylz),

where the potential U{x) — 0 for |z| — oc. Find the Green’s function G{z,z') of the
free Schriddinger operator L G(z,z') = 6(x — '), where [ = “"%adgg — FE with E < 0.

Show that the Schridinger equation for the particle with E < 0 can be written as
an integral equation

OO

P(z) = e o= (0o (2 Vda'

where k = v/ —2mE/h.

Consider a potential of the form

where Up > Q.

a) Find the even and odd parity wave functions corresponding to the stationary
states with F < 0 (bound states) in this potential,

b) Using the continuity conditions for the wave function v(x) and its derivative
¢'(z) abt & = +a/2, show that the conditions determining the bound state energies in
the potential U{z) are given by the equations

{ | ]-%Q[ — 1 tan [%“,/]QE‘J[ - 1] =1 (even parity states) ,

I%LI —1lcot {%1 /% — 1} =—1  (odd parity states) .

¢) Now consider a non-relativistic quantum particle of mass m and wavenumber k
incident from the left on the potential U(z). Show that the transmission coefficient
T(E), where E = h?k?/2m > 0, is given by

2 Dy -1
T(E) = [COSZ Ca -+ _(klu;;—é)l sin? Ca] )
where (2 = 2m(E + Up) /B>

d) Show that the singularities of the transmission coefficient T(E) for complex
values of k = i1/2m|E|/F correspond to the bound states energies in the potential U {z).
Hint: Use the trigonometric identity tan 2z = 2tanz/(1 — tan? z).

e) What is the maximum value of T{E)}? At what encrgies is it attained? Sketch
(qualitatively) the function T'(E) for E > 0.

f) Sketch (qualitatively) the location of the singularities of the transmission coef-
ficient T(F) in the complex & plane and in the complex E plane.
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8. The Dirac equation in an external electromagnetic field A* = (®,A) is
. e
l:’Y'u (p,r.a - EA,LL) - ‘?TLCJ Pp=0,

where ) = i i3 the four-component Dirac spinor. The Minkowski metric is given

by 1y = diag(+1, 1, -1,-1), p, = ild,, and the Dirac matrices are

I 0 0 oF

0 __ ko

7_(0 _I)a 7*(_0_,11; O);
k

where ¢% are Pauli matrices obeying oy0y = 8y, + €507, Consider a relativistic particle
with spin 1/2 and charge e moving in a constant magnetic field B = curl A = (0,0, B).
Choose the gauge A = (—By,0,0), write down the Dirac Hamiltonian explicitly, then
justify and use the ansatz

W)= e tRttiftarits o(y)
xty) )’
to write the Dirac equation as a system of coupled equations for the spinors ¢ and . [4]
Show that the gpinor ¢ satisfies the equation

d? c+eBy)?  E2—m2t p? eB

_7_% “w ) ) = 0.

dy hc e Re o he 5]
Show that this equation is identical to the Schrédinger equation for a harmonic oscillator,

ﬁ2 42 M2 52
_— T(¢) =20

and identify the parameters M and . Hint: change variable to £ = (pgc + eBy)/he. 5]

Using the spectrum of the harmenic oscillator, £ = fuw(n+1/2), and the property
o3 = t, show that the energy levels F, . of the particle in a constant magnetic feld
satisfy the equation {(p = |e|fi/2me):

P

2 _ 24 2
En)pz—mc + 2mc {QW

+;;;B(2n+l):i:,u]5’} . n=01,2,..
A spinless relativistic particle of mass m and charge e in an external constant magnetic
field B = (0,0, B) obeys the stationary Klein-Gordon equation

[Cg (—’th — EA)Q + m234:| ¢($ayv z) = qub(‘,’c?y? Z) :

By reducing this equation to the Schrédinger equation for the harmonic oscillator, show
that the energy levels of the particle satisfy

2

Eipz = m?ct + 2mc? [_2"% +pB(2n 4 1)] , n=20,1,2,...
Based on these results, can you guess a formula for the energy levels of a relativistic
particle of spin s in a constant magnetic field? Discuss the instability occuring for a

spin 1 particle in the field eB > m2c*/hc at p, = 0. 7 2]
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