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N =4 SYM contains a global U(1)-charge (a sub-group of the R-symmetry) with an
associated conserved U(1)-current J#. In the limit of large N and strong coupling, the
finite temperature equilibrium state of A" = 4 with vanishing U (1)-charge is at low energies
described by the AdSs-black brane geometry:
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Fluctuations of J* are captured by the dynamics of a dual Maxwell field A,, on that bulk
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background, with action

1
S=—-—— ddx/=gFpn F™
495
and field strength

1 Holographic Expectation Value and Correlator

1.1 Equations of Motion

Question 1  Show that the bulk equations of motion are Maxwell’s equations

V=gV F'"" = 0p, (\/—ggmpg”quq) =0.

We can use the symmetry of the system under U(1)-gauge transformations,
Apy — Ay — O\,

to set the radial component of A,, to zero, A, = 0. This leaves us with the residual
symmetry of z-independent A(z), z# = (¢, ).

Question 2 Fourier-transforming along the field theory directions,

d4k ik-x
A#(Z,l'):/(27r)4€k Au(zvk)7

with ky, = (—w, q), k-2 = —wt+q-z, and choosing q along the 3-direction, k, = —w,0,0,q),
confirm that Mazwell’s equations take the following form:
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where dashes denote derivatives with respect to z.

The residual gauge symmetry means that these equations of motion do not uniquely

determine the evolution of the system: configurations that only differ by residual gauge

transformations are physically equivalent and cannot be distinguished. This problem is

most easily circumvented by switching to gauge-invariant variables such as the electric

field, with transverse components
E,=iF,=wA, , a=1,2
and longitudinal component

EL = iFt3 = CLJA3 + QAt .

Question 3 Show that E, and Ey, satisfy the equations of motion

/ 1 w2_q2f
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1.2 Near-Boundary Expansion

Question 4 Show that z = 0 is a reqular singular point of the equations of motion (5)—(6)

and show that the corresponding exponents (the roots of the indicial polynomial) for both

equations are oo = 2 and a— = 0. The near-boundary behaviour of the electric field is

therefore

Eo=Aq+ - +Bs22+...,
EL:AL+--~+BLZ2+... .

More precisely, as a; — a— € N the near-boundary expansion is given by

B = Aa + AV 2 + AP 2210g(Az2) + Bo2® + O(2%)
Er =Ap + Ag)z + fl(LQ)z2 log(Az) + Brz* + O(2%)

see e.g. [1] for details. A is an arbitrary energy scale introduced to make the argument of

the logarithm dimensionless. Its meaning will be discussed later.

Question 5 Show that the equations of motion require

i) K 7(2) _

AL =AW =0, AQ = S ha A

where k? = —w? + ¢°.



1.3 Holographic 1-Point Function
Variation of the On-Shell Action

Question 6 Consider a generic action

ZH

S = /dzL(@,@’) .
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By looking at a general variation of S show that, when the equations of motion are satisfied

the following identity holds:
5son—shell oL

5o 0w

Thus show that in our case

5sonfshell 1 ,
= V997" A (Z»l") )
§Au(e,z) g3 v e

or in momentum space
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z = € is the UV-cutoff near the boundary z = 0. Using the U(1)-constraint (1) verify that

1 6sonfshell 1 5sonfshell
qO6A(z,—k)  wiA(z,—k)’

and conclude that S°"~shell only depends on the gauge invariant combinations Eq = wA

and By, = wAs + qA:. Hence confirm that
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Note that we have to switch from A, to the gauge-invariant electric field in order to make
use of the latter’s near-boundary expansion, provided by the well-defined equations of motion

(5)(6).



Holographic Renormalisation

The AdS/CFT correspondence identifies the (renormalised) on-shell action S of the
Maxwell field A, = a, + ... in the AdSs-black brane geometry with the generating func-
tional W for the dual U(1) current J* in N = 4:

(] Ermn) -

The expectation value of J#(k) in the presence of the external source a, is given by
ow 4 9S5es

——=(2n)"li — .

Sa,(—k) (2m)" lim (5Au(e, —k))

As usual for QFTs this expression contains UV-divergencies, which in our example holo-

(I (), = (2m)*

graphically manifest themselves in the log(Ae) terms in egs. (7)—(8). To obtain a finite
result suitable counterterms S¢; are added to the action, 5% = Gon—shell L g The coun-
terterms St are defined on the UV-cutoff surface z = € and need to respect the appropriate
symmetries. In our case, gauge-invariance together with the requirement that all divergen-
cies be removed determine S¢; to be given by the four-dimensional Maxwell action [2, 3]:

L

Set = *4 2 IOg(AE) / d4m\/j’7FuVFpa'Y#p’7yg .

gB Z=€

Yuv is the metric induced on the near-boundary cutoff surface z = e,
1 1
Ywdatdz” = = [—f(e)dt2 + df] = 6—2?7W + 0(64) ,

where 7, is the flat Minkowski metric of the dual boundary theory.

Question 7 Confirm that the variation of S¢y is given by

§Se; = 52 log(Ae) / die/ =~ 6A, VI FH
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where VZ(,V) is the covariant derivative associated with the four-dimensional metric 7y, .
Hence conclude that
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Finally show that

Yy A AT B
Yty Y A R
and thus
(T (k) = ig{;g 2B + ’“;Aa] ,
(JH(k)) = —,fng;B [2& + ’“QAL] ,

[Optional] Question 8 Different choices of the arbitrary energy scale A in Se, correspond
to different renormalisation group (RG) schemes. Describe how the result for the holographic
1-point functions changes if we choose a different RG-scale A’ in Se.

1.4 Retarded Correlators

Question 9 Show that the retarded current-current correlators are given by [7]

(J(=k) T () segardea = I (K) (11)
2
<Jt(_k)']t(k)>retarded = w2q_ q2 HL(k) ’
<Jt(_k)Jz(k)>retarded = <JZ(_k)Jt(k)>retarded
= w2w_qQ2 " (k) ,
w2
(J(=F) T (k) etarded = 5 — QQHL(k) :
with [5]
Ty = L [p B B Ly = L [p9BL K
H(k)g%[Z(sAa+2], H(k)g%[2ML+2}.

The result exhibits the general structure of retarded correlators in AdS/CFT:

0B
R _
G" = P(w,q) [5 l + contact terms} ,

where P(w, q) is some simple function of the momentum k* completely fixed by Lorentz
invariance, i.e. it contains only kinetic and no dynamical information. Contact terms are



analytic functions of k2 corresponding to derivatives of delta-functions in position space
which again do not carry dynamical information. The dynamical information is entirely
encoded in the dependence of the sub-leading mode B(A) (the expectation value) on the
leading mode A (the source), furnished by imposing incoming-wave boundary conditions
at the horizon. Moreover, for fluctuations around thermal equilibrium obeying linearised
equations of motion this relation becomes linear:

B(4)

R
¢ A

In order to find B(.A) one must solve the connection problem which relates the modes
A, B of the local solution at the boundary to the incoming and outgoing wave-solutions
at the horizon. Only in very few cases can this be done analytically, two of which we will
consider in the remainder of this problem set.

For that purpose it is convenient to switch to a dimensionless radial coordinate
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in terms of which eqgs. (5)—(6) read

au m2 42
82E, + ffauEa + ququa ~0, (12)
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8uEL + W&LLEL + TfQEL =0, (13)
where
® T o 1= 9T
The near-boundary expansions become
B,
Ea:Aa+"‘+(T)2u+"'7 (14)
T
B
Ep=Ag+ -+ —sut...,
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working in a scheme with A = 1/zp .



2 Quasinormal Modes: The Complex Eigenmodes of Black Holes

Perturbations of a black-hole (or black-brane) background that take the form of planar

T are subject to special boundary conditions: At the boundary of space-

waves ~ e
time they simply need to vanish (no external source), but at the horizon they must represent
incoming-waves to ensure that no information escapes the black hole. Consequently, per-
turbations are damped as they dissipate energy into the black-hole, and admit a discrete
spectrum complex frequencies w(q) called quasinormal modes (as opposed to the real normal
modes of dissipationless systems).

In asymptotically AdS-spacetimes, quasinormal modes (QNMs) are thus non-trivial
plane-wave solutions to field fluctuations satisfying incoming boundary conditions at the
horizon, and Dirichlet boundary conditions at the boundary, A = 0, B(A) # 0. Hence,
QNMs of a field in asymptotically AdSzy1 correspond exactly to the poles of the retarded
correlator of the dual C FTy-operator.

Our system in the limit of vanishing spatial momentum g — 0 is one of the few cases in
which the QNM spectrum can be computed analytically. For ¢ = 0, rotational invariance

is restored and Ej = E, = F satisfy the same equation of motion

Ouf o2
PE+MoE+—E=0. 15
Eq. (15) has three RSPs at a = —1, b = 0 (boundary), and ¢ = 1 (horizon) with exponents
, o 1o , , i i
=(——, — = (1 — (- =
(@a)=(-5.5),  GH=00, () =(-5. ),

respectively.

2.1 Riemann’s Differential Equation

Question 10 Show that any ODE with exactly three RSPs (a;b;c) with corresponding
exponents (o, o'; B, 8';7,7) takes the form of Riemann’s differential equation:

d’E l—-a—o 1-p—-p 1—v—+")dE
= —_— 1
0 du? { w—a T Tup T Tu—¢ du (16)
ao’(a—b)(a—c) pp'(b—a)(b—a) 7Y (c—a)(c—b) E
+ + + :
u—a u—>b u—c (u—a)(u—">)(u—c)
To that end confirm that a generic second-order ODE
d’E dE
Plu)— E = 1
e+ PU)S +QE =0, (1)

has three finite RSPs (a;b;c) if and only if

> ppu” > gpu”

n>0 n>0

(u—a)(u—">0)(u—-c)’ Q:(U_G)Q(;—b)Q(U—C)Q. (18)




Switching the independent variable to t = 1/u,
Dy = —t20, 02 =192 + 2630, ,
show that u = 0o < t =0 is a reqular point of eq. (17) if and only if
p2=2, Pr>3 =0, In>3=0.
Conclude that P and Q) can written as

l—a—o 1-8-8 1—~n—+
_ +56+7’y

p—
u—a u—"> u—c

fad/(a-b(a—c) BFb-)(b—a) 1 (c—a)(c—b) i

@= u—a * u—a + u—c (u—a)(u—">0)(u—-c)’

with o+ o' + + ' +~v++" =0, Finally show that (o, ), (8,8), and (,7'), are indeed
the exponents at the RSPs a, b, and c respectively.

By a change of dependent variable and a M&bius transformation of the independent
variable that moves the RSPs to (0,1, 00), eq. (16) can be transformed into the hypergeo-
metric equation. If v # 4/ then two independent solutions of eq. (16) are

Ey = (20)
(55) (55) 2n (e oroas oo i (=305)

Ey = (21)
(555) (25)on (v wovay sovast e 3 0)

Question 11 Show that the solution to eq. (15) representing an incoming-wave at the
horizon is [6]

i o i 1 ) 1 3 1—
E=C(1-uw % (1+uw FulF)"R <1_< ”mv—( wm;l_m,— 5 u) .
u

2.2 Current-Current Correlator at ¢ =0

In the limit ¢ — 0 the only non-trivial retarded current-current correlators from eq. (11)

are
<Ji(_w)Ji(w)>retarded = H(w)&” ) Z?] = 17 2a 3 )
with
L w?
9B



Question 12 Using the known transformation rules for the hypergeometric function one
can show that close to the boundary

I'(1 — i)
M- [ b+ (57w

1+4

E:Cu(2 Jro

(2u)~ (55w

{1+2u <“;2> [—10g(2u)—|—1/1(2)+¢1(1)—¢) (1— [1?} m> _ ql;] mﬂ +(9(u2)} .

['(2) is the gamma function, and ¥ (2) is its logarithmic derivative, 1(z) = T'(z)/T'(z). Both
functions have simple poles at —z € Ny. Show that the retarded correlator is [6]

(w) = —213(;?211)2 [w (— [1;”} m) + 9 ([12_1} m)} + contact terms

and that the QNM spectrum is given by
w(g=0)=n(£l—-1), necN.

Ezxplain why the fact that all QNMs lie in the lower half of the complex plane is necessary
for the black-brane background to be stable.

~10 -



3 Linear Response and AC-Conductivity

3.1 QM Perturbation Theory and Kubo Formulae

Question 13 Consider adding a time-dependent perturbation §H(t) to a static Hamilto-
nian Hy att — —oo, H(t) = Ho + 0H(t). Working in a the interaction picture,

(t)) = el [y (t))g
O(t) — eiHot OS e—iHot ’

(the subscript S denotes the Schrodinger picture), show that the density matriz p(t) of the
system evolves as
t

plt) = U)ol (1) Ut =Texp | i [ ats)) |
where T is the time-ordering operator. Hence confirm that to linear order in 6 H
t

(O@t)) = (O(t)),, +1i / ¢’ ([6H(t"),0(t)]),, +©O (6H?) .

—00

Thus show that the linear response of an operator O to an external source o(x),

SH(D) = - [ dzOlt,z)elt.z)
1s captured by the general Kubo formula
5(0(t.)) = - [ ddz Gt~z — 2Nt ) (22
where
GR(t -tz —2)=—i0(t—t){O(tz),0(,2))
is the retarded correlator.

3.2 AC-Conductivity

Question 14 Ohm’s law is a simple application of linear response theory. Show that the
alternating-current (AC) conductivity 0% (w) for a spatially homogeneous electric field

Fij(w) = —iwAj(w)
s given by

<JZ (_w) Jj (w) >retarded .

o (w) = -
iw

This is a specific example of a Kubo formula expressing a macroscopic transport coeffi-
cient (o) in terms of retarded correlators of microscopic currents. The R-charge AC-

conductivity of neutral N' = 4 at strong coupling is hence
o (w) = @5’7 .

(209}

— 11 —



4 Hydrodynamics and R-Charge Diffusion

Hydrodynamics is an effective description of field theories approaching thermal equilibrium.
It is based on two assumptions: Firstly, close to equilibrium, i.e. at late times, only
fluctuations of small frequencies and small wave-vectors are expected to have survived.
This means that all hydrodynamic fluctuations admit a series expansion in their momenta,
or equivalently in gradients in position space. Secondly, the dynamics of a hydrodynamic
system are assumed to be entirely captured by the conservation equations for the global
charges which will characterise the equilibrium state at ¢t — oc.

For instance, if we restrict ourselves to hydro fluctuations of a global U(1)-charge
around a neutral equilibrium, their dynamics are governed by a single equation of motion,
namely the conservation of the associated U(1)-current J* = (n,J%), 8,J* = 0. In the
hydro regime the system must therefore be described by a single degree of freedom which
we can take to be the fluctuation of the charge density n. Following the assumptions of
hydrodynamics, it must be possible to write the spatial components of the current in terms
of n. To first order in momenta (or gradients), the only expression compatible with Lorentz
invariance is

J'(z) = =Dd'n(z) + O (8°) ,
known as Fick’s law.

4.1 Diffusion

Question 15  Show that an initial hydro charge fluctuation n(t = 0,z) = no((v) is diffus-
g over time t > 0,

with diffusion constant D.

Question 16  As the solution (23) is defined fort > 0 only it cannot be Fourier-transformed
in time. Applying the Laplace-transform instead,

n(z,q) = /dt e“'n(t,q) Im(z) >0, (24)
0

show that

n(z,q) = 7710(@)
U= T D

We shall now compare the hydro result (24) with the result from the general Kubo
formula (22) to obtain the retarded correlator in the hydro regime.

- 12 —



To that end let us prepare the system in the following way: we adiabiatically turn on
a source p(t,q) at t — —oo resulting in a charge fluctuation ng(q) at t = 0, switch it off at
once at t = 0, and let it evolve hydrodynamically for ¢ > 0:

1u(t, q) = 0(—t)e po(q) -

As the system is in thermal equilibrium for ¢t < 0, no(q) and po(q) are simply related by
the static susceptibility ¥,

no(q) = xto(q) -

Question 17 FEvaluating (22) at t = 0 show that the Laplace-transform of the retarded
correlator satisfies

GE(z=ie,q) = —x .

Further show that

d —iwt
oG (w, q) =
27 =

(n(t,q) = —po(q)

€+iw’

where

dw GR(W, q)efiw(tft’) )

Ry _ oy [ 9@
Gt —1t',q) 5. q

Recalling that GR(t—t’,g) =0 fort <t', arque that GR(w,g) must be analytic in the upper-
half plane. This implies that Fourier- and Laplace transform are identical in the upper-half
plane. Thus show that

Gl(z+ie,q) + x

<n(z + ze,g)> = — - po(q) -
Hence conclude that in the hydro regime
Dq?
GR _ 1
(@.9) Dq? —iw
with a diffusion pole at
w = —iDg2

4.2 Holographic R-Charge Diffusion

The goal of the final part of this problem set is to compute the R-charge diffusion constant
D of large-N, strongly-coupled N = 4 by identifying the hydro diffusion pole in the retarded
current-current correlator.

~13 -



Question 18 Argue that in the hydro regime the solution to eqs. (12)—(13) can be written
as

_1/ 1 b b K K
Byt = Copf ()™ [m + FS e+ FOPw? + P wa+ FOD a2+ 0 (83)} :

where the ]-"O(j;fl) are reqular at the horizon and vanish at the boundary. Solving egs. (12)-
(13) order by order in w, q subject to these boundary conditions yields [7]

J-,_—éog) _ ]_—0(61,1) _ ];-(gO,Q) —0,

1
F2Y) = ilog —i2-u ,

}.gm) _ fg’l) _0,
1
.7:22’0) =ilog —;u ,
(02) _ 1
FOU 21w .
L o ( u)

Thus show that the transverse current-current correlator is analytic in the hydro regime,
while the longitudinal current-current correlator has a diffusion pole. Confirm that the
R-charge diffusion constant of strongly-coupled N' =4 at N — oo is given by [§]

— 14 —
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