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3. The first step is to write the Dirac equation in the form (this can be done by

multiplying the equation by 7° from the left and remembering that (4°)2 = 1444)
oy 4
RE = Hpi,

where the Dirac Hamiltonian is
Hp = ~c¥*v' 50 +1*7'eBy — 1"+ ?epy — 'y e + me?y°.

One should not forget that with the Minkowski metric given by n,, = diag(+1, -1, -1, —1)
we have A* = (@, A) and 4, = (®,—A). Also,

b

i & e, 17, 7]
po—ihoh = (00 L p g
# = ihd ( Eve h{)m’ zhay %haz)
aind ih O o a e
NS .
pﬂzhaum(at ﬁa, a,zha)

Clearly, Hp commutes with p, and p,, but not with ,. Thus, one can choose common
eigenstates of & D, Pz and #, in the form

—i Et-{%-'p—merzﬁz tp(y)
Ve ( x(v) ) ’

where F, py, p, are the corresponding eigenvalues, and the spinors ¢(y) and x{y) satisfy
the system of coupled equations

Ep =mcp+ (eppot + eByo' + ep,o® — thea?dy) x ,

Ex = —me*x + (cpeo' + eByo' + cp,0® — iheo?,) ¢
Combining the two equations (and using the identity oya) = 8 + fep01), we find the
equation for

@?  (pgc+eBy)?  E?—m2t P B
(—dF - R2c2 n2c2 B2 e i 3 ) ¢ly) =0.

Now we introduce a new variable £ = (p,c + eBy)/he. The equation above can be
rewritten in the form of the Schrddinger equation for a harmonic oscillator,

Bt od? MuPg?
(Wd?z + ng) V() = cU(e),

M2w27 hc)2
B2 \eB

%6_(%>2+(hc) +E2—m2c‘1
e o eB eB ) %? e?p?

This, and the fact that oz =+ lead to the spectrum F,, 5, determined by

with identifications

and

E}p, = m’c" + 2me? l%"-wl?@w )iuB] ., n=0,1,2, ..,
where p = |ejfi/2me.
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For a spinless relativistic particle of mass m and charge e in an external constant
magretic field B = (0,0, B) obeying the stationary Klein-Gordon equation,

[ 2 (—ihV EA)Q -I—mzcd} ¢z, y,2) = B> (w1
C o s & - :Jaz)a

the procedure is almost identical. Using the same ansatz as before (for the same reason),
the equation can be rewritten as

(92
[pic2+pgcz—ﬁ262“é?+2083y w+m204+62B2y2_E2:| d):O

or

dy? nic ) B2

(cﬁ (pec+eBy)® | E? —mlct P5)¢(

Changing variable to £ = (pgc+eBy)/fic, we again obtain the equation for the harmonic
oscillator with identifications

M2? B (h(,*)?
B \eB
and
2M (cpz)2 E? —m2c!
RZ T eB e2 B2
This gives the energy levels:
2 2.4 2 | D}
Z —
By, =m c” + 2me {%JFMB(Zn—}—l)} ; n=0,12,..,

where p = |e|fi/2mec.
Based on these results, we can guess a formula for the energy levels of a relativistic
particle of gpin s in a constant magnetic field

2
2
Eﬁ’pz =m?c! + 2mc? {2%% +puB2n+ 1)+ EZMBJ ; n=0,1,2,..,

where S, =0 for s =0, §, = £h/2 for s = 1/2, §, = 0,£1 for s = 1 etc, with 25 + 1
values in general. For s = 1, there exists an instability (E? < 0) in the spectrum for
Pz =0, n=0and eB > m2c*/he. The solution is no longer stationary, one may expect
particle production by the field, and the one-particle wave equation description breaks
down. This is in fact a known instability of a gauge boson in an external magnetic field,
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