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Section V. (General relativity and cosmology)
1. The space time metric around the Earth is
ds* = —cla(r)dt? + [a(r)] " dr? + r2d9? + r? sin? Od4?

with a(r) =1~ %%M and where M is the mass of the Barth, R is its radius and 0 = 0
corresponds to the North Pole. Geodesics in this space time satisfy:

dﬂ; (26 at) = 0

5 (2#9) —2r%sinfcosfd® = O
= (21' sin*fd) = 0
% (?‘5) — PR ;1;7"2 2002 4 2rsin? 047 = L
~ where ) is an affine parameter and o' = —u . Counsider Satellite A with a circular orhit,

7 = 0, around the Earth along a line of constant ¢ = 0. Show that we are allowed to

choose A =1 and that
(de )2 _GM
at) = 3

Consider an observation station on the surface of the Earth at the North Pole,
Find the proper time elapsed on Satellite A during an interval of time A¢ as compared
to the proper time elapsed on the observation station. Show that the ratio between the
two can be approximated by

Asuielltso &, 4 L GM_3GM
ATNorth Pole 2R 2 oPr
Now compare the proper time of a geostationary Satellite B on a circular orbit

with @ = 7 /2 with that on an observaiion station sitting on the equator right below it.
Show that the ratio between the two proper times can be approximated by

Asuelio s _ oy GM _ GM
&mquatur c?R, o

Explain the difference bstween the two results.
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2. Consider the metric
ds? = —c2dt? + a2(1)(dr® 4+ r2d6* + r¥ sin® 0dg”) .

Wiite down the Lagrangian for the geodesic equations in terms of an affine parameter

A [3]
Show that the geodesic equations on this space time are
a 2\ da .o, 240,20 2052
d)\( 2ct) = —I—Zadt(r + 0% 4 réin® %)

2ar (62 + sin? 0¢%)

I

;% (20.21")

d 2.2n _ 2.2 . 12
a(ﬂarﬁ) = 2a°rsinfcosdp

d 92,2 .2 g
5\ (2& ™ sin qu) = 0
where over-dota correspond to derivatives taken with respect to A. Use these geodesic

equations to write down all the non-zero connection coefficients for this space time. [10]

Now consider a geodesic along the radial direction and set 6 = 7/2 and ¢ = 0.
Show that the geodesic equations can be solved to give

o
a?
2
a0 _ 9
it = 02+ﬂ

Fo=

where o and 4 are integration constants. Show that for a niassless particle we have
8 =0. [6]

Show that, if you choose a(t) = exp[H (t —to)] (where H is constant), the solution
1o the geodesic equations of a massless particle, emitted at time f, from a distance r,
from the origin, is

exp[H(t —t)] = %(Cd)\ +¢)

. Ez_ [_m_l_, + 5}
T T T ahte '
Combine these expression to show that at £ =4y
Halto) re = ¢z

with 1 -+ z = 1/R(te). [6]
<

alte)
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3. The metric for a closed universe is given by

dr?
2_ _2n2 2 2902 4 2 e 2400
de* = ~c*dt* + o*(t) {1-(7‘/R)2+T d6* + r*sin’ fdg

where the scale factor satisfies the FRW equation

a

(6 G, 06 ¢
T3P T (Ra

Here A is the cosmological constant and p is the energy density of dust. Draw a sketch
showing how the three distinct contributions on the right hand side of the FRW equation
evolve with time and the order in which each of them dominates,

Consider A = 0 agld asgume that today, af £ = #o, we have that p iz just very
slightly larger than WGSCW‘ How will this Universs evolve in the futuré? Give a rough
estimate, in terms of #p, for how long you expect this Universe (o last until ¢ collapses
to (. '

Considering a radial geodesic for a photon, find the digtance travelled as function
of physical time, r(£), as a function of the comoving distance,

¢ cdt!
o aft)

What is the furthest distance a photon can travel in this unjverse?

D.=

Now consider A # 0. Use the Raychauduri equation to find a static selution of
the FRW equations. Show that in this Universe we have a particular value of the anergy
density, pg, given by

_ A
PE= i !
and that the scale factor is given by
o = 1
VRN

Consider a universe for which p is just slightly larger than pg. What is & and how
does this universe evolve? Consider now a universe for which p is just slightly smaller
than pg. What is & and how does this universe evolve? Given what you found, do you
think the static universe is stable?

2777 4



4. Consider a flat, homogenous and isotropic universe with scale factor a(t) satisfying

the FRW equation
(9)2 = 2" 0 + pn)
a = 3 M T PR}

where pyt is the energy density in dust and pg is the energy density in radiation. How do
pu and pp depend on a ? Find g as a function ol ¢ at early times (when pp, dominates)
and at late times (when py dominates) and ensure that thab they match at equality,
teq» When py = pr. (Pick your constant of integration such that o = 1 today, at &g.) (6]

Find an expression for the horizon gize when ¢ < tog. Show that it takes the form

¢ T+ zeg

ralz) = A

where the redshift is defined through 1 4-z = %, Zeq 18 the redshift at equality and Io
is the Hubble constant. [7]

The number density of photons in the Universe is given by

a1y 1 3% 108
nzf'B 0___N83X m_3

> Ty ~ (0,486 _ﬁ;aﬁ =~ pe;

where Ty = 2.73 K. Explain, using rough arguments, why this expression arises from the
assumption of thermal equilibrium in the early Universe. What conditions in the early
Universe ensure that there is thermal equilibrium? [5]

Find an expression for the total number of photons within one coamological hori-
zon, Ny as a function of redshift for early times, assuming 2z > Zeg OF £ < feg. Show
that Ny — 0 as z — co. Find an expression for the value of z when Ny = 1 in terms
of Ny(to). Explain why your result isn’t compatible with the assumption of thermal
equilibrium or with a homogeneous and isotropic Universe at very early times. 7]
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