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Short Preface to My Second Year Lecturing This Course

Last year was my rst year teaching this course. In fact, it was my rst experience teaching
any undergraduate course. | admit that | learned quite a bit from the experience. The good news
is that the course was viewed mostly as a success, even by the tdugeasure of student reviews. |
particularly would like to thank that student who wrote on his or her r eview that | deserve a raise
| and 1 would like to encourage my department chair to post this revie w on his wall and refer to
it frequently.

With luck, the second iteration of the course will be even better than the rst. Having
learned so much from teaching the course last year, | hope to impke it even further for this year.
One of the most important things | learned was how much students gpreciate a clear, complete,
and error-free set of notes. As such, | am spending quite a bit ofitne reworking these notes to
make them as perfect as possible.

Repeating my plea from last year, if you can think of ways that thesenotes (or this course)
could be further improved (correction of errors or whatnot) please let me know. The next generation
of students will certainly appreciate it and that will improve your Kar ma. ,

Oxford, United Kingdom
January, 2012.



Preface

When | was an undergraduate, | thought solid state physics (a sukgenre of condensed matter
physics) was perhaps the worst subject that any undergraduat could be forced to learn { boring
and tedious, \squalid state" as it was commonly called. How much would | really learn about the
universe by studying the properties of crystals? | managed to avd taking this course altogether.
My opinion at the time was not a re ection of the subject matter, but rather was a re ection of
how solid state physics was taught.

Given my opinion as an undergraduate, it is a bit ironic that | have becane a condensed
matter physicist. But once | was introduced to the subject propely, | found that condensed matter
was my favorite subject in all of physics { full of variety, excitement, and deep ideas. Many many
physicists have come to this same conclusion. In fact, condensedatter physics is by far the largest
single sub eld of physics (the annual meeting of condensed mattephysicists in the United States
attracts over 6000 physicists each year!). Sadly a rst introduction to the topic can barely scratch
the surface of what constitutes the broad eld of condensed mder.

Last year when | was told that a new course was being prepared toetach condensed matter
physics to third year Oxford undergraduates, | jumped at the opportunity to teach it. | felt that
it must be possible to teach a condensed matter physics course that is juas interesting and
exciting as any other course that an undergraduate will ever take It must be possible to convey
the excitement of real condensed matter physics to the undergduate audience. | hope | will
succeed in this task. You can judge for yourself.

The topics | was asked to cover (being given little leeway in choosing th syllabus) are not
atypical for a solid state physics course. In fact, the new condesed matter syllabus is extremely
similar to the old Oxford B2 syllabus { the main changes being the remoual of photonics and device
physics. A few other small topics, such as superconductivity and pint-group symmetries, are also
nonexaminable now, or are removed altogether . A few other topicgthermal expansion, chemical
bonding) are now added by mandate of the IOF.

At any rate, the changes to the old B2 syllabus are generally minor, ¢ | recommend that
Oxford students use the old B2 exams as a starting point for guring out what it is they need to
study as the exams approach. In fact, | have used precisely thesold exams to gure out what |
need to teach. Being that the same group of people will be setting th exams this year as set them
last year, this seems like a good idea. As with most exams at Oxford,n® starts to see patterns
in terms of what type of questions are asked year after year. Théecture notes contained here are
designed to cover exactly this crucial material. | realize that thesenotes are a lot of material, and
for this | apologize. However, this is theminimum set of notes that covers all of the topics that
have shown up on old B2 exams. The actual lectures for this courswill try to cover everything
in these notes, but a few of the less crucial pieces will necessarily loggossed over in the interest of
time.

Many of these topics are covered well in standard solid state physgreferences that one
might nd online, or in other books. The reason | am giving these lectues (and not just telling
students to go read a standard book) is because condensed meitsolid-state is an enormous
subject | worth many years of lectures | and one needs a guide to d ecide what subset of topics

1This jibe against solid state physics can be traced back to th e Nobel Laureate Murray Gell-Mann, discoverer
of the quark, who famously believed that there was nothing in teresting in any endeavor but particle physics.
Interestingly he now studies complexity | a eld that mostly arose from condensed matter.

2\We can discuss elsewhere whether or not we should pay attenti on to such mandates in general { although these
particular mandates do not seem so odious.



are most important (at least in the eyes of the examination committee). | believe that the lectures
contained here give depth in some topics, and gloss over other tofcso as to re ect the particular
topics that are deemed important at Oxford. These topics may di er a great deal from what is
deemed important elsewhere. In particular, Oxford is extremely havy on scattering theory (x-ray
and neutron diraction) compared with most solid state courses or books that | have seen. But
on the other hand, Oxford does not appear to believe in group remsentations (which resulted in
my elimination of point group symmetries from the syllabus).

| cannot emphasize enough that there are many many extremely god books on solid-state
and condensed matter physics already in existence. There are alsaany good resources online (in-
cluding the rather infamous \Britney Spears' guide to semiconducbr physics" | which is tongue-
in-cheek about Britney Spears, but actually is a very good reference about semiconductors). |
will list here some of the books that | think are excellent, and throughout these lecture notes, |
will try to point you to references that | think are helpful.

States of Matter , by David L. Goodstein, Dover

Chapter 3 of this book is a very brief but well written and easy to read description of much
of what we will need to cover (but not all, certainly). The book is also published by Dover
which means it is super-cheap in paperback. Warning: It uses cgs its rather than Sl units,
which is a bit annoying.

Solid State Physics, 2nd ed by J. R. Hook and H. E. Hall, Wiley
This is frequently the book that students like the most. It is a rst in troduction to the
subject and is much more introductory than Ashcroft and Mermin.

The Solid State , by H M Rosenberg, OUP

This slightly more advanced book was written a few decades ago to ger what was the solid
state course at Oxford at that time. Some parts of the course hee since changed, but other
parts are well covered in this book.

Solid-State Physics, 4ed , by H. Ibach and H. Luth, Springer-Verlag
Another very popular book on the subject, with quite a bit of inform ation in it. More
advanced than Hook and Hall

Solid State Physics , by N. W. Ashcroft and D. N. Mermin, Holt-Sanders

This is the standard complete introduction to solid state physics. It has many many chapters
on topics we won't be studying, and goes into great depth on almosterything. It may be

a bit overwhelming to try to use this as a reference because of infaration-overload, but

it has good explanations of almost everything. On the whole, this is myfavorite reference.
Warning: Also uses cgs units.

Introduction to Solid State Physics, 8ed , by Charles Kittel 4, Wiley

This is a classic text. It gets mixed reviews by some as being unclear omany matters. It
is somewhat more complete than Hooke and Hall, less so than Ashctodnd Mermin. Its
selection of topics and organization may seem a bit strange in the maain era.

The Basics of Crystallography and Di raction, 3ed , by C Hammond, OUP
This book has historically been part of the syllabus, particularly for the scattering theory
part of the course. | don't like it much.

3This guide was written when Ms. Spears was just a popular youn g performer and not the complete train wreck
that she appears to be now.

4Kittel happens to be my dissertation-supervisor's dissert ation-supervisor's dissertation-supervisor's disserta tion-
supervisor, for whatever that is worth.



Structure and Dynamics , by M.T. Dove, Oxford University Press
This is a more advanced book that covers scattering in particular. 1is used in the Condensed
Matter option 4-th year course.

Magnetism in Condensed Matter , by Stephen Blundell, OUP
Well written advanced material on the magnetism part of the course. It is used in the
Condensed Matter option 4-th year course.

Band Theory and Electronic Properties of Solids , by John Singleton, OUP
More advanced material on electrons in solids. Also used in the Condsed Matter option
4-th year course.

Solid State Physics , by G. Burns, Academic
Another more advanced book. Some of its descriptions are shortut very good.

I will remind my reader that these notes are a rst draft. | apologiz e that they do not cover
the material uniformly. In some places | have given more detail thanin others { depending mainly
on my enthusiasm-level at the particular time of writing. | hope to go back and improve the quality
as much as possible. Updated drafts will hopefully be appearing.

Perhaps this pile of notes will end up as a book, perhaps they will not. This is not my
point. My point is to write something that will be helpful for this cours e. If you can think of ways
that these notes could be improved (correction of errors or whatot) please let me know. The next
generation of students will certainly appreciate it and that will impro ve your Karma. ,

Oxford, United Kingdom
January, 2011.
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Chapter 1

About Condensed Matter Physics

This chapter is just my personal take on why this topic is interesting It seems unlikely to me that
any exam would ask you why you study this topic, so you should probhly consider this section
to be not examinable. Nonetheless, you might want to read it to gure out why you should think
this course is interesting if that isn't otherwise obvious.

1.1 What is Condensed Matter Physics

Quoting Wikipedia:

Condensed matter physics is the eld of physics that deals with the nacro-
scopic and microscopic physical properties of matter. In particula, it is

concerned with the \condensed" phases that appear wheneverhe num-
ber of constituents in a system is extremely large and the interactias be-
tween the constituents are strong. The most familiar examples of andensed
phases are solids and liquids, which arise from the electromagnetic riies
between atoms.

The use of the term \Condensed Matter" being more general tharjust solid state was coined
and promoted by Nobel-Laureate Philip W. Anderson.

1.2 Why Do We Study Condensed Matter Physics?

There are several very good answers to this question

1. Because it is the world around us
Almost all of the physical world that we see is in fact condensed matr. Questions such as

why are metals shiny and why do they feel cold?
why is glass transparent?
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why is water a uid, and why does uid feel wet?
why is rubber soft and stretchy?

These questions are all in the domain of condensed matter physicsin fact almost every
guestion you might ask about the world around you, short of askingabout the sun or stars,
is probably related to condensed matter physics in some way.

. Because it is useful

Over the last century our command of condensed matter physics d&s enabled us humans to
do remarkable things. We have used our knowledge of physics to eimger new materials and
exploit their properties to change our world and our society compleely. Perhaps the most
remarkable example is how our understanding of solid state physicsn@bled new inventions
exploiting semiconductor technology, which enabled the electronicendustry, which enabled

computers, iPhones, and everything else we now take for granted

. Because it is deep

The questions that arise in condensed matter physics are as deers @hose you might nd
anywhere. In fact, many of the ideas that are now used in other éds of physics can trace
their origins to condensed matter physics.

A few examples for fun:

The famous Higgs boson, which the LHC is searching for, is no di erenfrom a phe-

nomenon that occurs in superconductors (the domain of conderes matter physicists).

The Higgs mechanism, which gives mass to elementary particles is fragntly called the

\Anderson-Higgs" mechanism, after the condensed matter phywist Phil Anderson (the

same guy who coined the term \condensed matter") who describeanuch of the same
physics before Peter Higgs, the high energy theorist.

The ideas of the renormalization group (Nobel prize to Kenneth Wilsa in 1982) was
developed simultaneously in both high-energy and condensed mattghysics.

The ideas of topological quantum eld theories, while invented by sting theorists as
theories of quantum gravity, have been discovered in the laboratry by condensed matter
physicists!

In the last few years there has been a mass exodus of string thests applying black-
hole physics (in N -dimensions!) to phase transitions in real materials. The very same
structures exist in the lab that are (maybe!) somewhere out in the osmos!

That this type of physics is deep is not just my opinion. The Nobel conmittee agrees with
me. During this course we will discuss the work of no fewer than 50 Nwzel laureates! (See
the index of scientists at the end of this set of notes).

. Because reductionism doesn't work

beginfrant g People frequently have the feeling that if you continually ask \what is it made
of" you learn more about something. This approach to knowledge is kown asreductionism.

For example, asking what water is made of, someone may tell you it is ade from molecules,
then molecules are made of atoms, atoms of electrons and protonprotons of quarks, and
guarks are made of who-knows-what. But none of this informationtells you anything about
why water is wet, about why protons and neutrons bind to form nudei, why the atoms
bind to form water, and so forth. Understanding physics inevitably involves understanding
how many objects all interact with each other. And this is where things get di cult very



1.2. WHY DO WE STUDY CONDENSED MATTER PHYSICS? 3

quickly. We understand the Schroedinger equation extremely welldr one particle, but the
Schroedinger equations for four or more particles, while in principle alvable, in practice are
never solved because they are too di cult | even for the world's bigg est computers. Physics
involves guring out what to do then. How are we to understand how many quarks form
a nucleus, or how many electrons and protons form an atom if we camt solve the many
particle Schroedinger equation?

Even more interesting is the possibility that we understand very wellthe microscopic theory
of a system, but then we discover that macroscopic propertieemergefrom the system that
we did not expect. My personal favorite example is when one puts tgether many electrons
(each with charge €) one can sometimes nd new particles emerging, each having one thir
the charge of an electront Reductionism would never uncover this | it misses the point
completely. endf rant g

5. Because it is a Laboratory

Condensed matter physics is perhaps the best laboratory we havéor studying quantum
physics and statistical physics. Those of us who are fascinated byhat quantum mechanics
and statistical mechanics can do often end up studying condensenhatter physics which is
deeply grounded in both of these topics. Condensed matter is an imitely varied playground
for physicists to test strange quantum and statistical e ects.

| view this entire course as an extension of what you have already leaed in quantum and
statistical physics. If you enjoyed those courses, you will likely ejoy this as well. If you did
not do well in those courses, you might want to go back and study tlem again because many
of the same ideas will arise here.

1Yes, this truly happens. The Nobel prize in 1998 was awarded t o Dan Tsui, Horst Stormer and Bob Laughlin,
for discovery of this phenomenon known as the fractional qua ntum Hall e ect.
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Chapter 2

Speci ¢ Heat of Solids:
Boltzmann, Einstein, and Debye

Our story of condensed matter physics starts around the turn & the last century. It was well

known (and you should remember from last year) that the heat capcity! of a monatomic (ideal)

gas isC, = 3kg =2 per atom with kg being Boltzmann's constant. The statistical theory of gases
described why this is so.

As far back as 1819, however, it had also been known that for mangolids the heat capacity
is given by?

C = 3kg peratom
or C = 3R

which is known as theLaw of Dulong-Petit®. While this law is not always correct, it frequently is
close to true. For example, at room temperature we have

With the exception of diamond, the law C=R = 3 seems to hold extremely well at room temper-
ature, although at lower temperatures all materials start to deviate from this law, and typically

1we will almost always be concerned with the heat capacity C per atom of a material. Multiplying by Avogadro's
number gives the molar heat capacity or heat capacity per mole. The specic heat (denoted often as c rather than
C) is the heat capacity per unit mass. However, the phrase \spe cic heat" is also used loosely to describe the molar
heat capacity since they are both intensive guantities (as ¢ ompared to the total heat capacity which is extensive |
i.e., proportional to the amount of mass in the system). We wi |l try to be precise with our language but one should
be aware that frequently things are written in non-precise w ays and you are left to gure out what is meant. For
example, Really we should say Cy, per atom = 3 kg =2 rather than Cy = 3kg =2 per atom, and similarly we should
say C per mole = 3 R. To be more precise | really would have liked to title this cha pter \Heat Capacity Per Atom
of Solids" rather than \Speci ¢ Heat of Solids". However, fo  r over a century people have talked about the \Einstein
Theory of Specic Heat" and \Debye Theory of Specic Heat" an d it would have been almost scandalous to not
use this wording.

2Here | do not distinguish between Cp and Cy because they are very close to the same. Recall that Cp Cy =
VT 2= 1 where 1 is the isothermal compressibility and is the coe cient of thermal expansion. For a solid is
relatively small.

3Both Pierre Dulong and Alexis Petit were French chemists. Ne ither is remembered for much else besides this
law.
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Material C=R
Aluminum 2.91
Antimony | 3.03

Copper 2.94

Gold 3.05
Silver 2.99
Diamond | 0.735

Table 2.1: Heat Capacities of Some Solids

C drops rapidly below some temperature. (And for diamond when the emperature is raised, the
heat capacity increases towards R as well, see Fig. 2.2 below).

In 1896 Boltzmann constructed a model that accounted for this lav fairly well. In his model,
each atom in the solid is bound to neighboring atoms. Focusing on a sitg particular atom, we
imagine that atom as being in a harmonic well formed by the interactionwith its neighbors. In
such a classical statistical mechanical model, the heat capacity dhe vibration of the atom is 3kg
per atom, in agreement with Dulong-Petit. (Proving this is a good homework assignment that you
should be able to answer with your knowledge of statistical mechani& and/or the equipartition
theorem).

Several years later in 1907, Einstein started wondering about whyhis law does not hold at
low temperatures (for diamond, \low" temperature appears to be room temperature!). What he
realized is that quantum mechanics is important!

Einstein's assumption was similar to that of Boltzmann. He assumed tlat every atom is
in a harmonic well created by the interaction with its neighbors. Further he assumed that every
atom is in an identical harmonic well and has an oscillation frequency (known as the \Einstein"
frequency).

The quantum mechanical problem of a simple harmonic oscillator is one twse solution we
know. We will now use that knowledge to determine the heat capacityof a single one dimensional
harmonic oscillator. This entire calculation should look familiar from your statistical physics
course.

2.1 Einstein's Calculation

In one dimension, the eigenstates of a single harmonic oscillator are
En =~ (n+1=2)

with ! the frequency of the harmonic oscillator (the \Einstein frequency'). The partition function
is then®

X
ZlD - e ~I (n+1 =2)
n>0
e =2 1
© 1 e ' 2sinh( ~1=2)

4We will very frequently use the standard notation =1=(kg T).
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The expectation of energy is then

2.1)

where ng is the Bos€ occupation factor

1
ng (X) = = 1

This result is easy to interpret: the mode! is an excitation that is excited on averageng times,
or equivalently there is a \boson" orbital which is \occupied" by ng bosons.

Di erentiating the expression for energy we obtain the heat capadty for a single oscillator,

_ @Ei _ ~ e
©@r Tl ey

Note that the high temperature limit of this expression gives C = kg (check this if it is not
obvious!).

Generalizing to the three-dimensional case,
Encinyin, = ~H(nx +1=2)+(ny +1=2)+ (n; +1=2)]

and X
Zap = e Enymnynz :[ZlD]S
Nyx;Ny:n;>0

resulting in hEspi = 3hE pi, so correspondingly we obtain
~I

C=3kB( ~! )2(e_e|71)2

Plotted this looks like Fig. 2.1.

5Satyendra Bose worked out the idea of Bose statistics in 1924 , but could not get it published until Einstein lent
his support to the idea.
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Figure 2.1: Einstein Heat Capacity Per Atom in Three Dimensions

Note that in the high temperature limit kg T ~! recover the law of Dulong-Petit | 3 kg
heat capacity per atom. However, at low temperature T  ~!=k g) the degrees of freedom \freeze
out", the system gets stuck in only the ground state eigenstate,and the heat capacity vanishes
rapidly.

Einstein's theory reasonably accurately explained the behavior ofhe the heat capacity as a
function of temperature with only a single tting parameter, the Ein stein frequency! . (Sometimes
this frequency is quoted in terms of the Einstein temperature~! = Kg Tginstein )- In Fig. 2.2 we
show Einstein's original comparison to the heat capacity of diamond.

For most materials, the Einstein frequency! is low compared to room temperature, so
the Dulong-Petit law hold fairly well (being relatively high temperature compared to the Einstein
frequency). However, for diamond,! is high compared to room temperature, so the heat capacity
is lower than 3R at room temperature. The reason diamond has such a high Einsteirréquency is
that the borF\)dinibetween atoms in diamond is very strong and its mas is relatively low (hence
a high! = =m oscillation frequency with a spring constant andm the mass). These strong
bonds also result in diamond being an exceptionally hard material.

Einstein's result was remarkable, not only in that it explained the temperature dependence
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Figure 2.2: Plot of Molar Heat Capacity of Diamond from Einstein's Original 1907
paper. The t is to the Einstein theory. The x-axis iskgT in units of ~! and the
y axis is C in units of cal/(K-mol). In these units, 3 R 5:96.

of the heat capacity, but more importantly it told us something fund amental about quantum
mechanics. Keep in mind that Einstein obtained this result 19 years b#ore the Schroedinger
equation was discovered!

2.2 Debye's Calculation

Einstein's theory of specic heat was extremely successful, but sl there were clear deviations
from the predicted equation. Even in the plot in his rst paper (Fig. 2 .2 above) one can see that
at low temperature the experimental data lies above the theoretial curve’. This result turns out
to be rather important! In fact, it was known that at low temperat ures most materials have a heat
capacity that is proportional to T2 (Metals also have a very small additional term proportional to
T which we will discuss later in section 4.2. Magnetic materials may have dter additional terms
as welP. Nonmagnetic insulators have only theT?3 behavior). At any rate, Einstein's formula at
low temperature is exponentially small in T, not agreeing at all with the actual experiments.

In 1912 Peter Debyé discovered how to better treat the quantum mechanics of oscillatios
of atoms, and managed to explain theT 2 speci ¢ heat. Debye realized that oscillation of atoms is
the same thing as sound, and sound is a wave, so it should be quantiz¢he same way as Planck
guantized light waves. Besides the fact that the speed of light is mue faster than that of sound,
there is only one minor di erence between light and sound: for light, there are two polarizations for
eachk whereas for sound, there are three modes for ea¢h(a longitudinal mode, where the atomic
motion is in the same direction ask and two transverse modes where the motion is perpendicular
to k. Light has only the transverse modes.). For simplicity of presentaion here we will assume that
the transverse and longitudinal modes have the same velocity, althugh in truth the longitudinal

BEinstein was a pretty smart guy.

7 Although perhaps not obvious, this deviation turns out to be real, and not just experimental error.
8We will discuss magnetism in part VII.

9Peter Debye later won a Nobel prize in Chemistry for somethin g completely di erent.
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velocity is usually somewhat greater than the transverse velocity.

We now repeat essentially what was Planck's calculation for light. This @lculation should
also look familiar from your statistical physics course. First, howeer, we need some preliminary
information about waves:

2.2.1 About Periodic (Born-Von-Karman) Boundary Conditio ns

Many times in this course we will consider waves with periodic or \BornVon-Karman" boundary
conditions. It is easiest to describe this rst in one dimension. Here,instead of having a one
dimensional sample of lengthL with actual ends, we imagine that the two ends are connected
together making the sample into a circle. The periodic boundary condion means that, any wave
in this sample €k is required to have the same value for a positiom as it has forr + L (we have
gone all the way around the circle). This then restricts the possiblevalues ofk to be

2n
k= ———
L
for n an integer. If we are ever required to sum over all possible values & for large enoughL we
can replace the sum with an integral obtaining*
X L Z,
= dk
k 2 1

A way to understand tfjs mapping is to note that the spacing betwee allowed points in k space
is 2=L so the integral dk can be replaced by a sum ovek points times the spacing between the
points.

In three dimensions, the story is extremely similar. For a sample of siz L3, we identify
opposite ends of the sample (wrapping the sample up into a hypertars!) so that if you go a
distance L in any direction, you get back to where you started?. As a result, our k values can
only take values

2
k= f(n1;n2;n3)

for integer values ofn;, so here eachk point now occupies a volume of (2=L )3. Because of this
discretization of values ofk, whenever we have a sum over all possible values we obtain

X LSZ

10We have also assumed the sound velocity to be the same in every direction, which need not be true in real
materials. It is not too hard to include anisotropy into Deby  e's theory as well.
111n your previous courses you may have used particle in a box bo undary conditions where instead of plane waves
e2m=L you used particle in a box wavefunctions of the form sin( kn r=L ). This gives you instead
X 2.
! L dk
K 0

which will inevitably result in the same physical answers as  for the periodic boundary condition case. All calculations
can be done either way, but periodic Born-Von-Karmen bounda ry conditions are almost always simpler.

125uch boundary conditions are very popular in video games. It may also be possible that our universe has
such boundary conditions | a notion known as the doughnut universe. Data collected by Cosmic Microwave
Background Explorer (led by Nobel Laureates John Mather and  George Smoot) and its successor the Wilkinson
Microwave Anisotropy Probe appear consistent with this str  ucture.
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with the integral over all three dimensions of k-space (this is what we mean by the bolddk).
One might think that wrapping the sample up into a hypertorus is very unnatural compared to
considering a system with real boundary conditions. However, thee boundary conditions tend to
simplify calculations quite a bit and most physical quantities you might measure could be measured
far from the boundaries of the sample anyway and would then be indeendent of what you do with
the boundary conditions.

2.2.2 Debye's Calculation Following Planck

Debye decided that the oscillation modes were waves with frequendaé (k) = vjkj with v the sound
velocity | and for each k there should be three possible oscillation modes, one for each diréa
of motion. Thus he wrote an expression entirely analogous to Einsia's expression (compare to
Eqg. 2.1)

X 1
Ei = 3 (k) ne( ~(K)+ 5
lI<_3 z 1

Each excitation mode is a boson of frequency (k) and it is occupied on averageng ( ~! (k)) times.
By spherical symmetry, we may convert the three dimensional intgral to a one dimensional
integral z Z,

dk ! 4 k?dk
0

(recall that 4 k 2 is the area of the surface of a spheté of radius k) and we also usek = !=v to
obtain 7
hEi ::;i3 ' 12d (=) (~!) ng( ~1)+ 1
2y, ¢ ! ! 5
It is convenient to replacenL® = N wheren is the density of atoms. We then obtain
FEi = dlg()~') ng( ~)+ > (2.2)
0

where the density of statesis given by

121 2 92
1) = ——— _
g(!)=N PRERE N 3 (2.3)
where
13=6 2nv3 (2.4)

This frequency will be known as theDebye frequencyand below we will see why we chose to de ne
it this way with the factor of 9 removed.

The meaning of the density of state$* here is that the total number of oscillation modes
with frequencies between! and! + d! is given by g(! )d! . Thus the interpretation of Eq. 2.2 is

" —R R, R R, . . .
Or to be pedantic, dk! S d , d sin k<dk and performing the angular integrals gives 4
14We will encounter the concept of density of states many times , so it is a good idea to become comfortable with
it!
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simply that we should count how many modes there are per frequenc(given by g) then multiply
by the expected energy per mode (compare to Eq. 2.1) and nally wéntegrate over all frequencies.
This result, Eq. 2.2, for the quantum energy of the sound waves istgkingly similar to Planck's
result for the quantum energy of light waves, only we have replace@=c by 3=\® (replacing the 2
light modes by 3 sound modes). The other change from Planck’s clagsresult is the +1=2 that we
obtain as the zero point energy of each oscillatdP. At any rate, this zero point energy gives us a
contribution which is temperature independent'®. Since we are concerned wittC = @E i =@ Tthis
term will not contribute and we will separate it out. We thus obtain

on-Z 13 :
hEi = — d — + T independent constant
'3 o et 1
by de ning a variable x = ~! this becomes
Z, 3
hEi = N dx X + T independent constant

13(9% o & 1
The nasty integral just gives some numbet’ { in fact the number is 4=15. Thus we obtain

(ke T)* *

hEi :QNW]__S

+ T independent constant
Notice the similarity to Planck's derivation of the T# energy of photons. As a result, the heat
capacity is
i 3 4
C-= @Ei = Nkg (kg T)° 12 T3
@T (~ta)® 5

This correctly obtains the desired T2 specic heat. Furthermore, the prefactor of T2 can be
calculated in terms of known quantities such as the sound velocity ad the density of atoms. Note
that the Debye frequency in this equation is sometimes replaced by gemperature

~la= ke TDebye
known as the Debye temperature so that this equation reads

@Ei (T} 124
C= — = Nkg ———="——
@T ® (Toeoye)® 5

15planck should have gotten this energy as well, but he didn't k now about zero-point energy | in fact, since it
was long before quantum mechanics was fully understood, Deb ye didn't actually have this term either.

16 Temperature independent and also in nite. Handling in nit ies like this is something that gives mathematicians
nightmares, but physicist do it happily when they know that t  he in nity is not really physical. We will see below
in section 2.2.3 how this in nity gets properly cut o by the D ebye Frequency.

171f you wanted to evaluate the nasty integral, the strategy is  to reduce it to the famous Riemann zeta function.
We start by writing

Z, 3 Z, 3a X Z, Z,

X2 = x € = dxxaex)é e"X:>4 dxx3e ”":3!>4 1

0 e 1 0 1 e 0 n=0 n=1 O n=1
The resulting sum is a special case of the famous Riemann zeta function dened as (p) = %:1 n P where here
we are concerned with the value of (4). Since the zeta function is one of the most important func tions in all of
mathematics 18, one can just look up its value on a table to nd that (4)= 4=90 thus giving us the above stated
result that the nasty integral is 4=15. However, in the unlikely event that you were stranded on a  desert island
and did not have access to a table, you could even evaluate thi s sum explicitly, which we do in the appendix to this
chapter.

18 One of the most important unproven conjectures in all of math  ematics is known as the Riemann hypothesis and
is concerned with determining for which values of p does (p) = 0. The hypothesis was written down in 1869 by
Bernard Riemann (the same guy who invented Riemannian geome try, crucial to general relativity) and has de ed
proof ever since. The Clay Mathematics Institute has o ered  one million dollars for a successful proof.
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2.2.3 Debye's \Interpolation”

Unfortunately, now Debye has a problem. In the expression derive above, the heat capacity is
proportional to T2 up to arbitrarily high temperature. We know however, that the heat capacity
should level o to 3kg N at high T. Debye understood that the problem with his approximation
is that it allows an in nite number of sound wave modes | up to arbitrar ily large k. This would
imply more sound wave modes than there are atoms in the entire syst. Debye guessed (correctly)
that really there should be only as many modes as there are degree$ freedom in the system. We
will see in sections 8-12 below that this is an important general princife. To x this problem,
Debye decided to not consider sound waves above some maximum dreency ! cuofr , With this
frequency chosen such that there are exactly 8 sound wave modes in the system (3 dimensions
of motion times N particles). We thus de ne ! oot Via

Z ! cutoff
3N = dlg(!) (2.5)
0
We correspondingly rewrite Eq. 2.2 for the energy (dropping the zeo point contribution) as

! cutoff

FEi = dig(1)~'ng( ~) (2.6)
0

Note that at very low temperature, this cuto does not matter at all, since for large the Bose
factor ng will very rapidly go to zero at frequencies well below the cuto frequency anyway.

Let us now check that this cuto gives us the correct high temperaure limit. For high
temperature
1 | ke T
et 17

Thus in the high temperature limit, invoking Egs. 2.5 and 2.6 we obtain

ng( ~')=

! cutoff
FEi=ksT dig (') =3kg TN
0

yielding the Dulong-Petit high temperature heat capacity C = @Ei=@T= 3kg N = 3kg per atom.
For completeness, let us now evaluate our cuto frequency,

Z| ZI

* cutoff * cutoff |
3N = dig (!)=9N !
0 0 !

|3tff
_ ' cuto
=3N -2

*d

|

[oN ]

we thus see that the correct cuto frequency is exactly the Debye frequency! 4. Note that k =
l g=v=(6 2n)'= (from Eq. 2.4) is on the order of the inverse interatomic spacing of he solid.

More generally (in the neither high nor low temperature limit) one has to evaluate the
integral 2.6, which cannot be done analytically. Nonetheless it can b&one numerically and then
can be compared to actual experimental data as shown in Fig. 2.3.tshould be emphasized that
the Debye theory makes predictions without any free parametersas compared to the Einstein
theory which had the unknown Einstein frequency! as a free tting parameter.

2.2.4 Some Shortcomings of the Debye Theory

While Debye's theory is remarkably successful, it does have a few shoomings.
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Figure 2.3: Plot of Heat Capacity of Silver. They axis is C in units of cal/(K-mol).
In these units, 3R 5:96). Over the entire experimental range, the t to the Debye
theory is excellent. At low T it correctly recovers the T2 dependence, and at high
T it converges to the law of Dulong-Petit.

The introduction of the cuto seems very ad-hoc. This seems like a gccessful cheat rather
than real physics

We have assumed sound waves follow the law = vk even for very very large values of
k (on the order of the inverse lattice spacing), whereas the entire ida of sound is a long
wavelength idea, which doesn't seem to make sense for high enougteduency and short
enough wavelength. At any rate, it is known that at high enough frequency the law! = vk

no longer holds.

Experimentally, the Debye theory is very accurate, but it is not exact at intermediate tem-
peratures.

At very very low temperatures, metals have a term in the heat capaity that is proportional
to T, so the overall heat capacity isC = aT + bT® and at low enoughT the linear term will
dominate®® You can't see this contribution on the plot Fig. 2.3 but at very low T it becomes
evident.

Of these shortcomings, the rst three can be handled more propdy by treating the details
of the crystal structure of materials accurately (which we will do much later in this course). The
nal issue requires us to carefully study the behavior of electronsn metals to discover the origin
of this linear T term (see section 4.2 below).

Nonetheless, despite these problems, Debye's theory was a susastial improvement over
Einstein's?°,

191n magnetic materials there may be still other contribution s to the heat capacity re ecting the energy stored in
magnetic degrees of freedom. See part VII below.
20 Debye was pretty smart too... even though he was a chemist.
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2.3

Summary of Speci ¢ Heat of Solids

(Much of the) Heat capacity (speci ¢ heat) of materials is due to atomic vibrations.
Boltzmann and Einstein models consider these vibrations a8l simple harmonic oscillators.
Boltzmann classical analysis obtains law of Dulong-PetitC = 3Nkg = 3R.

Einstein quantum analysis shows that at temperatures below the osllator frequency, degrees
of freedom freeze out, and heat capacity drops exponentially. Eistein frequency is a tting
parameter.

Debye Model treats oscillations as sound waves. No tting paramegrs.

{ ! = vjkj, similar to light (but three polarizations not two)
{ quantization similar to Planck quantization of light

{ Maximum frequency cuto (~! penye = Kg Tpenye ) NECESSary to obtain a total of only
3N degrees of freedom

{ obtains Dulong-Petit at high TandC T2 atlow T.

Metals have an additional (albeit small) linear T term in the heat capacity which we will
discuss later.

References

Almost every book covers the material introduced in this chapter,but frequently it is done late in
the book only after the idea of phonons is introduced. We will get to fnonons in chapter 8. Before
we get there the following references cover this material without écussion of phonons:

Goodstein sections 3.1 and 3.2
Rosenberg sections 5.1 through 5.13 (good problems included)
Burns sections 11.3 through 11.5 (good problems included)

Once we get to phonons, we can look back at this material again. Distssions are then given also

by

2.4

Dove section 9.1 and 9.2
Ashcroft and Mermin chapter 23
Hook and Hall section 2.6

Kittel beginning of chapter 5

Appendix to this Chapter: (4)
The Riemann zeta function as mentioned above is de ned as
b3
Pp= n*

n=1
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This function occurs frequently in physics, not only in the Debye theory of solids, but also in the
Sommerfeld theory of electrons in metals (see chapter 4 below), asell as in the study of Bose
condensation. As mentioned above in footnote 18 of this chapteiif is also an extremely important
guantity to mathematicians.

In this appendix we are concerned with the value of (4). To evaluate this we write a Fourier

series for the functionx? on the interval [ ; ]. The series is given by
X
x2=2,7 4, cos(x)
2
n>0

with coe cients given by
z

1
a, = =  dxx2cosfx)

These can be calculated straightforwardly to give

. 22=3 n=0
@ =4 =2 n>0

We now calculate an integral in two di erent ways. First we can directly evaluate

z

2 5

dx(x?)? = =—
()= %

On the other hand using the above Fourier decomposition ok? we can write the same integral as
! !

z z X X
22 _ do o
dx(x“) dx > + an cos(x) > + am cos(mx)
z n>£ m> 0
ag 2 X
= dx > + dx (an cosix))

n>0
where we have used the orthogonality of Fourier modes to eliminateross terms in the product.
We can do these integrals to obtain

Z !

2 X 5
dx(x2)2 = % + aﬁ = % +16 (4)

Setting this expression to 2 =5 gives us the result (4) = 4=90.



Chapter 3

Electrons in Metals: Drude
Theory

The fundamental characteristic of a metal is that it conducts eledricity. At some level the reason
for this conduction boils down to the fact that electrons are mobile in these materials. In later
chapters we will be concerned with the question of why electrons @& mobile in some materials but
not in others, being that all materials have electrons in them! For nav, we take as given that there
are mobile electrons and we would like to understand their properties

J.J. Thomson's 1896 discovery of the electron (\corpuscles of chige" that could be pulled out
of metal) raised the question of how these charge carriers might nve within the metal. In 1900 Paul
Drude! realized that he could apply Boltzmann's kinetic theory of gases to uderstanding electron
motion within metals. This theory was remarkably successful, providng a rst understanding of
metallic conduction.?

Having studied the kinetic theory of gases, Drude theory should bevery easy to understand.
We will make three assumptions about the motion of electrons

1. Electrons have a scattering time . The probability of scattering within a time interval dt is
dt=.
2. Once a scattering event occurs, we assume the electron retis to momentum p = 0.

3. In between scattering events, the electrons, which are chasy e particles, respond to the
externally applied electric eld E and magnetic eld B.

The rst two of these assumptions are exactly those made in the kietic theory of gases. The
third assumption is just a logical generalization to account for the fict that, unlike gases molecules,

Ipronounced roughly \Drood-a"

23adly, neither Boltzmann nor Drude lived to see how much inu  ence this theory really had | in unrelated tragic
events, both of them committed suicide in 1906. Boltzmann's famous student, Ehrenfest, also committed suicide
some years later. Why so many highly successful statistical physicists took their own lives is a bit of a mystery.

3|deally we would do a better job with our representation of th e scattering of particles. Every collision should

consider two particles having initial momenta  pinital  and piit@l  and then scattering to nal momenta pf™ and

pfzirlal so as to conserve both energy and momentum. Unfortunately, k eeping track of things so carefully makes the
problem extremely di cult to solve. Assumption 1 is not so cr  azy as an approximation being that there really is a
typical time between scattering events in a gas. Assumption 2 is a bit more questionable, but on average the nal

19
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electrons are charged and must therefore respond to electrorgaetic elds.

We consider an electron with momentump at time t and we ask what momentum it will
have at time t + dt. There are two terms in the answer, there is a probabilitydt= that it will
scatter to momentum zero. If it does not scatter to momentum zeo (with probability 1 dt= ) it
simply accelerates as dictated by its usual equations of motionlp=dt = F. Putting the two terms

together we have

mi+dyi= 1 & (o) + Fd+ 0di=

or? g
P_p P
i (3.1)
where here the forceF on the electron is just the Lorentz force
F= eE+v B)

One can think of the scattering term p= as just a drag force on the electron. Note that in
the absence of any externally applied eld the solution to this di erential equation is just an
exponentially decaying momentum

P(t) = Pintar €

which is what we should expect for particles that lose momentum by sattering.

3.1 Electrons in Fields

3.1.1 Electrons in an Electric Field

Let us start by considering the case where the electric eld is nonz® but the magnetic eld is
zero. Our equation of motion is then

dp _ p

a eE —
In steady state, dp=dt =0 so we have

mv=p= ekE

with m the mass of the electron andv its velocity.

Now, if there is a density n of electrons in the metal each with charge e, and they are all
moving at velocity v, then the electrical current is given by

j= env= eZ—I'IE
m

momentum after a scattering event is indeed zero (if you aver age momentum as a vector). However, obviously it is
not correct that every particle has zero kinetic energy afte r a scattering event. This is a defect of the approach.

4Here we really mean hpi when we write p. Since our scattering is probabilistic, we should view all g uantities
(such as the momentum) as being an expectation over these ran dom events. A more detailed theory would keep
track of the entire distribution of momenta rather than just the average momentum. Keeping track of distributions
in this way leads one to the Boltzmann Transport Equation, wh  ich we will not discuss.
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or in other words, the conductivity of the metal, de ned via j = E is given by’

_en

— (3.2)

By measuring the conductivity of the metal (assuming we know boththe charge and mass of the
electron) we can determine the product of the density and scattang time of the electron.

3.1.2 Electrons in Electric and Magnetic Fields

Let us continue on to see what other predictions come from Drudeheory. Consider the transport
equation 3.1 for a system in both an electric and a magnetic eld. We nw have

dp
—= eE+v B =
at ( ) P
Again setting this to zero in steady state, and usingp = mv andj = nev, we obtain an equation
for the steady state current _
0= e+l B4 M,
ne
or
_ 1 L
- e nez |

We now de ne the 3 by 3 resistivity matrix  which relates the current vector to the electric eld
vector e
E= j
_ . e
such that the components of this matrix are given by
m
ne2

XX = yy = zz =

and if we imagineB oriented in the 2 direction, then

B
ne

xy — yx =
and all other components of are zero. This o -diagonal term in the resistivity is known as the Hall
resistivity, named after Edin Hall who discovered in 1879 that when a magneticeld is applied
perpendicular to a current ow, a voltage can be measured perpedicular to both current and
magnetic eld (See Fig. 3.1.2). As a homework problem you might considr a further generalization

of Drude theory to nite frequency conductivity, where it gives some interesting (and frequently
accurate) predictions.

The Hall coe cient Ry is de ned as

yX

RH = =
iBj
which in the Drude theory is given by
1
Ry = —
H ne
5A related quantity is the mobility , dened by v = F, which is given in Drude theory by = e=m. We will

discuss mobility further in section 16.1.1 below.
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1

Figure 3.1: Edwin Hall's 1879 experiment. The voltage measured perpelicular
to both the magnetic eld and the current is known as the Hall voltage which is
proportional to B and inversely proportional to the electron density (at least in
Drude theory).

This then allows us to measure the density of electrons in a metal.

Aside: One can also consider turning this experiment on its head.ylbu know the density of electrons
in your sample you can use a Hall measurement to determine tinagnetic eld. This is known as a Hall sensor.
Since it is hard to measure small voltages, Hall sensors tglly use materials, such as semiconductors, where
the density of electrons is low s&®y and hence the resulting voltage is large.

Let us then calculaten = 1=(eRy ) for various metals and divide it by the density of atoms.
This should give us the number of free electrons per atom. Later omve will see that it is frequently
not so hard to estimate the number of electrons in a system. A shardescription is that electrons
bound in the core shells of the atoms are never free to travel thraghout the crystal, whereas the
electrons in the outer shell may be free (we will discuss later when #se electrons are free and
when they are not). The number of electrons in the outermost shikis known as the valence of the

atom.

( 15[eRy ])= [density of atoms]

Material In Drude theory this should give Valence

the number of free electrons per atom
which is the valence

Li .8 1
Na 1.2 1
K 1.1 1
Cu 15 1 (usually)
Be -0.2 (but anisotropic) 2
Mg -0.4 2

Table 3.1: Comparison of the valence of various atoms to the meased number of
free electrons per atom (measured via the Hall resistivity and the gomic density).



3.2. THERMAL TRANSPORT 23

We see from table 3.1 that for many metals this Drude theory analysisseems to make sense
| the \valence" of lithium, sodium, and potassium (Li, Na, and K) are a Il one which agrees
roughly with the measured number of electrons per atom. The e etive valence of copper (Cu) is
also one, so it is not surprising either. However, something has clelgrgone seriously wrong for
Be and Mg. In this case, the sign of the Hall coe cient has come out ircorrect. From this result,
one might conclude that the charge carrier for beryllium and magnesim (Be and Mg) have the
opposite charge from that of the electron! We will see below in sectio 16.1.1 that this is indeed
true and is a result of the so-called band structure of these mateals. However, for many metals,
simple Drude theory gives quite reasonable results. We will see in chégr 16 below that Drude
theory is particularly good for describing semiconductors.

If we believe the Hall e ect measurement of the density of electros in metals, using Eq.
3.2 we can then extract a scattering time from the expression for he conductivity. The Drude
scattering time comes out to be in the range of 10 * seconds for most metals near room
temperature.

3.2 Thermal Transport

Drude was brave enough to attempt to further calculate the themal conductivity — due to mobile
electrong using Boltzmann's kinetic theory. Without rehashing the derivation, this result should
look familiar to you from your previous encounters with the kinetic theory of gas

1 .
= §ncvh/|

where ¢, is the heat capacity per particle, hvi is the average thermal velocity and = hvi is the
scattering length. For a conventional gas the heat capacity per prticle is

3
= _k
Cv 25

and

8kg T
m

hvi =

Assuming this all holds true for electrons, we obtain

_ 4nk3T
- m

While this quantity still has the unknown parameter in it, it is the same quantity that occurs
in the electrical conductivity (Eq. 3.2). Thus we may look at the ratio of thermal conductivity to

6In any experiment there will also be some amount of thermal co nductivity from structural vibrations of the
material as well | so called phonon thermal conductivity. (W e will meet phonons in chapter 8 below). However,
for most metals, the thermal conductivity is mainly due to el  ectron motion and not from vibrations.
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electrical conductivity, known as the Lorenz number’:8

_4 ke ?

- 0:94 10 ® wattOhm =K?

7

A slightly di erent prediction is obtained by realizing that we have used hvi? in our calculation,
whereas perhaps we might have instead useal?i which would have then given us instead

kg 2

- 111 10 ® wattOhm =K?

-
1

=3
2

7

This result was viewed as a huge success, being that it was known fatmost half a century that
almost all metals have roughly the same value of this ratio, a fact knan as the Wiedemann-Franz
law. In fact the value predicted for this ratio is only a bit lower than th at measured experimentally
(See table 3.2).

Material L 10 (WattOhm =K?)
Li 2.22
Na 2.12
Cu 2.20
Fe 2.61
Bi 3.53
Mg 2.14
Drude Prediction 0.98-1.11

Table 3.2: Lorenz Numbers = (T ) for Various Metals

So the result appears to be o by about a factor of 2, but still that is very good, considering that
before Drude no one had any idea why this ratio should be a constarat all!

In retrospect we now realize that this calculation is completely incorect (despite its suc-
cessful result). The reason we know there is a problem is becauseewlo not actually measure a
speci ¢ heat of C, = %kg per electron in metals (for certain systems where the density of et#rons
is very low, we do in fact measure this much speci ¢ heat, but not in me¢als). In fact, in most
metals we measure only a vibrational (Debye) speci c heat, plus a v/ small term linear in T at
low temperatures. So why does this calculation give such a good rel$® It turns out (and we will
see later below) that we have made two mistakes that roughly candeeach other. We have used a
speci ¢ heat that is way too large, but we have also used a velocity tht is way too small. We will
see later that both of these mistakes are due to Fermi statistics fothe electron (which we have so
far ignored) and the Pauli exclusion principle.

We can see the problem much more clearly in some other quantities. Téhso-calledPeltier
e ect is the fact that running electrical current through a material also transports heat. The

"This is named after Ludvig Lorenz, not Hendrik Lorentz who is famous for the Lorentz force and Lorentz
contraction. However, just to confuse matters, the two of th em worked on similar topics and there is even a
Lorentz-Lorenz equation

8The dimensions here might look a bit funny, but , the thermal conductivity is measured in Watt/K and is
measured in 1/0hm. To see that WattOhm =K ?2 is the same as (kg =€) note that kg is J/K and e is Coulomb (C).
So we need to show that (J =C)?2 is WattOhm

(I=C)? = (J =sec)(I=C)(1 =(C=sec) = WattVolt =Amp = WattOhm
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so-called Peltier coe cient is de ned by
1=
where 9 is the heat current, andj is the electrical current.

Aside: The Peltier e ect is used for thermoelectric refrigeratiordevices. By running electricity through
a thermoelectric material, you can force heat to be transpd through that material. You can thus transport
heat away from one object and towards another. A good thermieetric device has a high Peltier coe cient,
but must also have a low resistivity, because running a cuntehrough an material with resistivity R will result
in power | 2R being dissipated thus heating it up.

In kinetic theory the thermal current is
jq= %(c\,T)nv (3.3)
herec, T is the heat carried by one particle (with ¢, = 3kg =2 the heat capacity per particle) andn

is the density of particles (and 1/3 is the geometric factor that is probably approximate anyway).
Similarly the electrical current is

j= env
Thus the Peltier coe cient is - T
_ Gl B
T 3 2 (3.4)
so the ratio (known as thermopower, or Seebeck coe cient)S = =T is given by
___ ke _ a4y
S= T %% - 4:3 10 *v=K (3.5)

in Drude theory. For most metals the actual value of this ratio is roughly 100 times smaller! This is
a re ection of the fact that we have usedc, = 3kg =2 whereas the actual speci c heat per particle is
much much lower (which we will understand in the next section when weconsider Fermi statistics
more carefully).

3.3 Summary of Drude Theory

Based on kinetic theory of gases.

Assumes some scattering time , resulting in a conductivity = ne® =m.
Hall coe cient measures density of electrons.

Successes

{ Wiedemann-Franz ratio =( T ) comes out close to right for most materials

{ Many other transport properties predicted correctly (ex, conductivity at nite fre-
guency)

{ Hall coe cient measurement of the density seems reasonable for any metals.

Failures

{ Hall coe cient frequently is measured to have the wrong sign, indicaing a charge carrier
with charge opposite to that of the electron
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{ There is no Xg =2 heat capacity per particle measured for electrons in metals. This
then makes the Peltier coe cient come out wrong by a factor of 10Q

The latter of the two shortcomings will be addressed in the next setion, whereas the former
of the two will be addressed in chapter 16 below where we discuss baiheory.

Despite the shortcomings of Drude theory, it nonetheless was thenly theory of metallic con-
ductivity for a quarter of a century (until the Sommerfeld theory improved it), and it remains quite
useful today (Particularly for seminconductors and other systens with low densities of electrons.
See chapter 16).

References

Ashcroft and Mermin, chapter 1
Burns, chapter 9 part A
Singleton, section 1.1{1.4

Hook and Hall section 3.3 sort-of

Actually, Hook and Hall are aimed mainly at Free electron (Sommerfeld theory (our next
chapter), but they end up doing Drude theory anyway (they don't use the word \Drude").



Chapter 4

More Electrons in Metals:
Sommerfeld (Free Electron)
Theory

In 1925 Pauli discovered the exclusion principle, that no two electras may be in the exact same
state. In 1926, Fermi and Dirac separately derived what we now dhFermi-Dirac statistics * Upon
learning about Fermi Statistics, Sommerfeld realized that Drude's theory of metals could easily
be generalized to incorporate Fermi statistics, which is what we shidpresently do.

LAll three, Pauli, Fermi, and Dirac, won Nobel prizes in the ne xt few years | but you probably knew that
already.

2Sommerfeld never won a Nobel prize, although he was nominate d for it 81 times | more than any other
physicist. He also was a research advisor for more Nobel Laur eates than anyone else in history (6: Heisenberg,
Pauli, Debye, Bethe, who were his PhD students and Pauling, R abi who were postdoctoral researchers with him.
He also was the rst research advisor for Rudolf Peierls for w hom the theory building at Oxford is named, although
Peierls eventually nished his PhD as a student of Pauli.)

27
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4.1 Basic Fermi-Dirac Statistics

Given a system of freé electrons with chemical potential*  the probability of an eigenstate of
energy E being occupied is given by the Fermi facto? (See Fig. 4.1)

(€ D= et @)

)+1
At low temperature the Fermi function becomes a step function (¢ates below the chemical potential
are lled, those above the chemical potential are empty), wherea at higher temperatures the step
function becomes more smeared out.

ke T

ne( (E ) I

0.6~

0.4

0.2

15

E:EF
Figure 4.1: The Fermi Distribution for ks T  Ef.

We will consider the electrons to be in a box of siz&/ = L2 and, as with our above discussion
of sound waves, it is easiest to imagine that the box has periodic bowtary conditions (See section
2.2.1). The plane wavefunctions are of the formeX ' where k must take value (2=L )(n1;nz;nz)
with n; integers due to the boundary conditions. These plane waves haveoresponding energies

3Here \free" means that they do not interact with each other, w ith the background crystal lattice, with impurities,
or with anything else for that matter.

4In case you did not properly learn about chemical potential i n your statistical physics course, it can be de ned
via Eq. 4.1, by saying that is whatever constant needs to be inserted into this equation to make it true. It can
also be de ned as an appropriate thermodynamical derivativ e such as = @U=@)N.s with U the total energy and
N the number of particles or = @G=@N.p with G the Gibbs potential. However, such a de nition can be tricky
if one worries about the discreteness of the particle number | since N must be an integer, the derivative may not
be well de ned. As a result the de nition in terms of Eq. 4.1is  frequently best (i.e, we are treating as a Lagrange

multiplier).
SWhen we say that there are a particular set of N orbitals occupied by electrons, we really mean that the over all
wavefunction of the system is an antisymmetric function (1 ;223N ) which can be expressed as a Slater determinant

of N particle coordinates occupying the N orbitals. We will never need to actually write out such Slate r determinant
wavefunctions except in Appendix 22.4 which is too advanced for any reasonable exam.
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2i1i2
_ K]
(k)= - 42)
with m the electron mass. Thus the total number of electrons in the systm is given by
X \V; Z
N=2 ne(((k) )=2 dk ne( ((k) ) (4.3)

k zr

where the prefactor of 2 accounts for the two possible spin statefor each possible wavevectdk. In
fact, in a metal, N will usually be given to us, and this equation will de ne the chemical potential
as a function of temperature.

We now de ne a useful concept:
De nition 4.1.1.  The Fermi Energy, Ef is the chemical potential at temperature T = 0.
This is also sometimes called theFermi Level. The states that are lled at T = 0 are

sometimes called theFermi Sea Frequently one also de nes aFermi Temperature Tg = Ef =kg,
and also the Fermi Wavevector ke de ned via

Er = LKE (4.4)
2m
and correspondingly aFermi momentum pr = ~kg and a Fermi velocity®
VE = ~Kp=m (45)

Aside: Frequently people think of the Fermi Energy as the energy dig¢ most energetic occupied
electron state in system. While this is correct in the case wte you are lling a continuum of states, it can also
lead you to errors in cases where the energy eigenstates dsergte (see the related footnote 4 of this chapter),
or more speci cally when there is a gap between the most enetig occupied electron state in the system, and
the least energetic unoccupied electron state. More cortgcthe Fermi energy, i.e., the chemical potential at
T =0, will be half-way between the most energetic occupied eleah state, and the least energetic unoccupied
electron state.

Let us now calculate the Fermi energy in a (three dimensional) metalvith N electrons in it.

At T =0 the Fermi function (Eqg. 4.1) becomes a step function (which we wite as . l.e.,( x)=1
for x> 0 and =0 for x < 0), so that Eq. 4.3 becomes

v < v Zikike

vV 4
N=2555 dk (B (K)=2 dk =2 Sk (4.6)

@) @)

where in the last step we have use the fact that the volume of a ball igl = 3 times the cube of the
radius, and at T = 0 the electrons Il a ball up to radius kg. The surface of this ball, a sphere
(the \Fermi sphere") of radius kg is known as theFermi Surface | a term more generally de ned
as the surface dividing lled from un lled states at zero temperature.

Using the fact that the density n = N=V we can rearrange Eq. 4.6 to give
ke =(3 2m)

6Yes, Fermi got his name attached to many things. To help sprea d the credit around I've called this section
\Basic Fermi-Dirac Statistics" instead of just \Basic Ferm i Statistics".
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and correspondingly

~2(2 2/)2=3
e, - ~G %)

2m

Since we know roughly how many free electrons there are in a metakgy, one per atom for mono-
valent metals such as sodium or copper), we can estimate the Ferngnergy, which, say for copper,
turns out to be on the order of 7 eV, corresponding to a Fermi tenperature of about 80,000 K.
(. This amazingly high energy scale is a result of Fermi statistics andhe very high density of
electrons in metals. It is crucial to remember that for all metals, Tg T for any temperature
anywhere near room temperature. In fact metals melt (and even aporize!) at temperatures far
far below their Fermi temperatures.

4.7)

Similarly, one can calculate the Fermi velocity, which, for a typical metal such as copper,
may be as large as 1% the speed of light! Again, this enormous velocitstems from the Pauli
exclusion principle | all the lower momentum states are simply lled, so if the density of electrons
is very high, the velocities will be very high as well.

With a Fermi energy that is so large, and therefore a Fermi sea thais very deep, any (not
insanely large) temperature can only make excitations of electronshat are already very close to
the Fermi surface (i.e., they can jump from just below the Fermi suface to just above with only a
small energy increase). The electrons deep within the Fermi seagar k = 0, cannot be moved by
any reasonably low energy perturbation simply because there aremavailable un lled states for
them to move to unless they absorb a very large amount of energy.

4.2 Electronic Heat Capacity

We now turn to examine the heat capacity of electrons in a metal. Andogous to Eq. 4.3, the total
energy of our system of electrons is given now by

Z Z,
Ban = 5oy Ok (ONC (00 D= g 4Kk (ne( (00 )
where the chemical potential is de ned as above by
v ¢ v 41 )
N=Gs dkne( () )):WO 4k dkne( (k) )

(Here we have changed to spherical coordinates to obtain a one densional integral and a factor
of 4k 2 out front).

It is convenient to replacek in this equation by the energy E by using Eq. 4.2 or equivalently

2m
k= —
we then have r
m
dk = ﬁ d
We can then rewrite these expressions as
z 1
Eiow = V. d g()ne(C( ) (4.8)
2,

N

v ; dg(O)neC () (4.9)
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where r amo
2 2 2m m (2m)°== .
d = “—4k?dk= 4 d = =2
9() 2 )3 2 )3 2 2 2 2 2.3
is the density of states per unit volume The de nition 7 of this quantity is such that g( )d is the
total number of eigenstates (including both spin states) with enegies between and + d .

d (4.10)

From Eq. 4.7 we can simply derive ()32=-3 = 3 2n=E7, thus we can simplify the
density of states expression to
3n 1=2
2Er  Ef
which is a fair bit simpler. Note that the density of states has dimensims of a density (an inverse

volume) divided by an energy. It is clear that this is the dimensions it must have given Eq. 4.9 for
example.

9()= (4.11)

Note that the expression Eg. 4.9 should be thought of as de ning tle chemical potential given
the number of electrons in the system and the temperature. Once¢he chemical potential is xed,
then Eq. 4.8 gives us the total kinetic energy of the system. Di eratiating that quantity would
give us the heat capacity. Unfortunately there is no way to do this analytically in all generality.
However, we can use to our advantage thafl  Tg for any reasonable temperature, so that the
Fermi factors ng are close to a step function. Such an expansion was rst used by &umerfeld,
but it is algebraically rather complicated® (See Ashcroft and Mermin chapter 2 to see how it is
done in detail). However, it is not hard to make an estimate of what suith a calculation must give
| which we shall now do.

When T = 0 the Fermi function is a step function and the chemical potential is (by de nition)
the Fermi energy. For smallT, the step function is smeared out as we see in Fig. 4.1. Note, howaye
that in this smearing the number of states that are removed from kelow the chemical potential
is almost exactly the same as the number of states that are addedoamve the chemical potentiaP.
Thus, for small T, one does not have to move the chemical potential much from the &rmi energy
in order to keep the number of particles xed in Eq. 4.9. We conclude hat Er for any low
temperature. (In fact, in more detail we nd that (T) = Er + O(T=T)?, see Ashcroft and
Mermin chapter 2).

Thus we can focus on Eq. 4.8 with the assumption that = Er. At T =0 let us call the
kinetic energy'® of the systemE (T = 0). At nite temperature, instead of a step function in Eq.
4.8 the step is smeared out as in Fig. 4.1. We see in the gure that onlylectrons within an energy
range of roughlykg T of the Fermi surface can be excited | in general they are excited &ove the
Fermi surface by an energy of aboutkg T. Thus we can approximately write

E(M)= E(T=0)+( =2)[VYEr)(ke T)(ks T) + :::

Here V g(Er) is the density of states near the Fermi surface (Recallg is the density of states
per unit volume), so the number of particles close enough to the Feni surface to be excited is
V o(Er)(ks T), and the nal factor of ( kg T) is roughly the amount of energy that each one gets

7Compare the physical meaning of this de nition to that of the density of states for sound waves given in Eq. 2.3
above.

8Such a calculation requires, among other things, the evalua tion of some very nasty integrals which turn out to
be related to the Riemann Zeta function (see section 2.4 abov e).

9Since the Fermi function has a precise symmetry around given by ng ( (E D=1 ng(( E)), this
equivalence of states removed from below the chemical poten tial and states inserted above would be an exact
statement if the density of states in Eq. 4.9 were independen t of energy.

101n fact E(T =0) = (3 =5)NE ¢, which is not too hard to show. Try showing it!
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excited by. Here is some constant which we cannot get right by such an approximate igument
(but it can be derived more carefully, and it turns out that = ?2=3, see Ashcroft and Mermin).

We can then derive the heat capacity
C= @E:@$ k B g(EF)kB TV
which then using Eq. 4.11 we can rewrite as

_ 3Nkg T
C= 5 7

The rst term in brackets is just the classical result for the heat capacity of a gas, but the nal
factor T=Tg is tiny (0.01 or smaller!). This is the above promised linearT term in the specic
heat of electrons, which is far smaller than one would get for a classit gas.

This Sommerfeld prediction for the electronic (linear T) contribution to the heat capacity
of a metal is typically not far from being correct (The coe cient may be incorrect by factors of
\order one"). A few metals, however, have speci c heats that deviate from this prediction by as
much as a factor of 10. Note that there are other measurementthat indicate that these errors
are associated with the electron mass being somehow changed in theetal. We will discover the
reason for these deviations later when we study band theory (maily in chapter 16).

Realizing now that the speci ¢ heat of the electron gas is reduced sm that of the classical
gas by a factor of T=Tg . 0:01, we can return to the re-examine some of the above Drude
calculations of thermal transport. We had above found (See Eq. 3-3.5) that Drude theory predicts
a thermopowerS = =T = ¢,=(3e) that is too large by a factor of 100. Now it is clear that
the reason for this error was that we used in this calculation (See Eq3.4) the speci ¢ heat per
electron for a classical gas, which is too large by roughlfe =T  100. If we repeat the calculation
using the proper specic heat, we will now get a prediction for thermopower which is reasonably
close to what is actually measured in experiment for most metals.

We also used the speci ¢ heat per particle in the Drude calculation of he thermal conduc-
tivity = %nc\,h/i2 . In this case, the ¢, that Drude used was too large by a factor of T =T,
but on the other hand the value of hvi? that he used was too small by roughly the same factor
(Classically, one usesnv?=2 = kg T whereas for the Sommerfeld model, one should use the Fermi
velocity mv2=2 = kg Tg). Thus Drude's prediction for thermal conductivity came out roug hly
correct (and thus the Wiedemann-Franz law correctly holds).

4.3 Magnetic Spin Susceptibility (Pauli Paramagnetism) 11

Another property we can examine about the free electron gas is itgesponse to an externally
applied magnetic eld. There are several ways that the electrons an respond to the magnetic
eld. First, the electrons' motion can be curved due to the Lorentz force. We have discussed this
previously, and we will return to discuss it again in section 18.5 below’. Secondly, the electron

11 part VII of this book is entirely devoted to the subject of mag  netism, so it might seem to be a bit out of place
to discuss magnetism now. However since the calculation is a n important result that hinges only on free electrons
and Fermi statistics, it seems appropriate to me that it is di  scussed here. Most students will already be familiar
with the necessary de nitions of quantities such as magneti zation and susceptibility so should not be confused by
this. However, for those who disagree with this strategy or a re completely confused by this section it is OK to skip
over it and return after reading a bit of part VII.

12For a free electron gas, the contribution to the magnetic sus ceptibility from the orbital motion of the electron
is known as Landau diamagnetism and takes the value  |agnqau = (1=3) paui - We will discuss diamagnetism
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spins can ip over due to the applied magnetic eld | this is the e ect we will focus on. Roughly,
the Hamiltonian (neglecting the Lorentz force of the magnetic eld, see section 18.3 below for more

detail) becomes?.
2

p
= 4
H om gBB

where g = 2 is the g-factor of the electron'4, B is the magnetic eld*® and s the spin of the
electron which takes eigenvalues 1=2. Here | have de ned (and will use elsewhere) the useful
version of the Bohr magneton

g = e=2mMe 67(K=T)=kg:

Thus in the magnetic eld the energy of an electron with spin up or down (with up meaning it
points the same way as the applied eld, andB = jBj)

~2'k'2

(k) = S h+ B
~2'k'2

k# = - .8

The spin magnetization of the system (moment per unit volume) in the direction of the applied
magnetic eld will then be

1dE _
VdB
So when the magnetic eld is applied, it is lower energy for the spins to le pointing down, so
more of them will point down. Thus a magnetization develops in the sane direction as the applied
magnetic eld. This is known as Pauli Paramagnetism. Here Paramagnetism means that the
magnetization is in the direction of the applied magnetic eld. Pauli Paramagnetism refers in

particular to the spin magnetization of the free electron gas. (We vill discuss paramagnetism in
more detail in chapter 18).

([# up spins]  [# down spins]) g=V (4.12)

Let us now calculate the Pauli paramagnetism of the free electronags at T = 0. With zero
magnetic eld applied, both the spin up and spin down states are lled up to the Fermi energy (i.e,
to the Fermi wavevector). Near the Fermi level the density of sttes per unit volume for spin up
electrons isg(Er )=2 and similarly the density of states per unit volume for spin down electons is
0(Er)=2. When B is applied, the spin ups will be more costly by an energy g B. Thus, (assuming
that the chemical potential does not change) we will have ¢(Er)=2) g B fewer spin up electrons

more in chapter 18 below. Unfortunately, calculating this d iamagnetism is relatively tricky. (See Peierls' book for
example). This e ect is named after the famous Russian Nobel -Laureate Lev Landau, who kept a now famous
ranking of how smart various physicist were | ranked on a loga  rithmic scale. Einstein was on top with a ranking of
0.5. Bose, Wigner, and Newton all received a ranking of 1. Sch roedinger, Heisenberg, Bohr, and Dirac were ranked
2, and Landau modestly ranked himself a 2.5 but after winning  the Nobel prize raised himself to 2. He said that
anyone ranked below 4 was not worth talking to.

13The sign of the last term, the so called Zeeman coupling, may b e a bit confusing.  Recall that because the
electron charge is negative, the electron dipole moment is a ctually opposite the direction of the electron spin (the
current is rotating opposite the direction that the electro  n is spinning). Thus spins are lower energy when they are
anti-aligned with the magnetic eld! This is yet another ann  oyance caused by Benjamin Franklin who declared that
the charge left on a glass rod when rubbed with silk is positiv e.

141t is a yet another constant source of grief that the letter \  g" is used both for density of states and for g-factor
of the electron. To avoid confusion we immediately set the g- factor to 2 and henceforth in this chapter g is reserved
for density of states. Similar grief is that we now have to wri te H for Hamiltonian because H = B= g is frequently
used for the magnetic eld with o the permeability of free space.

150ne should be careful to use the magnetic eld seen by the actu al electrons | this may be di erent from the
magnetic eld applied to the sample if the sample itself deve lops a magnetization.
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per unit volume. Similarly, the spin downs will be less costly by the same mount, so we will have
(9(Er)=2) g B more spin downs per unit volume. Note that the total number of eled¢rons in the
system did not change, so our assumption that the chemical potdial did not change is correct.
(Recall that chemical potential is always adjusted so it gives the ridnt total number of electrons in
the system). This process is depicted in Figure 4.3.

B=0 B6O0
/
g (E) g (E)
E Er
/
g«(E) g+(E)
E Er

Figure 4.2: Left: Before the magnetic eld is applied the density of sates for spin up and
spin down are the sameag- (E) = g+(E) = g(E)=2. Note that these functions are proportional
to E¥*? (See Eq. 4.11) hence the shape of the curve, and the shaded regimdicates the
states that are lled. Right: When the magnetic eld is applied, the st ates with up and
down spin are shifted in energy by + gB and g B respectively as shown. Hence up spins
pushed above the Fermi energy can lower their energies by ipping wer to become down
spins. The number of spins that ip (the area of the approximately rectangular sliver) is

roughly g (Er) sB.

Using Eq. 4.12, given that we have movedy(Er) g B=2 up spins to down spins, the mag-
netization (magnetic moment per unit volume) is given by

M = g(Ef) 3B
and hence the magnetic susceptibility = @M=@Hs given (at T = 0 by) ¢

dm dMm

P = — = —_— = 2
P auli dH OdB 0 Bg(EF)

with o the permeability of free space. In fact this result is not far from carect for simple metals
such as Li,Cu, or Na.

16 see also the very closely related derivation given in sectio n 22.1.2 below.
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4.4  Why Drude Theory Works so Well

In retrospect we can understand a bit more about why Drude theoy was so successful. As men-
tioned above, we now realize that because of Fermi statistics, tr&ing electrons as a classical gas is
incorrect { resulting in a huge overestimation of the heat capacity per particle,and in a huge under-
estimation of the typical velocity of particles. As described abovethese two errors can sometimes
cancel giving reasonable results nonetheless.

However, we can also ask why it is that Drude was successful in callation of transport
properties such as the conductivity and the Hall coe cient. In the se calculations neither the
velocity of the particle nor the speci c heat enter. But still, the idea that a single particle will
accelerate freely for some amount of time, then will scatter backa@ zero momentum seems like it
must be wrong, since the state at zero momentum is always fully ocqued. The transport equation
(Eqg. 3.1) that we solve

dp _ p

i F (4.13)
in the Drude theory describes the motion of each particle. Howeverwe can just as well use the
same equation to describe the motion of the center of mass of thenre Fermi sea! On the left of
Fig. 4.3 we have a picture of a Fermi sphere of radiu&r. The typical electron has a very large
velocity on the order of the Fermi velocity vg, but the average of all of the (vector) velocities is
zero. When an electric eld is applied (in the ¥ direction as shown on the right of Fig. 4.3, so that
the force is in the ¥ direction since the charge of the electron is €) every electron in the system
accelerates together in the ¥ direction, and the center of the Fermi sea shifts. The shifted Femi
sea has some nonzero average velocity, known as tleft velocity vgist . Since the kinetic energy
of the shifted Fermi sea is higher than the energy of the Fermi seaith zero average velocity, the
electrons will try to scatter back (with scattering rate 1= ) to lower kinetic energy and shift the
Fermi sea back to its original con guration with zero drift velocity. We can then view the Drude
transport equation (Eqg. 4.13) as describing the motion of the aveage velocity (momentum) of the
entire Fermi sea.

One can think about how this scattering actually occurs in the Sommefeld model. Here,
most electrons have nowhere to scatter to, since all of the availdb k states with lower energy
(lower jkj are already lled. However, the few electrons near the Fermi surdce in the thin crescent
between the shifted and unshifted Fermi sea into the thin unlled crescent on the other side of
the un lled Fermi sea to lower their energies (see Fig. 4.3). Althoughthese scattering processes
happen only to a very few of the electrons, the scattering eventsre extremely violent in that the
change in momentum is exceedingly large (scattering all the way acss the Fermi sed’).

4.5 Shortcomings of the Free Electron Model

Although the Sommerfeld (Free Electron) Model of a metal explainsquite a bit about metals, it
remains incomplete. Here are some items that are not well explained ithin Sommerfeld theory:

Having discovered now that the typical velocity of electronsvg is extremely large, and being
able to measure the scattering time , we obtain a scattering length = vg that may be
100 Angstroms or more. One might wonder, if there are atoms evgrfew angstroms in a

17 Actually, it may be that many small scatterings walking arou  nd the edge of these crescents make up this one
e ective scattering event
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Figure 4.3: Drift Velocity and Fermi Velocity. The Drift momentum is th e displacement of the
entire Fermi sphere (which is generally very very small) whereas th&ermi momentum is the radius
of the Fermi sphere, which can be very large. Drude theory makesense if you think of it as a
transport equation for the center of mass of the entire Fermi spere { i.e., it describes the drift
velocity. Scattering of electrons only occurs between the thin crecents that are the dierence
between the shifted and unshifted Fermi spheres

metal, why do the electrons not scatter from these atoms? (We willdiscuss this in chapter
14 below | the resolution is a result of Bloch's theorem.)

Many of our results depend on the number of electrons in a metal. lrorder to calculate this
number we have always used the chemical valence of the atom. (Fexample, we assume one
free electron per Li atom). However, in fact, except for Hydrogn, there are actually many
electrons per atom. Why do core electrons not \count" for calculding the Fermi energy or
velocity? What about insulators where there are no electrons fre2

We have still not resolved the question of why the Hall e ect sometines comes out with the
incorrect sign, as if the charge carrier were positive rather than egative (the sign of charge
of electrons.)

In optical spectra of metals there are frequently many featureghigher absorbtion at some
frequencies, lower absorbtion at other frequencies). These faaes give metals their char-
acteristic colors (for example, they make gold yellowish). The Somméeld model does not
explain these features at all.

The measured speci ¢ heat of electrons is much more correct tham Drude theory, but for
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some metals is still o by factors as large as 10. Measurements of thmass of the electron
in a metal also sometimes give answers that di er from the actual mas of the electron by
similar factors.

Magnetism: Some metals, such as Iron, are magnetic even withoutng applied external
magnetic eld. We will discuss magnetism is part VII below.

Electron interaction: We have treated the electrons as noninterating fermions. In fact, the
typical energy of interaction for electrons, e=(4 or) with r the typical distance between
electrons) is huge, roughly the same scale as the Fermi energy. tyeve have ignored the
Coulomb interaction between electrons completely. Understandingwhy this works is an
extremely hard problem that was only understood starting in the late 1950s | again due
to the brilliance of Lev Landau (See above footnote 12 in this chapteabout Landau). The
theory that explains this is frequently known as \Landau Fermi Liqu id Theory", but we will
not study it in this course.

With the exception of the nal two points (Magnetism and Electron in teraction) all of these
issues will be resolved once we study electronigand structurein chapters 10, 14 and particularly
16 below. In short, we are not taking seriously the periodic structue of atoms in materials.

4.6 Summary of (Sommerfeld) Free Electron Theory

Treats properly the fact that electrons are Fermions.

High density of electrons results in extremely high Fermi energy and-ermi velocity. Thermal
and electric excitations are small redistributions of electrons aroud the Fermi surface.

Compared to Drude theory, obtains electron velocity 100 times larger, but heat capacity
per electron 100 times smaller. Leaves Wiedemann-Franz ratio roughly unchangefrom
Drude, but xes problems in predications of thermal properties. Drude transport equations
make sense if one considers velocities to be drift velocities, not individal electron velocities.

Speci ¢ Heat and (Pauli) paramagnetic susceptibility can be calculatal explicitly (know these
derivations!) in good agreement with experiment.

References

For free electron (Sommerfeld) theory, good references are:
Ashcroft and Mermin chapter 2{3.
Singleton, section 1.5{1.6
Rosenberg section 7.1{7.9
Ibach and Luth section 6{6.5
Kittel chapter 6
Burns chapter 9B (excluding 9.14 and 9.16)
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Chapter 5

What Holds Solids Together:
Chemical Bonding

In chapter 2 we found that the Debye model gave a reasonably gabdescription of the speci ¢ heat
of solids. However, we also found a number of shortcomings of thehé¢ory. These shortcomings
basically stemmed from not taking seriously the fact that solids are atually made up of individual
atoms assembled in a periodic structure.

Similarly in chapter 4 we found that the Sommerfeld model of metals dscribed quite a bit
about metals, but had a number of shortcomings as well | many of th ese were similarly due to
not realizing that the solids are made up of individual atoms assembledn periodic structures.

As such, a large amount of this book will actually be devoted to undestanding the e ects
of these individual atoms and their periodic arrangement on the elettons and on the vibrations
of the solid. However, rst it is worth backing up and asking ourselves why atoms stick together
to form solids in the rst place!

5.1 General Considerations about Bonding

To determine why atoms stick together to form solids, we are in some&ense trying to describe the
solution to a many particle Schroedinget equation describing the many electrons and many nuclei
in a solid. We can at least write down the equation

H=E

where is the wavefunction describing the positions and spin statesof all the electrons and nuclei
in the system. The terms in the Hamiltonian include a kinetic term (with in puts of the electron

1Erwin Schroedinger was a fellow at Magdalen College Oxford f rom 1933 to 1938, but he was made to feel not
very welcome there because he had a rather \unusual" persona | life | he lived with both his wife, Anny, and
with his mistress, Hilde, who, although married to another m an, bore Schroedinger's child, Ruth. After Oxford,
Schroedinger was coaxed to live in Ireland with the understa nding that this unusual arrangement would be fully
tolerated. Surprisingly, all of the parties involved seeme d fairly content until 1946 after Schroedinger fathered two
more children with two di erent Irish women, whereupon Hild e decided to take Ruth back to Austria to live with
her lawful husband. Anny, entirely unperturbed by this deve lopment and having her own lovers as well, remained
Erwin's close companion until his death.

41
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and nucleon mass) as well as a Coulomb interaction term between alhe electrons and nucle?
While this type of description of chemical bonding is certainly true, it is also mostly useless. No
one ever even tries to solve the Schroedinger equation for more @h a few particles at a time.
Trying to solve it for 1022 electrons simultaneously is completely absurd. One must try to extact
useful information about the behavior from simplied models in order to obtain a qualitative
understanding. (This is a great example of what | was ranting aboutin chapter 1 | reductionism
does not work: saying that the Schroedinger equation is the wholeddution is misguided). More
sophisticated techniques try to turn these qualitative understardings into quantitative predictions.

In fact, what we are trying to do here is to try to understand a whole lot of chemistry from
the point of view of a physicist. If you have had a good chemistry cotse, much of this chapter may
sound familiar. However, here we will try to understand chemistry using our knowledge of quantum
mechanics. Instead of learning empirical chemistry rules, we will lookat simpli ed models that
show roughly how these rules arise. However at the end of the daye cannot trust our simpli ed
models too much and we really should learn more chemistry to try to deide if yttrium really will
form a carbonate salt or some similar question.

1|2 34 56 70

H He
Li Be B C N O F Ne
Na Mg Al Si P S CllAr

K CaSc Ti V CrMn Fe Co Ni Cu Zn Ga Ge As Se Br Kr‘
IRb St Y Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te | [Xel
ICs Ba La Hf Ta W Re Os Ir Pt Au Hg Tl Pb Bi Po Atn
\_F_rl Ra Ac Rf Db Sg Bh Hs Mt Ds Rg

Alkali matals Halogens
Transition metals Moble gases =

Figure 5.1: The periodic table of the elements.

From a chemist's point of view one frequently thinks about di erent typesof chemical bonds
depending on the types of atoms involved, and in particular, depenihg on the atom's position on
the periodic table (and in particular, on the atom's electronegativity | which is its tendency to
attract electrons). Below we will discuss lonic Bonds, Covalent Bouls, van der Waals ( uctuating
dipole, or molecular) bonds, Metallic Bonds, and Hydrogen Bonds. Otourse, they are all di erent
aspects of the Schroedinger equation, and any given material magxhibit aspects of several of these
types of bonding. Nonetheless, qualitatively it is quite useful to disass these dierent types of
bonds to give us intuition about how chemical bonding can occur. A bief description of the
many types of bonding and their properties is shown in table 5.1. Notethat this table should
be considered just as rules-of-thumb, as many materials have pperties intermediate between the
categories listed.

2To have a fully functioning \Theory of Everything" as far as a Il of chemistry, biology, and most of everything
that matters to us (besides the sun and atomic energy) is conc erned, one needs only Coulomb interaction plus the
Kinetic term in the Hamiltonian, plus spin-orbit (relativi stic e ects) for some of the heavy atoms.



5.1. GENERAL CONSIDERATIONS ABOUT BONDING

43

Type of Bonding

Description

Typical of which compounds

Typical Properties

Electron is transferred
from one atom to an-

Binary compounds made
of constituents with very

Hard, Very Brittle
High Melting Temper-

Energy lowered by
delocalization of wave-
function

GaAs), or solids made of
one element only such as
diamond (C)

lonic h I " dierent electronegativ- ature
i(:)tnsrétfrlgct L;Cge;zgrng ity: Ex, group I-VIl com- Electrical Insulator
pounds such as NaCl. Water Soluble
) Compounds made of .
Electron is  shared constituents with similar Vgry Hard_ (Brittle)
equally ~between WO | g0 nonegativities  (ex, High Melting Temper-
Covalent atoms forming a bond. | s compounds such as | ature

Electrical Insulators or
Semiconductors

Metallic Bonds

Electrons delocalized
throughout the solid
forming a glue between
positive ions.

Metals. Left and Middle
of Periodic Table.

Ductile, Maleable
(due to non-directional
nature of bond. Can be
hardened by preventing
dislocation motion with
impurities)

Lower Melting Tem-
perature

Good electrical
thermal conductors.

and

Molecular
(van der Waals
or

No transfer of electrons.
Dipole moments on con-
stituents align to cause
attraction. Bonding

Noble Gas Solids, Solids
made of Non-Polar (or
slightly polar) Molecules

Soft, Weak
Low Melting Tempera-
ture

Special case because H i

D

so small.

biological materials

Fluctuating strength increases with| Binding to Each Other Electrical Insulat
Dipole) size of molecule or polar-|  (Wax) ectrical Insulators
ity of constituent.
Involves Hydrogen ion Weak Bond (stronger
b(_)und to one atom but Important in organic and than Vdw though) _
Hydrogen still attracted to another. Important for main-

taining shape of DNA
and proteins

Table 5.1: Types of Bonds in Solids. This table should be thought of as qviding rough rules.
Many materials show characteristics intermediate between two (ommore!) classes.
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In this section we will try to be a bit more quantitative about how some of these types of
bonding come about. Remember, underneath it is all the Schroedirgr equation and the Coulomb
interaction between electrons and nuclei that is holding materials tgether!

5.2 lonic Bonds

The general idea of an ionic bond is that for certain compounds (foexample, binary compounds,
such as NaCl, made of one element in group | and one element in grouplW, it is energetically
favorable for an electron to be physically trasferred from one atm to the other, leaving two
oppositely charged ions which then attract each other. One writesa chemical \reaction" of the
form

Na+Cl! Na"+Cl ! NaCl

To nd out if such a reaction happens, one must look at the energeits associated with the
transfer of the electron.

At least in principle it is not too hard to imagine solving the Schroedinger equatiof for a
single atom and determining the energy of the neutral atom, of thepositive ion, and of the negative
ion or actually measuring these energies for individual atoms with som sort of spectroscopy. We
de ne:

lonizaton Energy = Energy required to remove one electron
from a neutral atom to create a positive ion

Electron Anity = Energy gain for creating a negative ion
from a neutral atom by adding an electron

To be precise, in both cases we are comparing the energy of having &lectron either at position
in nity, or on the atom. Further, if we are removing or adding only a s ingle electron, then these
are called rst lonization energies and rst electron a nities respectively (one can similarly de ne
energies for removing or adding two electrons which would be callesecond. Finally we note that
chemists typically work with systems at xed (room) temperature and (atmospheric) pressure, in
which case they are likely to be more concerned with Gibbs free eneigs, rather than pure energies.
We will always assume that one is using the appropriate free energyf the experiment in question
(and we will be sloppy and always call an energ\e).

lonization energy is smallest on the left (group | and Il) of the periadic table and largest
on the right (group VII, and VIII). To a lesser extent the ionizatio n energy also tends to decrease
towards the bottom of the periodic table. Similarly electron a nity is a Iso largest on the right and
top of the periodic table (not including the group VIII nobel gases which roughly do not attract
electrons measurably at all).

The total energy change from transferring an electron from aten A to atom B is

Ea+g1 a++p = (lonizationEnergy) o (Electron Anity) g

3As emphasized in chapter 1 even the world's largest computer s cannot solve the Schroedinger equation for a
system of more than a few electrons. Nobel prizes (in chemist ry) were awarded to Walter Kohn and John Pople for
developing computational methods that can obtain highly ac  curate approximations. These approaches have formed
much of the basis of modern quantum chemistry.
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First lonization Energies First Electron A nities
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Figure 5.2: Pictorial Tables of First lonization Energies (left) and Fir st Electron A nities
(right). The word "First" here means that we are measuring the energy to lose or gain a rst
electron starting with a neutral atom. The linear size of each box r@resents the magnitude
of the energies (scales on the two plots di er). For reference thdargest ionization energy is
helium, at roughly 24.58 eV per atom, the lowest is caesium at 3.89 eV. fie largest electron
a nity is chlorine which gains 3.62 eV when binding to an additional electr on. The few
light green colored boxes are atoms that havenegative electron a nities.

Note carefully the sign. The ionization energy is a positive energy thaamust be put in, the electron
a nity is an energy that comes out.

However this E is the energy to transfer an electron between two atoms very faapart. In
addition, there is alsc*

Cohesive Energy = Energy gain fromA* + B | AB

This cohesive energy is mostly a classical e ect of the Coulomb intergtion between the ions as
one lets the ions come close togethér.The total energy gain for forming a molecule from the two
individual atoms is thus given by

Ea+g1 as = (lonization Energy) o (Electron Anity) g Cohesive Energy of A-B

One obtains an ionic bond if the total E for this process is less than zero.

In order to determine whether an electron is likely to be transferrel between one atom and
another, it is convenient to use the a so-callecklectronegativity, which roughly describes how much
an atom \wants" electrons, or how much an atom attracts electrons to itself. While there are

4The term \Cohesive Energy" can be ambiguous since sometimes people use it to mean the energy to put two
ions together into a compound, and other times they mean it to  be the energy to put two neutral atoms together!
Here we mean the former.

50ne can write a simple classical equation for a total cohesiv e energy for a solid

X Qi Qj
4 ojri  rjj

E cohesive
i<j
where Q; is the charge on the i" ion, and r; is its position. This sum is sometimes known as the Madelung Energy .
It might look like one could make the cohesive energy in nite ly large by letting two ions come to the same position!
However, when atoms approach each other within roughly an at omic radius there is an additional strong repulsion
associated with the Pauli exclusion principle that no two el ectrons may occupy the same orbital. One thus needs
a more quantum mechanical treatment to determine, ab-initi 0, how close two oppositely charged ions will come to
each other.
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various de nitions of electronegativity that are used, a simple and wseful de nition is known as the
Mulliken Electronegativity 7

(Electron A nity) + (lonization Energy)
2

(Mulliken) Electronegativity =

The electronegativity is extremely large for elements in the upper rigt of the periodic table (not
including the noble gases).

In bonding, the electron is always transferred from the atom of lover electronegativity
to higher electronegativity. The greater the di erence in electronegativities between two atoms
the more completely the electron is transferred from one atom to e other. If the dierence in
electronegativities is small, then the electron is only partially transfared from one atom to the
other. We will see below that one can have covalent bonding even bekten two identical atoms
where there is no di erence in electronegativities, and therefore a net transfer of electrons. Before
leaving the topic of ionic bonds, it is worth discussing some of the typial physics of ionic solids.
First of all, the materials are typically hard, as the Coulomb interactio n between oppositely charged
ions is strong. However, since water is extremely polar, it can dissoévan ionic solid. This happens
(See Fig 5.3) by arranging the water molecules such that the negat& side of the molecule is close
to the positive ions and the positive side of the molecule is close to theegative ions.

3
¥

Figure 5.3: Salt, NaCl, dissolved in water. lonic compounds typically disolve
easily in water since the polar water molecules can screen the highly ahged, but
otherwise stable, ions.
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6This electronegativity can be thought as approximately the  negative of the chemical potential via

En 1 Enw @E
2 @N

See however the comments in section 4.1 on de ning chemical p otential for systems with discrete energy levels and
discrete number of electrons.

7Both Robert Mulliken and Linus Pauling won Nobel Prizes in Ch  emistry for their work understanding chemical
bonding including the concept of electronegativity. Pauli ng won a second Nobel prize, in Peace, for his work towards
banning nuclear weapons testing. (Only four people have eve r won two Nobels: Marie Curie, Linus Pauling, John
Bardeen, and Fredrick Sanger. We should all know these names !).  Pauling was criticized later in his life for
promoting high doses of vitamin C to prevent cancer and other ailments, sometimes apparently despite scienti c
evidence to the contrary.

1 1
E(Eaffinily + Ejon ) = 5([EN En+1]+[En 1 EnND=
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5.3 Covalent Bond

Roughly, a covalent bond is a bond where electrons are shared edlyabetween two atoms. There
are several pictures that can be used to describe the covalent bd.

5.3.1 Particle in a Box Picture

Let us model a hydrogen atom as a box of size for an electron (for simplicity, let us think about
a one dimensional system). The energy of a single electron in a box i lfope this looks familiar!)

2 2

E= ——

2mL?
Now suppose two such atoms come close together. An electron th&és shared between the two
atoms can now be delocalized over the positions of both atoms, thui is in a box of size 2. and
has lower energy

2 2

Sl T TR

This reduction in energy that occurs by delocalizing the electron is tle driving force for forming
the chemical bond. The new ground state orbital is known as &onding orbital.

If each atom starts with a single electron (i.e., it is a hydrogen atom) tien when the two
atoms come together to form a lower energy (bonding) orbital, tha both electrons can go into
this same ground state orbital since they can take opposite spin sites. Of course the reduction in
energy of the two electrons must compete against the Coulomb repsion between the two nuclei,
and the Coulomb repulsion of the two electrons with each other, whih is a much more complicated
calculation.

Now suppose we had started with two helium atoms, where each atorhas two electrons,
then when the two atoms come together there is not enough room irthe single ground state
wavefunction. In this case, two of the four electrons must occup the rst excited orbital | which
in this case turns out to be exactly the same electronic energy as thoriginal ground state orbital
of the original atoms { since no energy is gained by these electronshen the two atoms come
together these are known asntibonding orbitals. (In fact it requires energy to push the two atoms
together if one includes Coulomb repulsions between the nuclei)

5.3.2 Molecular Orbital or Tight Binding Theory

In this section we make slightly more quantitative some of the idea of he previous section. Let
us write a Hamiltonian for two Hydrogen atoms. Since the nuclei are leavy compared to the
electrons, we will x the nuclear positions and solve the Schroedingeequation for the electrons as
a function of the distance between the nuclei. This xing of the positon of nuclei is known as a
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Figure 5.4: Particle in a box picture of covalent bonding. Two separaed hydrogen atoms are like
two di erent boxes each with one electron in the lowest eigenstate When the two boxes are pushed
together, one obtains a larger box { thereby lowering the energy bthe lowest eigenstate { which
is known as the bonding orbital. The two electrons can take opposite spin states and can tareby
both tin the bonding orbital. The rst excited state is known as the antibonding orbital

\Born-Oppenheimer" approximation &°. We hope to calculate the eigenenergies of the system as
a function of the distance between the positively charged nuclei.

For simplicity, let us consider a single electron and two identical positive nuclei. We write
the Hamiltonian as
H=K+V+V,

with )
_p?
K= om
being the kinetic energy of the electron and
VRS —
4 or Rijj

is the Coulomb interaction energy between the electron positiorr and the position of nuclei R;.

Generally this type of Schroedinger equation is hard to solve exactly(In fact it can be solved
exactly in this case, but it is not particularly enlightening to do so). Instead, we will attempt a
variational solution. Let us write a trial wavefunction as

j iz gjli+ 2 (5.1)

8Max Born (also the same guy from Born-Von Karmen boundary con  ditions) was one of the founders of quantum
physics, winning a Nobel Prize in 1954. His daughter, and bio grapher, Irene, married into the Newton-John family,
and had a daughter named Olivia, who became a pop icon and Im s tar in the 1970s. Her most famous role was
in the movie of Grease playing Sandra-Dee opposite John Travolta. When | was a kid, she was every teenage guy's
dream-girl (her, or Farrah Fawcett).

9J. Robert Oppenheimer later became the head scientic manag er of the American atomic bomb project during
the second world war. After this giant scienti c and militar y triumph, he pushed for control of nuclear weapons
leading to his being accused of being a communist sympathize r during the \Red" scares of the 1950s and he ended
up having his security clearance revoked.
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Figure 5.5: Molecular Orbital Picture of Bonding. In this type of pictu re, on the far
left and far right are the orbital energies of the individual atoms wdl separated from
each other. In the middle are the orbital energies when the atomsame together to
form a molecule. Top: Two hydrogen atoms come together to form &, molecule.
As mentioned above in the particle-in-a-box picture, the lowest enegy eigenstate
is reduced in energy when the atoms come together and both elecns go into this
bonding orbital. Middle: In the case of helium, since there are two elettons per
atom, the bonding orbitals are lled, and the antibonding orbitals must be lled

as well. The total energy is not reduced by the two Helium atoms comig together
(thus helium does not form He). Bottom: In the case of LiF, the energies of the
lithium and the uorine orbitals are di erent. As a result, the bonding orbital is
mostly composed of the orbital on the Li atom { meaning that the bonding electrons
are mostly transferred from Li to F | forming a more ionic bond.

where ; are complex coe cients, and the ketsjli andj2i are known as \atomic orbitals" or \tight
binding" orbitals 1°. The form of Eq. 5.1 is frequently known as a \linear combination of abmic
orbitals" or LCAO !1. The orbitals which we use here can be taken as the ground state kmion of
the Schroedinger equation when there is only one nucleus preserite.

(K + Vi)jli
(K + V»)j2i

0jdi
0j2i (5.2)

where o is the ground state energy of the single atorf?. l.e., j1i is a ground state orbital on

10The term \tight binding" is from the idea that an atomic orbit al is tightly bound to its nucleus.
11The LCAO approach can be improved systematically by using mo re orbitals and more variational coe cients
| which then can be optimized with the help of a computer. This general idea formed the basis of the quantum

chemistry work of John Pople. See footnote 3 above in this sec tion.
12Here ¢ is not a dielectric constant or the permittivity of free space, but  rather the energy of an electron in an
orbital (At some point we just run out of new symbols to use for  new quantities!)
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nucleus 1 andj2i is a ground state orbital on nucleus 2.

For simplicity, we will now make a rough approximation that jli and j2i are orthogonal so
we can then choose a normalization such that

ijji= (5.3)

When the two nuclei get very close together, this orthogonality is ¢early no longer even close to
correct. We then have to decide: either we keep our de nition of the atomic orbitals being the
solution to the Schroedinger equation for a single nucleus, but we gevup on the two atomic orbitals
being orthogonal; or we can give up on the orbitals being solutions totte Schroedinger equation for
a single nucleus, but we keep orthonormality. It is a good exercise teonsider what happens when
we give up orthonormality, but fortunately most of what we learn does not depend too much on
whether the orbitals are orthogonal or not, so for simplicity we will assume orthonormal orbitals.

An e ective Schroedinger equation can be written down for our vaiational wavefunction
which (unsuprisingly) takes the form of an eigenvalue probler®®

where

Hij = HjHiji
is a two by two matrix in this case. (The equation generalizes in the obious way to the case where
there are more than 2 orbitals).

Recalling our de nition of j1i as being the ground state energy oK + Vi, we can write'*

Hip = hjHjLi = hjK + Vajli + hljV2jli = o+ Veross (5.4)
Hao = MjHJj2i = JK + Voj2i + RRjV4j2i = o+ Veross (5.5)
Hi, = HhijHj2i = hjK + V,j2i + hlj\V4j2i =0 t (5.6)
Ho1 = HMJHjL = K + V,jli + R2jV4jli =0 t (5.7)

In the rst two lines
Veross = MjVojli = M2jV4j2i

is the Coulomb potential felt by orbital j1i due to nucleus 2, or equivalently the Coulomb potential
felt by orbital j2i due to nucleus 1. In the second two lines (Egs. 5.6 and 5.7) we have algle ned
the so-calledhopping term?5:16

t= h1j\Vj2i = h 1j\Vj2i

1370 derive this eigenvalue equation we start with an expressi on for the energy
hjHj i
hiji

E =

then with written in the variational form of Eq. 5.1, we minimize the en  ergy by setting @E=@ = @E=@ =0.

141n atomic physics courses, the quantities Vcross and t are often called a direct and exchange terms and are
sometimes denoted J and K. We avoid this terminology because the same words are almost always used to describe
2-electron interactions in condensed matter.

15The minus sign is a convention for the de nition of  t. For many cases of interest, this de nition makes t positive,
although it can actually have either sign depending on the st ructure of the orbitals in question and the details of
the potential.

16 The second equality here can be obtained by rewriting Hi, = hljK + Vij2i + hljV;j2i.
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The reason for the name \hopping" will become clear below. Note thain the second two lines (Egs.
5.6 and 5.7) the rst term vanishes because of orthogonality ofli and j2i. Thus our Schroedinger
equation is reduced to a two by two matrix equation of the form

ot Vcross t 1 1
= E 5.8
t ot Vcross 2 2 ( )

The interpretation of this equation is roughly that orbitals j1i and j2i both have energies o which
is shifted by Vcoss due to the presence of the other nucleus. In addition the electrortan \hop"
from one orbital to the other by the o -diagonal t term. To understand this interpretation more
fully, we realize that in the time dependentSchroedinger equation, if the matrix were diagonal a
wavefunction that started completely in orbital j1i would stay on that orbital for all time. However,
with the o -diagonal term, the time dependent wavefunction can oscillate between the two orbitals.

Diagonalizing this two-by-two matrix we obtain eigenenergies
E = o+ Veross | tj
the lower energy orbital is the bonding orbital whereas the higher aergy orbital is the anti-bonding.
The corresponding wavefunctions are then

bonding = (1 2 (5.9)

(1 2) (5.10)

anti  bonding =

l.e., these are the symmetric and antisymmetric superposition of diitals. The signs and
depend on the sign oft, where the lower energy one is always called the bonding orbital and
the higher energy one is called antibonding. To be precise> 0 makes (1 + 2)= 2 the lower
energy bonding orbital. Roughly one can think of these two wavefuntions as being the lowest two
\particle-in-a-box" orbitals | the lowest energy wavefunction doe s not change sign as a function
of position, whereas the rst excited state changes sign once, i.eit has a single node (for the case
of t > 0 the analogy is precise).

It is worth brie y considering what happens if the two nuclei being bonded together are
not identical. In this case the energy o for an electron to sit on orbital 1 would be di erent from
that of orbital 2. (See bottom of Fig. 5.5) The matrix equation 5.8 would no longer have equal
entries along the diagonal, and the magnitude of ; and » would no longer be equal in the ground
state as they are in Eq. 5.9. Instead, the lower energy orbital wold be more greatly lled in
the ground state. As the energies of the two orbitals become incesingly di erent, the electron is
more completely transferred entirely onto the lower energy orbitd, essentially reducing to an ionic
bond.

Aside: In section 22.4 below, we will consider a more general tightnbding model with more than
one electron in the system and with Coulomb interactions he¢en electrons as well. That calculation is more
complicated, but shows very similar results. That calculiain is also much more advanced, but might be fun to
read for the adventurous.

Note again that Vrss IS the energy that the electron on orbital 1 feels from nucleus 2. Ho-
ever, we have not included the fact that the two nuclei also intera¢, and to a rst approximation,
this Coulomb repulsion between the two nuclei will cancel’ the attractive energy between the

171f you think of a positively charged nucleus and a negatively  charged electron surrounding the nucleus, from far
outside of that electron's orbital radius the atom looks neu tral. Thus a second nucleus will neither be attracted nor
repelled from the atom so long as it remains outside of the ele ctron cloud of the atom.



52 CHAPTER 5. CHEMICAL BONDING

nucleus and the electron on the opposite orbital. Thus, including thisenergy we will obtain
E ot

As the nuclei get closer together, the hopping termijtj increases, giving an energy level diagram
as shown in Fig. 5.3.2. This picture is obviously unrealistic, as it suggestthat two atoms should
bind together at zero distance between the nuclei. The problem her is that our assumptions and
approximations begin to break down as the nuclei get closer togetr (for example, our orbitals
are no longer orthogonal,V¢0ss does not exactly cancel the Coulomb energy between nuclei, etc.).

Figure 5.6: Model Tight Binding Energy Levels as a Function of Distane@ Between the
Nuclei of the Atoms.

A more realistic energy level diagram for the bonding and antibondingstates is given in
Fig. 5.7. Note that the energy diverges as the nuclei get pushed tether (this is from the Coulomb
repulsion between nuclei). As such there is a minimum energy of the syfem when the nuclei are
at some nonzero distance apart from each other, which then becges the ground state distance of
the nuclei in the resulting molecule.

Aside: In Fig. 5.7 there is a minimum of the bonding energy when the dei are some particular
distance apart. This optimal distance will be the distancefdhe bond between two atoms. However, at nite
temperature, the distance will uctuate around this minimm (think of a particle in a potential well at nite
temperature). Since the potential well is steeper on one sidhan on the other, at nite temperature, the
\particle" in this well will be able to uctuate to larger distances a bit more than it is able to uctuate to
smaller distances. As a result, the average bond distancdl wicrease at nite temperature. This thermal
expansion will be explored again in the next chapter.

Covalently bonded materials tend to be strong and tend to be electical semiconductors or
insulators (since electrons are tied up in the local bonds). The diretionality of the orbitals makes
these materials retain their shape well (non-ductile) so they are hittle. They do not dissolve in
polar solvents such as water in the same way that ionic materials do.
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Figure 5.7: More Realistic Energy Levels as a Function of Distance B&teen the Nuclei of
the Atoms.

5.4 Van der Waals, Fluctuating Dipole Forces, or Molecular
Bonding

When two atoms (or two molecules) are very far apart from each dber, there remains an attraction
between them due to what is known as van der Waal$ forces, sometimes known as uctuating
dipole forces, or molecular bonding. In short, both atoms have a diple moment, which may be zero
on average, but can uctuate momentarily due to quantum mecharics. If the rst atom obtains
a momentary dipole moment, the second atom can polarize | also obtaning a dipole moment to
lower its energy. As a result, the two atoms (momentarily dipoles) will attract each other.

This type of bonding between atoms is very typical of inert atoms (sich as noble gases:
He, Ne, Kr, Ar, Xe) whose electrons do not participate in covalent konds or ionic bonds. It is
also typical of bonding between inert® molecules such as nitrogen molecules Nvhere there is no
possibility for the electrons in this molecule to form covalent or ionic bands between molecules.
This bonding is weak compared to covalent or ionic bonds, but it is also log ranged in comparison
since the electrons do not need to hop between atoms.

To be more quantitative, let us consider an electron orbiting a nucles (say, a proton). If
the electron is at a xed position, there is a dipole momentp = er wherer is the vector from
the electron to the proton. With the electron \orbiting" (i.e, in an eig enstate), the average dipole
moment is zero. However, if an electric eld is applied to the atom, the atom will develop a
polarization (i.e., it will be more likely for the electron to be found on one side of the nucleus than
on the other). We write

p= E

18). D. van der Waals was awarded the Nobel prize in Physics in 19 10 for his work on the structure of Liquids
and Gases. You may remember the van der Waals equation of stat e from your thermodynamics course last year.
There is a crater named after him on the far side of the moon.

19\Whereas the noble gases are inert because they have lled ato mic orbital shells, the nitrogen molecule is inert
essentially because it has a lled shell of molecular orbitals | all of the bonding orbitals are lled, and there is a
large energy gap to any anti-bonding orbitals.
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where is known as the polarizability (also known as electric susceptibility). This polarizability
can be calculated, for, say a hydrogen atom explicitly®. At any rate, it is some positive quantity.

Now, let us suppose we have two such atoms, separated a distancein the % direction.
Suppose one atom momentarily has a dipole momenp; (for de niteness, suppose this dipole
moment is in the 2 direction). Then the second atom will feel an electric eld

4 ()I'3

in the negative 2 direction. The second atom then, due to its polarizability, develops adipole
moment p, = E which in turn is attracted to the rst atom. The potential energy b etween these
two dipoles is

_ jpdipi . PiE _jopa?
VST @ o G o) (.11)

corresponding to a force dU=dr which is attractive and proportional to 1 =r".

You can check that independent of the direction of the original dipde moment, the force
is always attractive and proportional to 1=r’. Although there will be a (nonnegative) prefactor
which depends on the angle between the dipole moment; and x the direction between the two
atoms.

Note. This argument appears to depend on the fact that the dipolemoment p; of the rst
atom is nonzero. On average the atom's dipole moment will be zero. Heever in Eq. 5.11 in fact
what enters isjp1j? which has a nonzero expectation value. (In fact this is precisely thealculation
that hxi for an electron in a hydrogen atom is zero, buthx?i is nonzero).

While these uctuating dipolar forces are generally weak, they are he only forces that
occur when electrons cannot be shared or transferred betweeatoms | either in the case where
the electrons are not chemically active or when the atoms are far agrt. However, when considering
the van der Waals forces of many atoms put together, the total érces can be quite strong. A well
known example of a van der Waals force is the force that allows lizardssuch as Geckos to climb
up walls. They have hair on their feet that makes very close contactwith the atoms of the wall,
and they can climb up the walls mostly due to van der Waals forces!

5.5 Metallic Bonding

It is sometimes hard to distinguish metallic bonding from covalent bondng. Roughly, however,
one de nes a metallic bond to be the bonding that occurs in metal. Thae bonds are similar to
covalent bonds in the sense that electrons are shared betweenaahs, but in this case the electrons
become delocalized throughout the crystal (we will discuss how thi®ccurs in section 10.2 below).
We should think of the delocalized free electrons as providing the glughat holds together the

positive ions that they have left behind.

Since the electrons are completely delocalized, the bonds in metalsrtd not to be directional.
Metals are thus often ductile and malleable. Since the electrons arede, metals are good conductors
of electricity as well as of heat.

20This is a good exercise in quantum mechanics. See, for exampl e, Eugen Merzbacher's book on quantum me-
chanics.
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5.6 Hydrogen bonds

The hydrogen atom is extremely special due to its very small size. As result, the bonds formed
with hydrogen atoms are qualitatively di erent from other bonds. W hen the hydrogen atom forms
a covalent or ionic bond with a larger atom, being small, the hydrogen ncleus (a proton) simply
sits on the surface of its partner. This then makes the molecule (hgrogen and its partner) into a
dipole. These dipoles can then attract charges, or other dipoles,sausual.

What is special about hydrogen is that when it forms a bond, and its éectron is attracted
away from the proton onto (or partially onto) its partner, the unb onded side of the the proton left
behind is a naked positive charge { unscreened by any electrons in morbitals. As a result, this
positive charge is particularly e ective in being attracted to other clouds of electrons.

A very good example of the hydrogen bond is water, HO. Each oxygen atom is bound to
two hydrogens (however because of the atomic orbital structue, these atoms are not collinear).
The hydrogens, with their positive charge remain attracted to oxygens of other water molecules. In
ice, these attractions are strong enough to form a weak, but stiale bond between water molecules,
thus forming a crystal. Sometimes one can think of the the hydroge atom as forming \half" a
bond with two oxygen atoms, thus holding the two oxygen atoms togther.

Hydrogen bonding is extremely important in biological molecules whergfor example, hy-
drogen bonds hold together strands of DNA.

5.7 Summary of Bonding (Pictoral)

See also the table 5.1 for a summary of bonding types.

% #

Figure 5.8: Cartoons of Bonding Types
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References on Chemical Bonding

Rosenberg, section 1.11{1.19

Ibach and Luth, chapter 1

Hook and Hall, section 1.6

Kittel, chapter 3 up to elastic strain

Ashcroft and Mermin, chapters 19{20

Burns, section 6.2{6.6 and also chapters 7 and 8

Probably Ashcroft and Mermin as well as Burns chapters 7, and 8 a& too much information.



Chapter 6

Types of Matter

Once we understand how it is that atoms bond together, we can exaine what types of matter can
be formed. An obvious thing that can happen is that atoms can bondtogether the form regular
crystals. A crystal is made of small units reproduced many times ad built into a regular array.
The macroscopic morphology of a crystal can re ect its underlyingstructure (See Fig. 6) We will
spend much of the remainder of this book studying crystals.

Figure 6.1: Crystals: Top left: Small units (One green one blue) repoduced pe-
riodically to form a crystal. Top right: A crystal of quartz (SiO ;). Bottom: The
macroscopic morphology of a crystal re ects its underlying strudure.

57



58 CHAPTER 6. TYPES OF MATTER

It is also possible that atoms will bind together to form molecules, andthe molecules will
stick together via weak Van der Waals bonds to form so-callednolecular crystals

Figure 6.2: A Molecular Crystal. Here, 60 atoms of carbon bind togeter to form
a large molecule known as a buckybadl then the buckyballs can stick together to
form a molecular crystal.

o
030¢0

Figure 6.3: Cartoon of a Liquid. In liquids, molecules are not in an ordeed con g-
uration and are free to move around (i.e, the liquid can ow). Howeve, the liquid
molecules do attract each other and at any moment in time you can tpically de ne
neighbors.

Another form of matter is liquid. Here, atoms are attracted to each other, but not so
strongly that they form permanent bonds (or the temperature is high enough to make the bonds
unstable). Liquids (and gases] are disordered con gurations of molecules where the molecules are

2The name \buckyball" is an nickname for Buckminsterfullere  ne, named after Richard Buckminster Fuller, the
famed developer of the geodesic dome, which buckyballs are supposed to resemble; although the shape is actually
precisely that of a soccer ball. This name is credited to the d iscoverers of the buckyball, Harold Kroto, James
Heath, and Richard Smalley, who were awarded a Nobel prize in chemistry for their discovery despite their choice
of nomenclature. (Probably the name \Soccerballene" would  have been better).

3As we should have learned in our stat-mech and thermo courses , there is no \fundamental" di erence between
a liquid and a gas. Generally liquids are high density and not  very compressible, whereas gases are low density and
very compressible. A single substance (say, water) may have a phase transition between its gas and liquid phase
(boiling), but one can also go continuously from the gas to li quid phase without boiling by going to high pressure
and going around the critical point (becoming \supercritic ~ al").
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free to move around into new con gurations.

Somewhere midway between the idea of a crystal and the idea of a ligaiis the possibility
of amorphous solids and glasses. In this case the atoms are bondido position in a disordered
con guration. Unlike a liquid, the atoms cannot ow freely.

S v 9
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Figure 6.4: Cartoon of Amorphous Solid: Silica (SiQ) can be an amorphous solid,
or a glass (as well as being crystalline quartz). Left is a three dimensnal picture,

and right is a two dimensional cartoon. Here the atoms are disordexd, but are
bonded together and cannot ow.

Many more possibilities exist. For example, one may have so-called liquidrystals, where
the system orders in some ways but remains disordered in other way For example, in gure 6 the
system is crystalline (ordered) in one direction, but remains disordesd within each plane. One can
also consider cases where the molecules are always oriented the saway but are at completely
random positions (known as a \nematic"). There are a huge variety of possible liquid crystal
phases of matter. In every case it is the interactions between thenolecules (\bonding" of some
type, whether it be weak or strong) that dictates the con gurat ions.

Figure 6.5: Cartoon of a Liquid Crystal. Liquid crystals have some of he properties
of a solid and some of the properties of a liquid. In this picture of a smetic-C liquid
crystal the system is crystalline in the vertical direction (forming discrete layers)
but remains liquid (random positions) within each plane. Like a crystal, in this
case, the individual molecules all have the same orientation.
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One should also be aware of polymer$,which are long chains of atoms (such as DNA).

Figure 6.6: Cartoon of a Polymer: A polymer is a long chain of atoms.

And there are many more types of condensed matter systems thave simply do not have
time to discuss’. One can even engineer arti cial types of order which do not occunaturally. Each
one of these types of matter has its own interesting properties ahif we had more time we would
discuss them all in depth! Given that there are so many types of matr, it may seem odd that we
are going to spend essentially the entire remainder of our time focesl on simple crystalline solids.
There are very good reasons for this however. First of all, the stdy of solids is one of the most
successful branches of physics { both in terms of how completely @vunderstand them and also
in terms of what we have been able to do practically with this understanding (For example, the
entire modern semiconductor industry is a testament to how succssful our understanding of solids
is). More importantly, however, the physics that we learn by studying solids forms an excellent
starting point for trying to understand the many more complex forms of matter that exist.

References

Dove, chapter 2 gives discussion of many types of matter.

For an even more complete survey of the types of condensed matt see \Principles of
Condensed Matter Physics", by Chaikin and Lubensky (Cambridge)

4Here is a really cool experiment to do in your kitchen. Cornst arch is a polymer | a long chain of atoms. Take
a box of cornstarch and make a mixture of roughly half cornsta rch and half water (you may have to play with the
proportions). The concoction should still be able to ow. An  d if you put your hand into it, it will feel like a liquid
and be gooey. But if you take a tub of this and hit it with a hamme  r very quickly, it will feel as hard as a brick, and
it will even crack (then it turns back to goo). In fact, you can make a deep tub of this stu and although it feels
completely like a uid, you can run across the top of it (If you are too lazy to try doing this try Googling \Ellen
cornstarch” to see a YouTube video of the experiment). This m ixture is a \non-Newtonian" uid | its e ective
viscosity depends on how fast the force is applied to the mate rial. The reason that polymers have this property is
that the long polymer strands get tangled with each other. If  a force is applied slowly the strands can unentangle
and ow past each other. But if the force is applied quickly th ey cannot unentangle fast enough and the material
acts just like a solid.

SParticularly interesting are forms such as super uids, whe re quantum mechanics dominates the physics. But
alas, we must save discussion of this for another course!
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Toy Models of Solids in One
Dimension
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Chapter 7

One Dimensional Model of
Compressibility, Sound, and
Thermal Expansion

In the rst few chapters we found that our simple models of solids, ad electrons in solids, were
insu cient in several ways. In order to improve our understanding, we decided that we needed to
take the periodic microstructure of crystals more seriously. In ths part of the book we nally begin
this more careful microscopic consideration. To get a qualitative urderstanding of the e ects of the
periodic lattice, it is frequently su cient to think in terms of simple one dimensional systems. This
is our strategy for the next few chapters. Once we have introdued a number of important principles
in one dimension, we will address the complications associated with higin dimensionality.

In the last part of the book we discussed bonding between atoms. Wfound, particularly
in the discussion of covalent bonding, that the lowest energy con gration would have the atoms
at some optimal distance between (See gure 5.7, for example). Gan this shape of the energy as
a function of distance between atoms we will be able to come to sometaresting conclusions.

For simplicity, let us imagine a one dimensional system of atoms (atomsn a single line).
The potential V (x) between two neighboring atoms is drawn in the Figure 7.1.

The classical equilibrium position is the position at the bottom of the well (marked Xeq in the
gure). The distance between atoms at low temperature should tten bexeq. (A good homework
assignment is to consider how quantum mechanics can change thislug and increase it a little
bit!).

Let us now Taylor expand the potential around its minimum.

3
(X Xeg)®+:::

V(X)  V(Xeq) + E(X Xeq)” 3!

Note that there is no linear term (if there were a linear term, then the position xeq would not be
the minimum). If there are only small deviations from the position xeq the higher terms are much
much smaller than the leading quadratic term and we can throw theseéerms out. This is a rather
crucial general principle that any potential, close enough to its minimum, is quadratic.
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V (x)

Figure 7.1: Potential Between Neighboring Atoms (black). The thick red curve is a quadratic
approximation to the minimum (it may look crooked but in fact the red c urve is symmetric and
the black curve is asymmetric). The equilibrium position is Xeq. At nite temperature T, the
system can oscillate betweexmax and Xmin  Which are not symmetric around the minimum. Thus
as T increases theaverageposition moves out to larger distance and the system expands.

Compressibility (or Elasticity)

We thus have a simple Hooke's law quadratic potential around the mininum. If we apply a force
to compress the system (i.e., apply a pressure to our model one dimsional solid) we nd

(Xeq) = F

where the sign is so that a positive (compressive) pressure redusehe distance between atoms.
This is obviously just a description of the compressibility (or elasticity) of a solid. The usual
description of compressibility is

1@V

vV @P
(one should ideally specify if this is measured at xedT or at xed S. Here, we are working at
T = S =0 for simplicity). In the one dimensional case, we write the compresibility as

S= o~ = (7.1)

with L the length of the system andx.q is the spacing between atoms. Here we make the conven-
tional de nition that the equilibrium distance between identical atom s in a system (the so-called
lattice constant) is written as a.

Sound

You may recall from your uids course that in an isotropic compressble uid, one predicts sound

waves with velocity s
— r __
B _ 1

V= il (7.2)
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where is the mass density of the uid, B is the bulk modulus, which isB = 1= with  the
(adiabatic) compressibility.

While in a real solid the compressibility is anisotropic and the speed of aand depends in
detail on the direction of propagation, in our model one dimensionakolid this is not a problem and
we can calculate that the density ism=a with m the mass of each particle anda the equilibrium
spacing between particles.

Thus using our result from above, we predict a sound wave with velaity
r___
az?
v = 7.3
— (73)
Shortly (in section 8.2) we will re-derive this expression from the micoscopic equations of motion

for the atoms in the one dimensional solid.

Thermal Expansion

So far we have been working at zero temperature, but it is worth thinking at least a little bit about

thermal expansion. This will be eshed out more completely in a homewrk assignment. (In fact
even in the homework assignment the treatment of thermal expasion will be very crude, but that
should still be enough to give us the general idea of the phenomendn

Let us consider again gure 7.1 but now at nite temperature. We can imagine the potential
as a function of distance between atoms as being like a ball rolling aroul in a potential. At zero
energy, the ball sits at the the minimum of the distribution. But if we g ive the ball some nite
temperature (i.e, some energy) it will oscillate around the minimum. At xed energy k,T the
ball rolls back and forth between the points Xmin and Xmax where V(Xmin ) = V(Xmax ) = kpT.
But away from the minimum the potential is asymmetric, SO jXmax  Xeql > jXmin Xeqj SO ON
average the particle has a positiontxi > x ¢q(T = 0). This is in essence the reason for thermal
expansion! We will obtain positive thermal expansion for any systemwhere 3 < 0 (i.e., at small
x the potential is steeper) which almost always is true for real solids.

Summary

Forces between atoms determine ground state structure.

These same forces, perturbing around the ground state, deterine elasticity, sound velocity,
and thermal expansion.

Thermal expansion comes from the non-quadratic part of the inteatomic potential.

Sound and Compressibility:
Goodstein, section 3.2b
Ibach an Luth, beginning of section 4.5
Hook and Hall, section 2.2
Thermal Expansion (Most references go intoway too much depth on thermal expansion):

Kittel chapter 5, section on thermal expansion.

1 Although this description is an annoyingly crude discussio n of thermal expansion, we are mandated by the IOP
to teach something on this subject. Explaining it more corre ctly is, unfortunately, rather messy!
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Chapter 8

Vibrations of a One Dimensional
Monatomic Chain

In chapter 2 we considered the Boltzmann, Einstein, and Debye moels of vibrations in solids.
In this chapter we will consider a detailed model of vibration in a solid, rst classically, and
then quantum mechanically. We will be able to better understand whd these early attempts to
understand vibrations achieved and we will be able to better undergand their shortcomings.

Let us consider a chain of identical atoms of mass where the equilibrium spacing between
atoms isa. Let us de ne the position of the n" atom to be x,, and the equilibrium position of the
n™ atom to be x&4 = na.

Once we allow motion of the atoms, we will havex,, deviating from its equilibrium position,
so we de ne the small variable

—_ e
Xn = Xp  X§d

Note that in our simple model we are allowing motion of the masses only irone dimension (i.e.,
we are allowing longitudinal motion of the chain, not transverse motim).

As discussed in the previous section, if the system is at low enough rgperature we can
consider the potential holding the atoms together to be quadratic Thus, our model of a solid is a
chain of masses held together with springs as show in this gure

Fig. 8.1

Since the springs are quadratic potentials this model is frequently kown as aharmonic chain.
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With this quadratic interatomic potential, we can write the total pot ential energy of the
chain to be

X
Vit = V(Xi  Xj+1)

X 2
Veq + E(Xi Xi+1)
i

The force on then™ mass on the chain is then given by

Fn = @V, = (Xn+1 Xn)+ (Xn 1 Xn)

@x

Thus we have Newton's equation of motion

Mm(Xn)=Fn= (Xns1 + Xn 1 2Xn) (8.1)

To remind the reader, for any coupled system, anormal mode is de ned to be a collective
oscillation where all particles move at the same frequency. We now &mpt a solution to Newton's
equations by using an ansatz that describes the normal modes asawes

Xy = At K< = pgit  ikna

where A is an amplitude of oscillation.

Now the reader might be confused about how it is that we are considéng complex values
of xn,. Here we are using complex numbers for convenience but actually wienplicitly mean to
take the real part. (This is analogous to what one does in circuit th@ry with oscillating currents!).
Since we are taking the real part, it is su cient to consider only ! > 0, however, we must be
careful that k can then have either sign, and these are inequivalent once we havpexi ed that !
is positive.

Plugging our ansatz into Eq. 8.1 we obtain
i
m! 2Aei!t ikna  — Ae it e ika (n+1) e ika (n 1) 2e ikan

or
ml2=2 [1 coska)]=4 sin’(ka=2) (8.2)
We thus obtain the result ro_
. ka
|l =2 - 8.3
- sin > (8.3)

In general a relationship between a frequency (or energy) and a avevector (or momentum) is
known as adispersion relation. This particular dispersion relation is shown in Fig. 8.1

8.1 First Exposure to the Reciprocal Lattice

Note that in Fig. 8.1 we have only plotted the dispersion for =a 6 k 6 =a. The reason for this
is obvious from Eq. 8.3 | the dispersion relation is actually periodic in k! k+2 =a. In fact this
is a very important general principle:



8.1. FIRST EXPOSURE TO THE RECIPROCAL LATTICE 69

w in units of 4/x/m X
2 ?—— CJ;Z {,‘

k in units of 1/a

Va -3 -2 -1 1 2 3 R \’\/_11-(0_

Figure 8.1: Dispersion Relation for Vibrations of the One Dimensional Mbnatomic Harmonic
Chain. The dispersion is periodic ink! k+2 =a

Principle 8.1: A system which is periodic in real space with a peri-
odicity a will be periodic in reciprocal space with periodicity 2=a.

In this principle we have used the wordreciprocal space which meank-space. In other words this
principle tells us that if a system looks the same wherx ! x+ athen in k-space the dispersion will
look the same whenk ! k +2 =a. We will return to this principle many times in later chapters.

The periodic unit (the \unit cell") in k-space is conventionally known as theBrillouin
Zone!'2. This is your rst exposure to the concept of a Brillouin zone, but it will play a very central
role in later chapters. The \First Brillouin Zone" is a unit cell in k-space centered around the point
k = 0. Thus in Fig. 8.1 we have shown only the rst Brillouin zone, with the u nderstanding that
the dispersion is periodic for higherk. The points k = =a are known as the Brillouin-Zone
boundary and are de ned in this case as being points which are symmetric arouhk = 0 and are
separated by 2=a.

It is worth pausing for a second and asking why we expect that the @persion curve should

1Leon Brillouin was one of Sommerfeld's students. He is famou s for many things including for being the \B" in
the \WKB" approximation. I'm not sure if WKB is on your syllab us, but it really should be if it is not already!

2The pronunciation of \Brillouin" is something that gives En glish speakers a great deal of di culty. If you speak
French you will probably cringe at the way this name is butche red. (I did badly in French in school, so I'm probably
one of the worst o enders.) According to online dictionarie s it is properly pronounced somewhere between the
following words: bewan, breel-wahn, bree(y)lwa(n), and  bree-I-(uh)-wahn. At any rate, the \I' and the \n" should
both be very weak.
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be periodic ink ! k +2 =a. Recall that we de ned our vibration mode to be of the form
X = Ae't kna (8.4)
If we take k! k +2 =a we obtain
X, = Aelt 1(kv2 =ajna — it ikna g i2n = pgilt  ikna

where here we have used
e i2n =1

for any integer n. What we have found here is that shiftihgk ! k+2 =a gives us back exactly the
same oscillation mode the we had before we shiftek. The two are physically exactly equivalent!

In fact, it is similarly clear that shifting k by any k +2 p=a with p an integer will give us
back exactly the same wave also since
e i2np — 1

as well. We can thus de ne a set of points ink-space (reciprocal space) which are all physically
equivalent to the point k = 0. This set of points is known as the reciprocal lattice. The original
periodic set of points X, = na is known as thedirect lattice or real-space latticeto distinguish it
from the reciprocal lattice, when necessary.

The concept of the reciprocal lattice will be extremely important later on. We can see the
analogy between the direct lattice and the reciprocal lattice as follavs:
Xn = i 2a, a 0, a 2a,
— 2 2 2 2
Gn = ... 2 &, < 0, 5, 25,
Note that the de ning property of the reciprocal lattice in terms o f the points in the real lattice
can be given as _
gemxn =1 (8.5)

A point G, is a member of the reciprocal lattice if and only if Eq. 8.5 is true for allx, in the real
lattice.

8.2 Properties of the Dispersion of the One Dimensional
Chain

We now return to more carefully examine the properties of the dispesion we calculated (Eq. 8.3).

Sound Waves:

Recall that sound wavée® is a vibration that has a long wavelength (compared to the inter-atamic
spacing). In this long wavelength regime, we nd the dispersion we jst calculated to be linear
with wavevector ! = vgoung k as expected for sound with

r

V, d=a —:
'soun m

3For reference it is good to remember that humans can hear soun d wavelengths roughly between 1cm and 10m.
Both of these are very long wavelength compared to interatom ic spacings.
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(To see this, just expand the sin in Eq. 8.3). Note that this sound véocity matches the velocity
predicted from Eq. 7.3!

However, we note that at largerk, the dispersion is no longer linear. This is in disagreement
with what Debye assumed in his calculation in section 2.2. So clearly this i® shortcoming of
the Debye theory. In reality the dispersion of normal modes of vibation is linear only at long
wavelength.

At shorter wavelength (larger k) one typically de nes two di erent velocities: The group
velocity, the speed at which a wavepacket moves, is given by

Vgroup = d!=dk
And the phase velocity the speed at which the individual maxima and minima move, is given by
Vphase = I=k .

These two match in the case of a linear dispersion, but otherwise ardi erent. Note that the group
velocity becomes zero at the Brillouin zone boundariek = =a (i.e., the dispersion is at). As
we will see many times later on, this is a general principle!

Counting Normal Modes:

Let us now ask how many normal modes there are in our system. Nagly it would appear that
we can put anyk such that =a 6 k < =a into Eq. 8.3 and obtain a new normal mode with
wavevectork and frequency! (k). However this is not precisely correct.

Let us assume our system has exactlyd masses in a row, and for simplicity let us assume
that our system has periodic boundary conditions i.e., particlexg has particle x; to its right and
particle xN 1 to its left. Another way to say this is to let, x,+n = Xn, i.€., this one dimensional
system forms a big circle. In this case we must be careful that the ave ansatz Eq. 8.4 makes sense
as we go all the way around the circle. We must therefore have

it ikna :ei!t ik(N+n)a

e
Or equivalently we must have
eikNa =1
This requirement restricts the possible values ok to be of the form
- 2P _2p
“ Na L

wherepis an integer andL is the total length of the system. Thusk becomes quantized rather than
a continuous variable. This means that thek-axis in Figure 8.1 is actually a discrete set of many
many individual points; the spacing between two of these conseciite points being 2=(Na) =
2=L.

Let us now count how many normal modes we have. As mentioned alve in our discussion
of the Brillouin zone, adding 2=a to k brings one back to exactly the same physical wave. Thus
we only ever need considek values within the rst Brillouin zone (i.e., =a 6 k< =a, and
since =a is the same as =a we choose to count one but not the other). Thus the total numbe
of normal modes is

Range ofk 2=a

Total Number of Modes = e - — = =
otal Rumber ot Modes Spacing between neigborink 2 =(Na)

N. (8.6)
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There is precisely one normal mode per mass in the system | that is, e normal mode per degree
of freedom in the whole system. This is what Debye insightfully prediced in order to cut o his
divergent integrals in section 2.2.3 above!

8.3 Quantum Modes: Phonons

We now make a rather important leap from classical to quantum physcs.

Quantum Correspondence:  If a classical harmonic system (i.e., any
guadratic Hamiltonian) has a normal oscillation mode at frequency!
the corresponding quantum system will have eigenstates with engy

En=~(n+ %) (8.7)

Presumably you know this well in the case of a single harmonic oscillatorThe only thing di erent
here is that our harmonic oscillator can be a collective normal mode nibjust motion of a single
particle. This quantum correspondence principle will be the subjectof a homework assignment.

Thus at a given wavevectork, there are many possible eigenstates, the ground state being
the n = 0 eigenstate which has only the zero-point energy-! (k)=2. The lowest energy excitation
is of energy~! (k) greater than the ground state corresponding to the excitedn = 1 eigenstate.
Generally all excitations at this wavevector occur in energy units of~! (k), and the higher values
of energy correspond classically to oscillations of increasing amplitued

Each excitation of this \normal mode" by a step up the harmonic osdllator excitation ladder
(increasing the quantum numbern) is known as a \phonon".

De nition 8.3.1. A phononis a discrete quantum of vibration*

This is entirely analogous to de ning a single quanta of light as a photon As is the case
with the photon, we may think of the phonon as actually being a particle, or we can think of the
phonon as being a quantized wave.

If we think about the phonon as being a particle (as with the photon) then we see that we
can put many phonons in the same state (ie., the quantum numben in Eq. 8.7 can be increased
to any value), thus we conclude that phonons, like photons, are bsons. As with photons, at nite
temperature there will be a nonzero number of phonons (i.e.n will be on average nonzero) as
given by the Bose occupation factor.

ng( ~!)= ﬁll

with  =1=(kyT) and ! the oscillation frequency.
Thus, the energy expectation of the phonons at wavevectok is given by

Ex =1 () ns( ~ (K)+ 3

4] do not like the de nition of a phonon as \a quantum of vibrati onal energy" which many books use. The
vibration does carry indeed energy, but it carries other qua ntum numbers (such as crystal momentum) as well, so
why specify energy only?
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We can use this type of expression to calculate the heat capacity odur one dimensional
modeP
X 1
Vo = =1 (k) ne( =1 (k)+ 5
k

where the sum overk here is over all possible normal modes, i.&k =2 p=(Na) suchthat =a 6
k < =a . Thus we really mean

X p:%Z 1
!
k p= N=2
k=(2 p)=(Na)

Since for a large system, thek points are very close together, we can convert the discrete sum to
an integral (something we should be very familiar with by now) to obtain

Z _
X Na =~ =@

Note that we can use this continuum integral to count the total number of modes in the system
Z _
Na ™

5 dk=N

=a
as predicted by Debye.

Using this integral form of the sum, we have the total energy giverby

N Z =

1
Uotal = 2—

dk~! (k) na( ~ (K)+ 3

—a
from this we could calculate speci c heat asdU=dT.

These two previous expressions look exactly like what Debye would va obtained from his
calculation (for a one dimensional version of his model)! The only di eence lies in our expression
for ! (k). Debye only knew about sound wherd = vk, is linear in the wavevector. We, on the other
hand, have just calculated that for our microscopic ball and springmodel! is not linear in k (See
Eq. 8.3). Other than this change in the dispersion relation, our calcaltion of heat capacity (exact
for this model!) is identical to the approach of Debye. In fact, Einstein's calculation of specic
heat can also be phrased in exactly the same language. Only for Eirsin's model the frequency!
is constant for all k (it is xed at the Einstein frequency). We thus see Einstein's model, Debye's
model, and our microscopic harmonic model in a very uni ed light. The aly di erence between
the three is what we use for a dispersion relation.

One nal comment is that it is frequently useful to further replace integrals over k with
integrals over frequency (we did this when we studied the Debye maal above). We obtain generally

zZ . z

Na dk= dig()

2

=a

wherée®

5The observant reader will note that we are calculating Cy = dU=dT the heat capacity at constant volume.
Why constant volume? As we saw above when we studied thermal e xpansion, the crystal does not expand unless
we include third(or higher) order terms in the interatomic p  otential, which are not in this model!

6The factor of 2 out front comes from the fact that each ! occurs for the two possible values of k.
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g(l)=2 %jdk=d!j

Recall again that the de nition of density of states is that the numb er of modes with frequency
between! and! + d! is given by g(! )d! .

Note that in the (one dimensional) Debye model this density of state is constant from! =0
to! = ! penye = vV =a. In our model, as we have calculated above, the density of states isot a
constant, but becomes zero at frequency above the maximum fogiency f =m . (In a homework
problem we calculate this density of states explicitly). Finally in the Einstein model, this density
of states is a delta-function at the Einstein frequency.

8.4 Crystal Momentum

As mentioned above, the wavevector of a phonon is de ned only maalo’ the reciprocal lattice.
In other words, k is the same ask + G, where Gy, = 2 m=a is a point in the reciprocal lattice.
Now we are supposed to think of these phonons as particles | and wdike to think of our particles
as having energy~! and a momentum ~k. But we cannot de ne a phonon's momentum this
way because physically it is the same phonon whether we describe it ak or ~(k + G ). We
thus instead de ne a concept known as thecrystal momentum which is the momentum modulo
the reciprocal lattice | or equivalently we agree that we must always describek within the rst
Brillouin zone.

In fact, this idea of crystal momentum is extremely powerful. Sincewe are thinking about
phonons as being particles, it is actually possible for two (or more) pbnons to bump into each
other and scatter from each other | the same way particles do®. In such a collision, energy
is conserved andcrystal momentum is conserved! For example three phonons each with crystal
momentum ~(2=3) =a can scatter o of each other to produce three phonons each withcrystal
momentum ~(2=3) =a. This is allowed since the initial and nal states have the same energy
and

3 (2=3)=a =3 ( 2=3)=a mod (2=a)

During these collisions although momentum~k is not conserved, crystal momentum i8. In fact,
the situation is similar when, for example, phonons scatter from eleions in a periodic lattice |
crystal momentum becomes the conserved quantity rather tharmomentum. This is an extremely
important principle which we will encounter again and again. In fact, it is a main cornerstone of
solid-state physics.

Aside: There is a very fundamental reason for the consenaati of crystal momentum. Conserved

"The word \modulo" or \mod" means to divide and only keep the re  mainder. For example, 15 modulo 7 = 1
since when you divide 15 by 7, you have a remainder of 1.

8In the harmonic model we have considered phonons do not scatt er from each other. We know this because
the phonons are eigenstates of the system, so their occupati on does not change with time. However, if we add
anharmonic (cubic and higher) terms to the inter-atomic pot ential, this corresponds to perturbing the phonon
Hamiltonian and can be interpreted as allowing phonons to sc atter from each other.

9This thing we have dened, -~k, has dimensions of momentum, but is not conserved. However, as we will
discuss below in chapter 13, if a particle, like a photon, ent ers a crystal with a given momentum and undergoes a
process that conserves crystal momentum but not momentum, w hen the photon exits the crystal we will nd that
total momentum of the system is indeed conserved, with the mo mentum of the entire crystal accounting for any
momentum that is missing from the photon. See footnote 6 in se ction 13.1.1



8.5. SUMMARY OF VIBRATIONS OF THE ONE DIMENSIONAL MONATOMIC C  HAIN 75

quantities are results of symmetries (this is a deep and gealestatement known as Noether's theorei). For
example, conservation of momentum is a result of the transilenal invariance of space. If space is not the
same from point to point, for example if there is a potentiaV/ (x) which is di erent at di erent places, then
momentum is not conserved. The conservation of crystal momtem correspondingly results from space being
invariant under translations ofa, giving us momentum that is conserved modul@d =a .

8.5 Summary of Vibrations of the One Dimensional Monatomic
Chain

A number of very crucial new ideas have been introduced in this se@n. Many of these will return
again and again in later chapters.

Normal modes are collective oscillations where all particles move at # same frequency.

If a system is periodic in space with periodicity x = a, then in reciprocal space k-space)
the system is periodic with periodicity k=2 =a.

Values of k which di er by multiples of 2 =a are physically equivalent. The set of points in
k-space which are equivalent tok = 0 are known as the reciprocal lattice.

Any value of k is equivalent to somek in the rst Brillouin-zone, =a 6 k< =a (in 1d).

The sound velocity is the slope of the dispersion in the smak limit (group = phase velocity

in this limit).

A classical normal mode of frequency gets translated into quantum mechanical eigenstates
En = ~1(n+ %). If the system is in the n" eigenstate, we say that it is occupied byn
phonons.

Phonons can be thought of as particles, like photons, that obey Bge statistics.

References

Normal Modes of Monatomic Chain and Introduction to Phonons:
Kittel, beginning of chapter 4
Goodstein, beginning of section 3.3
Hook and Hall, section 2.3.1
Burns, section 12.1{12.2

Ashcroft and Mermin, beginning of chapter 22.

19Emmy Noether has been described by Einstein, among others, a s the most important woman in the history of
mathematics.
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Chapter 9

Vibrations of a One Dimensional
Diatomic Chain

In the previous chapter we studied in detail a one dimensional modedf a solid where every atom is
identical to every other atom. However, in real materials not evey atom is the same (for example,
in sodium chloride, NaCl, we have two types of atoms!). We thus intendto generalize our previous
discussion of the one dimension solid to a one dimensional solid with twgypes of atoms. Much of
this will follow the outline set in the previous chapter, but we will see that several fundamentally
new features will now emerge.

9.1 Diatomic Crystal Structure: Some useful de nitions

Consider the following model system

Fig. 9.1.1

which represents a periodic arrangement of two di erent types ofatoms. Here we have given them
two massesm; and m;, which alternate along the one dimensional chain. The springs connéiag
the atoms have spring constants ; and , and also alternate.

In this circumstance with more than one type of atom, we rst would like to identify the
so-called unit cell which is the repeated motif in the arrangement of atoms. In this picture, we
have put a box around the unit cell. The length of the unit cell in one dimension is known as the

77
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lattice constant and it is labeled a.

Fig. 9.1.2

Note however, that the de nition of the unit cell is extremely non-u nique. We could just as
well have chosen (for example) the unit cell to be as follows.

Fig. 9.1.3

The important thing in de ning a periodic system is to choose some unit cell and then
construct the full system by reproducing the same unit cell over ad over. (In other words, make
a de nition of the unit cell and stick with that de nition!).

It is sometimes useful to pick some references point inside each urgell. This set of reference
points makes a simplelattice (we will de ne the term \lattice" more closely in later chapters, but
for now the point is that a lattice has only one type of point in it { not tw o dierent types of
points). So in this gure, we have marked our reference point in eals unit cell with an X (again,
the choice of this reference point is arbitrary).
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Fig. 9.1.4

Given the reference lattice point in the unit cell, the description of all of the atoms in the
unit cell with respect to this reference point is known as abasis In this case we might describe
our basis as

light gray atom centered at position 3a=40 to left of reference lattice point
dark gray atom centered at position 7a=20 to right of reference lattice point
Thus if the reference lattice point in unit cell n is calledr, (and the spacing between the lattice
points is a) we can set
rn = an
with a the size of the unit cell. Then the (equilibrium) position of the light gray atom in the nt

unit cell is
xg4=an 3a=40

whereas the (equilibrium) position of the dark gray atom in the n" unit cell is

9= an+7a=20

9.2 Normal Modes of the Diatomic Solid

For simplicity, let us focus on the case where all of the masses alonguo chain are the same
m; = my = m but the two spring constants ; and , are dierent. (For homework we will
consider the case where the masses are di erent, but the springoastants are the same!).

Fig. 9.2.1




80 CHAPTER 9. VIBRATIONS OF A ONE DIMENSIONAL DIATOMIC CHAIN

Given the spring constants in the picture, we can write down Newtor's equations of of motion
for the deviations of the positions of the masses from their equilibrim positions. We obtain

mX, = 2(Yn Xn)*+ 1(Yn 1 Xn) (9.1)
my, = 1( X n+1 Yn)+ 2(Xn Yn) 9.2)

Analogous to the one dimensional case we propose ansatztor these quantities that have the form
of a wave

X, = Ax ei!t ikna (93)
y N = Ayei!t ikna (94)

where, as in the previous chapter, we implicitly mean to take the reabart of the complex number.
As such, we can always choose to take> 0 as long as we considek to be either positive and
negative.

As we saw in the previous chapter, values ok that dier by 2 =a are physically equivalent.
We can thus focus our attention to the rst Brillouin zone =a 6 k < =a . Note that the
important length here is the unit cell length or lattice constant a. Any k outside the rst Brillouin
zone is redundant with some otherk inside the zone.

As we found in the previous chapter, if our system hasN unit cells (henceL = Na)
then (putting periodic boundary conditions on the system) k will be is quantized in units of
2=(Na) =2 =L . Note that here the important quantity is N, the number of unit cells, not the
number of atoms (2N ).

Dividing the range of k in the rst Brillouin zone by the spacing between neighboring k's,
we obtain exactly N di erent possible values ofk exactly as we did in Eq. 8.6. In other words, we
have exactly one value ofk per unit cell.

We might recall at this point the intuition that Debye used | that ther e should be exactly
one possible excitation mode per degree of freedom of the systeniere we obviously have two
degrees of freedom per unit cell, but we obtain only one possible valuef k per unit cell. The
resolution, as we will see in a moment, is that there will be two possible gcillation modes for each
wavevectork.

We now proceed by plugging in our ansatze (Eq. 9.3 and 9.4) into our guations of motion
(Eg. 9.1 and 9.2). We obtain

] ZmAxei!t ikna — 2Ayei!t ikna + lAyei!t ik(n 1l)a ( .+ Z)Axei!t ikna

!ZmAyei!t ikna - 1Axei!t k(n+l)a 4 2Axei!t ikna ( 1+ 2)Ayei!t ikna
which simpli es to

12mAy, = A+ AERR (1 Q)A
I 2mA, 1Ace 8+ LA (14 A

This can be rewritten conveniently as an eigenvalue equation

m 2 Ao _ (1+ 2) 2 1€ Ax

i 9.5
Ay 2 18" (1t ) Ay ©9)

1] believe this is the proper pluralization of ansatz.
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The solutions of this are obtained by nding the zeros of the seculardeterminant

(1+ 2) mt? 2 1€k
2 18" (1+ 5 mi?

ika ;2

0= = (14 2) m2% .+ e

The roots of which are clearly given by
m2=( 1+ ) j 1+ 264

The second term needs to be simpli ed

ja+ 8= (1+ k) 1+ je k)= 2+ 2+2 1 ,coska)

So we nally obtain r

+ 14
I = lm 2 = 24+ 242 ; ,coska) (9.6)

Note in particular that for each k we nd two normal modes | usually referred to as the two
branchesof the dispersion. Thus since there ardN di erent k values, we obtain 2N modes total (if
there are N unit cells in the entire system). This is in agreement with our above disassion that
we should have exactly one normal mode per degree of freedom inrosystem.

The dispersion of these two modes is shown in Figure 9.1.

ke

Figure 9.1: Dispersion Relation for Vibrations of the One Dimensional Datomic Chain. The
dispersion is periodic ink ! k +2 =a. Here the dispersion is shown for the case of, =1:4 ;.
This scheme of plotting dispersions, putting all normal modes within the rst Brillouin zone, is
the reduced zone schemeCompare this to Fig. 9.2 below.

A few things to note about this dispersion. First of all we note that there is a long wavelength
low energy branch of excitations with linear dispersion (corresponthg to ! in Eq. 9.6). This is
the sound wave, or acoustic mode. Generally the de nition of anacoustic modeis any mode that
has linear dispersion ak ! 0.
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By expanding Eq. 9.6 for smallk it is easy to check that the sound velocity is

S

_ d! _ a? 1 2
Vsound = dak m( 1+ 2) (9.7)

In fact, we could have calculated this sound velocity on general priniples analogous to what we
did in Eq. 7.2 and Eg. 7.3. The density of the chain is Zn=a. The e ective spring constant of two
springs 1 and jinseriesis~=( 1 2)=( 1+ 2)so the compressibility of the chainis =1=(-a)
(See Eqg. 7.1). Then plugging into Eq. 7.2 gives exactly the same souneklocity as we calculate
here in Eq. 9.7.

The higher energy branch of excitations is knﬁwn as theoptical mode. It is easy to check
that in this case the optical mode goes to frequency 2( 1+ 2)=m at k =0, and also has zero
group velocity at k = 0. The reason for the nomenclature \optical" will become clearer laer in the
course when we study scattering of light from solids. For now we giva very simpli ed description
of why it is named this way: Consider a solid being exposed to light. It is pssible for the light
to be absorbed by the solid, but energy and momentum must both beconserved. However, light
travels at a very high velocity ¢, so! = ck is a very large number. Since phonons have a maximum
frequency, this means that photons can only be absorbed for vgrsmall k. However, for smallk,
acoustic phonons have energyk  ck so that energy and momentum cannot be conserved. On
the other hand, optical phonons have energy opica Which is nite for small k so that at some
value of smallk, we have! gpicai = ck and one can match the energy and momentum of the photon
to that of the phonon.? Thus, whenever phonons interact with light, it is inevitably the optica |
phonons that are involved.

Let us examine a bit more closely the acoustic and the optical mode als! 0. Examining
our eigenvalue problem Eq. 9.5, we see that in this limit the matrix to be dagonalized takes the
simple form

12 Ax 1t 2 1 1 Ay

Ay m 11 Ay (0-8)

The acoustic mode (which has frequency 0) is solved by the eigenvec

Ax 1
Ay 1

This tells us that the two masses in the unit cell (at positions x and y) move together for the
case of the acoustic mode in the long wavelength limit. This is not surpising considering our
understanding of sound waves as being very long wavelength comgssions and rarifactions. This
is depicted in Figure 9.2.2. Note in the gure that the amplitude of the compression is slowly
modulated, but always the two atoms in the unit cell move almost exatly the same way.

2From this naive argument, one might think that the process wh ere one photon with frequency ! optical IS
absorbed while emitting a phonon is an allowed process. This is not true since the photons carry spin and spin
must also be conserved. Much more typically the interaction  between photons and phonons is one where a photon
is absorbed and then re-emitted at a di erent frequency whil e emitting a phonon. l.e., the photon is inelastically
scattered. We will discuss this later on.
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Fig. 9.2.2

A long wavelength acoustic mode

On the other hand, the optical mode atk = 0, having frequency ! 2 = 2(1m7+2) has the
eigenvector
Ay 1

Ay 1
which described the two masses in the unit cell moving iroppositedirections, for the optical mode.

This is depicted in Figure 9.2.3. Note in the gure that the amplitude of t he compression is slowly
modulated, but always the two atoms in the unit cell move almost exatly the opposite way.

Fig. 9.2.3

A long wavelength optical mode

In order to get a better idea of how motion occurs for both the opical and acoustic modes, it
is useful to see animations, which you can nd on the web. Another god resource is to download the
program \ChainPlot" from Professor Mike Glazer's web site (http:// www.amg122.com/programs§

In this example we had two atoms per unit cell and we obtained two moeés per distinct
value of k. One of these modes is acoustic and one is optical. More generally iféhe areM atoms
per unit cell (in one dimension) we will haveM modes per distinct value ofk (i.e., M branches of
the dispersion) of which one mode will be acoustic (goes to zero ergr at k = 0) and all of the
remaining modes are optical (do not go to zero energy ak = 0).

Caution: We have been careful to discuss a true one dimensibaystem, where the atoms are allowed
to move only along the one dimensional line. Thus each atomsanly one degree of freedom. However, if we
allow atoms to move in other directions (transverse to the 1lihe) we will have more degrees of freedom per
atom. When we get to the 3d solid we should expect 3 degrees medom per atom. And there should be 3
di erent acoustic modes at eachk at long wavelength. (In 3d, if there aren atoms per unit cell, there will be
3(n 1) optical modes but always 3 acoustic modes totallingn degrees of freedom per unit cell

SNote in particular the comment on this website about most boo ks getting the form of the acoustic mode
incorrect!
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One thing that we should study closely is the behavior at the Brillouin zoned)oundary. It

'E also easy to check that the frequencies at the zone boundary k = =a)are 2 ;=mand

2 »=m, the larger of the two being! . . We can also check that the group velocityd!=dk of both

modes goes to zero at the zone boundary (Similarly the optical modéas zero group velocity at
k =0).

In Fig. 9.1 above, we have shown both modes at each value &f such that we only need to
showk within the rst Brillouin zone. This is known as the reduced zone schemeAnother way to
plot exactly the same dispersions is shown in Fig. 9.2 and is known as thextended zone scheme
Essentially you can think of this as \unfolding" the dispersions such that there is only one mode
at each value ofk. In this picture we have de ned (for the rst time) the second Brillouin zone

@
[}
|
Pf
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1 Y, " D
A a
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Figure 9.2: Dispersion Relation of Vibrations of the One Dimensional Digomic Chain in the
Extended Zone Scheme (Again choosing, = 1:4 ;). Compare this to Fig. 9.1 above. The rst
Brillouin zone is labeled BZ1 and the second Brillouin zone is labeled BZ2.

Recall the rst zone in 1d is de ned as jkj 6 =a. Analogously the second Brillouin zone is now
=a 6 jkj 6 2=a. In later chapters we will de ne the Brillouin zones more generally.

Here is an example where it is very useful to think using the extendedone scheme. We have
been considering cases with, > 1, now let us consider what would happen if we take the limit
of ,! 1. When the two spring constants become the same, then in fact théwo atoms in the
unit cell become identical, and we have a simple monotomic chain (which & discussed at length
in the previous chapter). As such we should de ne a new smaller unit ell with lattice constant
a=2, and the dispersion curve is now just a simplg sinj as it was in chapter 8.

Thus it is frequently useful if the two atoms in a unit cell are not too di erent from each
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Figure 9.3: How a Diatomic Dispersion Becomes a Monatomic Dispersion Yien the Two Di erent
Atoms Become the Same. (black) Dispersion relation of vibrations ofthe one dimensional diatomic
chain in the extended zone scheme with , not too di erent from ;. (blue) Dispersion relation
when , = ;. In this case, the two atoms become exactly the same, and we hawe monatomic
chain with lattice spacing a=2. This single band dispersion precisely matches that calculated in
chapter 8 above, only with the lattice constant rede ned to a=2.

other, to think about the dispersion as being a small perturbation to a situation where all atoms are
identical. When the atoms are made slightly di erent, a small gap opers up at the zone boundary,
but the rest of the dispersion continues to look mostly as if it is the dipersion of the monatomic
chain. This is illustrated in Fig. 9.3.

9.3 Summary of Vibrations of the One Dimensional Di-
atomic Chain

A number of key concepts are introduced in this chapter as well

A unit cell is the repeated motif that comprises a crystal.
The basis is the description of the unit cell with respect to a referene lattice.
The lattice constant is the size of the unit cell (in 1d).

If there are M atoms per unit cell we will nd M normal modes at each wavevectok.
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One of these modes is an acoustic mode, meaning that it has linear dispsion at small k,
whereas the remainingM 1 are optical meaning they have nite frequency atk = 0.

For the acoustic mode, all atoms in the unit cell move in-phase with eah other, whereas for
optical modes, they move out of phase with each other.

Except for the acoustic mode, all other excitation branches havezero group velocity for
k = n=a for any n.

If all of the dispersion curves are plotted within the rst Brillouin zon ejkj 6 =a we call this
the reduced zone scheme. If we \unfold" the curves such that there is only one excitation
plotted per k, but we use more than one Brillouin zone, we call this the extended zte scheme.

If the two atoms in the unit cell become identical, the new unit cell is hdf the size of the old
unit cell. It is convenient to describe this limit in the extended zone scleme.
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Chapter 10

Tight Binding Chain (Interlude
and Preview)

In the previous two chapters we have considered the propertiesfwibrational waves (phonons) in

a one dimensional system. At this point, we are going to make a bit of a excursion to consider
electrons in solids again. The point of this excursion, besides being argview of much of the
physics that will re-occur later on, is to make the point that all waves in periodic environments
(in crystals) are similar. In the previous two chapters we considerd vibrational waves. In this

chapter we will consider electron waves (Remember that in quantummechanics particles are just
as well considered to be waves!)

10.1 Tight Binding Model in One Dimension

We described the molecular orbital, or tight binding, picture for molecules previously in section
5.3.2. We also met the equivalent picture, or LCAO (linear combination d atomic orbitals) model
of bonding for homework. What we will do here is consider a chain of sth molecular orbitals to
represent orbitals in a macroscopic (one dimensional) solid.

.a(—’.
jLi j2i j3i j4i j5i j6i

In this picture, there is a single orbital on atom n which we call jni. For convenience we
will assume that the system has periodic boundary conditions (i.e, tere areN sites, and siteN

87
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is the same as site 0). Further we will assume that all of the orbitals e orthogonal to each other.

mjmi = nm (10.1)

Let us now take a general trial wavefunction of the form
. . X . .
ji= njni
n

As we showed for homework, the e ective Schmdinger equationdr this type of tight-binding
model can be written as X
Hm m=E n (10.2)
m

where H,, is the matrix element of the Hamiltonian

Hum = jHjmi

As mentioned previously when we studied the molecular orbital modelthis Schredinger
equation is actually a variational approximation. For example, instead of nding the exact ground
state, it nds the best possible ground state made up of the orbitds that we have put in the model.

One can make the variational approach increasingly better by expading the Hilbert space
and putting more orbitals into the model. For example, instead of haung only one orbital jni at a
given site, one could consider manyn; i where runs from 1 to some numberp. As pis increased
the approach becomes increasingly more accurate and eventually éssentially exact. This method
of using tight-binding like orbitals to increasingly well approximate the exact Schmdinger equation
is known as LCAO (linear combination of atomic orbitals). However, ore complication (which
we treat only in one of the additional homework assignments) is thatwhen we add many more
orbitals we typically have to give up our nice orthogonality assumption i.e., m; jm; i =
no longer holds. This makes the e ective Schmdinger equation a bitmore complicated, but not
fundamentally di erent. (See comments in section 5.3.2 above).

At any rate, in the current chapter we will work with only one orbital per site and we assume
the orthogonality Eq. 10.1.

We write the Hamiltonian as X

where K = p?=(2m) is the kinetic energy andV, is the Coulomb interaction of the electron with
the nucleus at sitej,

Vi = V(I 1)
wherer; is the position of the j™ nucleus.

With these de nitions we have
X
Hjmi = (K + Vqy)jmi + Vj jmi
j6m
Now, we should recognize thatk + V, is the Hamiltonian which we would have if there were
only a single nucleus (them™ nucleus) and no other nuclei in the system. Thus, if we take the
tight-binding orbitals jmi to be the atomic orbitals, then we have

(K + Vm)imi = atomic JmMi
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where aomic IS the energy of an electron on nucleusn in the absence of any other nuclei.

Thus we can write
X
Hom = MHiMI = aomic nm + mJVJJm|
j&m
We now have to gure out what the nal term of this equation is. The meaning of this term is

that, via the interaction with some nucleus which is not the m", an electron on them™ atom can
be transferred to the n™" . Generally this can only happen ifn and m are very close to each other.

Thus, we write 8
X < VN n=m
mjVjjmi = t n=m 1 (10.3)
i6m 0 otherwise

which de nes both Vy andt. (The V, term here does not hop an electron from one site to another,
but rather just shifts the energy on a given site.) Note by translational invariance of the system,
we expect that the result should depend only onn  m, which this form does. These two types
of terms \Vp and t are entirely analogous to two types of termsV.0ss and t that we met in section
5.3.2 above when we studied covalent bonding of two atonds The situation here is similar except
that now there are many nuclei instead of just two.

With the above matrix elements we obtain
Hom = 0 nm t( nti:m t n 1;m) (10-4)

where we have now de ned
0= aomic + Vo

This Hamiltonian is a very heavily studied model, known as the tight binding chain. Heret is
known as the hopping term, as it allows the Hamiltonian (which generags time evolution) to move
the electron from one site to another, and it has dimensions of engy. It stands to reason that the
magnitude oft depends on how close together the orbitals are | becoming large wha the orbitals
are close together and decaying exponentially when they are far apt.

10.2 Solution of the Tight Binding Chain

The solution of the tight binding model in one dimension (the tight bindin g chain) is very analogous
to what we did to study vibrations (and hence the point of presenting the tight binding model at
this point!). We propose an ansatz solution

e ikna

where the denominator is included for normalization where there areN sites in the system. We
now plug this ansatz into the Schmdinger equation Eg. 10.2. Note hat in this case, there is no
frequency in the exponent of our ansatz. This is simply because wera trying to solve the time-

independent Schredinger equation. Had we used the time depenaé equation, we would need a
factor of €'t as well!

1Just to be confusing, atomic physicists sometimes use J where | have used t here.
20nce again ¢ is not a dielectric constant or the permittivity of free space, but  rather just the energy of having
an electron sit on a site.
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As with vibrations, it is obvious that k! k + 2 =a gives the same solution. Further, if
we consider the system to have periodic boundary conditions witiN sites (length L = Na), the
allowed values ofk are quantized in units of 2=L . As with Eq. 8.6 there are preciselyN possible
di erent solutions of the form of Eq. 10.5.

Plugging the ansatz into the left side of the Schredinger equation 0.2 and then using Eq.

10.4 gives us
X e kna e k(n+l)a e k(n Da
n + n

Hn. = o T — —
nm m OHN HN HN

m

which we set equal to the right side of the Schmdinger equation

ikna

En:E—pW—

To obtain the spectrum
E = o 2tcoska) (10.6)

which looks rather similar to the phonon spectrum of the one dimensional monatomic chain which
was (See Eq. 8.2)

12=9__ —
! 2 — 2m coska)

Note however, that in the electronic case one obtains the energy hereas in the phonon case one
obtains the squareof the frequency.

This dispersion curve is shown in Fig. 10.1. Analogous to the phonon &, it is periodic
in k! k+2 =a. Further, analogous to the phonon case, the dispersion always lsazero group
velocity (is at) for k= n=a for n any integer (i.e., at the Brillouin zone boundary).

Note that unlike free electrons, the electron dispersion here has maximum energy as well
as a minimum energy. Electrons only have eigenstates within a certaienergy band The word
\band" is used both to describe the energy range for which eigensttes exist, as well as to describe
one connected branch of the dispersion curve (In this picture thee is only a single mode at each
k, hence one branch, hence a single band).

The energy di erence from the bottom of the band to the top is known as the bandwidth
Within this bandwidth (between the top and bottom of the band) for any energy there exists (at
least one)k state having that energy. For energies outside of the bandwidth here are nok-states
with that energy.

The bandwidth (which in this model is 4t) is determined by the magnitude of the hopping,
which, as mentioned above, depends on the distance between nuiéle As a function of the inter-
atomic spacing then the bandwidth increases as shown in Fig 10.2. Orhe right of this diagram
there areN states, each one being an atomic orbitajni. On the left of the diagram theseN states
form a band, yet as discussed above, there remain preciselN states. (This should not surprise
us, being that we have not changed the dimension of the Hilbert stat, we have just expressed it
in terms of the complete set of eigenvalues of the Hamiltonian). Notehat the average energy of
a state in this band remains always zero.

Aside: Note that if the band is not completely lled, thetotal energy of all of the electronslecreasesas
the atoms are moved together and the band width increases.irf€e the average energy remains zero, but some
of the higher energy states are not lled). This decrease imergy is precisely the binding force of a \metallic

3Since the hopping t depends on an overlap between orbitals on adjacent atoms (Se e Eq. 10.3), in the limit that
the atoms are well separated, the bandwidth will increase ex ponentially as the atoms are pushed closer together.
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Figure 10.1: Dispersion of the Tight Binding Chain.

bond" which we discussed in section 55.We also mentioned previously that one property of metals ibat
they are typically soft and malleable. This is a result of thiact that the electrons that hold the atoms together
are mobile | in essence, because they are mobile, they can rdjast their positions somewhat as the crystal is
deformed.

Near the bottom of the band, the dispersion is parabolic. For our alove dispersion (Eq. 10.6),
expanding for smallk, we obtain

E (k) = Constant+ ta?k?

[Note that for t < 0, the energy minimum is at the Brillouin zone boundaryk = =a. In this case
we would expand fork close to =a instead of for k close to 0]. The resulting parabolic behavior
is similar to that of free electrons which have a dispersion
~2k2
E kKy= ——
free ( ) om
We can therefore view the bottom of the band as being almost like fre electrons, except that we
have to de ne a new e ective mass which we callm such that
~2k2
— = ta
2m

40f course we have not considered the repulsive force between neighboring nuclei, so the nuclei do not get too
close together. As in the case of the covalent bond considere d above in section 5.3.2, some of the Coulomb repulsion
between nuclei will be canceled by Vcross (here Vp) the attraction of the electron on a given site to other nucle .

2k2
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€atomic + ‘/0 + |2t‘

€atomic

€atomic + Vb - |2t‘

Figure 10.2: Caricature of the Dependence of Bandwidth on Interbomic Spacing.

which gives us
2

m = —
2ta?

In other words, the e ective massm is de ned such that the dispersion of the bottom of the band
is exactly like the dispersion of free particles of mass . (We will discuss e ective mass in much
more depth in chapter 16 below. This is just a quick rst look at it.) Not e that this mass has
nothing to do with the actual mass of the electron, but rather depends on the hopping matrix
elementt. Further we should keep in mind that the k that enters into the dispersion relationship
is actually the crystal momentum, not the actual momentum of the electron (recall that crystal
momentum is de ned only modulo 2=a). However, so long as we stay at very smalk, then there
is no need to worry about the periodicity of k which occurs. Nonetheless, we should keep in mind
that if electrons scatter o of other electrons, or o of phonons, it is crystal momentum that is
conserved. (See the discussion in section 8.4).

10.3 Introduction to Electrons Filling Bands

We now imagine that our tight binding model is actually made up of atoms and each atom \do-
nates" one electron into the band (i.e., the atom hasvalence one). Since there areN possible
k-states in the band, and electrons are fermions, you might guessat this would precisely Il the
band. However, there are two possible spin states for an electroat each k, so in fact, this then
only half- lls the band. This is depicted in the left of Fig. 10.3. The lled s tates (shaded) in this
picture are lled with both up and down spins.

It is crucial in this picture that there is a Fermi surface | the points where the shaded
meets the unshaded region. If a small electric eld is applied to the sgtem, it only costs a very
small amount of energy to shift the Fermi surface as shown in theight of Fig. 10.3, populating a
few k-states moving right and de-populating somek-states moving left. In other words, the state
of the system responds by changing a small bit and a current is indwed. As such, this system
is a metal in that it conducts electricity. Indeed, crystals of atoms that are mono-valent are very
frequently metals!
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Figure 10.3: Left: If each atom has valence 1, then the band is halfled. The states that are
shaded are lled with both up and down spin electrons. The Fermi suface is the boundary between
the lled and un lled states. Right: When a small electric eld is applied, at only a small cost of
energy, the Fermi sea can shift slightly thus allowing current to run

On the other hand, if each atom in our model were di-valent (donats two electrons to the
band) then the band would be entirely full of electrons. In fact, it does not matter if we think
about this as being a full band where everyk-state jki is lled with two electrons (one up and
one down), or a lled band where every sitejni is lled | these two statements describe the
same multi-electron wavefunction. In fact, there is a single unique avefunction that describes this
completely lled band.

In the case of the lled band, were one to apply a small electric eld to this system, the
system cannot respond at all. There is simply no freedom to repopula the occupation ofk-states
because every state is already lled. We conclude an important priniple,

Principle: A lled band carries no current.

Thus our example of a di-valent tightbinding model is an insulator. (This type of insulator
is known as aband insulator). Indeed, many systems of di-valent atoms are insulators (althogh
in a moment we will discuss how di-valent atoms can also form metals).

10.4 Multiple Bands

In the above model, we considered only the case where there is a siagtom in the unit cell and a
single orbital per atom. However, more generally we might consider aase where we have multiple
orbitals per unit cell.

One possibility is to consider one atom per unit cell, but several orbitds per aton®. Anal-
ogous to what we found with the above tight binding model, when the @aoms are very far apart,
one has only the atomic orbitals on each atom. However, as the atognare moved closer together,
the orbitals merge together and the energies spread to form bars. Analogous to Fig. 10.2 we

SEach atom actually has an in nite number of orbitals to be con  sidered. But only a small number of them are
lled, and within our level of approximation, we can only con  sider very few of them.

6This picture of atomic orbitals in the weak hopping limit mer  ging together to form bands does not depend on
the fact that the crystal of atoms is ordered. Glasses and amo rphous solids can have this sort of band structure as
well!
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have shown how this occurs for the two band case in Fig. 10.4.

E

€atomic

€atomic

Figure 10.4: Caricature of Bands for a Two-Band Model as a Functia of Interatomic Spacing .
In the atomic limit, the orbitals have energies L., and 2.mc - If the system has valence one
(per unit cell), then in the atomic limit, the lower orbital is lled and the u pper orbital is empty.
When the atoms are pushed together, the lower band will remain lled and the upper will remain
empty, until the bands start to overlap, whereupon we may have tvo bands both partially lled,
which becomes a metal.

A very similar situation occurs when we have two atoms per unit cell ba only one orbital
per atom. We will do a problem like this for homework’. However, the general result will be quite
analogous to what we found for vibrations of a diatomic chain in chaper 9.

In Fig. 10.5 we show the spectrum of a tight-binding model with two di erent atoms per unit
cell { each having a single orbital. We have shown results here in bothhe reduced and extended
zone schemes.

As for the case of vibrations, we see that there are now two posdib energy eigenstates at
each value ofk. In the language of electrons, we say that there are two bands (&/do not use the
words \acoustic" and \optical" for electrons, but the idea is similar) . Note that there is a gap
between the two bands where there are simply no energy eigensks.

Let us think for a second about what should result in this situation. If each atom (of either
type) were divalent, then the two electrons donated would complegly Il the single orbital on
each site. In this case, both bands would be completely lled with bothspin-up and spin-down
electrons.

On the other hand, if each atom (of either type) is monovalent, then this means exactly half
of the states of the system should be lled. However, here, whenre lIs half of the states of the
system, then all of the states of the lower band are completely lled(with both spins) but all of

"The homework problem is su ciently simpli ed that the bands do not overlap as they do in gure 10.4. One
can obtain overlapping bands by including second-neighbor hopping as well as neighbor hopping. (If you are brave
you might try it!).
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RN ~N |

Figure 10.5: Diatomic Tight Binding Dispersion in One Dimension. Left: Reduced Zone scheme.
Right: Extended Zone scheme.

the states in the upper band are completely empty. In the extendd zone scheme it appears that
a gap has opened up precisely where the Fermi surface is! (at theriBouin zone boundary!)

In the situation where a lower band is completely lled but an upper band is completely
empty, if we apply a weak electric eld to the system can current ow? In this case, one cannot
rearrange electrons within the lower band, but one can remove anlectron from the lower band
and put it in the upper band in order to change the overall (crystal) momentum of the system.
However, moving an electron from the lower band requires a nite anount of energy | one must
overcome the gap between the bands. As a result, for small enohgelectric elds (and at low
temperature), this cannot happen. We conclude that a lled band is an insulator as long as there
is a nite gap to any higher empty bands.

As with the single band case, one can imagine the magnitude of hoppinghanging as one
changes the distance between atoms. When the atoms are far afgathen one is in the atomic limit,
but these atomic states spread into bands as the atoms get clos¢éwgether as shown in Fig. 10.4.

For the case where each atom is mono-valent, in the atomic limit, half bthe states are
lled { that is the lower energy atomic orbital is lled with both spin-up a nd spin down electrons
whereas the higher energy orbital is completely empty. (l.e., an el@oon is transferred from the
higher energy atom to the lower energy atom and this completely lls the lower energy band).
As the atoms are brought closer together, the atomic orbitals spead into bands (the hoppingt
increases). However, at some point the bands get so wide that tiireenergies overlag | in which
case there is no gap to transfer electrons between bands, andehsystem becomes a metal as
marked in Fig. 10.4. (If it is not clear how bands may overlap, considerfor example the right side
of Fig. 15.2. Band overlaps may occur | in fact, they often occur! | when we consider systems
that are two and three dimensional.)

10.5 Summary of Tight Binding Chain

Solving tight-binding Shroedinger equation for electron waves is ver similar to solving equa-
tions for vibrational (phonon) waves. The structure of the reciprocal lattice and the Brillouin

8 As mentioned above, in our simpli ed model one needs to consi der second neighbor hopping to get overlapping
bands.
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zone remains the same.
Obtain energy bands where energy eigenstates exist, and gapstiveen bands.
Zero hopping is the atomic limit, as hopping increases, atomic orbitals gread into bands.

Energies are parabolic ink near bottom of band | looks like free electrons, but with a
modi ed e ective mass.

A lled band with a gap to the next band is an insulator (a bandinsulator), a partially lled
band has a Fermi surface and is a metal.

Whether a band is lled depends on the valence of the atoms.

As we found for phonons, gaps open at Brillouin zone boundaries. Gup velocities are also
zero at zone boundaries.

References

No book has an approach to tight binding that is exactly like what we have here. The books that
come closest do essentially the same thing, but in three dimensions pich complicates life a bit).
These books are:

Ibach and Luth, section 7.3
Kittel, chapter 9, section on tight-binding
Burns, section 10.9, and 10.10.
Singleton, chapter 4.
Possibly the nicest (albeit short) description is given by
Dove, section 5.5.5
Also a nice short description of the physics (without any detail is given by)
Rosenberg, section 8.19.
Finally, an alternative approach to tight binding is given by
Hook and Hall, section 4.3.

The discussion of Hook and Hall is good (and they consider one dimeios, which is nice), but
they insist on using time dependent Schmdinger equation, which is anoying.
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Chapter 11

Crystal Structure

Having introduced a number of important ideas in one dimension, we mat now deal with the fact
that our world is actually spatially three dimensional. While this adds a bit of complication, really
the important concepts are no harder in three dimensions than thg were in one dimension. Some
of the most important ideas we have already met in one dimension, butve will reintroduce more
generally here.

There are two parts that might be di cult here. First, we do need to wrestle with a bit
of geometry. Hopefully most will not nd this too hard. Secondly will also need to establish a
language in order to describe structures in two and three dimensiamintelligently. As such, much
of this chapter is just a list of de nitions to be learned, but unfortu nately this is necessary in order
to be able to carry further at this point.

11.1 Lattices and Unit Cells

De nition 11.1.1. A Lattice! is an in nite set of points de ned by integer sums of a set of linearly
independent primitive lattice 2 vectors

For example, in two dimensions, as shown in gure 11.1 the lattice poins are described as
Rinin,] = N1ds + N2dy Niinz2Z (2d)

with a; and a, being the primitive lattice vectors and n; and n; being integers. In three dimensions
points of a lattice are analogously indexed by three integers

Rinin,ns] = N181 + N2a2 + Naas ni; NNz 22 (3d) (11.2)

1Warning: Some books (Ashcroft and Mermin in particular) ref  er to this as a Bravais Lattice . This enables them
to use the term Lattice to describe other things that we would not call a lattice (cf,  the honeycomb). However, the
de nition we use here is more common, and more correct mathem atically as well. [Thank you, Mike Glazer, for
catching this].

2Very frequently \primitive lattice vectors" are called \pr imitive basis vectors”, although the former is probably
more precise. Furthermore, we have already used the word \ba sis" before in chapter 9.1, and unfortunately, here
this is a di erent use of the same word. At any rate, we will try to use \primitive lattice vector" to avoid such
confusion.
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- - - P -
Q = - - -
yAa

Figure 11.1: A lattice is de ned as integer sums of a set of primitive latice vectors.

Note that in one dimension this de nition of a lattice ts with our previo us description of a lattice
as being the pointsR = na with n an integer.

It is important to point out that in two and three dimensions, the cho ice of primitive lattice
vectors is not unique® as show in gure 11.2. (In 1d, the single primitive lattice vector is unique
up to the sign (direction) of a).

Figure 11.2: The choice of primitive lattice vectors for a lattice is not unique.

It turns out that there are several de nitions that are entirely e quivalent to the one we have
just given:

Equivalent De nition 11.1.1.1. A Lattice is an in nite set of vectors where addition of any two
vectors in the set gives a third vector in the set.

It is easy to see that our above rst de nition 11.1.1 implies the secord one 11.1.1.1. Here is a less
crisply de ned, but sometimes more useful de nition.

Equivalent De nition 11.1.1.2. A Lattice is a set of points where the environment of any given
point is equivalent to the environment of any other given point.

p 3Given a set of primitive lattice vectors a; a new set of primitive lattice vectors may be constructed as b; =

j Mjj aj so long asmj; is an invertible matrix with integer entries  and the inverse matrix [ m 1]ij also has integer
entries.
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It turns out that any periodic structure can be expressed as a latice of repeating motifs. A
cartoon of this statement is shown in Fig. 11.3.

55393
AR

e e

Figure 11.3: Any periodic structure can be represented as a latticef repeating motifs.

One should be cautious however, that not all periodic arrangemerst of points are lattices.
The honeycomld shown in Fig. 11.4 isnot a lattice. This is obvious from the third de nition
11.1.1.2: The environment of pointP and point R are actually di erent | point P has a neighbor
directly above it (the point R), whereas pointR has no neighbor directly above.

In order to describe a honeycomb (or other more complicated armagements of points) we
have the idea of a unit cell, which we have met before in section 9.1 abev Generally we have

De nition 11.1.2. A unit cell is a region of space such that when many identical units are stacked
together it tiles (completely lIs) all of space and reconstructs the full structure

An equivalent (but less rigorous) de nition is

Equivalent De nition 11.1.2.1. A unit cell is the repeated motif which is the elementary build-
ing block of the periodic structure.

To be more speci ¢ we frequently want to work with the smallest possble unit cell

40ne should be careful not to call this a hexagonal lattice. First of all, by our de niti on it, is not a lattice at all
since all points do not have the same environment. Secondly, some people use the term \hexagonal" to mean what
the rest of us call a triangular lattice: a lattice of triangl  es where each point has six nearest neighbor points. (See
Fig 11.6 below)
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Figure 11.4: The honeycomb is not a lattice. PointsP and R are inequivalent. (Points P and Q
are equivalent)

De nition 11.1.3. A primitive unit cell for a periodic crystal is a unit cell containing only a
single lattice point.

As mentioned above in section 9.1 the de nition of the unit cell is neverunique. This is
shown, for example, in Fig. 11.5

Figure 11.5: The choice of a unit cell is not unique. All of these unit cellseconstruct the same
crystal.

Sometimes it is useful to de ne a unit cell which is not primitive in order to have it simpler
to work with. This is known as a conventional unit cell. Almost always these conventional unit
cells are chosen so as to have orthogonal axes.

Some examples of possible unit cells are shown for the triangular latteein Fig. 11.6. In this
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gure the conventional unit cell (upper left) is chosen to have orthogonal axes | which is often
easier to work with than axes which are non-orthogonal.

Figure 11.6: Some unit cells for the triangular lattice.

Figure 11.7: The Wigner-Seitz construction for a lattice in 2d.

A note about counting the number of lattice points in the unit cell: It is frequently the case
that we will work with unit cells where the lattice points live at the corne rs (or edges) of the cells.
When a lattice point is on the boundary of the unit cell, it should only be counted fractionally
depending on what fraction of the point is actually in the cell. So for example in the conventional
unit cell shown in Fig. 11.6, there are two lattice points within this cell. Obviously there is one
point in the center, then four points at the corners | each of which is one quarter inside the cell,
SO we obtain 2 =1 + 4(%) points in the cell. (Since there are two points in this cell, it is by
de nition, not primitive. Similarly for the primitive cell shown in this gur e (upper right), the two
lattice points at the left and the right have a 60° degree slice (which is 1/6 of a circle) inside the
cell. The two points at the top and the bottom have 1/3 of the point in side the unit cell. Thus
this unit cell contains 2(%) +2( %) = 1 point, and is thus primitive. Note however, that we can
just imagine shifting the unit cell a tiny amount in almost any direction s uch that a single lattice
point is completely inside the unit cell and the others are completely otside the unit cell. This
sometimes makes counting much easier.

Also shown in Fig. 11.6 is a so-calledVigner-Seitz unit cell®.

5Eugene Wigner was yet another Nobel laureate who was another one of the truly great minds of the last century
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De nition 11.1.4. Given a lattice point, the set of all points in space which are closer to hat
given lattice point than to any other lattice point constitute the Wigner-Seitz cell of the given
lattice point.

There is a rather simple scheme for constructing such a Wigner-Seitcell: choose a lattice point
and draw lines to all of its possible near neighbors (not just its nearst neighbors). Then draw
perpendicular bisectors of all of these lines. The perpendicular bistors bound the Wigner-Seitz
cel. It is always true that the Wigner-Seitz construction for a lattice gives a primitive unit cell.
In gure 11.7 we show another example of the Wigner-Seitz constration for a two dimensional
lattice. A similar construction can be performed in three dimensions inwhich case one must
construct perpendicular-bisecting planes to bound the Wigner-Sigz cell.

The description of objects in the unit cell in terms of the referencepoint in the unit cell is
known as a \basis". (This is the same de nition of \basis" that we used in section 9.1 above).

Figure 11.8: Left: A periodic structure in two dimensions. A unit cell is marked with the dotted
lines. Right: A blow-up of the unit cell with the coordinates of the particles in the unit cell with
respect to the reference point in the lower left hand corner. The Bsis is the description of the
atoms along with these positions.

In Fig. 11.8 we show a periodic structure in two dimension made of two ypes of atoms
On the right we show a primitive unit cell (expanded) with the position of the atoms given with
respect to the reference point of the unit cell which is taken to be he lower left-hand corner. We
can describe the basis of this crystal as follows:

of physics. Fredrick Seitz was far less famous, but gained no toriety in his later years by being a consultant for the
tobacco industry, a strong proponent of the Regan-era Star- Wars missile defense system, and a prominent sceptic
of global warming. He passed away in 2007.

6This Wigner-Seitz construction can be done on an irregular ¢ ollection of points as well as on a periodic lattice.
For such an irregular set of point the resulting constructio n is known as a Voronoi cell.
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Figure 11.9: The honeycomb from Fig. 11.4 with the two inequivalent pants of the unit cell given
di erent shades. The unit cell is outlined dotted on the left and the corners of the unit cell are
marked with small black dots. On the right the unit cell is expanded and coordinates are given
with respect to the reference point written.

Basis for crystal in Fig. 11.8 =
Large Light Gray Atom Position= [ a=2;a=2]

Small Dark Gray Atoms Position= [ a=4;a=4]
[a=4; 3a=4]
[3a=4; a=4]
[3a=4; 3a=4]

The reference points forming the square lattice have positions

Rin n,; = [a@ani;anz] = anig + anyy (11.2)

with ngp;n; integers so that the large light gray atoms have positions

R light

[Ny nz]gJray =[ang;any] +[a=2;a=2]

whereas the small dark gray atoms have positions

REzK I = [ang;any] +[a=4;a=4]
RO ™2 = [any;any] +[a=4; 3a=4]
RO I3 = [any;any] +[3a=4;a=4]
RE ¥4 = [ang;any] +[3a=4;3a=4]

In this way you can say that the positions of the atoms in the crystd are \the lattice plus the
basis".
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We can now return to the case of the honeycomb shown in Fig. 11.4 ave. The same
honeycomb is shown in Fig. 11.9 as well with the lattice and the basis eXjgitly shown. Here, the
reference points (small black dots) form a (triangular) lattice, where we can write the primitive
lattice vectors as

a; = aR
(a=2) R +(aIO 3=2)¢

ap

In terms of the reference points of the lattice, the basis for the pimitive unit cell, i.e., the coor-
dinates of the two larger circles with respect to the reference poin are given by %(al + az) and
Sar + a2)
z\dl 2):

Figure 11.10: A simple cubic lattice

11.2 Lattices in Three Dimensions

The simplest lattice in three dimensions is the simple cubic lattice shown irFig. 11.10 (sometimes
known as cubic \P" or cubic-primitive lattice). The primitive unit cell in t his case can most
conveniently be taken to be single cube | which includes 1/8 of each ofits eight corners.

In fact, real crystals of atoms are rarely simple cubié. To understand why this is so, think
of an atom as a small sphere. When you assemble spheres into a simplgbic lattice you nd that
it is a very ine cient way to pack the spheres together | in that you a re left with a lot of empty
space in the center of the unit cells, and this turns out to be energically unfavorable in most
cases.

Only slightly more complicated than the simple cubic lattice are the tetragonal and or-
thorhombic lattices where the axes remain perpendicular, but the primitive lattice vectors may be
of di erent lengths (shown in Fig 11.11). The orthorhombic unit cell has three di erent lengths
of its perpendicular primitive lattice vectors, whereas the tetragmal unit cell has two lengths the
same and one di erent.

Conventionally to represent a given vector amongst the in nite number of possible lattice
vectors in a lattice, one writes
[uvw] = ua; + va, + was (11.3)

70f all of the chemical elements, Polonium is the only one whic h forms a simple cubic lattice.
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azb#c a£c

b a” a
Figure 11.11: Unit cells for orthorhombic (left) and tetragonal (rig ht) lattices.

whereu,v and w are integers. For cases where the lattice vectors are orthogohahe basis vectors
ai, ay, and a3 are assumed to be in ther, ¥ and 2 directions. We have seen this notation beforé,
for example, in the subscripts of the Eqns. after De nition 11.1.1).

Lattices in three dimensions certainly exist where axes are non-onogonal, but... you will
not be held responsible for any three dimensional crystal stem where coordinate axes are not
orthogonal.

Two further lattice systems that you will need to know are the Face Centered Cubic (fcc)
and Body Centered Cubic (bcc) lattices. In terms of our above disassion of atoms as being like
small spheres, packing spheres in either a bcc or fcc lattice leavesush less open space between
the spheres than packing the spheres in a simple cubic lattic®.Correspondingly, these two lattices
are realized much more frequently in nature.

The Body Centered Cubic (bcc) Lattice

The body centered cubic (bcc) lattice is a simple cubic lattice where tlere is an additional point
in the very center of the cube (this is sometimes knowt# as cubic-1 ). The unit cell is shown in
the left of Fig. 11.12. Another way to show this unit cell, which does na rely on showing a three-
dimensional picture, is to use a so-calleglan view of the unit cell, shown in the right of Fig. 11.12.
A plan view (a term used in engineering and architecture) is a two dimesional projection from
the top of an object where heights are labeled to show the third dimasion. In the picture of the
bcce unit cell, there are eight lattice points on the corners of the cel(each of which is 1/8 inside of
the conventional unit cell) and one point in the center of the cell. Thus the conventional unit cell
contains exactly two (=8 1=8+ 1) lattice points.

Packing together these unit cells to Il space, we see that the lattie points of a full bcc lattice
can be described as being points having coordinateg;fy; z] where either all three coordinates are
integers juvw] times the lattice constant a, or all three are odd-half-integers times the lattice

8Note that this notation is also sometimes abused, as in Eq. 11 .2, where the brackets [an1;an2] enclose not
integers, but distances which are integer multiples of a lat tice constant a. To try to make things more clear, in the
latter usage we will put commas between the entries, whereas the typical [ uvw] usage has no commas. However,
most references will be extremely lax and switch between var ious types of notation freely.

9In fact it is impossible to pack spheres more densely than you would get by placing the spheres at the vertices of
an fcc lattice. This result (known empirically to people who  have tried to pack oranges in a crate) was rst o cially
conjectured by Johannes Kepler in 1611, but was not mathemat ically proven until 1998!

10 Cubic-1 comes from "Innenzentriert" (inner centered). Thi s notation was introduced by Bravais in his 1848
treatise (interestingly, Europe was burning in 1848, but ob viously that didn't stop science from progressing).



108 CHAPTER 11. CRYSTAL STRUCTURE

Figure 11.12: Conventional unit cell for the body centered cubic () lattice. Left: 3D view. Right:
A plan view of the conventional unit cell. Unlabeled points are both at heights 0 and a.

constant a.

It is often convenient to think of the bcc lattice as a simple cubic lattice with a basis of
two atoms per conventional cell. The simple cubic lattice contains poits [X;y; z] where all three
coordinates are integers in units of the lattice constant. Within the conventional simple-cubic unit
cell we put one point at position [0; 0; 0] and another point at the position [a=2; a=2; a=2] in units
of the lattice constant. Thus the points of the bcc lattice are written as

Rcomer = [a&ni;any;ans]
Recenter = [ang;any;ans]+[a=2;a=2;a=2]

as if the two dierent types of points were two di erent types of at oms, although all points in
this lattice should be considered equivalent (they only look inequivalehbecause we have chosen a
conventional unit cell with two lattice points in it).

Now, we may ask why it is that this set of points forms a lattice. In terms of our rst
de nition of a lattice (De nition 11.1.1) we can write the primitive lattice  vectors of the bcc lattice
as

a; = [a&0; 0]
a; = [0;a0]
4 = [a_ a a]
ST 222
It is easy to check that any combination
R = nia; + n,a; + nzas (11.4)

with ni;n, and nj3 integers gives a point within our de nition of the bcc lattice (that the three
coordinates are either all integer or all half-odd integer times the l#tice constant). Further one
can check that any point satisfying the conditions for the bcc lattice can be written in the form of
Eq. 11.4.

We can also check that our description of a bcc lattice satis es our scond description of a
lattice (de nition 11.1.1.1) that addition of any two points of the lattic e (given by Eq. 11.4) gives
another point of the lattice.
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More qualitatively we can consider de nition 11.1.1.2 of the lattice | tha t the local en-
vironment of every point in the lattice should be the same. Examining the point in the center
of the unit cell, we see that it has precisely 8 nearest neighbors in ehoof the possible diagonal
directions. Similarly any of the points in the corners of the unit cells will have 8 nearest neighbors
corresponding to the points in the center of the 8 adjacent unit cés.

The coordination number of a lattice (frequently called Z or z) is the number of nearest
neighbors any point of the lattice has. For the bcc lattice the coordnation number is Z = 8.

As in two dimensions, a Wigner-Seitz cell can be constructed arouneach lattice point
which encloses all points in space that are closer to that lattice pointthan to any other point in
the lattice. This Wigner-Seitz unit cell for the bcc lattice is shown in Figure 11.13. Note that this
cell is bounded by the perpendicular bisecting planes between latticpoints.

Figure 11.13: Wigner-Seitz unit cell for the bcc lattice (left) and the fcc lattice (right).

The Face Centered Cubic (fcc) Lattice

~_ S

€] ) (]
a2 a2
. ......... . ......... .
al2

Figure 11.14: Conventional unit cell for the face centered cubic ( lattice. Left: 3D view. Right:
A plan view of the conventional unit cell. Unlabeled points are both at heights 0 and a.

The face centered (fcc) lattice is a simple cubic lattice where there ian additional point in
the center of every face of every cube (this is sometimes known asibic-F, for \face centered").
The unit cell is shown in the left of Fig. 11.14. A plan view is of the unit cellis shown on the right
of Fig. 11.14.
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In the picture of the fcc unit cell, there are eight lattice points on the corners of the cell
(each of which is 1/8 inside of the conventional unit cell) and one pointin the center of each of
the 6 faces, which is 1/2 inside the cell. Thus the conventional unit ck contains exactly four
(=8 1=8+6 1=2) lattice points. Packing together these unit cells to Il space, we ®e that the
lattice points of a full fcc lattice can be described as being points hawng coordinates x;y; z) where
either all three coordinates are integers times the lattice constana, or two of the three coordinates
are odd-half-integers times the lattice constanta and the remaining one coordinate is an integer
times the lattice constant a. Analogous to the bcc case, it is sometimes convenient to think of ta
fcc lattice as a simple cubic lattice with a basis of four atoms per convational cell. The simple
cubic lattice contains points [x;y; z] where all three coordinates are integers in units of the lattice
constant a. Within the conventional simple-cubic-unit cell we put one point at position [0;0; 0]
and another point at the position [a=2; a=2; 0] another at [a=2; 0; a=2] and another at [0, a=2; a=2].
Thus the points of the fcc lattice are written as

R corner = [ ang; any; ang] (11.5)
Rrace xy = [ani;anz;ans]+[a=2;a=2;0]
Rtace xz = [ang;any;ans]+[a=2;0;a=2]
Rface yz = [ang;any;ans]+[0;a=2;a=2]

Again, this expresses the points of the lattice as if they were four derent types of points but they
only look inequivalent because we have chosen a conventional unit Itevith four lattice points in
it.

Again we can check that this set of points forms a lattice. In terms & our rst de nition of
a lattice (De nition 11.1.1) we write the primitive lattice vectors of the fcc lattice as

a. a.

ar = [E'E'O]
a _a

a = [5'0’5]
a a

az = [O'E'é]

Again it is easy to check that any combination
R = nia; + nya; + nzas

with ni;n, and nj3 integers gives a point within our de nition of the fcc lattice (that eith er the
three coordinates are either all integer, or two of three are halibdd-integer and the remaining is
integer in units of the lattice constant a).

We can also similarly check that our description of a fcc lattice satis es our other two
de nitions of (de nition 11.1.1.1 and 11.1.1.2) of a lattice*'. The Wigner-Seitz unit cell for the fcc
lattice is shown in Figure 11.13.

Other Lattices in Three Dimensions

In addition to the simple cubic, orthorhombic, tetragonal, fcc, and bcc lattices, there are nine other
types of lattices in three dimensions. These are known as the fougen Bravais lattice types'? You

11 can you gure out the coordination number of the fcc lattice? Find the minimum distance between two lattice
points then nd out how many lattice points are this distance away from any one given lattice point. (It would be
too easy if | told you the answer!)

12Named after Auguste Bravais who classi ed all the three dime nsional lattices in 1848. Actually they should be
named after Moritz Frankenheim who studied the same thing ov er ten years earlier | although he made a minor
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are not responsible for knowing theseBut it is probably a good idea to know that they exist.

oa

Triclinic-P Manoctinic - P Monoclinic - B
Ortharhombic-P Orthorhombic - C
54 Tetragonal-P
A= =
orthorhombic-1 or thorhombic - F

Tetragonal-1

Hexagonal -P Trigonal-R

Cubic-P Cubic-1

Figure 11.15: Unit cells for All of the Three Dimensional Bravais Lattice Types.

Figure 11.15 shows the full variety of Bravais lattice types in three dmensions. While it is an
extremely deep fact that there are only 14 lattice types in three dinensions, the precise statement
of this theorem, as well of the proof of it, are beyond the scope dhis course. The key result is
that any crystal, no matter how complicated, has a lattice which is ore of these 14 types3

Real Crystals

Once we have discussed lattices we can combine a lattice with a basis tescribe any periodic
structure | and in particular, we can describe any crystalline struc ture.

error in his studies, and therefore missed getting his name a ssociated with them.

3There is a real subtlety here in classifying a crystal as havi ng a particular lattice type. There are only these
14 lattice types, but in principle a crystal could have one la ttice, but have the symmetry of another lattice. An
example of this would be if the a lattice were cubic, but the un it cell did not look the same from all six sides.
Crystallographers would not classify this as being a cubic m aterial even if the lattice happened to be cubic. The
reason for this is that if the unit cell did not look the same fr om all six sides, there would be no particular reason
that the three primitive lattice vectors should have the sam e length | it would be an insane coincidence were this
to happen, and almost certainly in any real material the prim itive lattice vector lengths would actually have slightly
di erent values if measured more closely.
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Several examples of real (and reasonably simple) crystal struates are shown in Fig. 11.16.

11.3 Summary of Crystal Structure

This chapter introduced a plethora of new de nitions, aimed at deseibing crystal structure in
three dimensions. Here is a list of some of the concepts that one shid know

De nition of a lattice (in three di erent ways See de nitions 11.1.1, 11.1.1.1, 11.1.1.2)

De nition of a unit cell for a periodic structure, and de nition of a primitive unit cell and a
conventional unit cell

De nition and construction of the Wigner-Seitz (primitive) unit cell .

One can write any periodic structure in terms of a lattice and a basis $ee examples in
Fig. 11.16).

In 3d, know the simple cubic lattice, the fcc lattice and the bcc lattice.
The fcc and bcc lattices can be thought of as simple cubic lattices witha basis.

Know how to read a plan view of a structure.

References
All books cover this. Some books givavay too much detail for us. | recommend the following as
giving not too much and not too little:

Kittel, chapter 1

Ashcroft and Mermin chapter 4 (caution of the nomenclature issue see footnote 1 of this
chapter).
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Figure 11.16: Some examples of real crystals with simple structuresNote that in all cases the
basis is described with respect to the primitive unit cell of a simple cubidattice.
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Chapter 12

Reciprocal Lattice, Brillouin Zone,
Waves in Crystals

In the last chapter we explored lattices and crystal structure. However as we saw in chapters 8{10,
the important physics of waves in solids (whether they be vibrationd waves, or electron waves) is
best described in reciprocal space. This chapter thus introducereciprocal space in 3 dimensions.
As with the previous chapter, there is some tricky geometry in this diapter, and a few de nitions
to learn as well. This makes this material a bit tough to slog through, hut stick with it because
soon we will make substantial use of what we learn here. At the endfahis chapter we will nally
have enough de nitions to describe the dispersions of phonons anelectrons in three dimensional
systems.

12.1 The Reciprocal Lattice in Three Dimensions

12.1.1 Review of One Dimension

Let us rst recall some results from our study of one dimension. Weconsider a simple lattice in

one dimensionR, = na with n an integer. Recall that two points in k-space (reciprocal space)
were de ned to be equivalent to each other ifk; = ko + G, whereG,, =2 m=a with m an integer.

The points G, form the reciprocal lattice.

Recall that the reason that we identi ed di erent k values was because we were considering
waves of the form
eikx — eikna

with n an integer. Because of this form of the wave, we nd that shiftingk ! k + G, leaves this
functional form unchanged since

ei(k+Gm)xn - ei(k+Gm)na - eikna ei(2 m=a )na — eikx n

where we have used
ei2 mn  — 1

in the last step. Thus, so far as the wave is concerned is the same ak + G, .
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12.1.2 Reciprocal Lattice De nition

Generalizing the above result from one dimension, we make the followgde nition:

De nition 12.1.1. Given a (direct) lattice of points R, a point G is a point in the reciprocal
lattice if and only if _
eéR =1 (12.1)

for all points R of the direct lattice.

To construct the reciprocal lattice, let us write the points of the direct lattice in the form
(Here we specialize to the three dimensional case).

R = nia; + nya; + nzas (122)

with ny;n, and nj integers, and with a;, a,, and az being primitive lattice vectors of the direct
lattice.

We now make two key claims:

1. We claim that the reciprocal lattice (de ned by Eq. 12.1) is a lattice in r eciprocal space (thus
explaining its name).

2. We claim that the primitive lattice vectors of the reciprocal lattice (w hich we will call by,
b,, and b3) are de ned to have the following property:

a bj=2 (12.3)
where j is the Kronecker deltal.

We can certainly construct vectorsb; to have the desired property of Eq. 12.3, as follows:

b 2 a az
! ap (a2 ag)
b 2 a3 ay
2 ap (a2 ag)
2
bs ap az

a (a2 ag)

It is easy to check that Eq. 12.3 is satis ed. For example,

2 a; (a2 as) _
a; (a2 as)

2 a, (a2 as) _
a; (a2 as)

a; bl = 2

0

ap bl

Now, given vectorsbi, by, and b3 satisfying Eq. 12.3 we have claimed that these are in
fact primitive lattice vectors for the reciprocal lattice.

1Leopold Kronecker was a mathematician who is famous (among o ther things) for the sentence \God made the
integers, everything else is the work of man". In case you don 't already know this, the Kronecker delta is de ned
as j =1for i = j and is zero otherwise. (Kronecker did a lot of other interest ing things as well)
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Let us write an arbitrary point in reciprocal space as
G = mib; + mybs + m3bs (124)

and for the moment, let us not require my; m, and ms to be integers. (We are about to discover
that for G to be a point of the reciprocal lattice, they must be integers, but this is what we want
to prove!).

To nd points of the reciprocal lattice we must show that Eq. 12.1 is satis ed for all points
R = nia; + npay + nzas of the direct lattice with n;n, and nj integers. We thus write

gC R = di(mibi+mybs+mabs) (n1a1+Nn28,+n3a3) = 21 (NiM1+NaM2+ngms)

In order for G to be a point of the reciprocal lattice, this must equal unity for all p oints R of this
direct lattice, i.e., for all integer values of n1, n, and nsz. Clearly this can only be true if my;m»
and m3 are also integers. Thus, we nd that the points of the reciprocal ldtice are precisely those
of the form of Eq. 12.4 with my;m, and m3 integers. This further proves our claim that the
reciprocal lattice is in fact a lattice!

12.1.3 The Reciprocal Lattice as a Fourier Transform

Quite generally one can think of the Reciprocal lattice as being a Fouer transform of the direct
lattice. It is easiest to start by thinking in one dimension. Here the direct lattice is given again
by R, = an. If we think of the \density" of lattice points in one dimension, we might put a
delta-function of density at these lattice points so we write the dersity as?

X
(r)= (r an)
n
Fourier transforming this function gives®
z x Z X X
F[(1)]= dre™ (r)= dre (r an)= €k =2 (k 2m=a)
n n m

The last step here is a bit nontrivial.* Here €< s clearly unity if k =2 m=a, i.e., if k is a point
on the reciprocal lattice. In this case, each term of the sum conibutes unity to the sum and one
obtains an in nite result. If k is not such a reciprocal lattice point, then the terms of the sum
oscillate and the sum comes out to be zero.

This principle generalizes to the higher (two and three) dimensional ases. Generally

X X
FL(Mi= €R=@2 )P °(k G) (12.5)
R G

2Since the sums are over all lattice points they should go from 1 to +1 . Alternately, one uses periodic
boundary conditions and sums over all points.

3With Fourier transforms there are many di erentrponvention s about where one puts the factors of 2 . Probably
in your mathematics class you learned to put 1 = 2 with each k integral and with each r integral. However, in
Solid-State physics conventionally 1 =(2 ) comes with each k integral, and no factor of 2  comes with each r integral.
See section 2.2.1 to see why this is used.

4This is sometimes known as the Poisson resummation formula, after Simeon Denis Poisson, the same guy after
whom Poisson's equation r 2 = = g is named, as well as other mathematical things such as the Poi sson random
distribution. His last name means \ sh" in French.
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where in the middle term, the sum is over lattice points R of the direct lattice, and in the last
term it is a sum over points G of the reciprocal lattice. Here D is the number of dimensions (1,
2 or 3) and the P is a D-dimensional delta function®. This equality is similar to that explained
above. As above, ifk is a point of the reciprocal lattice, then €' R is always unity and the sum is
in nite (a delta function). However, if k is not a point on the reciprocal lattice then the summands
oscillate, and the sum comes out to be zero. Thus one obtains deltaifiction peaks precisely at
the positions of reciprocal lattice vectors.

Aside: It is an easy exercise to shévihat the reciprocal lattice of an fcc direct lattice is a becdttice
in reciprocal space. Conversely, the reciprocal lattice afbcc direct lattice is an fcc lattice in reciprocal space.

Fourier Transform of Any Periodic Function

In the above section we considered the Fourier transform of a fuction (r) which is just a set of
delta functions at lattice points. However, it is not too di erent to ¢ onsider the Fourier transform
of any function with the periodicity of the lattice (and this will be quite important below in chapter
13). We say a function (r) has the periodicity of a lattice if periodic (r) = (r + R) for any

lattice vector R. We then want to calculate
Z

FL(1= dre“" ()

The integral over all of space can be broken up into a sum of integia over each unit cell. Here
we write any point in spacer as the sum of a lattice point R and a vector x within the unit cell
z X z
FL ()] = dx ¢ "R (x+ R)=  &kR dx € (x)
R unit  cell R unit  cell

where here we have used the invariance of under lattice translations x ! x + R. The rst term,
as in Eq. 12.5 just gives a sum of delta functions yielding

X
FL (M= )° Pk G)S(k)
G

where Z
S(k) = dx €KX (x) (12.6)

unit  cell

is known as thestructure factor and will become very important in the next chapter.

12.1.4 Reciprocal Lattice Points as Families of Lattice Pla nes

Another way to understand the reciprocal lattice is via families of lattice planes of the direct lattice.
De nition 12.1.2. A lattice plane (or crystal plane) is a plane containing at least three noncolinear
(and therefore an in nite number of) points of a lattice.

De nition 12.1.3. A family of lattice planesis an in nite set of equally separated lattice planes
which taken together contain all points of the lattice.

SFor example, in two dimensions  2(r ro)= (X Xo) (y Yo)wherer =(x;y)
6Try it!
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In Figure 12.1, two examples of families of lattice planes are shown. Ne that the planes
are parallel and equally spaced, and every point of the lattice is includd in exactly one lattice
plane.

Figure 12.1: Two Examples of Families of Lattice planes on the Cubic Laice. Each of these
planes is a crystal plane because it intersects an in nite number of ltice points. The left example
is (100) and the right example is (111) in the Miller index notation.

| now make the following claim:

Claim: The families of lattice planes are in one-to-one corresponence’ with the possible
directions of reciprocal lattice vectors, to which they arenormal. Further the spacing between these
lattice planes isd =2 =G min ] where G ,in is the minimum length reciprocal lattice vector in this
normal direction.

This correspondence is made as follows. First we consider the setgiines de ned by points
r such that
G r=2m (22.7)
This de nes an in nite set of parallel planes normal to G. Since€® ' = 1 we know that every
lattice point is a member of one of these planes (since this is the de nibn of G in Eq. 12.1).
However, for the planes de ned by Eq. 12.7, not every plane need® contain a lattice point (so
generically this is a family of parallel equally spaced planes, but not a faily of lattice planes).
For this larger family of planes, the spacing between planes is given by
_ 2
iG]
"For this one-to-one correspondence to be precisely true we m ust dene G and G to be the same direction. If
this sounds like a cheap excuse, we can say that \oriented" fa milies of lattice planes are in one-to-one correspondence

with the directions of reciprocal lattice vectors, thus kee ping track of the two possible normals of the family of lattic e
planes.

d (12.8)
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To prove this we simply note that two adjacent planes must have
G (r1 rz)=2
Thus in the direction parallel to G, the spacing between planes is 2 jGj as claimed.

Clearly di erent values of G that happen to point in the same direction, but have di erent
magnitudes, will de ne parallel sets of planes. As we increase the ngmitude of G, we add more and
more lattice planes. For example, examining Eq. 12.7 we see that wheme double the magnitude
of G we correspondingly double the density of planes, which we can seefn the spacing formula
Eq. 12.8. However, whichevelG we choose, all of the lattice points will be included in one of the
de ned planes. If we choose the maximally possible spaced planes, iee the smallest possible
value of G allowed in any given direction which we call G, , then in fact every de ned plane
will include lattice points and therefore be lattice planes, and the spaing between these planes is
correspondingly 2=jG min j.8 This proves our above claim.

12.1.5 Lattice Planes and Miller Indices

It is convenient to de ne a notation for describing lattice planes. The conventional notations are
known as Miller Indices.® One writes

(h; k; 1) or (hkl)

with integers h; k and |, to mean a family of lattice planes corresponding to reciprocal latti@ vector

G(h;k;l ) = hb, + kb, + lbs (12.9)

where b; are the standard primitive lattice vectors of the reciprocal lattice'®. Note that (h;k;|) as
a family of lattice planes, should be the shortest reciprocal lattice ector in that direction, meaning
that the integers h;k and | should have no common divisor. One may also writel{; k;1) where
h; k and | do have a common divisor, but then one is talking about a reciprocal Ittice vector, or
a family of planes that is not a family of lattice planes (i.e., there are some planes that do not
intersect lattice point).

Important Complication : For fcc and bcece lattices, Miller indices are usually statedsing the
primitive lattice vectors of the cubic lattice in Eq. 12.9 rather than the primitive lattice vectorof the fcc or
bcc.

This comment is quite important. For example, the (100) family of planes for the cubic
lattice (shown in the right of Fig. 12.1) intersects every corner of he cubic unit cell. However, if
we were discussing a bcc lattice, there would also be another latticegint in the center of every
conventional unit cell, and the (100) lattice planes would not intersect. However, the (200) planes
would intersect these central points as well, so in this case (200) peesents a true family of lattice
planes for the bcc lattice whereas (100) does not!

8More rigorously, if there is a family of lattice planes in dir ection & with spacing between planes d, then
G=2 B=dis necessarily a reciprocal lattice vector. To see this note that € ¢ R =1 will be unity for all lattice
points. Further, in a family of lattice planes, all lattice p  oints are included within the planes, so &€ R =1 for all
R a lattice point, which implies G is a reciprocal lattice vector. Furthermore, G is the shortest reciprocal lattice
vector in the direction of @ since increasing G will result in a smaller spacing of lattice planes and some pl anes will
not intersect lattice points R.

9These are named after the 19th century mineralogist William  Hallowes Miller. It is interesting that the structure
of lattice planes was understood long before the world was ev en certain there was such a thing as an atom.

10\We have already used the corresponding notation [ uvw] to represent lattice points of the direct lattice. See for
example, Eq. 11.1 and Eq. 11.3.
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Figure 12.2: Determining Miller Indices From the Intersection of a Plane with the Coordinate
. . . . . 2 2 2
Axes. The spacing between lattice planes in this family would bW =L +3 4+ 3

From Eq. 12.8 one can write the spacing between a family of planes spieed by Miller
indices (h; k; 1)
q _ 2 _ 2

"7 1G] T T 2Bz + Kajbai? + ba)?

where we have assumed that the coordinate axes of the primitive laice vectorsb; are orthogonal.

Recall that in the case of orthogonal axeghj = 2 =ja;j where a are the lattice constants in the
three orthogonal directions. Thus we can equivalently write
1 h2 k2 12

- =1 +5 40 12.11
jdnayi2  af & &3 ( )

(12.10)

Note that for a cubic lattice this simpli es to

cubic _— a
d(hkl) = 977h2+ 2112 (12.12)

A useful shortcut for guring out the geometry of lattice planes is to look at the intersection
of a plane with the three coordinate axes. The intersectiony; X»; X3 with the three coordinate
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axes (in units of the three principle lattice constants) are related © the Miller indices via
a;  az  as _
X1 ' X2 ' X3

This construction is illustrated in Fig. 12.2.

In gure Fig. 12.3 we show three more examples of Miller indices.

Figure 12.3: More Examples of Miller Indices.

Note that Miller indices can be negative if the planes intersect the negtive axes. We could
have, for example, a lattice plane (1,-1,1). Conventionally, the minussign is denoted with an
over-bar rather than a minus sign, so we write (1) instead'!.

Finally, we note that di erent lattice planes may be the same under a ymmetry of the
crystal. For example, in a cubic lattice, (111) looks the same as (IL1) after rotation (and possibly
re ection) of the axes of the crystal (but would never look like (122) under any rotation or re ection
since the spacing between planes is di erent!). If we want to describ all lattice planes that are
equivalent in this way, we write f 111g instead.

It is interesting that lattice planes in crystals were well understood long before people even
knew for sure there was such a thing as atoms. By studying how cstals cleave along certain

'How (111) is pronounced is a bit random. Some people say \one-(bar- one)-one" and others say \one-(one-bar)-
one". | have no idea how the community got so confused as to hav e these two dierent conventions. | think in
Europe the former is more prevalent whereas in America the la tter is more prevalent. At any rate, it is always clear
when it is written.
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planes, scientists like Miller and Bravais could reconstruct a great dal about how these materials
must be assembletf.

12.2 Brillouin Zones

The whole point of going into such gross detail about the structureof reciprocal space is in order
to describe waves in solids. In particular, it will be important to understand the structure of the
Brillouin zone.

12.2.1 Review of One Dimensional Dispersions and Brillouin Zones

As we learned in chapters 8{10, the Brillouin zone is extremely importat in describing the exci-
tation spectrum of waves in periodic media. As a reminder, in Fig. 12.4 w show the excitation
spectrum of vibrations of a diatomic chain (chapter 9) in both the reduced, and extended zone
schemes. Since waves are physically equivalent under shifts of theawevector k by a reciprocal
lattice vector 2 =a, we can always express every excitation within the rst Brillouin zone, as shown
in the reduced zone scheme (left of Fig. 12.4). In this example, sincthere are two atoms per
unit cell, there are precisely two excitation modes per wavevector.On the other hand, we can
always unfold the spectrum and put the lowest (acoustic) excitatiom mode in the rst Brillouin
zone and the higher energy excitation mode (optical) in the second Bllouin zone, as shown in the
extended zone scheme (right of Fig.12.4). Note that there is a jumpn the excitation spectrum at
the Brillouin zone boundary.
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Figure 12.4: Phonon Spectrum of a Diatomic Chain in One Dimension. Léf Reduced Zone
scheme. Right: Extended Zone scheme. (See Figs. 9.1 and 9.2)

12There is a law known as \Bravais' Law" which states that cryst  als cleave most readily along faces having the
highest density of lattice points. In modern language this i s essentially equivalent to stating that the fewest atomic
bonds should be broken in the cleave. Can you see why this is?
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12.2.2 General Brillouin Zone Construction

De nition 12.2.1. A Brillouin zone is a unit cell of the reciprocal lattice.

Entirely equivalent to the one dimensional situation, physical wavesn crystals are unchanged
if their wavevector is shifted by a reciprocal lattice vectork | k + G. Alternately, we realize that
the physically relevant quantity is the crystal momentum. Thus, the Brillouin zone has been
de ned to include each physically di erent crystal momentum exactly once (Eachk point within
the Brillouin zone is physically di erent and all physically di erent points occur once within the
zone).

While the most general de nition of Brillouin zone allows us to choose ag shape unit cell
for the reciprocal lattice, there are some de nitions of unit cells whch are more convenient than
others.

We de ne the rst Brillouin zone in reciprocal space quite analogously to the construction
of the Wigner-Seitz cell for the direct lattice.

De nition 12.2.2. Start with the reciprocal lattice point G = 0. All k points which are closer
to O than to any other reciprocal lattice point de ne the rst Brillouin zone . Similarly all points
where the point 0 is the secondclosest reciprocal lattice point to that point constitute the second
Brillouin zone, and so forth. Zone boundariesare de ned in terms of this de nition of Brillouin
zones.

As with the Wigner-Seitz cell, there is a simple algorithm to construct the Brillouin zones. Draw
the perpendicular bisector between the point0 and each of the reciprocal lattice vectors. These
bisectors form the Brillouin zone boundaries. Any point that you can get to from 0 without
crossing a reciprocal lattice vector is in the rst Brillouin zone. If you cross only one perpendicular
bisector, you are in the second Brillouin zone, and so forth.

In gure 12.5, we show the Brillouin zones of the square lattice. A fewgeneral principles to
note:

1. The rst Brillouin zone is necessarily connected, but the higher Brillouin zones typically are
made of disconnected pieces.

2. A point on a Brillouin zone boundary lies on the perpendicular bisector ketween the point 0
and some reciprocal lattice pointG. Adding the vector G to this point necessarily results
in a point (the same distance fromQ) which is on another Brillouin zone boundary (on the
bisector of the segment from0 to G). This means that Brillouin zone boundaries occur
in parallel pairs symmetric around the point 0 which are separated by a reciprocal lattice
vector (See Fig. 12.5).

3. Each Brillouin zone has exactly the same total area (or volume in thre dimensions). This
must be the case since there is a one-to-one mapping of points in éaBrillouin zone to the
rst Brillouin zone. Finally, as in 1d, we claim that there are exactly as many k-states within
the rst Brillouin zone as there are unit cells in the entire system®3.

Note, that as in the case of the Wigner Seitz cell construction, theshape of the rst Brillouin
zone can look a bit strange, even for a relatively simple lattice (See Figl1.7).

3Here's the proof of this statement for a square lattice. Let t he system be Ny by Ny unit cells. Then, with
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Figure 12.5: First, second, third, fourth, ::: Brillioun zones of the square lattice. Note that zone
boundaries occur in parallel pairs symmetric around0 and separated by a reciprocal lattice vector.

The construction of the Brillouin zone is similar in three dimensions as it isin two, and is
again entirely analogous to the construction of the Wigner-Seitz ck in three dimensions. For a
simple cubic lattice, the rst Brillouin zone is simply a cube. For fcc and bcc lattices, however,
the situation is more complicated. As we mentioned above in theaside at the end of section 12.1.3
above, the reciprocal lattice of the fcc lattice is bcc, and vice-vesa. Thus, the Brillouin zone of the
fcc lattice is the same shape as the the Wigner-Seitz cell of the bccttice! The Brillouin zone for
the fcc lattice is shown in Fig. 12.6 (compare to Fig. 11.13). Note thatin Fig. 12.6, variousk-points
are labeled with letters. There is a complicated labeling convention thawe will not discuss in this
course, but it is worth knowing that it exists. For example, we can se in the gure that the point
k = 0 is labeled , and the point k = ( =a)y* is labeled X .

Given this diagram of this Brillouin zone we can nally arrive at some real physics!

12.3 Electronic and Vibrational Waves in Crystals in Three
Dimensions

In the left of Fig. 12.7 we show the electronic band-structure (i.e., éspersion relation) of diamond,
which is an fcc lattice with a diatomic basis (See Fig. 11.16). As in the onglimensional case, we
can choose to work in the reduced zone scheme where we only needconsider the rst Brillouin
zone. Since we are trying to display a three dimensional spectrum (&ergy as a function ofk)
on a one dimensional diagram, what is done is to show several single-ircuts through reciprocal

periodic boundary conditions, the value of kyx is quantized in units of 2 =L x = 2 =(Nxa) and the value of ky is
quantized in units of 2 =L y =2 =(Nya). But the size of the Brillouin zone is 2 =a in each direction, thus there
are precisely Nx Ny di erent values of k in the Brillouin zone.
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Figure 12.6: First Brillouin Zone of the FCC Lattice. Note that it is the s ame shape as the Wigner-
Seitz cell of the bcc lattice, see Fig. 11.13. Various special points tfie Brillioun zone are labeled
with code letters such asX, K, and .

spacé®. Starting on the left of the diagram, we start at L-point of the Brillouin zone and show
E (k) ask traces a straight line to the point (the center of the Brillouin zone) . Then we continue
to the right and k traces a straight line from the point to the X point. Note that the lowest
band is quadratic at the center of the Brillouin zone (a dispersion~?k?=(2m ) for some e ective
massm ).

Similarly, in the right of Fig. 12.7, we show the phonon spectrum of dianond. Several things
to note about this gure. First of all, since diamond has a unit cell with two atoms in it (it is fcc
with a basis of two atoms) there should be six modes of oscillation pek-points (three directions
of motion times two atoms per unit cell). Indeed, this is what we see in he picture, at least in
the central third of the picture. In the other two parts of the pic ture, one sees fewer modes per
k-point, but this is because, due to the symmetry of the crystal almg this particular direction,
several excitation modes have exactly the same energy (you care for example, at theX -point,
two modes come in from the right, but only one goes out to the left. This means the two modes
have the same energy on the left of theX point). Secondly, we note that at the -point, k =0 there
are exactly three modes which come down linearly to zero energy. Tse are the three acoustic
modes. The other three modes, which are nite energy ak = 0 are the optical modes. Finally,
you may note something a bit confusing about this diagram. On the fa left of the diagram, we
start at the point, move in the (100) direction and end up at the X point. Then from the X
point, we move in the (110) direction, and we end up back at the point! This is because we have
landed at the point in a di erent Brillouin zone.

14This type of plot, because it can look like a jumble of lines, i s sometimes called a \spaghetti-diagram"
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Figure 1. Phonon dispersion curves in diamond (full line, theory; points,
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FIG. 1. The electronic band structure of diamond.

Figure 12.7: Dispersions in Diamond. Left: Electronic excitation spettum of diamond (E =0 is
the Fermi energy). Right: Phonon spectrum of diamond (points ae from experiment). In both
plots the horizontal axis gives cuts throughk-space as labeled in Fig. 12.6 above. (Left gure is
from W. Saslow, T. K. Bergstresser, and Marvin L. Cohen Phys. Re. Lett. 16, 354 (1966). Right
gure is from R. D. Turner and J. C. Inkson, J. Phys. C: Solid State Phys., Vol. 11, 1978))

12.

4 Summary of Reciprocal Space and Brillouin Zones

Reciprocal lattice is a lattice in k-space de ned by the set of points such thate© R =1 for
all R in direct lattice. Given this de nition, the reciprocal lattice can be th ought of as the
Fourier transform of the direct lattice.

A reciprocal lattice vector G de nes a set of parallel equally spaced planes vi& r =2 m
such that every point of the direct lattice is included in one of the planes. The spacing
between the planes isd =2 =jGj. If G is the smallest reciprocal lattice vector parallel to G
then this set of planes is a family of lattice planes, meaning that all plams intersect points
of the direct lattice.

Miller Indices (h;k;l) are used to describe families of lattice planes, or reciprocal lattice
vectors. For fcc and bcc lattices, one speci es the Miller indices of te associated simple
cubic lattice conventional unit cell.

General de nition of Brillouin zone is any unit cell in reciprocal space. The First Brillouin
zone is the Wigner-Seitz cell around the point0 of the reciprocal lattice. Each Brillouin zone
has the same volume { and contains ondk-state per unit cell of the entire system. Parallel
Brillouin zone boundaries are separated by reciprocal lattice vects.

References

For reciprocal lattice, Miller indices and Brillouin zones. | recommend
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Ashcroft and Mermin, chapter 5 (again be warned of the nomenclafre issue mentioned
above in chapter 11, footnote 1).

Many books introduce X-ray di raction and the reciprocal lattice a t the same time. Once we have
read the next chapter and we study scattering, we might go back ad look at the nice introductions
to reciprocal space given in the following books

Goodstein, section 3.4{3.5 (very brief)
Kittel, chapter 2
Ibach and Luth, chapter 3
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Neutron and X-Ray Di raction
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Chapter 13

Wave Scattering by Crystals

In the last chapter we discussed reciprocal space, and explaineddt the energy dispersion of
phonons and electrons is plotted within the Brillouin zone. We undersaind how these are similar
to each other due to the wave-like nature of both the electron andthe phonon. However, much
of the same physics occurs when a crystal scatters waves (or ples!) that impinge upon it

externally. Indeed, exposing a solid to a wave in order to probe its poperties is an extremely
useful thing to do. The most commonly used probe is X-rays. Anotler common, more modern,
probe is neutrons. It can hardly be overstated how important thistype of experiment is to science.

The general setup that we will examine is shown in Fig.13.1.

k! StaTTERED
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Figure 13.1: A generic scattering experiment.

1Remember, in quantum mechanics there is no real di erence be tween particles and waves!

131



132 CHAPTER 13. WAVE SCATTERING BY CRYSTALS
13.1 The Laue and Bragg Conditions

13.1.1 Fermi's Golden Rule Approach

If we think of the incoming wave as being a particle, then we should thik of the sample as being
some potential V (r) that the particle experiences as it goes through the sample. Acading to
Fermi's golden rule?, the transition rate ( k%k) per unit time for the particle scattering from k
to kCis given by

(k%K) = 2 jkviki? (B Ex)

The matrix element here

i en' _ + i(K° K)r
hkGVviki = dr P V(r),uF— 3 dre V(r)
is nothing morg than the Fourier transform of the potential (where L is the linear size of the
sample, so the L3 terms just normalize the wavefunctions).

Note that these above expressions are true whether or not theasnple is a periodic crystal.
However, if the sample is periodic the matrix element is zero unlesk  k°is a reciprocal lattice
vector! To see this is true, let us write positionsr = R + x whereR is a lattice vector position
and x is a position within the unit cell .

1 X

KAViki = —  dre (6° KT y(r) = dx e 1k° K O+R) v (x + R)

L3 L3 R unit cell
Now since the potential is assumed periodic, we hav¥ (x + R) = V(x), so this can be rewritten
as " X # oz
- 1 » .
KGviki= = e (K KR dx e (k" K xy(x) (13.1)
L R unit  cell

As we discussed in section 12.1.3 above, the rst term in brackets mat vanish unlessk® k is a
reciprocal lattice vector®. This condition,

kK k=G (13.2)

is known as the Laue equation (or Laue condition)*:®>. This condition is precisely the statement
of the conservation of crystal momentunf Note also that when the waves leave the crystal, they

2Fermi's golden rule should be familiar to you from quantum me chanics. Interestingly, Fermi's golden rule was
actually discovered by Dirac, giving us yet another example where something is nhamed after Fermi when Dirac
really should have credit as well, or even instead. See also f ootnote 6 in section 4.1.

3Also we discussed that this rst term in brackets diverges if k© k is a reciprocal lattice vector. This divergence
is not a problem here because it gives just the number of unit ¢ ells and is canceled by the 1=L3 normalization factor
leaving a factor of the inverse volume of the unit cell.

4Max von Laue won the Nobel prize for his work on X-ray scatteri ng from crystals in 1914. Although von Laue
never left Germany during the second world war, he remained o penly opposed to the Nazi government. During the
war he hid his gold Nobel medal at the Niels Bohr Institute in D enmark to prevent the Nazis from taking it. Had he
been caught doing this, he may have been jailed or worse, sinc e shipping gold out of Nazi Germany was considered a
serious o0 ense. After the occupation of Denmark in April 194 0, George de Hevesy (a Nobel laureate in chemistry)
decided to dissolve the medal in the solvent aqua regia to rem ove the evidence. He left the solution on a shelf in his
lab. Although the Nazis occupied Bohr's institute and searc hed it very carefully, they did not nd anything. After
the war, the gold was recovered from solution and the Nobel Fo undation presented Laue with a new medal made
from the same gold.

5The reason this is called \Laue condition” rather than \von L aue" condition is because he was born Max Laue.
In 1913 his father was elevated to the nobility and his family  added the \von".

6Real momentum is conserved since the crystal itself absorbs any missing momentum. In this case, the center of
mass of the crystal has absorbed momentum ~(k® k). See the comment in footnote 9 in section 8.4.
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should have
jkj = jk9

which is just the conservation of energy, which is enforced by the elta function in Fermi's golden
rule. (In section 13.4.2 below we will consider more complicated scattang where energy is not
conserved.)

13.1.2 Diraction Approach

It turns out that this Laue condition is nothing more than the scatt ering condition associated
with a diraction grating. This description of the scattering from cr ystals is known as the Bragg
Formulation of (x-ray) di raction 7.
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Figure 13.2: Bragg Scattering o of a plane of atoms in a crystal.

Consider the con guration shown in Fig. 13.2. An incoming wave is re ected o of two
adjacent layers of atoms separated by a distancd. A few things to note about this diagram. First
note that the wave has been de ected by 2 in this diagram®. Secondly, from simple geometry note
that the additional distance traveled by the component of the wawe that re ects o of the further
layer of atoms is

extra distance = 2dsin :

In order to have constructive interference, this extra distancemust be equal to an integer number
of wavelengths. Thus we derive the Bragg condition for construdve interference, or what is known
as Bragg's law

n =2dsin (13.3)

Note that we can have diraction from any two parallel planes of atoms such as the one shown
here

“William Henry Bragg and William Lawrence Bragg were a father  and son team who won the Nobel prize together
in 1915 for the their work on X-ray scattering. William Lawre  nce Bragg was 25 years old when he won the prize,
and remains the youngest Nobel laureate ever.

8This is a very common source of errors on exams. The total de ection angle is 2 .
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What we will see next is that this Bragg condition for constructive int erference is precisely
equivalent to the Laue condition described above.

13.1.3 Equivalence of Laue and Bragg conditions

Consider the following picture (essentially the same as Fig.13.2). Herere have shown the reciprocal
lattice vector G which corresponds to the family of lattice planes. As we discussed inhapter 12
the spacing between lattice planes igl=2 =jGj (See Eqn. 12.8).

Just from geometry we have
R 6=sin = koG

where the hats* over vectors indicate unit vectors.

Suppose the Laue condition is satis ed. That is,k k°= G with jkj= jk§=2 = with
the wavelength. We can rewrite the Laue equation as

2k =0
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Now let us dot this equation with & to give

6 2R k) = 6 G
2—(sin sin % = jGj
2 : _
jG—j(Zsm ) =
2dsin =

which is the Bragg condition (in the last step we have used the relationEq. 12.8, betweenG and
d). You may wonder why in this equation we got on the right hand side rather than n as we
had in Eq. 13.3. The point here is that there if there is a reciprocal latice vector G, then there
is also a reciprocal lattice vectornG, and if we did the same calculation with that lattice vector
we would getn . In other words, in the n case we are re ecting o of the spacingnd which
necessarily also exists when there is a set of lattice planes with spagml.

Thus we conclude that the Laue condition and the Bragg condition ae equivalent. It
is equivalent to say that interference is constructive (as Bragg initates) or to say that crystal
momentum is conserved (as Laue indicates).

13.2 Scattering Amplitudes

If the Laue condition is satis ed, we would now like to ask how much scétering we actually get.
Recall in section 13.1.1 we started with Fermi's golden rule

(k%K) = 2 jkAViki® (B Ex)

and we found out that if V is a periodic function, then the matrix element is given by (See Eg. 131
" #
L 1 X e z 10
hkGViki = e ik KR dx e (K" KX y(x) (13.4)

3 )
R unit  cell

The rst factor in brackets gives zero unless the Laue condition is atis ed, in which case it gives
a constant (due to the 1=L3 out front, this is now a nondivergent constant). The second termin
brackets is known as the structure factor (compare to Eq. 12.6)
z
S(G) = dx €€ X VvV (x) (13.5)

unit  cell

where we have useds for (k k9 since this must be a reciprocal lattice vector or the rst term
in brackets vanishes.

Frequently, one writes
Ly 73 Seni)i? (13.6)

which is shorthand for saying that | (), the intensity of scattering o of the lattice planes de ned
by the reciprocal lattice vector (hkl), is proportional to the square of the structure factor at this
reciprocal lattice vector. Sometimes a delta-function is also written explicitly to indicate that the
wavevector di erence (k° k) must be a reciprocal lattice vector.
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We now turn to examine this structure factor more closely for our main two types of scat-
tering probes { neutrons’ and x-rays.

Neutrons

Since neutrons are uncharged, they scatter almost exclusively dm nuclei (rather than electrons)
via the nuclear forces. As a result, the scattering potential is extemely short ranged, and can be
approximated as a delta-function. We thus have

X
V(x) = fi (x X))

atom j in unit cell

where x; is the position of the j! atom in the unit cell. Here, f; is known as theform factor or
atomic form factor, and represents the strength of scattering from that particular nucleus. In fact,
for the case of neutrons this quantity is proportional to the so-alled \nuclear scattering-length"
by . Thus for neutrons we frequently write

X
V(x) b (x x)

atom j in unit cell

Plugging this expression into Eq. 13.5 above, we obtain

X .
S(G) b €C i (13.7)

atom j in unit cell

X-rays

X-rays scatter from the electrons in a system®. As a result, one can takeV (x) to be proportional
to the electron density. We can thus approximate

X
V(x) Zi g(x Xj)

atom j in unit cell

where Z; is the atomic number of atomj (i.e., its number of electrons) andg; is a somewhat
short-ranged function (i.e., it has a few angstroms range | roughly the size of an atom). Taking
the Fourier transform, we obtain

X
S(G) fi(G) €C X (13.8)

atom j in unit cell

wheref;, the form factor, is roughly proportional to Z;, but has some dependence on the mag-
nitude of the reciprocal lattice vector G as well. Frequently, however, we approximatef; to be
independent of G (which would be true if g were extremely short ranged), although this is not
strictly correct.

9Brockhouse and Schull were awarded the Nobel prize for pione ering the use of neutron scattering experiments
for understanding properties of materials. Schull's initi al development of this technique began around 1946, just
after the second world war, when the US atomic energy program made neutrons suddenly available. The Nobel
prize was awarded in 1994, making this the longest time-lag e ver between a discovery and the awarding of the prize.

10The coupling of photons to matter is via the usual minimal cou pling (p + eA)?=(2m). The denominator m,
which is much larger for nuclei than for electrons, is why the  nuclei are not important.
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Aside: As noted abovef; (G) is just the Fourier transform of the scattering potential foatom j. This
scattering potential is proportional to the electron densi. Taking the density to be a delta function results in
fi being a constant. Taking the slightly less crude approximanh that the density is constant inside a sphere
of radiusrg and zero outside of this radius will result in a Fourier traftem

sin(x) xcos(x)

fie) 3z =

(13.9)
with x = jGroj (try showing this!). If the scattering angle is su ciently small (i.e., G is small compared to
1=ro), the right hand side is roughlyZ; with no strong dependence ort .

Comparison of Neutrons and X-rays

For X-rays sincef;  Z; the x-rays scatter very strongly from heavy atoms, and hardly &
all from light atoms. This makes it very dicult to \see" light atoms like h ydrogen in a
solid. Further it is hard to distinguish atoms that are very close to each other in their atomic
number (since they scatter almost the same amount). Alsd; is slightly dependent on the
scattering angle.

In comparison the nuclear scattering lengthly varies rather erratically with atomic number
(it can even be negative). In particular, hydrogen scatters fairly well, so it is easy to see.
Further, one can usually distinguish atoms with similar atomic numbersrather easily.

For neutrons, the scattering really is very short ranged, so the drm factor really is propor-
tional to the scattering length iy independent of G. For X-rays there is a dependence oG
that complicates matters.

Neutrons also have spin. Because of this they can detect whethearious electrons in the unit
cell have their spins pointing up or down. The scattering of the neutons from the electrons
is much weaker than the scattering from the nuclei, but is still obsevable. We will return to

this situations where the spin of the electron is spatially ordered in setion 19.1.2 below.

Simple Example
Generally, as mentioned above, we write the intensity of scatteringas

Lihia)y 1§ Sehii yi2

Assuming we have orthogonal primitive lattice vectors, we can thengenerally write

X )
S(hkl) - fJ e2I (hxj+ky;+1zj) (1310)

atom j in unit cell

where [;;Y;;z] are the coordinates of atomj within the unit cell, in units of the three primitive
lattice vectors.

Example 1: Caesium Chloride: Let us now consider the simple example of CsCl, whose
unit cell is shown in Fig. 13.3. This system can be described as simple cighwith a basis given
byll

11Do not make the mistake of calling this a lattice! Bcc is a latt  ice where all points must be the same.
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Figure 13.3: Cesium Chloride Unit Cell. Cs is white corner atoms, Cl is redcentral atom. This
is simple cubic with a basis. Note that bcc Cs can be thought of as justeplacing the Cl with
another Cs atom.

Basis for CsCl
Cs Position= [0;0; 0]

Cl Position= [ a=2; a=2; a=2]

Thus the structure factor is given by

S(hkl) — sz + fCI e2i (hik;l ) [1=2;1=2;1=2]

fes+ for (DMK

with the f's being the appropriate form factors for the corresponding atons. Recall that the
scattered wave intensity isl nay | Siha )jz.

13.2.1 Systematic Absences and More Examples

Example 2: Caesium bcc:  Let us now consider instead a pure Cs crystal. In this case the
crystal is bcc. We can think of this as simply replacing the Cl in CsCl with another Cs atom.
Analogously we think of the bcc lattice as a simple cubic lattice with exatly the same basis, which
we now write as

Basis for Cs bcc
Cs Position= [0;0; 0]

Cs Position= [a=2;a=2; a=2]

Now the structure factor is given by

S(hkl) — sz + sz eZi (h;k;l ) [1=2;1=2;1=2]

sz 1+( 1)h+k+|

Crucially, note that the structure factor, and therefore the scattering intensity vanishes for h+ k+ |
being any odd integer! This phenomenon is known as aystematic absence
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To understand why this absence occurs, consider the simple casétbe (100) family of planes
(See Fig. 12.1). This is simply a family of planes along the crystal axesith spacing a. You might
expect a wave of wavelength 2=a oriented perpendicular to these planes to scatter constructively
However, if we are considering a bcc lattice, then there are additioal planes of atoms half-way
between the (100) planes which then cause perfeatestructive interference. We refer back to the
Important Complication mentioned in section 12.1.5. As mentioned there, the plane spacing ifdhe
bcc lattice in this case is not 2= G 190)j but is rather 2 =jG 20y j. In fact in general, for a bcc
lattice the plane spacing for any family of lattice planes is 2=jG (nq)j where h + k + | is always
even. This is what causes the selection rule.

Example 3: Copper fcc  Quite similarly there are systematic absences for scattering from
fcc crystals as well. Recall from Eq. 11.5 that the fcc crystal can b thought of as a simple cubic
lattice with a basis given by the points [0; 0; 0]; [1=2; 1=2; 0]; [1=2; 0; 1=2]; and [0; 1=2; 1=2] in units
of the cubic lattice constant. As a result the structure factor of fcc coppper is given by (plugging
into Eq. 13.10)

h i
S(hkl) - fCu 1+ ei (h+k) + ei (h+1) + ei (k+1) (1311)
It is easily shown that this expression vanishes unlesh; k and | are either all odd or all even.

Summary of Systematic Absences

Systematic Absences of Scattering
Simple Cubic all h; k; 1 allowed
bcc h+ k + | must be even
fcc h; k; | must be all odd or all even

Systematic absences are sometimes known aslection rules.

It is very important to note that these absences, or selection ruls, occur for any structure
with the given Bravais lattice type. Even if a material is bcc with a basis of ve di erent atoms per
primitive unit cell, it will still show the same systematic absences as thebcc lattice we considered
above with a single atom per primitive unit cell. To see why this is true we onsider yet another
example

Figure 13.4: Zinc Sul de Conventional Unit Cell. This is fcc with a basis given by a Zn atom at
[0;0;0] and a S atom at [F4; 1=4; 1=4].

Example 4: Zinc Sul de = fcc with a basis: As shown in Fig 13.4, the Zinc Sul de
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crystal is a an fcc lattice with a basis given by a Zn atom at [§0; 0] and an S atom at [4; 1=4; 1=4]
(this is known as a zincblende structure). If we consider the fcc Idtce to itself be a cubic lattice
with basis given by the points [G 0; 0]; [1=2; 1=2; 0]; [1=2; 0; 1=2]; and [0; 1=2; 1=2], we then have the
8 atoms in the conventional unit cell having positions given by the conbination of the two bases,
ie.,

Basis for ZnS
Zn Positions=  [0;0;0]; [1=2; 1=2; (], [1=2; 0; 1=2], and [0 1=2;1=2]
S Positions=  [1=4; 1=4; 1=4], [3=4;3=4;1=4], [3=4;1=4;3=4], and [1=4;3=4;3=4]

The structure factor for ZnS is thus given by

[ h
S(hkl) =fz 1+ e2' (hkl) [1=2:1=2,0] o+ fg e2| (hkl') [1=4;1=4;1=4] e2I (hkl) [3=4;3=4;1=4] o

This combination of 8 terms can be factored to give
h ih [
Sty = 1+ d (k) o (h+l) 4 o (k+]) frn + fsei(: 2)(h+k+1) (13.12)

The rstterm in brackets is precisely the same as the term we foundor the fcc crystal in Eq. 13.11.
In particular it has the same systematic absences that it vanishes niessh; k and | are either all
even or all odd. The second term gives additional absences assaeid speci cally with the ZnS
structure.

Since the positions of the atoms are the positions of the underlying ktice plus the vectors
in the basis, it is easy to see that the structure factor of a crystasystem with a basis will always
factorize into a piece which comes from the underlying lattice structire times a piece corresponding
to the basis. Generalizing Eq. 13.12 we can write

Stk = ST Stk (13.13)

(where, to be precise, the form factors only occur in the latter tem).

13.3 Methods of Scattering Experiments

There are many methods of performing scattering experiments.rl principle they are all similar |
one sends in a probe wave of known wavelength (an X-ray, for exaphe) and measures the angles
at which it di racts when it comes out. Then using Bragg's laws (or the Laue equation) one can
deduce the spacings of the lattice planes in the system.

13.3.1 Advanced Methods (interesting and useful but you pro bably won't
be tested on this)

Laue Method

Conceptually, perhaps the simplest method is to take a large single gstal of the material in
guestion | re waves at it (X-rays, say) from one direction, and me asure the direction of the
outgoing waves. However, given a single direction of incoming wave, is unlikely that you precisely
achieve the di raction condition (the Bragg condition) for any given set of lattice planes. In order
to get more data, one can then vary the wavelength of the incomingwave. This allows one to
achieve the Bragg condition, at least at some wavelength.
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Rotating Crystal Method

A similar technique is to rotate the crystal continuously so that at some angle of the crystal
with respect to the incoming waves, one achieves the Bragg conditioand measures an outcoming
di racted wave.

Both of these methods are used. However, there is an importanteason that they are sometimes
impossible. Frequently it is not possible to obtain a single crystal of a material. Growing large

crystals (such as the beautiful ones shown in Fig. 6) can be an enmous challengé? In the case
of neutron scattering, the problem is even more acute since one pycally needs fairly large single
crystals compared to x-rays.

13.3.2 Powder Di raction (you will almost certainly be test ed on this!)

Powder di raction, or the Debye-Scherrer methotf is the use of wave scattering on a sample which
is not single crystalline, but is powdered. In this case, the incoming wee can scatter o of any one
of many small crystallites which may be oriented in any possible directio. In spirit this technique

is similar to the rotating crystal method in that there is always some angle at which a crystal can be
oriented to di ract the incoming wave. A gure of the Debye-Scherrer setup is shown in Fig. 13.5.
Using Bragg's law, given the wavelength of the incoming wave, we caneatluce the possible spacings
between lattice planes.

A Fully Worked Example. Study this!

Because this type of problem has historically ended up on exams esgmlly every year, and because
it is hard to nd references that explain how to solve these problems| am going to work a powder-
di raction problem in detail here. As far as | can tell, they will only eve r ask you about cubic
lattices (simple cubic, fcc, and bcc).

Before presenting the problem and solving it, however, it is useful @ write down a table
of possible lattice planes and the selection rules that can occur forie smallest reciprocal lattice
vectors

12 For example, high-temperature superconducting materials ~ were discovered in 1986 (and resulted in a Nobel prize
the next year!). Despite a concerted world-wide e ort, good  single crystals of these materials were not available for
5 to 10 years.

13Debye is the same guy from the speci ¢ heat of solids. Paul Sch errer was Swiss but worked in Germany during
the second world war, where he passed information to the famo us American spy (and baseball player), Moe Berg,
who had been given orders to nd and shoot Heisenberg if he fel t that the Germans were close to developing a
bomb.



142 CHAPTER 13. WAVE SCATTERING BY CRYSTALS

20=0° 20=90° 20=180°

Figure 13.5: Debye-Scherrer Powder Di raction.

Lattice Plane Selection Rules
fhklg N = h2+ k?+ 12 Multiplicity cubic bcc fce
100 1 6 X
110 2 12 X X
111 3 8 X X
200 4 6 X X X
210 5 24 X
211 6 24 X X
220 8 12 X X X
221 9 24 X
300 9 6 X
310 10 24 X X
311 11 24 X X
222 12 8 X X X

The selection rules are exactly those listed above: simple cubic allowsattering from any
plane, bcc must haveh + k + | be even, and fcc must haveh; k; | either all odd or all even.

We have added a columnN which is the square magnitude of the reciprocal lattice vector.

We have also added an additional column labeled \multiplicity". This quantity is important
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for guring out the amplitude of scattering. The point here is thatt he (100) planes have some par-
ticular spacing but there are 5 other families of planes with the same gacing: (010} (001); (100),
(010); (001). (Because we mean all of these possible families of lattice planesgwse the nota-
tion fhklg introduced at the end of section 12.1.5). In the powder di raction method, the crystal
orientations are random, and here there would be 6 possible equivale orientations of a crystal
which will present the right angle for scattering from one of these fanes, so there will be scattering
intensity which is 6 times as large as we would otherwise calculate | this is known as the multi-
plicity factor. For the case of the 111 family, we would instead nd 8 possible equivalent planes:
(111); (112); (111); (1112); (211); (111); (122); (112). Thus, we should replace Eq. 13.6 with

lnidg ! Mt hid giSrni ol (13.14)
where M is the multiplicity factor.

Calculating this intensity is straightforward for neutron scatterin g, but is much harder for
x-ray scattering because the form factor for X-rays dependsmG. l.e, since in Eq. 13.7 the form
factor (or scattering length by) is a constant independent ofG, it is easy to calculate the expected
amplitudes of scattering based only on these constants. For thease of X-rays you need to know
the functional forms of f; (G). At some very crude level of approximation it is a constant. More
precisely we see in Eq. 13.9 that it is constant for small scattering agle but can vary quite a bit
for large scattering angle.

Even if one knows the detailed functional form off ; (G), experimentally observed scattering
intensities are never quite of the form predicted by Eq. 13.14. Thee can be several sources of cor-
rections'# that modify this result (these corrections are usually swept underthe rug in elementary
introductions to scattering, but you should at least be aware that they exist). Perhaps the most
signi cant corrections®® are known as Lorentz corrections or Lorentz-Polarization corretions.
These terms, which depend on the detailed geometry of the experiemt, give various prefactors
(involving terms like cos for example) which are smooth as a function of .

The Example

Consider the powder diraction data from PrO , shown in Fig. 13.6. (Exactly this data was
presented in the 2009 Exam, and we were told that the lattice is somdype of cubic lattice. As
we will see below there were several small, but important, errors in e question!) Given the
wavelength:123 nm, we rst would like to gure out the type of lattice and the latt ice constant.

Note that the full de ection angle is 2 . We will want to use Bragg's law and the expression
for the spacing between planes

a

2sin  "hZ+ K2+ |2

where we have also used the expression Eq. 12.12 for the spacingvieen planes in a cubic lattice
given the lattice constant a. Note that this then gives us

a?=cf = h?+ k?+12=N

14Many of these corrections were rst worked out by Charles Gal ton Darwin, the grandson of Charles Robert
Darwin, the brilliant naturalist and proponent of evolutio n. The younger Charles was a terri ¢ scientist in his own
right. Later in life his focus turned to ideas of eugenics, pr edicting that the human race would eventually fail as we
continue to breed unfavorable traits. (His interest in euge nics is not surprising considering that the acknowledged
father of eugenics, Francis Galton, was also part of the same family. )

15 Another important correction is due to the thermal vibratio ns of the crystal. Using Debye's theory of vibration,
Ivar Waller derived what is now known as the Debye-Waller fac  tor that accounts for the thermal smearing of Bragg
peaks.

dihwiy =
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Figure 13.6: Powder Di raction of Neutrons from PrO,. The wavelength of the neutron beam is
= :123 nm. (One should assume that Lorentz corrections have beermoved from the displayed
intensities.)

which is what we have labeledN in the above table of selection rules. We now make a table. In
the rst two columns we just read the angles o of the given graph. You should try to make the

measurements of the angle from the data as carefully as posts. It makes the analysis much easier
if you measure the angles right!

peak | 2 d= =(@2sin ) | d2=c? | 3d2=c? | N = h?+ k?+ 12 | fhklg | a= dp h2+ k2 + |2
a 22.7 0.313 nm 1 3 3 111 .542 nm
b 26.3 0.270 nm 1.33 3.99 4 200 .540 nm
c 37.7 0.190 nm 2.69 8.07 8 220 .537 nm
d 44.3 0.163 nm 3.67 11.01 11 311 .541 nm
e 46.2 0.157 nm 3.97 11.91 12 222 .544 nm
f 54.2 0.135 nm 5.35 | 16.05 16 400 .540 nm

In the third column of the table we calculate the distance between latice planes for the given
di raction peak using Bragg's law. In the fourth column we have calculated the squared ratio of
the lattice spacing d for the given peak to the lattice spacing for the rst peak (labeled @ as a
reference. We then realize that these ratios are pretty close to twole numbers divided by three, so
we try multiplying each of these quantities by 3 in the next column. If we round these numbers to
integers (given in the next column), we produce precisely the valuesf N = h? + k? + |12 expected
for the fcc lattice (According to the above selection rules we must hAve h; k; | all even or all odd).
The nal column calculates the lattice constant from the given dira ction angle. Averaging these
numbers gives us a measurement of the lattice constard = :541 :002 nm.

The analysis thus far is equivalent to what one would do for X-ray scétering. However, with
neutrons, assuming the scattering length is independent of scatring angle (which is typically a
good assumption) we can go a bit further by analyzing the the intengty of the scattering peaks.
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In real data often intensities are weighted by the above mentioned.orentz factors. In Fig. 13.6
these factors have been removed so that we can expect that EG.3.14 holds precisely. (One error
in the Exam question was that it was not mentioned that these factas have been removed!)

In the problem given on the 2009 Exam, it is given that the basis for ths crystal is a Pr
atom at position [0,0,0] and O at [1/4,1/4,1/4] and [1/4,1/4,3/4]. Thus, t he Pr atoms form a fcc
lattice and the O's Il in the holes as shown in Fig. 13.7.

Figure 13.7: The ourite structure. This is fcc with a basis given by a white atom (Pr) at [0; 0; 0]
and yellow atoms (O) at [1=4; 1=4; 1=4] and [1=4; 1=4; 3=4].

Let us calculate the structure factor for this crystal. Using Eq. 13.13 we have

ih i
Spy= 1+¢€ (k) g (D) 4@ (kD) y ) @(=(hekel) 4 d(=2(h+ks3 1)

The rst term in brackets is the structure factor for the fcc latt ice, and it gives 4 for every allowed
scattering point (when h;k;| are either all even or all odd). The second term in brackets is the
structure factor for the basis.

The scattering intensity of the peaks are then given in terms of thisstructure factor and the
peak multiplicities as shown in Eq. 13.14. We thus can write for all of ourmeasured peak®¥

. _ )
lthkig = CMthig ber + o €(=ANTKD 4 g (=2)(h+ks31)

where the constant C contains other constant factors (including the factor of # from the fcc
structure factor). Note: We have to be a bit careful here to male sure that the bracketed factor
gives the same result for all possible lkl) included in fhklg, but in fact it does. Thus we can
compile another table showing the predicted relative intensities of tle peaks.

16 Again assuming that smooth Lorentz correction terms have be en removed from our data so that Eq. 13.14 is
accurate.
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Scattering Intensity
peak | fhklg | ltpgg=C/ M |Sj? | Measured Intensity
a 111 8b%, 0.05
b 200 6[ber 20p] 0.1
c 220 12 e, +2bo]? 1.0
d 311 24102, 0.15
e 222 8[bpr 2o 0.1
f 400 6 ey +2bo]? 0.5

where the nal column are the intensities measured from the data inFig. 13.6.

From the analytic expressions in the third column we can immediately pedict that we should

have

lq =3l lc =21 le = 4 I

d a c f e 3 b
Examining the fourth column of this table, it is clear that the rst two of these equations are
properly satis ed. However the nal equation does not appear tobe correct. This points to some
error in constructing the plot. Thus we suspect some problem in eitler | or Ip. Either I is too
small or |, is too large'’.

To further home in on this problem with the data, we can look at the ratio .=l which in
the measured data has a value of about 20. Thus we have

" 2
le _ 12er +2b0] _

with some algebra this can be reduced to a quadratic equation with tw roots, resulting in
bor = 43 or 750 (13.15)

Let us suppose now that our measurement ofy, is correct. In this case we have

lp _ 6be,  2bo)?

L — N
i 812,
which we can solve to give

by = :76bp or 3:1bp
The former solution being reasonably consistent with the above. Haever, were we to assumé,
were correct, we would have instead

le _ 8w 2P _,

la 8B,
we would obtain
bor = :83p or 4:8bp
which appears inconsistent with Eq. 13.15. We thus conclude that tle measured intensity ofl
given in Fig. 13.6 is actually incorrect, and should be larger by about adctor of 4=3. (This is the
second error in the exam question.) We can then conclude that Havig now corrected this error,
we note that we have now used this neutron data to experimentally @termine the ratio of the
nuclear scattering lengths
bpr=lp :75
17 Another possibility is that the form factor is not precisely independent of scattering angle, as is the case for

X-ray scattering. However, the fact that all the peaks are co nsistent but for this one peak suggests a transcription
error.
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13.4 Still more about scattering

Scattering experiments such as those discussed here dahe method for determining the microscopic
structures of materials. One can use these methods (and exteiamis thereof) to sort out even very
complicated atomic structures such as those of biological molecules

Aside: In addition to the obvious work of von Laue and Bragg &t initiated the eld of X-ray di raction
(and Brockhouse and Schull for neutrons) there have been alhdalf a dozen Nobel prizes that have relied on,
or further developed these techniques. In 1962 a chemistryldel prize was awarded to Perutz and Kendrew
for using X-rays to determine the structure of the biologidgproteins hemoglobin and myoglobin. The same
year, Watson and Crick were awarded the prize in Biology foetérmining the structure of DNA | which they
did with the help of X-ray diraction data taken by Rosalind Fanklin®. Two years later in 1964, Dorothy
Hodgkin'® won the prize for determination of the structure of penicith and other biological molecules. Further
Nobels were given in chemistry for determining the structeirof Boranes (Lipscomb, 1976) and for the structure
of photosynthetic proteins (Deisenhofer, Huber, Michel B3).

13.4.1 Variant: Scattering in Liquids and Amorphous Solids

A material need not be crystalline to scatter waves. However, foramorphous solids or liquids,
instead of having delta-function peaks in the structure factor at reciprocal lattice vectors (as in

Fig. 13.6), the structure factor (which is again de ned as the Fouier transform of the density)

will have smooth behavior | with incipient peaks corresponding to 2 =d where d is roughly the

typical distance between atoms. An example of a measured struate factor in liquid Al is shown

in Fig. 13.8. As the material gets close to its freezing point, the peak in the structure factor

will get more pronounced, becoming more like the structure of a solidvhere the peaks are delta
functions.

S(K

20 4 d.ALB67°C)

Figure 13.8: The structure factor of liquid Aluminum

18 There remains quite a controversy over the fact that Watson a nd Crick, at a critical juncture, were shown
Franklin's data without her knowledge! Franklin may have wo n the prize in addition to Watson and Crick and
thereby received a bit more of the appropriate credit, but sh e tragically died of cancer at age 37 in 1958, two years
before the prize was awarded.

19Dorothy Hodgkin was a student and later a fellow at ~ Somerville College, Oxford. Yay!
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13.4.2 Variant: Inelastic Scattering

/{')zu’)

L, £Ch)

Figure 13.9: Inelastic scattering. Energy and crystal momentum nust be conserved.

It is also possible to perform scattering experiments which are ineld&. Here, \inelastic"
means that energy of the incoming wave is left behind in the sample, ahthe energy of the outgoing
wave is lower. The general process is shown in Fig. 13.9. A wave is incitteon the crystal with
momentum k and energy (k) (For neutrons the energy would be~?k?=(2m) whereas for photons
the energy would be~cjkj). This wave transfers some of its energy and momentum to some ietnal
excitation mode of the material | such as a phonon, or a spin or electronic excitation quanta.
One then measures the outgoing energy and momentum of the waveSince energy and crystal
momentum must be conserved, one has

Q k k+ G
E(Q) Ky (k)

thus allowing one to determine the dispersion relation of the internalexcitation (i.e., the relation-
ship betweenQ and E (Q)). This technique is extremely useful for determining phonon dispesions
experimentally. In practice, the technique is much more useful withneutrons than with X-rays.
The reason for this is, because the speed of light is so large, (ar€l = ~cjkj) the energy di erences
that one obtains are enormous except for a tiny small range ok® for each k. Since there is a
maximum energy for a phonon, the X-rays therefore have a tiny tdal cross section for exciting
phonons. A second reason that this technique is di cult for X-rays is because it is much harder
to build an X-ray detector that determines energy than it is for neutrons.

13.4.3 Experimental Apparatus

Perhaps the most interesting piece of this kind of experiments is thejuestion of how one actually
produces and measures the waves in questions.

Since at the end of the day, one ends up counting photons or neubns, brighter sources
(higher ux of probe particles) are always better |- as it allows one t o do experirﬁle_nts quicker,
and allows one to reduce noise (sﬁn&e counting error oN counts is proportional to N, meaning
a fractional error that drops as 1= N). Further, with a brighter source, one can examine smaller
samples more easily.
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X-rays: Even small laboratories can have X-ray sources that can do very seful crystal-
lography. A typical source accelerates electrons electrically (with10s of keV) and smashes them
into a metal target. X-rays with a discrete spectrum of energies & produced when an electron is
knocked out of a low atomic orbital and an electron in a higher orbitaldrops down to re- Il the hole
(this is known as X-ray ourescence). Also a continuous Bremsstahlung spectrum is produced by
electrons coming near the charged nuclei, but for monochromatic idaction experiments, this is
less useful. (One wavelength from a spectrum can be selected | usig di raction from a known
crystal!).

Much higher brightness X-ray sources are provided by huge (andumgely expensive) facilities
known as synchrotron light sources | where particles (usually electrons) are accelerated around
enormous loops (at energies in the GeV range). Then using magnetlese electrons are rapidly
accelerated around corners which makes them emit X-rays extregly brightly and in a highly
columnated fashion.

Detection of X-rays can be done with photographic Ims (the old style) but is now more
frequently done with more sensitive semiconductors detectors.

Neutrons: Although it is possible to generate neutrons in a small lab, the ux of these
devices is extremely small and neutron scattering experiments aralways done in large neutron
source facilities. Although the rst neutron sources simply used the byproduct neutrons from
nuclear reactors, more modern facilities now use a technique callespallation where protons are
accelerated into a target and neutrons are emitted. As with X-rays, neutrons can be mono-
chromated (made into a single wavelength), by diracting them from a known crystal. Another
technique is to use time-of- ight. Since more energetic neutrons rave faster, one can send a pulse
of poly-chromatic neutrons and select only those that arrive at a ertain time in order to obtain
mono-chromatic neutrons. On the detection side, one can again ket for energy very easily. |
won't say too much about neutron detection as there are many matods. Needless to say, they all
involve interaction with nuclei.

13.5 Summary of Diraction

Di raction of waves from crystals in Laue and Bragg formulations (equivalent to each other).

The structure factor (the Fourier transform of the scattering potential) in a periodic crystal
has sharp peaks at allowed reciprocal lattice vectors for scattémg. The scattering intensity
is the square of the structure factor.

There are systematic absences of diraction peaks depending orhe crystal structure (fcc,
bcc). Know how to gure these out.

Know how to analyze a powder di raction pattern (very common exam question!)

References
It is hard to nd references that give enough information about di raction to suit the Oxford
course. These are not bad.

Kittel, chapter 2

Ashcroft and Mermin, chapter 6
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Figure 13.10: The Rutherford-Appleton Lab in Oxfordshire, UK. On the right, the large circular
building is the DIAMOND synchrotron light source. The building on the le ft is the ISIS spallation
neutron facility. This was the world's brightest neutron source on erth until August 2007 when
it was surpassed by one in Oak Ridge, US. The next generation sougds being built in Sweden
and is expected to start operating in 2019. The price tag for constiction of this device is over 16
euros.

Dove, chapter 6 (most detailed, with perhaps a bit too much informéion in places)
In addition, the following have nice, but incomplete discussions.

Rosenberg, chapter 2.

Ibach and Luth, chapter 3.

Burns, chapter 4.
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Electrons in Solids
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Chapter 14

Electrons in a Periodic Potential

In chapters 8 and 9 we discussed the wave nature of phonons in sadidand how crystal momentum
is conserved (i.e., momentum is conserved up to reciprocal lattice wtor).  Further we found
that we could describe the entire excitation spectrum within a single Billouin zone in a reduced
zone scheme. We also found in chapter 13 that X-rays and neutransimilarly scatter from solids
by conserving crystal momentum. In this chapter we will consider he nature of electron waves
in solids and we will nd that similarly crystal momentum is conserved and the entire excitation
spectrum can be described within a single Brillouin zone using a reducerone scheme.

We have seen a detailed preview of properties of electrons in periodigystems when we
considered the one dimensional tight binding model in chapter 10, séhe results of this section
will be hardly surprising. However, in the current chapter we will approach the problem from a
very di erent (and complimentary) starting point. Here, we will con sider electrons as free-electron
waves that are very only very weakly perturbed by the periodic armngement of atoms in the solid.
The tight binding model is exactly the opposite limit where we consider éectrons bound strongly
to the atoms, and they only weakly hop from one atom to the next.

14.1 Nearly Free Electron Model

We start with completely free electrons whose Hamiltonian is

p2
Ho= —
°~ om

The corresponding energy eigenstates, the plane wavélsi, have eigenenergies
~2jkj?

o(k) = om

We now consider a weak periodic potential perturbation to this Hamiltonian
H=Hq+ V(r)

with
V()= V(+R)

153
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where R is any lattice vector. The matrix elements of this potential are then just the Fourier
components 7

- i 0

hGViki = oo e KT V) ko « (14.1)
which is zero unlesk® k is a reciprocal lattice vector (See Eq. 13.1). Thus, any plane wavetate

k can scatter into another plane wave statek® only if these two plane waves are separated by a

reciprocal lattice vector.

We now apply the rules of perturbation theory. At rst order in the perturbation V, we
have

(k)= o(k) + FkjVijki = o(k) + Vo

which is just an uninteresting constant energy shift to all of the eigenstates. In fact, it is an exact
statement (at any order of perturbation theory) that the only e ect of Vj is to shift the energies
of all of the eigenstates by this constant. Henceforth we will assume thatV = 0 for simplicity.

At second order in perturbation theory we have

O ihk9Vikij2

(= oot e

(14.2)

where the ® means that the sum is restricted to haveG 6 0. In this sum, however, we have to be
careful. It is possible that, for somek? it happens that o(k) is very close to (k% or perhaps they
are even equal. In which case the corresponding term of the sum divges and the perturbation
expansion makes no sense. This is what we call degeneratesituation and it needs to be handled
with degenerate perturbation theory, which we shall consider belw.

To see when this degenerate situation happens, we look for solutisrof

o(k)
kO

o(k9) (14.3)
k+ G (14.4)

First, let us consider the one-dimensional case. Sincgk) k2, the only possible solutions of
Eg. 14.3isk®= k. This means the two equations are only satis ed for

k= k= n=a

or precisely on the Brillouin zone boundaries (See Fig. 14.1).

In fact, this is quite general even in higher dimensions: given a poink on a Brillouin zone
boundary, there is another point k° (also on a Brillouin zone boundary) such that Egs. 14.3 and
14.4 are satis ed (See in particular Fig. 12.5 for examplé).

Since Eq. 14.2 is divergent, we need to handle this situation withdegenerate perturbation
theory®. In this approach, one diagonalizes the Hamiltonian within the degeneate space rst (and
other perturbations can be treated after this). In other words, we take states of the same energy
that are connected by the matrix element and treat their mixing exactly.

1You should be able to show this!

2To see this generally, recall that a Brillouin zone boundary is a perpendicular bisector of the segment between
0 and some G. We can write the given point k = G=2+ k, where k, G = 0. Then if we construct the point
k0= G=2+ k», then clearly 14.4 is satis ed, k9 is a perpendicular bisector of the segment between 0 and G
and therefore is on a zone boundary, and jkj = jk9 which implies that Eq. 14.3 is satis ed.

SHopefully you have learned this in your quantum mechanics co urses already!
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o

Tt
a

Figure 14.1: Scattering from Brillouin Zone Boundary to Brillouin Zone Boundary. The states at
the two zone boundaries are separated by a reciprocal lattice véar G and have the same energy.
This situation leads to a divergence in perturbation theory, Eq. 14.2because when the two energies
match, the denominator is zero.

14.1.1 Degenerate Perturbation Theory

If two plane wave statesjki and jk% = jk + Gi are of approximately the same energy (meaning
that k and k°are close to zone boundaries), then we must diagonalize the matrid@ments of these
states rst. We have

bkj H jki = o(k)

kG H kG = ok)= ok+G)

MG HKY = Vi ko= Vg (14.5)
H((i H jkl = Vko Kk = VG

where we have used the de nition ofVg from Eq. 14.1, and the fact thatV ¢ = Vg is guaranteed
by the fact that V (r) is real.

Now, within this two dimensional space we can write any wavefunctionas
ji= jki+ jk%= jki+ jk+ Gi (14.6)
Using the variational principle to minimize the energy is equivalent to sdving the e ective Schroedinger
equation’

(k) \ _
Q/G o(ki G) = E (14.7)

The secular equation determiningE is then
! !

ok) E  okk+G) E |Vsj*=0 (14.8)

(Note that once this degenerate space is diagonalized, one could dpack and treat further,
nondegenerate, scattering processes, in perturbation theory

4This should look similar to our 2 by 2 Schroedinger Equation 5 .8 above.
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Simple Case: k exactly at the zone boundary

The simplest case we can consider is whek is precisely on a zone boundary (and therefore
k= k + G is also precisely on a zone boundary). In this casey(k) = o(k + G) and our secular

equation simpli es to |
P2

ok) E =V
or equivalently
E = ok) j Voi
Thus we see that a gap opens up at the zone boundary. Whereas thok and k° had energy o(k)

in the absence of the added potentialMg , when the potential is added, the two eigenstates form
two linear combinations with energies split by j Vg]j.

In one dimension

In order to understand this better, let us focus on the one dimen®nal case. Let us assume we

have a potential V(x) = V cos(2x=a ) with ¥ > 0. The Brillouin zone boundaries are atk = =a
andk®= k= =asothatk® k=G= 2=a and o(k) = o(k9.
Examining Eq. 14.7, we discover that the solutions (when o(k) = (k%) are given by

= thus giving the eigenstates

ii= p= (ki | k%) (14.9)

St

corresponding toE  respectively. Since we can write the real space version of thegiet wavefunc-
tions ag’

jkl I eikX - eix =a
Jkl | e ik °x - e ix =a

we discover that the two eigenstates are given by

+ X +e X7 | cosik=a)
¥ e X3 | sin(x=a)

If we then look at the densitiesj j? associated with these two wavefunctions (See Fig. 14.2) we
see that the higher energy eigenstate + has its density concentrated mainly at the maxima of
the potential V whereas the lower energy eigenstate has it density concentrated mainly at the
minima of the potential.

So the general principle is that the periodic potential scatters betveen the two plane waves
k and k + G. If the energy of these two plane waves are the same, the mixing beeen them is
strong, and the two plane waves can combine to form one state witthigher energy (concentrated
on the potential maxima) and one state with lower energy (concentated on the potential minima).

SFormally what we mean here is hxjki = el Pr
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Figure 14.2: Structure of Wavefunctions at the Brillouin Zone Boundary. The higher energy
eigenstate . has its density concentrated near the maxima of the potentialV whereas the lower
energy eigenstate has its density concentrated near the minima.

k not quite on a zone boundary (and still in one dimension)

It is not too hard to extend this calculation to the case wherek is not quite on a zone boundary.
For simplicity though we will stick to the one dimensional situation®. We need only solve the
secular equation 14.8 for more generdt. To do this, we expand around the zone boundaries.

Let us consider the states at the zone boundarnk = n=a which are separated by the
reciprocal lattice vectorsG = 2 n=a. As noted above, the gap that opens up precisely at the zone
boundary will be j Vgj. Now let us consider a plane wave near this zone boundary = n =a +
with  being very small (andn an integer). This wavevector can scatter intok®= n=a + due
to the periodic potential. We then have

o(n=a+ ) (n=a)?>+2n =a + 2

2m
2
—a + = N = 2 = + 2
ol n=a ) o (n=a)* 2n =a
The secular equation (Eq. 14.8)) is then
I I
2 2 ’ 2 2 '
% (I’l :a)2+ 2 E+ %Zn =a % (I’l :a)2+ 2 E %Zn =a ] VGj2:0
which simpli es to
2 P2 2 P2
% (n :a)2 + 2 E = %ZH =a + jVGjZ
or S
2 2 2
= o (n=a)?+ 2 %Zn =a  +jVsj? (14.10)

61f you are very brave and good with geometry, you can try worki  ng out the three dimensional case.
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Expanding the square root for small we obtain’

~2(n=a)? . . 22 ~?(n=a)? 1
= — +
om ] Vgj 1

o Ve (14.11)

E

Note that for small perturbation (which is what we are concerned wth), the second term is the
square brackets is larger than unity so that for one of the two soltions, the square bracket is
negative.

Thus we see that near the band gap at the Brillouin zone boundary, he dispersion is
qguadratic (in ) as shown in Fig. 14.3. In Fig. 14.4, we see (using theepeated zone schemehat
small gaps open at the Brillouin zone boundaries in what is otherwise agrabolic spectrum. (This
plotting scheme is equivalent to the reduced zone scheme if restrietl to a single zone).

Figure 14.3: Dispersion of a Nearly Free Electron Model. In the nearlyfree electron model, gaps
open up at the Brillouin zone boundaries in an otherwise parabolic spaoum. Compare this to
what we found for the tight binding model in Fig 10.5.

The general structure we nd is thus very much like what we expeced from the tight binding
model we considered previously in chapter 10 above. As in the tightinding picture there are energy
bandswhere there are energy eigenstates, and there are gaps betweleands, where there are no
energy eigenstates. As in the tight binding model, the spectrum is peodic in the Brillouin zone
(See Fig 14.4).

In section 10.2 above we introduced the idea of the e ective mass | if a dispersion is
parabolic, we can describe the curvature at the bottom of the bad in terms of an e ective mass.
In this model at every Brillouin zone boundary the dispersion is parallic (indeed, if there is a

"The conditions of validity for this expansion is that the rs  tterm under the square root is much smaller than the
second, meaning that we must have small enough , or we must be very close to the Brillouin zone boundary. But
note that as Vg gets smaller and smaller, the expansion is valid only for k closer and closer to the zone boundary.
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Figure 14.4: Dispersion of a Nearly Free Electron Model. Same as Fig413 above, but plotted in
repeated zone scheme. This is equivalent to the reduced zone sale but the equivalent zones are
repeated. Forbidden bands are marked where there are no eigdates. The similarity to the free
electron parabolic spectrum is emphasized.

gap, hence a local maximum and a local minimum, the dispersion must bparabolic around these
extrema). Thus we can write the dispersion Eq. 14.11 as

2 2
+ + = + t+
E(G+ ) = Cit o
2 2
E (G+ = C
( ) o

where C, and C are constants, and the e ective masses are given here By

m

~2(n=a )2 1
1 m iVei

m =

We will de ne e ective mass more precisely, and explain its physics in d&il in chapter 16 below.
For now we just think of this as a convenient way to describe the paabolic dispersion near the
Brillouin zone boundary.

Nearly free electrons in two (and higher) dimensions

The principles of the nearly free electron model are quite similar in twoand three dimensions. In
short, near the Brillouin zone boundary, a gap opens up due to scétring by a reciprocal lattice
vector. States of energy slightly higher than the zone boundary itersection point are pushed up

~2(n=a )2 . .
8Note that since Vg is assumed small, 1 %JV% is negative.
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in energy, whereas states of energy slightly lower than the zone bimdary intersection point are
pushed down in energy. We will return to the detailed geometry of ths situation in section 15.2.

There is one more key di erence between one dimension and higher diensions. In one
dimension, we found that if k is on a zone boundary, then there will be exactly one othek® such
that k k%= G is a reciprocal lattice vector and such that (k% = (k). (l.e., Egs. 14.3 and
14.4 are satis ed). As described above, these two plane wave std mix with each other (See Eq.
14.6) and open up a gap. However, in higher dimensions it may occur #i given k there may
be severaldi erent k° which will satisfy these equations | i.e., many k°which dier from k by a
reciprocal lattice vector and which all have the same unperturbedenergy. In this case, we need to
mix together all of the possible plane waves in order to discover thertie eigenstates. One example
of when this occurs is the two dimensional square lattice, where thdour points ( =a; =a)
all have the same unperturbed energy and are all separated froraach other by reciprocal lattice
vectors.

14.2 Bloch's Theorem

In the above, \nearly free electron” approach, we started fromthe perspective of plane waves that
are weakly perturbed by a periodic potential. But in real materials, the scattering from atoms
can be very strong so that perturbation theory may not be valid (or may not converge until very

high order). How do we know that we can still describe electrons withanything remotely similar

to plane waves?

In fact, by this time, after our previous experience with waves, weshould know the answer
in advance: the plane wave momentum is not a conserved quantity, lt the crystal momentum
is. No matter how strong the periodic potential, so long as it is periodi¢ crystal momentum is
conserved. This important fact was rst discovered by Felix Bloch® in 1928, very shortly after the
discovery of the Schroedinger equation, in what has become knowas Bloch's theorent®

Bloch's Theorem:  An electron in a periodic potential has eigenstates of the form
()= < Tu ()

where u, is periodic in the unit cell and k (the crystal momentum) can be chosen
within the rst Brillouin zone.

In reduced zone scheme there may be many states at eaghand these are indexed by . The
periodic function u is usually known as aBloch function, and is sometimes known as a modi ed
plane-wave Becauseu is periodic, it can be rewritten as a sum over reciprocal lattice vectos
X _
U ()= g, €°F
G

This form guarantees! that u,(r) = u,(r + R) for any lattice vector R. Therefore the full

9Felix Bloch later won a Nobel prize for inventing Nuclear Mag netic Resonance. NMR was then renamed MRI
(Magnetic Resonance Imaging) when people decided the word \ Nuclear" sounds too much like it must be related to
some sort of bomb.
10BJoch's theorem was actually discovered by a Mathematician ~ Gaston Floquet in 1883, and rediscovered later by
Bloch in the context of solids. This is an example of what is kn own as Stigler's Law of Eponomy: \Most things are
not named after the person who rst discovers them". In fact, Stigler's law was discovered by Merton.
11n fact, the function u is periodic in the unit cell if and only if it can be written as a  sum over reciprocal lattice
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wavefunction is expressed as X

W= gy @7 (14.12)
G

Thus an equivalent statement of Bloch's theorem is that we can writeeach eigenstate as being

made up of a sum of plane wave statek which di er by reciprocal lattice vectors G.

Given this equivalent statement of Bloch's theorem, we now undersind that the reason for
Bloch's theorem is that the scattering matrix elements lkGVjki are zero unlessk® and k dier
by a reciprocal lattice vector. As a result, the Schroedinger equiion is \block diagonal" 2 in the
space ofk and in any given wavefunction only plane waves that di er by some G can be mixed
together. One way to see this more clearly is to is to take the Schraknger equation

p2
-+ =
S P V() (N=E(D
and Fourier transform it to obtain
X ~2'k'2
Ve «k c= E 1 K

G 2m
where we have used the fact thatVi o is only nonzero ifk k%= G. It is then clear that for
eachk we have a Schroedinger equation for the set of y ¢'s and we must obtain solutions of the
form of Eq. 14.12.

Although by this time it may not be surprising that electrons in a periodic potential have
eigenstates labeled by crystal momenta, we should not overlook oimportant Bloch's theorem
is. This theorem tells us that even though the potential that the electron feels from each atom is
extremely strong, the electrons still behavealmost as if they do not see the atoms at all! They still
almost form plane wave eigenstates, with the only modi cation being the perodic Bloch function
u and the fact that momentum is now crystal momentum.

A quote from Felix Bloch:

When | started to think about it, | felt that the main problem was to e xplain how

the electrons could sneak by all the ions in a metal. By straight Fourie analysis

| found to my delight that the wave di ered from the plane wave of fr ee electrons
only by a periodic modulation.

14.3 Summary of Electrons in a Periodic Potential

When electrons are exposed to a periodic potential, gaps arise in tlredispersion relation at
the Brillouin zone boundary. (The dispersion is quadratic approachirg a zone boundary).

Thus the electronic spectrum breaks into bands, with forbidden eergy gaps between the
bands. In the nearly free electron model, the gaps are proportical to the periodic potential
Vo j.

Bloch's theorem guarantees us that all eigenstates are some pediz function times a plane

wave. In repeated zone scheme the wavevector (therystal momentum) can always be taken
in the rst Brillouin zone.

vectors in this way.
12No pun intended.
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Chapter 15

Insulator, Semiconductor, or
Metal

In chapter 10, when we discussed the tight-binding model in one dimesion, we introduced some of
the basic ideas of band structure. In chapter 14 we found that arelectron in a periodic potential
shows exactly the same type of band-structure as we found forhie tight-binding model: In both
cases, we found that the spectrum is periodic in momentum (so all moenta can be taken to
be in the rst Brillouin zone, in reduced zone scheme) and we nd that gaps open at Brillouin
zone boundaries. These principles, the idea of bands and band stture form the fundamental
underpinning of our understanding of electrons in solids. In this chater (and the next) we explore
these ideas in further depth.

15.1 Energy Bands in One Dimension: Mostly Review

As we pointed out in chapter 12 the number ofk-states in a single Brillouin zone is equal to the
number of unit cells in the entire system. Thus, if each atom has exaty one electron (i.e., is
valence 1) there would be exactly enough electrons to Il the bandf there were only one spin state
of the electron. Being that there are two spin states of the electron, when each am has only
one valence electron, then the band is precisely half full. This is showin the left of Fig. 15.1.

Here, there is a Fermi surface where the un lled states meet the lled states. (In the gure, the

Fermi energy is shown as a green dashed line). When a band is partiallyled, the electrons can

repopulate when a small electric eld is applied, allowing current to ow as shown in the ght of

Fig. 15.1. Thus, the partially lled band is a metal.

On the other hand, if there are two electrons per atom, then we hee precisely enough
electrons to Il one band. One possibility is shown on the left of Fig. 152 | the entire lower band
is lled and the upper band is empty, and there is aband gapbetween the two bands (note that
the chemical potential is between the bands). When this is the situéion, the lower (lled) band
is known as thevalence bandand the upper (empty) band is known as the conduction band In
this situation the minimum energy excitation is created by moving an electron from the valence to
the conduction band, which is nonzero energy. Because of this, aero temperature, a su ciently
small electric perturbation will not create any excitations| the sys tem does not respond at all to
electric eld. Thus, systems of this type are known as (electrical)insulators (or more speci cally
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Figure 15.1: Band Diagrams of a One Dimensional Monovalent Chain withiTwo Orbitals per Unit
Cell. Left: A band diagram with two bands shown where each atom ha®ne electron so that the
lowest band is exactly half lled, and is therefore a metal. The lled states are colored red, the
chemical potential is the green line. Right: When electric eld is applied electrons accelerate,
ling some of the k states to the right and emptying k-states to the left (in one dimension this
can be thought of as having a di erent chemical potential on the let versus the right). Since there
are an unequal number of left-moving versus right-moving electros, the situation on the right
represents net current ow.

\

L N T

Figure 15.2: Band Diagrams of a One Dimensional Divalent Chain with TwoOrbitals per Unit
Cell. When there are two electrons per atom, then there are exaty enough electrons to Il the
lowest band. In both pictures the chemical potential is drawn in green. Left: one possibility is that
the lowest band (the valence band) is completely lled and there is a gp to the next band (the
conduction band) in which case we get an insulator. This is alirect band gap as the valence band
maximum and the conduction band minimum are both at the same crysal momentum (the zone
boundary). Right: Another possibility is that the band energies overlap, in which case there are
two bands, each of which is partially lled, giving a metal. If the bands were separated by more
(imagine just increasing the vertical spacing between bands) we wdd have an insulator again,
this time with an indirect band gap, since the valence band maximum is at the zone boundary
while the conduction band minimum is at the zone center.
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band insulatorg. If the band gap is below about 4 eV, then these type of insulatorsare called
semiconductorssince at nite temperature electrons can be thermally excited into the conduction
band, and these electrons then can move around freely, carryingome amount of current.

One might want to be aware that in the language of chemists, a band iaulator is a situation
where all of the electrons are tied up in bonds. For example, in diamoa, carbon has valence four
| meaning there are four electrons per atom in the outer-most shell. In the diamond lattice, each
carbon atom is covalently bonded to each of its four nearest neightrs { and each covalent bond
requires two electrons. One electron is donated to each bond fromach of the two atoms on either
end of the bond | this completely accounts for all of the four electr ons in each atom. Thus all of
the electrons are tied up in bonds. This turns out to be equivalent tothe statement that certain
bonding bands are completely lled, and there is no mobility of electrors in any partially lled
bands (See the left of Fig. 16.3).

When there are two electrons per atom, one frequently obtains a &nd insulator as shown
in the left of Fig. 15.2. However another possibility is that the band erergies overlap, as shown
in the right of Fig. 15.2. In this case, although one has precisely theight number of electrons to
Il a single band, instead one has two partially lled bands. As in Fig. 15.1 there are low energy
excitations available, and the system is metallic.

Figure 15.3: Fermi Sea of a Square Lattice of Monovalent Atoms in Tw Dimensions. Left: In the
absence of a periodic potential, the Fermi sea forms a circle whoseaea is precisely half that of
the Brillouin zone (the black square). Right: when a periodic potentid is added, states closer to
the zone boundary are pushed down in energy deforming the Fernsea. Note that the area of the
Fermi sea remains xed.
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15.2 Energy Bands in Two (or More) Dimensions

It is useful to try to understand how the nearly-free electron madel results in band structure in
two dimensions. Let us consider a square lattice of monovalent atomn The Brillouin zone is
correspondingly square, and since there is one electron per atorthere should be enough electrons
to half Il a single Brillouin zone. In absence of a periodic potential, the Fermi sea forms a circle
as shown in the left of Fig. 15.3. The area of this circle is precisely halfhie area of the zone.
Now when a periodic potential is added, gaps open up at the zone bodaries. This means that
states close to the zone boundary get moved down in energy | and he closer they are to the
boundary, the more they get moved down. As a result, states clasto the boundary get lled up
preferentially at the expense of states further from the bounday. This deforms the Fermi surfacée
roughly as shown in the right of Fig. 15.3. In either case, there are M energy excitations possible
and therefore the system is a metal.

Figure 15.4: Fermi Surfaces that Touch Brillouin Zone Boundaries. left: Fermi Sea of a square
lattice of monovalent atoms in two dimensions with strong periodic poential. The Fermi surface
touches the Brillouin zone boundary. Right: The Fermi surface of opper, which is monovalent
(the lattice structure is fcc, which determines the shape of the Billouin zone, see Fig. 12.6).

If the periodic potential is strong enough the Fermi surface may ®en touch? the Brillouin
zone boundary as shown in the left of Fig. 15.4. This is not uncommon imeal materials. On the
right of Fig. 15.4 the Fermi surface of copper is shown, which similarlytouches the zone boundary.

1Recall that the Fermi surface is the locus of points at the Fer mi energy (so all states at the Fermi surface have
the same energy), separating the lled from un lled states. Keep in mind that the area inside the Fermi surface is
xed by the total number of electrons in the system.

?Note that whenever a Fermi surface touches the Brillouin zon e boundary, it must do so perpendicularly. This is
due to the fact that the group velocity is zero at the zone boun dary | i.e., the energy is quadratic as one approaches
normal to the zone boundary. Since the energy is essentially not changing in the direction perpendicular to the zone
boundary, the Fermi surface must intersect the zone boundar y normally.
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Figure 15.5: Fermi Sea of a Square Lattice of Divalent Atoms in Two Dinensions. Left: In the
absence of a periodic potential, the Fermi sea forms a circle whoseea is precisely that of the
Brillouin zone (the black square). Right: when a su ciently strong periodic potential is added,
states inside the zone boundary are pushed down in energy so thatl of these states are lled and
no states outside of the rst Brillouin zone are lled. Since there is a gap at the zone boundary,
this situation is an insulator. (Note that the area of the Fermi sea remains xed).

Let us now consider the case of a two-dimensional square lattice afivalent atoms. In this
case the number of electrons is precisely enough to Il a single zondn the absence of a periodic
potential, the Fermi surface is still circular, although it now crosses into the second Brillouin zone,
as shown in the left of Fig. 15.5. Again, when a periodic potential is addd a gap opens at the
zone boundary | this gap opening pushes down the energy of all staes within the rst zone and
pushes up energy of all states in the second zone. If the periodiofential is su ciently strong 3,
then the states in the rst zone are all lower in energy than statesin the second zone. As a result,
the Fermi sea will look like the right of Fig. 15.5. I..e, the entire lower band is lled, and the upper
band is empty. Since there is a gap at the zone boundary, there arao low energy excitations
possible, and this system is an insulator.

It is worth considering what happens for intermediate strength of the periodic potential.
Again, states outside of the rst Brillouin zone are raised in energy and states inside the rst
Brillouin zone are lowered in energy. Therefore fewer states will be azupied in the second zone
and more states occupied in the rst zone. However, for intermedate strength of potential, there
will remain some states occupied in the second zone and some statespty within the rst zone.
This is precisely analogous to what happens in the right half of Fig. 15.2 Analogously, there will

3We can estimate how strong the potential needs to be. We need t o have the highest energy state in the rst
Brillouin zone be lower energy than the lowest energy state i n the second zone. The highest energy state in the rst
zone, in the absence of periodic potential, is in the zone cor ner and therefore has energy comer = 2( = 2)2=(2m).
The lowest energy state in the second zone is it the middle of t he zone boundary edge and in the absence of periodic
potential has energy eqge = ( = 2)2=(2m). Thus we need to open up a gap at the zone boundary which is su  ciently
large that the edge becomes higher in energy than the corner. This requires roughly that 2 jVgj = corner edge -
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Figure 15.6: Fermi Sea of a Square Lattice of Divalent Atoms in Two Dinensions. Left: For
intermediately strong periodic potential, there are still some states lled in the second zone, and
some states empty in the rst zone, thus the system is still a metal. Right: The states in the
second zone can be moved into the rst zone by translation by a reiprocal lattice vector. This is
the reduced zone scheme representation of the occupancy ofettsecond Brillouin zone.

still be some low energy excitations available, and the system remaina metal.

We emphasize that in the case where there are many atoms per united, we should count
the total valence of all of the atoms in the unit cell put together to determine if it is possible
to obtain a lled-band insulator. If the total valence in of all the ato ms in the unit cell is even,
then for strong enough periodic potential, it is possible that some seof low energy bands will be
completely lled, there will be a gap, and the remaining bands will be emgy { i.e., it will be a
band insulator.

15.3 Tight Binding

So far in this chapter we have described band structure in terms ofhe nearly free electron model.
Similar results can be obtained starting from the opposite limit | the tig ht binding model intro-
duced in chapter 10. In this model we imagine some number of orbitalsn each atom (or in each
unit cell) and allow them to only weakly hop between orbitals. This spreals the eigen-energies of
the atomic orbitals out into bands.

Writing down a two (or three) dimensional generalization of the tight binding Hamiltonian
Eq. 10.4 is quite straightforward and is a good exercise to try. One wly needs to allow each orbital
to hop to neighbors in all available directions. The eigenvalue problem &n then always be solved
with a plane wave ansatz analogous to Eqg. 10.5. The solution (again acpd exercise to try!) of a
tight binding model of atoms, each having a single atomic orbital, on a gquare lattice is given by
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Figure 15.7: Equi-Energy Contours for the Dispersion of a Tight Bindng Model on a Square
Lattice. This is a contour plot of Eq. 15.1. The rst Brillouin Zone is shown. Note that the
contours intersect the Brillouin zone boundary normally.

(Compare Eq. 10.6)

E(k)= o 2tcoskya) 2tcoskya) (15.2)

Equi-energy contours for this expression are shown in Fig. 15.7. Ne the similarity in the dispersion
to our qualitative expectations shown in Fig. 15.3 (right) and Fig. 15.4 left and Fig. 15.6, which
were based on a nearly free electron picture.

In the above described tight binding picture, there is only a single ban. However, one can
make the situation more realistic by starting start with several atomic orbitals per unit cell, to
obtain several bands (another good exercise to try!). As mentioed above in section 5.3.2 and
chapter 10, as more and more orbitals are added to a tight binding (o LCAO) calculation, the
results become increasingly accurate.

In the case where a unit cell is divalent, as mention above, it is crucialo determine whether
bands overlap. (l.e., is it insulating like the left of Fig. 15.2 or metallic type like the right of
Fig. 15.2.) This, of course, requires detailed knowledge of the bandrsicture. In the tight binding
picture, if the atomic orbitals start su ciently far apart in energy, then small hopping between
atoms cannot spread the bands enough to make them overlap (Sdé€g. 10.4). in the nearly free
electron picture, the gap between bands formed at the Brillouin zoe boundary is proportional
to jVg |, and it is the limit of strong periodic potential that will guarantee tha t the bands do not
overlap (See Fig. 15.5). Qualitatively these two are the same limit | ver y far from the idea of a
freely propagating wave!
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15.4 Failures of the Band-Structure Picture of Metals and
Insulators

The picture we have developed is that the band structure, and the lling of bands, determines
whether a material is a metal or insulator, (or semiconductor, meaing an insulator with a small
band gap). One thing we might conclude at this point is that any systen where the unit cell has a
single valence electron (so the rst Brillouin zone is half-full) must be ametal. However, it turns
out that this is not always true! The problem is that we have left out a very important e ect |
Coulomb interaction between electrons. We have so far completely igpred the Coulomb repulsion
between electrons. Is this neglect justi ed at all? If we try to estimate how strong the Coulomb
interaction is between electrons, (roughlye?=(4 or) wherer is the typical distance between two
electrons | i.e., the lattice constant a) we nd numbers on the order of several eV. This number
can be larger, or even far larger, than the Fermi energy (which is laeady a very large number, on
the order of 10,000 K). Given this, it is hard to explain why it is at all justi ed to have thrown out
such an important contribution. In fact, one might expect that ne glecting this term would give
complete nonsense! Fortunately, it turns out that in many cases itis OK to assume noninteracting
electrons. The reason this works is actually quite subtle and was notinderstood until the 1950s
due to the work of Lev Landau (See footnote 12 in chapter 4 about.andau). This (rather deep)
explanation, however, is beyond the scope of this course so we wilbhdiscuss it. Nonetheless,
with this in mind it is perhaps not too surprising that there are cases where the noninteracting
electron picture, and hence our view of band structure, fails.

Magnets

A case where the band picture of electrons fails is when the system ferromagnetic*. We will

discuss ferromagnetism in detail in chapters 19{22 below, but in sha this is where, due to in-

teraction e ects, the electron spins spontaneously align. From a kietic energy point of view this
seems unfavorable, since lling the lower energy states with two spis can lower the Fermi energy.
However, it turns out that aligning all of the spins can lower the Coulomb energy between the
electrons, and thus our rules of non-interacting electron band tleory no longer hold.

Mott Insulators

Another case where interaction physics is important is the so-calledMott insulator °. Consider a
monovalent material. From band theory one might expect a half- lled lowest band, therefore a
metal. But if one considers the limit where the electron-electron inteaction is extremely strong,
this is not what you get. Instead, since the electron-electron inteaction is very strong, there is a
huge penalty for two electrons to be on the same atom (even with gposite spins). As a result, the
ground state is just one electron sitting on each atom. Since eachtem has exactly one electron,
no electron can move from its atom | since that would result in a double occupancy of the atom
it lands on. As a result, this type of ground state is insulating. In sore sense this type of insulator
| which can be thought of as more-or-less a tra c jam of electrons | is actually simpler to
visualize than a band insulator! We will also discuss Mott insulators futher in sections 18.4 and
particularly 22.2 below.

40r antiferromagnetic or ferrimagnetic, for that matter. Se e chapter 19 below for de nitions of these terms.
SNamed after the English Nobel Laureate, Nevill Mott. Classi ¢ examples of Mott insulators include NiO and
CoO.
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15.5 Band Structure and Optical Properties

To the extent that electronic band structure is a good description of the properties of materials
(and usually it is), one can attribute many of the optical properties of materials to this band
structure. First one needs to know a few simple facts about light sbwn here in this table:

Color ~
Infrared < 1.65eV
Red 1.8 eV
Orange 2.05eV
Yellow 2.15eV
Green 2.3 eV
Blue 2.7eV
Violet 3.1eV
Ultraviolet | > 3.2 eV

15.5.1 Optical Properties of Insulators and Semiconductor S

With this table in mind we see that if an insulator (or wide-bandgap semianductor) has a bandgap
of greater than 3.2 eV, then it appears transparent. The reasorfor this is that a single photon
of visible light cannot excite an electron in the valence band into the caduction band. Since the
valence band is completely lled, the minimum energy excitation is of theband gap energy | so

the photon creates no excitations at all. As a result, the visible opti@l photons do not scatter from
this material at all and they simply pass right through the material ®. Materials such as quartz,
diamond, aluminum-oxide, and so forth are insulators of this type.

Semiconductors with somewhat smaller band gaps will absorb photanwith energies above
the band gap (exciting electrons from the valence to the conductin band), but will be transparent
to photons below this band gap. For example, cadmium-sul de (CdS)is a semiconductor with
band gap of roughly 2.6 eV, so that violet and blue light are absorbed bt red and green light are
transmitted. As a result this material looks reddish. (See Fig. 15.8)

15.5.2 Direct and Indirect Transitions

While the band gap determines the minimum energy excitation that canbe made in an insulator
(or semiconductor), this is not the complete story in determining whether or not a photon can be
absorbed by a material. It turns out to matter quite a bit at which va lues ofk the maximum of
the valence band and the minimum of the conduction band lies. If the alue ofk for the valence
band maximum is the same as the value ok for the conduction band minimum, then we say that
it is a direct band gap. If the values ofk dier, then we say that it is an indirect band gap. For
example, the system shown on the left of Fig. 15.2 is a direct band gapvhere both the valence
band maximum and the conduction band minimum are at the zone boundry. In comparison, if
the band shapes were as in the right of Fig. 15.2, but the band gap we large enough such that it
would be an insulator (just imagine the bands separated by more), his would be an indirect band
gap since the valence band maximum is at the zone boundary, but theonduction band minimum
isatk = 0.

6\Very weak scattering processes can occur where, say, two pho tons together can excite an electron, or a photon
excites a phonon
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Figure 15.8: Orange crystals of CdS. This particular crystal is the mturally occurring mineral
called \Greenockite" which is CdS with trace amounts of impurity which can change its color
somewhat.

One can also have both indirect and direct band gaps in the same matial, as shown in
Fig. 15.9. In this gure, the minimum energy excitation is the indirect transition | meaning an
excitation of an electron across an indirect band gap, or equivalety a transition of nonzero crystal
momentum’ where the electron is excited from the top of the valence band to te bottom of the
lower conduction band at a very di erent k. While this may be the lowest energy excitation that
can occur, it is very hard for this type of excitation to result from exposure of the system to light |
the reason for this is energy-momentum conservation. If a photo is absorbed, the system absorbs
both the energy and the momentum of the photon. But given an enggy E in the eV range, the
momentum of the photon jkj = E=c is extremely small, becausec is so large. Thus the system
cannot conserve momentum while exciting an electron across an indict band gap. Nonetheless,
typically if a system like this is exposed to photons with energy greatethan the indirect band gap
a small number of electrons will manage to get excited | usually by some complicated process
including absorbtion of a photon exciting an electron with simultaneows emission of a phonof to
arrange the conservation of energy and momentum. In comparisyg if a system has a direct band
gap, and is exposed to photons of energy matching this direct bandap, then it strongly absorbs
these photons while exciting electrons from the valence band to theonduction band.

15.5.3 Optical Properties of Metals

The optical properties of metals, however, are a bit more complicadd. Since these materials are
very conductive, photons (which are electromagnetic) excite theelectrons’, which then re-emit
light. This re-emission (or re ection) of light is why metals look shiny. N oble metals (gold, silver,

"By \nonzero" we mean, substantially nonzero { like a fractio  n of the Brillouin zone.

8 Another way to satisfy the conservation of momentum is via a\  disorder assisted" process. You recall that the
reason we conserve crystal momentum is because the system is perfectly periodic. If the system has some disorder,
and is therefore not perfectly periodic, then crystal momen tum is not perfectly conserved. Thus the greater the
disorder level, the less crystal momentum needs to be conser ved and the easier it is to make a transition across an
indirect band gap.

9Note the contrast with insulators | when an electron is excit ed above the band gap, since the conductivity is
somewhat low, the electron does not re-emit quickly, and the material mostly just absorbs the given wavelength.
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Figure 15.9: Direct and Indirect transitions. While the indirect trans ition is lower energy, it is
hard for a photon to excite an electron across an indirect band gagpbecause photons carry very
litle momentum (since the speed of light, c, is large).

platinum) look particularly shiny because their surfaces do not forminsulating oxides when exposed
to air, which many metals (such as sodium) do within seconds.

Even amongst metals (ignoring possible oxide surfaces), colors vwar For example, Silver
looks brighter than gold and copper, which look yellow or orange-ish.This again is a result of
the band structure of these materials. Both of these materials hae valence one meaning that a
band should be half- lled. However, the total energy width of the conduction band is greater for
silver than it is for gold or copper (In tight-binding language t is larger for silver, see chapter
10). This means that higher energy electronic transitions within the band are much more possible
for silver than they are for gold and copper. For copper and gold, potons with blue and violet
colors are not well absorbed and re-emitted, leaving these materidooking a bit more yellow and
orange. For silver on the other hand, all visible colors are re-emittd well, resulting in a more
perfect (or \white") mirror. While this discussion of the optical pro perties of metals is highly over-
simplied 19, it captures the correct essence | that the details of the band structure determine
which color photons are easily absorbed and/or re ected, and thisin turn determines the apparent
color of the material.

15.5.4 Optical E ects of Impurities

It turns out that small levels of impurities put into periodic crystals ( particularly into semicon-

ductors and insulators) can have dramatic e ects on many of theiroptical (as well as electrical!)
properties. For example, one nitrogen impurity per million carbon atoms in a diamond crystal
gives the crystal a yellow-ish color. One boron atom per million carboratoms give the diamond a
blue-ish coloit!. We will discuss the physics that causes this in section 16.2.1 below.

10Really there are many bands overlapping in these materials a nd the full story addresses inter and intra-band
transitions.

11 Natural blue diamonds are extremely highly prized and are ve ry expensive. Possibly the world's most famous
diamond, the Hope Diamond, is of this type (it is also suppose d to be cursed, but that is another story). With
modern crystal growth techniques, in fact it is possible to p roduce man-made diamonds of \quality" better than
those that are mined. Impurities can be placed in as desired t o give the diamond any color you like. Due to the
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15.6 Summary of Insulators, Semiconductors, and Metals

A material is a metal if it has low energy excitations. This happens whea at least one band is
partially full. (Band) Insulators and semiconductors have only lled b ands and empty bands
and have a gap for excitations.

A semiconductor is a (band) insulator with a small band gap.

The valence of a material determines the number of carriers being ui into the band |
and hence can determine if one has a metal or insulator/semicondt@r. However, if bands

overlap (and frequently they do) one might not be able to Il the bands to a point where
there is a gap.

The gap between bands is determined by the strength of the periad potential. If the
periodic potential is strong enough (the atomic limit in tight binding lang uage), bands will
not overlap.

The band picture of materials fails to account for electron-electrm interaction. It cannot
describe (at least without modi cation) interaction driven physics such as magnetism and
Mott insulators.

Optical properties of solids depend crucially on the possible energiaxf electronic transitions.
Photons easily create transitions with low momentum, but cannot create transitions with
larger momentum easily. Optical excitations over an indirect ( nite m omentum) gap are
therefore weak.
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powerful lobby of the diamond industry, all synthetic diamo  nds are labeled as such | so although you might feel
cheap wearing a synthetic, in fact, you probably own a better  product than those that have come out of the earth!
(Also you can rest with a clean conscience that the productio n of this diamond did not nance any wars in Africa).



Chapter 16

Semiconductor Physics

16.1 Electrons and Holes

Suppose we start with an insulator or semiconductor and we excite e electron from the valence
band to the conduction band, as shown in the left of Fig. 16.1. This egitation may be due to
absorbing a photon, or it might be a thermal excitation. (For simplicity in the gure we have
shown a direct band gap. For generality we have not assumed thathte curvature of the two bands
are the same). When the electron has been moved up to the condtion band, there is an absence
of an electron in the valence band known as @ole Since a completely lled band is inert, it is
very convenient to only keep track of the few holes in the valence bad (assuming there are only a
few) and to treat these holes as individual elementary particles. Tle electron can fall back into the
empty state that is the hole, emitting energy (a photon, say) and \annihilating" both the electron
from the conduction band and the hole from the valence band. Note that while the electrical
charge of an electron is negative the electrical charge of a hole (habsence of an electron) is
positive | equal and opposite to that of the electron. ?

E ective Mass of Electrons

As mentioned in sections 10.2 and 14.1.1, it is useful to describe the omture at the bottom of a
band in terms of an e ective mass. Let us assume that near the bdom of the conduction band

1This is equivalent to pair annihilation of an electron with a positron. In fact, the analogy between electron-hole
and electron-positron is fairly precise. As soon as Dirac co nstructed his equation (in 1928) describing the relativist ic
motion of electrons, and predicting positrons, it was under stood that the positron could be thought of as an absence
of an electron in an lled sea of states. The lled sea of elect ron states with a gap to exciting electron-positron pairs
is the inert vacuum, which is analogous to an inert lled vale nce band.

2If this does not make intuitive sense consider the process of creating an electron-hole pair as described in
Fig. 16.1. Initially (without the excited electron-hole pa ir) the system is charge neutral. We excite the system with
a photon to create the pair, and we have not moved any addition al net charge into the system. Thus if the electron
is negative, the hole must be positive to preserve overall ch arge neutrality.

175
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Figure 16.1: Electrons and Holes in a Semiconductors. Left: A singledie in the valence band and
a single electron in the conduction band. Right: Moving the hole to a monentum away from the
top of the valence band costgpositive energy | like pushing a balloon under water. As such, the
e ective mass of the hole is de ned to be positive. The energy of thecon guration on the right is
greater than that on the left by E = ~2jk  Kmax j2=(2m )

(assumed to be atk = kpyin ) the energy is given by:4:°

E=Emn + JK kminj2+:::

where the dots mean higher order term in the deviation fromk i, . We then de ne the e ective
massto be given by
2 _ @E _

m ~ @R~
at the bottom of the band (with the derivative being taken in any dire ction for an isotropic system).
Correspondingly, the (group) velocity is given by

2 (16.1)

v=r E==~=~k Kmn)=m (16.2)

81t is an important principle that near a minimum or a maximum o ne can always expand and get something
quadratic plus higher order corrections.
4For simplicity we have assumed the system to be isotropic. In the more general case we would have

E=Emn + x(ke KM)Z+ y(ky KM )2+ ,(k; kI )2+ o

for some orthogonal set of axes (the \principle axes") x;y;z. In this case we would have an e ective mass which
can be di erent in the three di erent principle directions.

SFor simplicity we also neglect the spin of the electron here. In general, spin-orbit coupling can make the
dispersion depend on the spin state of the electron. Among ot her things, this can modify the e ective electron
g-factor.
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__ijjz
2m

This de nition is chosen to be in analogy with the free electron behavio E = with corre-

sponding velocityv = r (E=~= ~k=m:

E ective Mass of Holes

Analogously we can de ne an e ective mass for holes. Here things gea bit more complicated®.
For the top of the valence band, the energy dispersion for electms would be

E = Emax jK  Kmax j2 + o0

The modern convention is tode ne the e ective mass for holes at the top of a valence bandtbe
always positive
2 B @E

mhoIe - @

The convention of the e ective mass being positive makes sense baase the energy to boost the
hole from zero velocity kK = kmax at the top of the valence band) to nite velocity is positive.
This energy is naturally given by

=2 (16.3)

_,_ij K max j2

Ehole =
oe 2mhole

The fact that boosting the hole away from the top of the valence bad is positive energy may seem
a bit counter-intuitive being that the dispersion of the hole band is an upside-down parabola. How-
ever, one should think of this like pushing a balloon under water. The lavest energy con guration
is with the electrons at the lowest energy possible and the hole at the highest energy psible. So
pushing the hole under the electrons costs positive energy. (This idepicted in the right hand side
of Fig. 16.1.)

Analogous to the electron, we can write the hole group velocity as th derivative of the hole
energy
Vhole = I kEnole=™ = ~(K  Kmax )=mhole (16.4)

E ective Mass and Equations of Motion

We have de ned the e ective masses above in analogy with that of fee electrons, by looking at
the curvature of the dispersion. An equivalent de nition (equivalent at least at the top or bottom
of the band) is to de ne the e ective mass m as being the quantity that satis es Newton's second
law, F = m a for the particle in question. = To demonstrate this, our strategy is to imagine
applying a force to an electron in the system and then equate the wid done on the electron to
its change in energy. Let us start with an electron in momentum stae k. Its group velocity is
v = r E(k)=-. If we apply a forcé®, the work done per unit time is

dW=dt=F v=F r (E(k)=

6Some people nd the concept of e ective mass for holes to be a b it di cult to digest. | recommend chapter 12
of Ashcroft and Mermin to explain this in more detail (in part icular see page 225 and thereatfter).

"Be warned: a few books de ne the mass of holes to be negative. T his is a bit annoying but not inconsistent as
long as the negative sign shows up somewhere else!

8For example, if we apply an electric eld E and it acts on an electron of charge e, the force is F = eE.
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On the other hand, the change in energy per unit time must also be (i the chain rule)
dE=dt = dk=dt r (E(k)
Setting these two expressions equal to each other we (unsurpiigly) obtain Newton's equation

_1dk _ dp
F=-g= o (16.5)

where we have useg = ~k.

If we now consider electrons near the bottom of a band, we can plugn the expression
Eq. 16.2 for the velocity and this becomes

dv
dt
exactly as Newton would have expected. In deriving this result reck that we have assumed that
we are considering an electron near the bottom of a band so that wean expand the dispersion
guadratically (or similarly we assumed that holes are near the top of éand). One might wonder
how we should understand electrons when they are neither near thtop nor the bottom of a band.
More generally Eq. 16.5 always holds, as does the fact that the grquvelocity isv = r (E=~. Itis
then sometimes convenient to de ne an e ective mass for an electn as a function of momentum
to be given by’

2 B @E

m (k) @R
which agrees with our above de nition (Eq. 16.1) near the bottom ofband. However, near the top
of a band it is the negative of the corresponding hole mass (note the absolute value in Eq. 16.3)
Note also that somewhere in the middle of the band the dispersion museach an in ection point
(BE=@K = 0), whereupon the e ective mass actually becomes in nite as it changes sign.

F=m

Aside: It is useful to compare the time evolution of electrons and hes near the top of bands. If we
think in terms of holes (the natural thing to do near the top ofa band) we haveF = + eE and the holes have
a positive mass. However if we think in terms of electrons, iaveF = eE but the mass is negative. Either
way, the acceleration of thek-state is the same, whether we are describing the state in tes of an electron in
the state or in terms of a hole in the state. This is a rather imgrtant fundamental principle | that the time
evolution of an eigenstate is independent of whether thatgeinstate is lled with an electron or not.

16.1.1 Drude Transport: Redux

Back in section 3 we studied Drude theory | a simple kinetic theory of e lectron motion. The main

failure of Drude theory was that it did not treat the Pauli exclusion p rinciple properly: it neglected
the fact that in metals the high density of electrons makes the Ferni energy extremely high.
However, in semiconductors or band insulators, when only a few elgons are in the conduction
band and/or only a few holes are in the valence band, then we can caider this to be a low density
situation, and to a very good approximation, we can ignore Fermi satistics. (For example, if only
a single electron is excited into the conduction band, then we can copietely ignore the Pauli

principle, since it is the only electron around | there is no chance that any state it wants to sit in

will already be lled!). As a result, when there is a low density of condudion electrons or valence
holes, it turns out that Drude theory works extremely well! We will come back to this issue later
in section 16.3 and make this statement much more precise.

9For simplicity we write this in its one dimensional form.
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At any rate, in the semiclassical picture, we can write a simple Drude tansport equation
(really Newton's equations!) for electrons in the conduction band

m.dv=dt= eE+v B) mgv=

with m, the electron e ective mass. Here the rst term on the right hand side is the force on the
electron, and the second term is a drag force with an appropriatecattering time . The scattering
time determines the so-calledmobility ~ which measures the ease with which the particle mové$

= JEjFvj = je =m |
Similarly we can write equations of motion for holes in the valence band
mpdv=dt=e([E+v B) m,v=

where m,, is the hole e ective mass. Note again that here the charge on the He is positive. This
should make sense | the electric eld pulls on the electrons in a direction opposite than it pulls
on the absence of an electron!

If we think back all the way to chapter 3 and 4, one of the physical pzzles that we could
not understand is why the Hall coe cient sometimes changes sign (8e the table in section 3.1.2).
In some cases it looked as if the charge carrier had positive chargélow we understand why this
is true. In some materials the main charge carrier is the hole!

16.2 Adding Electrons or Holes With Impurities: Doping

In a pure band insulator or semiconductor, if we excite electrons fom the valence to the conduction
band (either with photons or thermally) we can be assured that the number of electrons in the
conduction band (typically called n) is precisely equal to the number of holes left behind in the
valence band (typically called p). However, in an impure semiconductor or band insulator this is
not the case.

Consider for example, silicon (Si), which is a semiconductor with a bandyap of about 1.1
eV. Without impurities, a semiconductor is known as intrinsic **. Now imagine that a phosphorus
(P) atom replaces one of the Si atoms in the lattice as shown on the feof Fig. 16.2. This P
atom, being directly to the right of Si on the periodic table, can be thought of as nothing more
than a Si atom plus an extra proton and an extra electrort? as shown on the right of Fig. 16.2.
Since the valence band is already lled this additional electron must gointo the conduction band.
The P atom is known as adonor (or electron donor) in silicon since it donates an electron to the
conduction band. It is also sometimes known as an n-dopant, since is the symbol for the density
of electrons in the conduction band.

Analogously, we can consider aluminum, the element directly to the ldfof Si on the periodic
table. In this case, the aluminum dopant provides one fewer electmo than Si, so there will be one
missing electron from the valence band. In this case Al is known as aelectron acceptor, or
equivalently as a p-dopant, sincep is the symbol for the density of holed®.

10 Mobility is de ned to be positive for both electrons and hole s.

11The opposite of intrinsic, the case where impurities donate  carries is sometimes known as extrinsic .

12There is an extra neutron as well, but it doesn't do much in thi s context.

13Yes, it is annoying that the common dopant phosphorus, has th e chemical symbol P, but it is not a p-dopant,
it is an n-dopant.
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Figure 16.2: Cartoon of Doping a Semiconductor. Doping Si with P add one free electron

In a more chemistry oriented language, we can depict the donors ahacceptors as shown in
Fig. 16.3. In the intrinsic case, all of the electrons are tied up in covient bonds of two electrons.
With the n-dopant, there is an extra unbound electron, whereas \ith the p-dopant there is an
extra unbound hole (one electron too few).

16.2.1 Impurity States

Let us consider even more carefully what happens when we add dop. For de niteness let us
consider adding an n-dopant such as P to a semiconductor such ag $nce we add a singlen-dopant
to an otherwise intrinsic sample of Si, we get a single electron above ¢éhgap in the conduction
band. This electron behaves like a free particle with massn.. However, in addition, we have an
single extra positive charge +e at some point in the crystal due to the P nucleus. The free electron
is attracted back to this positive charge and forms a bound state hat is just like a hydrogen atom.
There are two main di erences between a real hydrogen atom andhis bound state of an electron
in the conduction band and the impurity nucleus. First of all, the electron has e ective massm,
which can be very di erent from the real (bare) mass of the electon (and is typically smaller than
the bare mass of the electron). Secondly, instead of the two chges attracting each other with a
4 yE— where , is the relative
permittivity (or relat|ve dielectric constant) of the material. With th ese two small di erences, we
can calculate of the hydrogenic bound states proceeds exactly age do for genuine hydrogen in
our quantum mechanics courses.

We recall the energy eigenstates of the hydrogen atom are givenybE! a°m =  Ry=p?
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Figure 16.3: Cartoon of Doping a Semiconductor. n and p doping: Inte intrinsic case, all of the
electrons are tied up in covalent bonds of two electrons. In the n-dpant case, there is an extra
unbound electron, whereas with the p-dopant there is an extra hte.

where Ry is the Rydberg constant given by

with m the electron mass. The corresponding radius of this wavefunctiofis r,  n2ap with the
Bohr radius given by
4 o2

51 10 m
me?

aO:

The analogous calculation for a hydrogenic impurity state in a semicoductor gives precisely
the same expression, onlyg is replaced by ¢ , and m is replaced bym,. One obtains

m, 1
Reﬁ:R _e -
y y m 2
and
eﬁ—ao ﬂ
Qo rme

Because the dielectric constant of semiconductors is typically high roughly 10 for most
common semiconductors) and because the e ective mass is frequity low (a third of m or even
smaller), the e ective Rydberg Ry*" can be tiny compared to the real Rydberg, and the e ective
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Bohr radius a§' can be huge compared to the real Bohr radiu¥. For example, in Silicont® the
e ective Rydberg, Ry*", is much less than .1 eV andag’ is above 30 angstroms! Thus this donor
impurity forms an energy eigenstate just below the conduction bad. At zero temperature this
eigenstate will be lled, but it takes only a small temperature to excite some of the bound electrons
out of the hydrogenic orbital and into the conduction band.

A depiction of this physics is given in Fig. 16.4 where we have plotted anrergy diagram for
a semiconductor with donor or acceptor impurities. Here the energs eigenstates are plotted as a
function of position. Between the valence and conduction band (with are uniform in position),
there are many localized hydrogen-atom-like eigenstates. The engies of these states are in a
range of energies but are not all exactly the same since each impuyitatom is perturbed by other
impurity atoms in its environment. If the density of impurities is high en ough, electrons (or holes)
can hop from one impurity to the next, forming an impurity band.

Note that because the e ective Rydberg is very small, the impurity egenstates are only
slightly below the conduction band or above the valence band respé¢igely. With a small tempera-
ture, these donors or acceptors can be thermally excited into théand. Thus, except at low enough
temperature that the impurities bind the carrier, we can think of th e impurities as simply adding
carriers to the band. So the donor impurities donate free electros to the conduction band, whereas
the acceptor impurities give free holes to the valence band. Howevgat very low temperature,
these carriers get bound back to their respective nuclei so thathey can no longer carry electricity,
a phenomenon known agarrier freeze out.

Note that in the absence of impurities, the Fermi energy (the chencal potential at zero
temperature) is in the middle of the band gap. When donor impurities ae added, at zero tem-
perature, these states are near the top of the band gap, and ar lled. Thus the Fermi energy is
moved up to the top of the band gap. On the other hand, when acgators are added, the acceptor
states near the bottom of the band gap are empty. (Remember it isa bound state of a hole to a
nucleus!). Thus, the Fermi energy is moved down to the bottom of he band gap.

Optical E ects of Impurities (Redux)

As mentioned previously in section 15.5.4, the presence of impurities ia material can have dra-
matic e ects on its optical properties. There are two main optical eects of impurities. The rst

e ect is that the impurities add charge carriers to an otherwise insuating material { turning an
insulator into something that conducts at least somewhat. This obvously can have some impor-
tant e ects on the interaction with light. The second important e e ct is the introduction of new
energy levels within the gap. Whereas before the introduction of imprities, the lowest energy
transition that can be made is the full energy of the gap, now one ca have optical transitions
between impurity states, or from the bands to the impurity states.

14 Note that the large Bohr Radius justies post-facto our use of a continuum approximation for the dielectric
constant . On small length scales, the electric eld is extremely inho mogeneous due to the microscopic structure
of the atoms, but on large enough length scales we can use classical electromagnetism and simply model the material
as a medium with a dielectric constant.

15Because Silicon has an anisotropic band, and therefore an an isotropic mass, the actual formula is more compli-
cated.
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Figure 16.4: Energy Diagram of a Doped Semiconductor (left) with dmor impurities (right) with
acceptor impurities. The energy eigenstates of the hydrogenic bitals tied to the impurities are not
all the same because each impurity is perturbed by neighbor impuritis. At low temperature, the
donor impurity eigenstates are lled and the acceptor eigenstatesare empty. But with increasing
temperature, the electrons in the donor eigenstates are excitednto the conduction band and
similarly the holes in the acceptor eigenstates are excited into the vance band.

16.3 Statistical Mechanics of Semiconductors

We now use our knowledge of statistical physics to analyze the ocpation of the bands at nite
temperature.

Imagine a band structure as shown in Fig. 16.5. The minimum energy ofhe conduction
band is de ned to be . and the maximum energy of the valence band is de ned to be,. The
band gap is correspondinglyEgap = ¢ v.

Recall from way back in Eq. 4.10 that the density of states per unit \olume for free electrons
(in three dimensions with two spin states) is given by

3=2
g( >0)= (22m2)~3 i

The electrons in our conduction band are exactly like these free elttons, except that (a)
the bottom of the band is at energy . and (b) they have an e ective massm,. Thus the density
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Figure 16.5: A Band Diagram of a Semiconductor.

of states for these electrons near the bottom of the conductiofband is given by

2m 3:2p
O > o) = (2+)~3 c

Similarly the density of states for holes near the top of the valence and is given by

2m,)32p
gV( 6 V): (2 213 \

At xed chemical potential  the total number of electronsn in the conduction band, as a
function of temperature T is thus given by
z 1 z 1
n(T) = dge()ne( ()= d

c c

Oe( )
el J)+1

where ng is the Fermi occupation factor, and ' = kg T as usual. If the chemical potential is

\well below" the conduction band (i.e., if ( ) 1), then we can approximate

1 ()
e J)+1

In other words, Fermi statistics can be replaced by Boltzmann staistics when the temperature
is low enough that the density of electrons in the band is very low. (Wehave already run into this
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principle in section 16.1.1 when we discussed that Drude theory, a claial approach that neglects
Fermi statistics, actually works very well for electrons above theband gap in semiconductors!).
We thus obtain

Z 1 3=2 Z 1
n(T) dgu()e (1= BN e ()
2 2.3
c Z c
2m,)32 1 _
= _(2 SZ_S e © d ( C)l—Ze ( o)
The last integral is (using y? = x = o)
12, x — 20 vy2 -5 0 y2_ d 1 3,P-
. dxx ‘e 2 . dyy‘e 2d . e . 5

Thus we obtain the standard expression for the density of electros in the conduction band
3=2
1 ZmekB T e ( ¢ )

n(T): Z 2

(16.6)
Note that this is mainly just exponential activation from the chemical potential to the bottom of the
conduction band, with a prefactor which doesn't change too quicklyas a function of temperature
(obviously the exponential changes very quickly with temperature).

Quite similarly, we can write the number of holes in the valence bandp as a function of
temperature®

z z

_ 1 o w()e O )

p(T)_ 1 dgv() 1 e( )+1 - 1 de ( )+1

Again, if is substantially above the top of the valence band, we haves ( ) 1 so we can
replace this by z

p(T) = . dgv()el )
and the same type of calculation then gives

3=2
1o2mpke T 770 ()

p(T) = 1 — (16.7)
again showing that the holes are activated from the chemical potetial downinto the valence band.

(Recall that pushing a hole down into the valence band costs enerdy

161f the Fermi factor ng gives the probability that a state is occupied by an electron , then 1  ng gives the
probability that the state is occupied by a hole.
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Law of Mass Action

A rather crucial relation is formed by combining Eq. 16.6 with 16.7.

3

ke T =
B (me mh)g_ze (¢ v)

~2

ke T
~2

n(T)p(T)

3
(mem;)¥?e Eow (16.8)

NI NI

where we have used the fact that the gap energ¥gs = ¢ v. Eg. 16.8 is sometimes known as
the law of mass actiort’, and it is true independent of doping of the material.

Intrinsic Semiconductors

For an intrinsic (i.e., undoped) semiconductor the number of electrms excited into the conduction
band must be equal to the number of holes left behind in the valencednd sop = n. We can then
divide Eq. 16.6 by 16.7 to get

1= _€ e(v"’cz)

Taking log of both sides gives the useful relation

= %( ct vt g(kB T)log(m,,=m,) (16.9)

Note that at zero temperature, the chemical potential is preciséy mid-gap.
Using either this expression, or by using the law of mass action along it the constraint
n = p, we can obtain an expression for thantrinsic density of carriers in the semiconductor

p 1 kT 7

_ _ —_— 3=4 E =2
Nintrinsic = Pintrinsic = NP = p_i ) (memy)™ e = o

Doped Semiconductors

For doped semiconductors, the law of mass action still holds. If weurther assume that the
temperature is high enough so that there is no carrier freeze outif, carriers are not bound to

17The nomenclature here \law of mass action" is a reference to a n analogue in chemistry. In chemical reactions
we may have an equilibrium between two objects A and B and their compound AB . This is frequently expressed as

A+B AB
There is some chemical equilibrium constant K which gives the ratio of concentrations

_ [AlB]
[AB]

where [X] is the concentration of species X . The law of mass action states that this constant K remains xed
independent of the individual concentrations. In semicond uctor physics it is quite similar, only the \reaction" is

e+h O

the annihilation of an electron and a hole. So that the produc tof [e]= n and [h]= pis xed.
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impurities) then we have

n p=(density of donors) (density of acceptors)

This, along with the law of mass action gives us two equations in two unkowns which can be
solved® . In short, the result is that if we are at a temperature where the undoped intrinsic carrier
density is much greater than the dopant density, then the dopans do not matter much, and the
chemical potential is roughly midgap as in Eq. 16.9 (This is theintrinsic regime). On the other
hand, if we are at a temperature where the intrinsic undoped densit is much smaller than the
dopant density, then the temperature does not matter much andwe can think of this as a low
temperature situation where the carrier concentration is mainly sé by the dopant density (This
is the extrinsic regime). In the n-doped case, the bottom of the conduction bandyets lled with
the density of electrons from the donors, and the chemical potetial gets shifted up towards the
conduction band. Correspondingly, in the p-doped case, holes Ilhe top of the valence band, and
the chemical potential gets shifted down towards the valence baah. Note that in this case of strong
doping, the majority carrier concentration is obtained just from t he doping, whereas the minority
carrier concentration | which might be very small | is obtained via law o  f mass action).

16.4 Summary of Statistical Mechanics of Semiconductors

Holes are the absence of an electron in the valence band. These legyositive charge (electrons
have negative charge), and positive e ective mass. Energy of a he gets larger at larger
momentum (away from the maximum of the band) as they get pusheddown into the valence

band. The positive charge of the hole as a charge carrier explains ¢hpuzzle of the sign of
the Hall coe cient.

E ective mass of electrons determined by the curvature at the bdtom of the conduction
band. E ective mass of holes determined by curvature at top of caduction band.

Mobility of a carrieris = je =m |

18 Here is how to solve these two equations. Let
D =doping = n p = (density of donors) (density of acceptors)

Let us further assume that n>p soD > 0 (we can do the calculation again making the opposite assump tion, at
the end). Also let

I = Nintrinsic = Pintrinsic
so that

1 kgT 3 -
= E B_2 (memh)a‘ze E gap

from the law of mass action. Using np = 12, we can then construct
D2+412=(n p)2+4np=(n+p)?

So we obtain

p—
n = % D2+412+D
1 P
p = = D2+412 D
2
As stated in the main text, if | D then the doping D is not important. On the other hand, if | D then the

majority carrier density is determined by the doping only an  d the thermal factor | is unimportant.
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When very few electrons are excited into the conduction band, or gry few holes into the
valence band, Boltzmann statistics is a good approximation for Ferm statistics and Drude
theory is accurate.

Electrons or Holes can be excited thermally, or can be added to a st&n by doping The
law of mass action assures that the produchp is xed independent of the amount of doping
(only depends on the temperature, the e ective masses, and théand gap).

At very low temperature carriers may freeze-out, binding to the impurity atoms that they
came from. However, because the e ective Rydberg is very small,acriers are easily ionized
into the bands.

Know how to derive the law of mass action!
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Chapter 17

Semiconductor Devices

The development of semiconductor devices, such as the transistmo doubt changed the world.
Every iPad, iPod, iPhone, and iBook literally contains billions of semicondictor transistors. Simple
devices, like alarm clocks, TVs, radios, or cars, contain many thowmnds or even millions of them.
It is hard to overstate how much we take these things for grantedthese days.

This chapter discusses the physics behind some of devices you caake with semiconductors.

17.1 Band Structure Engineering

To make a semiconductor device one must have control over the tiled properties of materials
(band gap, doping, etc) and one must be able to assemble togetheemiconductors with di ering
such properties.

17.1.1 Designing Band Gaps

A simple example of engineering a device is given by aluminum-galium-arage. GaAs is a semi-
conductor (zincblende structure as in Fig. 13.4) with a direct band @p about Egap =0 (GaAs) =
1.4 eV. AlAs is the same structure except that the Ga has been reptzed by Al and the gap' at
k =0 is about 2.7 eV. One can also produce alloys (mixtures) where someaction (x) of the Ga
has been replaced by Al which we notate as AlGa; xAs. To a fairly good approximation the
direct band gap just interpolates between the direct band gaps othe pure GaAs and the pure
AlAs. Thus we get roughly (for x <: 4)

Egap(X)=(1 x)L:4eV+x2:7eV

By producing this type of alloyed structure allows one to obtain any desired band gap in this type
of material?.

1AlAs is actually an indirect band gap semiconductor, but for  x <: 4 or so AlxGa1 xAs is direct band gap as
well.

2By alloying the material with arbitrary X, one must accept that the system can no longer be precisely pe riodic
but instead will be some random mixture. It turns out that as | ong as we are concerned with long wavelength
electron waves (i.e, states near the bottom of the conductio n band or the top of the valence band) this randomness
is very e ectively averaged out and we can roughly view the sy stem as being a periodic crystal of As and some
average of a AlxGa; x atom.. This is known as a \virtual crystal" approximation.
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In the context of device physics one might want to build, for example a laser out of a
semiconductor. The lowest energy transition which recombines a He with an electron is the gap
energy (this is the \lasing" energy typically). By tuning the composition of the semiconductor,
one can tune the energy of the gap and therefore the optical fguency of the laser.

17.1.2 Non-Homogeneous Band Gaps

By constructing structures where the materials (or the alloying of a material) is a function of
position, one can design more complex environments for electrons tioles in a system. Consider
for example, the structure shown in the following gure:

Aleal XAS

L] GaAs

Alea]_ xAS

Here a layer of GaAs with smaller band gap is inserted between two lays of AIGaAs which has a
larger band gap. This structure is known as a \quantum well". In general a semiconductor made of
several varieties of semiconductors is known as semiconductor heterostructure A band diagram
of the quantum well structure as a function of the vertical position z is given in Fig. 17.1. The
band gap is lower in the GaAs region than in the AlGaAs region. The chages in band energy can
be thought of as a potential that an electron (or hole) would feel. For example, an electron in the
valence band can have a lower energy if it is in the quantum well regionte GaAs region) than it
can have in the AlGaAs region. An electron in the valence band with low eergy will be trapped in
this region. Just like a particle in a box, there will be discrete eigenstées of the electron's motion
in the z direction, as shown in the Figure. The situation is similar for holes in thevalence band
(recall that it requires energy to push a hole down into the valence bnd), so there will similarly
be con ned particle in a box states for holes in the quantum well.

17.1.3 Summary of the Examinable Material

One can tune band gaps by forming an alloy

Band gaps act as a potential for electrons and holes.

References on Inhomogeneous Semiconductors

There are many good references on semiconductors (See also tinaterial listed below). Almost
all of them discuss the p-n junction rst (which is nonexaminable for us). | recommend Hook and
Hall section 6.6 on the quantum well to cover the above material.

The rest of the material in this chapter is NOT EXAMINABLE . But since semiconductors
really did change the world, you might be interested in learning it anyway!
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Figure 17.1: Band diagram of a quantum well. A single electron in the coduction band can be
trapped in the particle-in-a-box states in the quantum well. Similarly, a hole in the valence band
can be trapped in the quantum well.

17.2 p-n Junction

The p-n junction is a junction in a semiconductor between a region ofp-doping and a region ofn
doping. This type of junction has the remarkable property of recti cation : it will allow current to
ow through the junction easily in one direction, but not easily (with v ery high resistance) in the
other direction®.

Consider

OK, I haven't nished this chapter. Cut me some slack, typing these notes was a load of
work! Anyway, it is nonexaminable material, so don't worry about it to 0 much.

3The phenomenon of recti cation in semiconductors was disco vered by Karl Ferdinand Braun way back in
1874, but was not understood in detail until the middle of the next century. This discovery was fundamental to
the development of radio technology. Braun was awarded the N obel Prize in 1909 with Guglielmo Marconi for
contributions to wireless telegraphy. Perhaps as importan t to modern communication, Braun also invented the
cathode ray tube (CRT) which formed the display for televisi  ons for many years until the LCD display arrived very
recently. (The CRT is known as a \Braun Tube" in many countrie S).
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Chapter 18

Magnetic Properties of Atoms:
Para- and Dia-Magnetism

The rst question one might ask is why we are interested in magnets.While the phenomenon of
magnetism was known to the ancients, it has only been since the discovery of quantum mechanics
that we have come to any understanding of what causes this e eé It may seem like this is a
relatively small corner of physics for us to focus so much attentior(indeed, several chapters), but
we will see that magnetism is a particularly good place to observe theects of both statistical
physics and quantum physic$. As we mentioned in section 15.4, one place where the band theory
of electrons fails is in trying to describe magnets. Indeed, this is prasely what makes magnets
interesting! In fact, magnetism remains an extremely active area bresearch in physics (with many
many hard and unanswered questions remaining). Much of conders matter physics continues
to use magnetism as a testing ground for understanding complex @ntum and statistical physics
both theoretically and in the laboratory.

We should emphasize that most magnetic phenomena are caused byg quantum mechanical
behavior of electrons. While nuclei do have magnetic moments, and therefore can contribie to
magnetism, the magnitude of the nuclear moments is (typically) muchless than that of electrons?

1Both the Chinese and the Greeks probably knew about magnetic  properties of Fe 304, or magnetite (also known
as loadstone when magnetized), possibly as far back as several thousands of years BCE (with written records existing
as far back as 600 years BCE). One legend has it that a shepherd named Magnes, in the provence of Magnesia, had
the nails in his shoes stuck to a large metallic rock and the sc ienti c phenomenon became named after him.

2 Animal magnetism not withstanding... (that was a joke).

3In fact there is a theorem by Niels Bohr and Hendrika van Leeuw en which shows that any treatment of statistics
mechanics without quantum mechanics (i.e., classical stat istical mechanics) can never produce a nonzero magneti-
zation.

4To understand this, recall that the Bohr magneton, which giv  es the size of magnetic moments of an electrons is
given by g = 2% with m the electron mass. If one were to consider magnetism caused by nuclear moments, the
typical moments would be smaller by a ratio of the mass of the e lectron to the mass of a nucleus (a factor of over
1000). Nonetheless, the magnetism of the nuclei, although s mall, does exist.

195



196CHAPTER 18. MAGNETIC PROPERTIES OF ATOMS, PARA- AND DIA-MAG  NETISM
18.1 Basic De nitions of types of Magnetism

Let us rst make some de nitions. Recall that for a small magnetic eld, the magnetization of a
systemM (moment per unit volume) is typically related linearly to the applied ® magnetic eld H
by a (magnetic) susceptibility . We write for small elds H,

M= H (18.1)

Note that is dimensionless. For small susceptibilities (and susceptibilities are alnsb always small,
except in ferromagnets) there is little di erence between oH and B (with ( the permeability of
free space), so we can also write

M= B=g (18.2)

De nition 18.1.1. A paramagnetis a material where > 0 (i.e., the resulting magnetization is
in the same direction as the applied eld).

We have run into (Pauli) paramagnetism previously in section 4.3 above You may also be
familiar with the paramagnetism of a free spin (which we will cover againin section 18.4 below).
Qualitatively paramagnetism occurs whenever there are momentshat can be re-oriented by an
applied magnetic eld | thus developing magnetization in the direction o f the applied eld.

De nition 18.1.2. A diamagnetis a material where < 0 (i.e., the resulting magnetization is in
the opposite direction from the applied eld).

We will discuss diamagnetism more in section 18.5 below. As we will see, dieagnetism is
quite ubiquitous and occurs generically unless it is overwhelmed by o#tr magnetic e ects. For
example, water, and pretty almost all other biological materials arediamagnetic®. Qualitatively
we can think of diamagnetism as being similar in spirit to Lenz's law (part o Faraday's law) that
an induced current always opposes the change causing it. Howeyedhe analogy is not precise.
If a magnetic eld is applied to a loop of wire, current will ow to create a magnetization in the
opposite direction. However, in any (nonsuperconducting) loop ofvire, the current will eventually
decay back to zero and there will be no magnetization remaining. In aliamagnet, in contrast, the
magnetization remains so long as the applied magnetic eld remains.

For completeness we should also de ne a ferromagnet | this is what we usually think of as
a \magnet" (the thing that holds notes to the fridge).

De nition 18.1.3. A ferromagnetis a material whereM can be nonzero, even in the absence of
any applied magnetic eld’

5The susceptibility is de ned in terms of H. With a long rod-shaped sample oriented parallel to the appl ied
eld, H is the same outside and inside the sample, and is thus directl y controlled by the experimentalist. The
susceptibility is de ned in terms of this standard congura tion. However, more generally, one needs to take care
that the internal eld B that any electrons in the sample respond to is related to H via B = o(H + M).

61t is interesting to note that a diamagnet repels the eld tha t creates it, so it is attracted to a magnetic eld
minimum. Earnshaw's theorem forbids a local maximum of the B eld in free space, but local minima can exist |
and this then allows diamagnets to levitate in free space. In 1997 Andre Geim used this e ect to levitate a rather
confused frog. This feat earned him a so-called Ig-Nobel pri ze in 2000 (Ig-Nobel prizes are awarded for research
that \cannot or should not be reproduced".) Ten years later h e was awarded a real Nobel prize for the discovery of
graphene | single layer carbon sheets. This makes him the onl y person so far to receive both the Ig-Nobel and the
real Nobel.

"The de nition of ferromagnetism given here is a broad de nit  ion which would also include ferrimagnets. We
will discuss ferrimagnets in section 19.1.3 below and we men tion that occasionally people use a more restrictive
de nition (also commonly used) of ferromagnetism that excl udes ferrimagnets. At any rate, the broad de nition
given here is common.
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It is worth already drawing the distinction between spontaneousand non-spontaneousmag-
netism. Magnetism is said to bespontaneousif it occurs even in the absence of externally applied
magnetic eld, as is the case for a ferromagnet. The remainder ofttis chapter will mainly be con-
cerned with non-spontaneous magnetism, and we will return to spataneous magnetism in chapter
19 below.

It turns out that a lot of the physics of magnetism can be understad by just considering
a single atom at a time. This will be the strategy of the current chapter | we will discuss the
magnetic behavior of a single atom and only in section 18.6 will considerdw the physics changes
when we put many atoms together to form a solid. We thus start this discussion by reviewing
some atomic physics that you might have learned in prior coursés

18.2 Atomic Physics: Hund's Rules

We start with some of the fundamentals of electrons in an isolated atm. (l.e., we ignore the
fact that in materials atoms are not isolated, but are bound to other atoms). For isolated atoms
there are a set of rules, known as \Hund's Rules® which determine how the electrons Il orbitals.
Recall from basic quantum mechanics that an electron in an atomic drital can be labeled by four
guantum numbers, jn;l;l;; i, where

n = 1;2;

I = 0;%L:::;n 1
I, = ool

; = 1=2 or +1=2

Here n is the principle quantum number, | is the angular momentum, I, is its z-component and

2 is the z-component of spirt®. Recall that the angular momentum shells with | = 0;1;2; 3 are
sometimes known as s,p,d,f;:: respectively in atomic language. These shells can accommodate
2;6;10; 14;::: electrons respectively including both spin states.

When we consider multiple electrons in one atom, we need to decide witiorbitals are lled
and which ones are empty. The rst rule is known as the Aufbau prindple!?, which many people

8You should have learned this in prior courses. But if you not, it is proba bly not your fault! This material is
rarely taught in physics courses these days, even though it r eally should be. Much of this material is actually taught
in chemistry courses instead!

9Friedrich Hermann Hund was an important physicist and chemi st whose work on atomic structure began in the
very early days of quantum mechanics | he wrote down Hund's ru  les in 1925. He is also credited with being one of
the inventors of molecular orbital theory which we met in cha pter 5.3.2 above. In fact, molecular orbital theory is
sometimes known as Hund-Mulliken Molecular Orbital theory . Mulliken thanked Hund heavily in his Nobel Prize
acceptance speech (but Hund did not share the prize). Hund di ed in 1997 at the age of 101. The word \Hund"
means \Dog" in German.

10You probably discussed these quantum numbers in reference t o the eigenstates of a Hydrogen atom. The orbitals
of any atom can be labeled similarly.

11 Aufbau means \construction" or \building up" in German.
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think of as Hund's 0" rule

Aufbau Principle  (paraphrased): Shells should be lled starting with the lowest
available energy state. An entire shell is lled before another shell isstarted?.

(Madelung Rule) : The energy ordering is from lowest value oh + | to the largest;

and when two shells have the same value af + |, Il the one with the smaller n
rst. 13

This ordering rule means that shells should be lled in the ordef*
1s 2s 2p; 3s 3p; 4s 3d; 4p; 55 4d; 5p; 65 4f; @

A simple mneumonic for this order can be constructed by drawing thefollowing simple diagram:

7 /1
d //2
/ s L 3
7/ 4 // 4
/ 4 4
¥ 2 2 ,7 5
s/ s’ 7/ s
7/ / 7 /
/ 7 7 7
¥  3s  3p 2d
/ 4 /
/ 4 s
/ / /
¥ As  4p  4d Af
4 Ve
s s
/ /
¥ B 5p 5d 5f 59
e
s

¥ 6s ©6p 6d 6f 6g 6h

So for example, let us consider an isolated nitrogen atom which has ainic number 7 (i.e.,
7 electrons). Nitrogen has a lled 1s shell (containing 2 electrons, one spin up, one spin down),
has a lled 2s shell (containing 2 electrons, one spin up, one spin down), and hasitee remaining
electrons in the 2p shell. In atomic notation we would write this as 18252p°.

To take a more complicated example, consider the atom praseodymim (Pr) which is a

121t is important to realize that a given orbital is di erent in di erent atoms. For example, the 2s orbital in a
nitrogen atom is di erent from the 2s orbital in an iron atom. The reason for this is that the charge of the nucleus
is dierent and also that one must account for the interaction of an electron in an  orbital with all of the other
electrons in that atom.

13pepending on your country of origin, the Madelung rule might  instead be known as Klechkovsky's rule.

14You may nd it surprising that shells are lled in this order, being that for a simple hydrogen atom orbital
energies increase with n and are independent of I. However, in any atom other than hydrogen, we must also
consider interaction of each electron with all of the other e lectrons. Treating this e ect in detail is quite complex,
S0 it is probably best to consider the this ordering (Madelun @) rule to be simply empirical. Nonetheless, various
approximation methods have been able to give some insight. T ypical approximation schemes replace the Coulomb
potential of the nucleus with some screened potential which  represents the charge both of the nucleus and of all
the other electrons (essentially the e ective charge of the nucleus is reduced if the electron is at a radius where
other electrons can get between it and the nucleus). Note in p articular that once we changes the potential from the
Coulomb 1=r form, we immediately break the energy degeneracy between di erent | states.
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rare earth element with atomic number 59. Following the Madelung rule we obtain an atomic'®
con guration 1s22s22p°3s°3p®4s°3104p6554d1°5p°65243. Note that the \exponents" properly add
up to 59.

There are a few atoms that violate this ordering (Madelung) rule. Ore example is copper
which typically lls the 3d shell by \borrowing" an electron from the (p utatively lower energy) 4s
shell. Also, when an atom is part of a molecule or is in a solid, the orderingnay change a little as
well. However, the general trend given by this rule is rather robust

This shell lling sequence is, in fact, the rule which de nes the overall structure of the
periodic table with each \block" of the periodic table representing the lling of some particular
shell. For example, the rst line of the periodic table has the elementsH and He, which have
atomic llings 1s* with x = 1;2 respectively (and the 1s shell holds at most 2 electrons). The left
of the second line of the table contains Li and Be which have atomic lligs 128 with x = 1;2
respectively. The right of the 2nd line of the table shows B, N, C, O, F Ne which have atomic
lings 1s22s22p" with x = 1 :::6 and recall that the 2p shell can hold at most 6 electrons. One
can continue and reconstruct the entire periodic table this way!

In cases when shells are partially lled (which in fact includes most elemets of the periodic
table) we next want to describe which of the available orbitals are lled in these shells and which
spin states are lled. In particular we want to know what whether th ese electrons will have a net
magnetic moment. Hund's rules are constructed precisely to answehis questions.

Perhaps the simplest way to illustrate these rules is to consider an eticit example. Here
we will again consider the atom praseodymium. As mentioned above his element in atomic form
has three electrons in its outer-most shell, which is arf -shell, meaning it has angular momentum
| = 3, and therefore 7 possible values of,, and of course 2 possible values of the spin for each
electron. So where in these possible orbital/spin states do we put th three electrons?

Hund's First Rule  (paraphrased): Electrons try to align their spins.

Given this rule, we know that the three valence electrons in Pr will hawe their spins point in
the same direction, thus giving us a total spin-angular momentumS = 3=2 from the three S = 1=2
spins. So locally (meaning on the same atom), the three electron spinbehave ferromagnetically
| they all align 6. The reason for this alignment will be discussed below in section 18.2.but in
short, it is a result of the Coulomb interaction between electrons (ad between the electrons and
the nucleus) | the Coulomb energy is lower when the electron spins align.

We now have to decide which orbital states to put the electrons in.

Hund's Second Rule (paraphrased): Electrons try to maximize their total orbital
angular momentum, consistent with Hund's rst rule.

For the case of Pr, we Il the |, =3 and I, = 2 and |, = 1 states to make the maximum
possible total L, = 6 (this gives L = 6, and by rotational invariance we can point L in any direction

15This tediously long atomic con guration can be abbreviated as [Xe]6s24f3 where [Xe] represents the atomic
con guration of Xenon, which, being a noble gas is made of ent irely lled shells.

16\We would not call this a true ferromagnet since we are talking about a single atom here, not a macroscopic
materiall
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equally well). Thus, we have a picture as follows

ottt

I, = 3 2 1 0 1

We have put the spins as far as possible to the right to maximize., (Hund's 2nd rule) and
we have aligned all the spins (Hund's 1st rule). Note that we could nothave put both electrons in
the same orbital, since they have to be spin-aligned and we must obeye Pauli principle. Again
the rule of maximizing orbital angular momentum is driven by the physics of Coulomb interaction
(as we will discuss brie y below in section 18.2.1) .

At this point we have S = 3=2 and L = 6, but we still need to think about how the spin
and orbital angular momenta align with respect to each other.

Hund's Third Rule (paraphrased): Given Hund's rst and second rules, the or-
bital and spin angular momentum either align or antialign, so that the total angular
momentum isJ = jL  Sj with the sign being determined by whether the shell of
orbitals is more than half lled (+) or less than half lled ().

The reason for this rule is not interaction physics, but is spin-orbit coupling. The Hamilto-
nian will typically have a spin-orbitterm | | and the sign of determines how the spin and
orbit align to minimize the energy.!’ Thus for the case of Pr, whereL = 6 and S = 3=2 and the
shell is less than half lled, we have total angular momentumJ = L S =9=2.

One should be warned that people frequently refer toJ as being the \spin" of the atom.
This is a colloquial use which is very persistent but imprecise. More caectly, J is the total angular
momentum of the electrons in the atom, whereasS is the spin component ofJ.

18.2.1 Why Moments Align

We now return, as promised above, to discuss roughly why Hund's res work | in particular we
want to know why magnetic moments (real spin moments or orbital nroments) like to align with
each other. This section will be only qualitative, but should give at leas a rough idea of the right
physics.

Let us rst focus on Hund's rst rule and ask why spins like to align. Fir st of all, we
emphasize that it has nothing to do with magnetic dipole interactions. While the magnetic dipoles
of the spins do interact with each other, when dipole moments are orthe order of the Bohr
magneton, this energy scale becomes tiny | way too small to matter for anything interesting.
Instead, the alignment comes from the Coulomb interaction energyTo see how this works, let us
consider a wavefunction for two electrons on an atom.

17The fact that the sign switches at half lling does not signal a change in the sign of the underlying (which
is always positive) but rather is a feature of carefuIFbookke eping. So long as the shell remains less than half full,
all of the spins are aligned in which case we have = ;I; | = S L thus always favoring L counter-aligned with S.
When the shell is half lled L = 0. When we add one more spin to a half lled shell, this spin mu st counter-align
with the many spins that comprise the half- lled shell due to the Pauli exclusion principle. The spin orbit coupling
i i then makes this additional spin want to counter-align with i ~ ts own orbital angular momentum |;, which is
equal to the total orbital angular momentum L since the half full shell has L = 0. This means that the orbital
angular momentum is now aligned with the net spin, since most of the net spin is made up of the sp ins comprising
the half- lled shell and are counter-aligned with the spin o  f the electron which has been added.
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Naive Argument

The overall wavefunction must be antisymmetric by Pauli's exclusion ginciple. We can generally
write

(r1; 1:r2; 2)=  omita (F1;r2) spin( 1; 2)

wherer; are the particles' positions and ; are their spin. Now, if the two spins are aligned, say
both are spin-up (i.e., spin (";") =1 and sun = 0 for other spin con gurations) then the spin
wavefunction is symmetric and the spatial wavefunction omita  mMust be antisymetric. As a result
we have

"lm orbital (r1;r2)! O

ri! ra

So electrons with aligned spins cannot get close to each other, thugducing the Coulomb energy
of the system.

The argument we have just given is frequently stated in textbooks Unfortunately, it is not
the whole story.

More Correct

In fact it turns out that the crucial Coulomb interaction is that bet ween the electron and the

nucleus. Consider the case where there are two electrons and aaleus as shown in Fig. 18.1.
What we see from this gure is that the positive charge of the nuclews seen by one electron is
screened by the negative charge of the other electron. This saaing reduces the binding energy
of the electrons to the nucleus. However, when the two spins areligned, the electrons repel each
other and therefore screen the nucleus less e ectively. In this e, the electrons see the full charge
of the nucleus and bind more strongly, thus lowering their energies.

Another way of understanding this is to realize that when the spins a@e not aligned, some-
times one electron gets between the other electron and the nuclsy thereby reducing the e ective
charge seen by the outer electron, reducing the binding energy,na increasing the total energy of
the atom. However, when the electrons are spin aligned, the Paulifinciple largely prevents this
con guration from occurring, thereby lowering the total energy of the system.

Hund's second rule is driven by very similar considerations. When two kectrons take states
which maximize their total orbital angular momentum, they are more likely to be found on opposite
sides of the nucleus. Thus the electrons see the nucleus fully ungemed so that the binding energy
is increased and the energy is lowered.

One must be somewhat careful with these types of arguments haaver | particularly when
they are applied to molecules instead of atoms. In the case of a diateic molecule, say H, we
have two electrons and two nuclei. While the screening e ect discusd above still occurs, and
tries to align the electrons, it is somewhat less e ective than for twoelectrons on a single atom |
since most of the time the two electrons are near opposite nuclei gmway. Furthermore, there is a
competing e ect that tends to make the electrons want to anti-align. As we discussed in section
5.3.1 when we discussed covalent bonding, we can think of the two nlg as being a square well
(See Fig. 5.4), and the bonding is really a particle-in-a-box problem. There is some lowest energy
(symmetric) wavefunction in this large two-atom box, and the loweg energy state of two electrons
would be to have the two spins anti-aligned so that both electrons ca go in the same low energy
spatial wavefunction. It can thus be quite di cult to determine whe ther electrons on neighboring
atoms want to be aligned or anti-aligned. Generally either behavior is pssible. We will discuss this
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Figure 18.1: Why Aligned Spins Have Lower Energy (Hund's First Rule). In this gure, the
wavefunction is depicted for one of the electrons whereas the o# electron (the one further left) is
depicted as having xed position. When the two electrons have oppsite spin, the e ective charge
of the nucleus seen by the xed electron is reduced by the screergnprovided by the other electron
(left gure) . However, when the spins are aligned, the two electrms cannot come close to each
other (right gure) and the xed electron sees the full charge of the nucleus. As such, the binding
of the xed electron to the nucleus is stronger in the case where th two electrons are spin aligned,
therefore it is a lower energy con guration.

much further below in chapter 22. The energy di erence between hving the spins on two atoms
aligned versus anti-aligned is usually known as theexchange interactionor exchange energy®

18.3 Coupling of Electrons in Atoms to an External Field

Having discussed how electron moments (orbital or spin) can align wh each other, we now turn
to discuss how the electrons in atoms couple to an external magniet eld.

In the absence of a magnetic eld, the Hamiltonian for an electron in a atom is of the usual

18The astute reader will recall that atomic physicists use the  word \exchange" to refer to what we called the
hopping matrix element (see footnote 14 in section 5.3.2) wh ich \exchanged" an electron from one orbital to another.
In fact the current name is very closely related. Let us attem pt a very simple calculation of the di erence in energy
between two electrons having their spins aligned and two ele ctrons having their spins antialigned. Suppose we
have two electrons on two dierent orbitals which we will cal | A and B. We write a general wavefunction as

= patial spin and overall the wavefunction must be antisymmetric. If we ch oose the spins to be aligned
(a triplet, therefore antisymmetric), then the spatial wav  efunction must be symmetric, which we can write as
jABi + jBAi. On the other hand if we choose the spins to be anti-aligned (a singlet, therefore symmetric) then
the spatial wavefunction must be antisymmetric jABi j BAi. When we add Coulomb interaction, the energy
di erence between the singlet and triplet is proportional t o the cross term hAB jVjBA . In this matrix element the
two electrons have \exchanged" place. Hence the name.
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form1°
p2 \Y
=+
Ho 2m (r)

where V is the electrostatic potential from the nucleus (and perhaps fromthe other electrons as
well). Now consider adding an external magnetic eld. Recall that the Hamiltonian for a charged
particle in a magnetic eld B takes the minimal coupling form?°

2
= (PreA)?

om gsB +V()

where e is the charge of the particle (the electron), is the electron spin, g is the electron g-
factor (approximately 2), g = e~=(2m) is the Bohr magneton, and A is the vector potential. For
a uniform magnetic eld, we may take A = %B r suchthatr A = B. We then have!

- P e € Lg p
H= om +V(r)+ 2mp (B r)+ 2m4jB ri“+g sB (18.3)
The rst two terms in this equation comprise the Hamiltonian Hg in the absence of the applied

magnetic eld. The next term can be rewritten as
e e
ﬂp (B )= %B (r p)= sB | (18.4)

where~l = r p is the orbital angular momentum of the electron. This can then be conbined
with the so-called Zeeman termg g B to give

e 1 5
= + + + — = )
H=Ho+ gB (I+g)+ 5-2B 1] (18.5)

The second term on the right of this equation, known sometimes ashe paramagentic term, is
clearly just the coupling of the external eld to the total magnetic moment of the electron (both
orbital and spin). Note that when a B- eld is applied, these moments aligns with the B- eld

(meaning that | and anti-align with B) such that the energy is lowered by the application of the
eld 22, As a result a moment is created in the same direction as the applied & and this term

results in paramagnetism.

The nal term of Eq. 18.5 is known as the diamagnetic term of the Hamiltonian, and will be
responsible for the e ect of diamagnetism. Since this term is quadrtc in B it will always cause
an increasein the total energy of the atom when the magnetic eld is applied, and hence has the
opposite e ect from that of the above considered paramagnetic érm.

These two terms of the Hamiltonian are the ones responsible for bbtthe paramagnetic and
diamagnetic response of atoms to external magnetic elds. We will teat them each in turn in the
next two sections. Keep in mind that at this point we are still considering the magnetic response
of a single atom!

19 Again, whenever we discuss magnetism it is typical to use H for the Hamiltonian so as not to confuse it with
the magnetic eld strength H = B= o.

20Recall that minimal coupling requires p ! p gA where q is the charge of the particle. Here our particle
has charge g = e. The negative charge also is responsible for the fact that th e electron spin magnetic moment is
anti-aligned with its spin. Hence it is lower energy to have t he spin point opposite the applied magnetic eld (hence
the positive sign of the so-called Zeeman term g g B ). Blame Ben Franklin. (See footnote 13 of section 4.3).

21 Note that while p; does not commute with r;, it does commute with ri for j 6 i, so there is no ordering problem
between p and B r

22f the sign of the magnetic moment confuses you, it is good to r  emember that moment is always ~@F=@Band
at zero temperature the free energy is just the energy.
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18.4 Free Spin (Curie or Langevin) Paramagnetism

We will start by considering the e ect of the paramagnetic term of Eq. 18.5. We assume that
the unperturbed Hamiltonian Hy has been solved and we need not pay attention to this part
of the Hamiltonian | we are only concerned with the reorientation of a spin  or an orbital
angular momentum | of an electron. At this point we also disregard the diamagnetic term @ the
Hamiltonian as its e ect is generally weaker than that of the paramagnetic term.

Free Spin 1=2

As a review let us consider a simpler case that you are probably familiawith from your statistical
physics course: a free spin-1/2. The Hamiltonian, you recall, of a sigle spin-1/2 is given by

with g the g-factor of the spin which we set to be 2, and g = e~=(2m) is the Bohr magneton.
We can think of this as being a simpli ed version of the above paramagetic term of Eq. 18.5, for
a single free electron where we ignore the orbital moment. The eigstates of B are B=2so
we have a partition function

Z=e *P+e o (18.7)
and a corresponding free energf = kg T logZ giving us a magnetic moment (per spin) of
- @F_
moment = @B~ g tanh( gB) (18.8)

If we have many such atoms together in a volume, we can de ne the mgnetization M to
be the magnetic moment per unit volume. Then, at small eld (expanding the tanh for small
argument) we obtain a susceptibility of

@M_n o 3

=i = =
I-irlno @H KpT

(18.9)

where n is the number of spins per unit volume (and we have used® oH with ¢ the per-
meability of free space). Expression 18.9 is known as the \Curie Law’® susceptibility (Actually

any susceptibility of the form C=(kpT) for any constant C is known as Curie law), and
paramagnetism involving free spins like this is often called Curie paramgnetism or Langevir?*
paramagnetism.

Free Spin J

The actual paramagnetic term in the Hamiltonian will typically be more c omplicated than our
simple spin-1/2 model, Eqg. 18.6. Instead, examining Eq. 18.5 and genalizing to multiple electrons

23Named after Pierre Curie. Pierre's work on magnetism was wel | before he married his mega-brilliant wife Marie
Sklodowska Curie. She won one physics Nobel with Pierre, and then another one in chemistry after he died. Half-
way between the two prizes, Pierre was killed when he was run o ver by a horse-drawn vehicle while crossing the
street (Be careful!).

24paul Langevin was Pierre Curie's student. He is well known fo r many important scienti ¢ discoveries. He is
also well known for creating quite the scandal by having an a  air with Marie Curie a few years after her husband's
death (Langevin was married at the time). Although the a air quickly ended, ironically, the grandson of Langevin
married the granddaughter of Curie and they had a son | all thr ee of them are physicists.
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in an atom, we expect to need to consider a Hamiltonian of the form
H= gB (L+gS) (18.10)

whereL and S are the orbital and spin components of all of the electrons in the abm put together.

Recall that Hund's rules tell us the value of L, S, and J. The form of Eq. 18.10 looks a bit
inconvenient, since Hund's third rule tells us not aboutL + gS but rather tells us about J = L + S.

Fortunately, for the type of matrix elements we are concerned wih (reorientations of J without

changing the value ofJ; S or L which are dictated by Hund's rules) the above Hamiltonian Eq. 18.10
turns out to be precisely equivalent to

H=g B J (18.11)
where g-is an e ective g-factor given by?®

S(S+1) L(L+1)
J(J +1)

6= 3(@+1)+ 50 1)

From our new Hamiltonian, it is easy enough to construct the partition function

X
Z= e9ebBl: (18.12)

Analogous to the spin-1/2 case above one can di erentiate to obtan the moment as a function
of temperature. If one considers a densityn of these atoms, one can then determine the the
magnetization and the susceptibility (this is assigned as an \Additiond Problem" for those who
are interested). The result, of the Curie form, is that the suscefibility per unit volume is given
by

_no(g )+

- 3 ke T

(Compare Eqg. 18.9)

Note that Curie law susceptibility always divergesat low temperature®. If this term is
nonzero (i.e., if J is nonzero) then the Curie paramagnetism is dominant compared to ay other
type of paramagnetism or diamagnetism’.

25You probably do not need to memorize this formula for this cou rse, although you might have to know it for
atomic physics! The derivation of this formula is not di cul t though. We are concerned in determining matrix

elements of B (L + gS) between dierent J, states. To do this we write
L J S J

B (L+gS)=8B — +t 00—

b+ 99 iz TR

The nal bracket turns out to be just a nhumber, which we evalua te by rewriting it as

PR*ILZ 3 LP 2+S? S
232 ’ 232

Finally replacing J L = SandJ S = L then substituting in jJj2 = J(J +1) and jSj2 = S(S + 1) and
jLj2 = L(L + 1), with a small bit of algebra gives the desired result.

26The current calculation is a nite temperature thermodynam ic calculation resulting in divergent susceptibility
at zero temperature. In the next few sections we will study La rmor and Landau Diamagnetism as well as Pauli and
Van-Vleck Paramagnetism. All of these calculations will be  zero temperature quantum calculations and will always
give much samller nite susceptibilities.

27Not including superconductivity.
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Aside: From Eqgs. 18.7 or 18.12 we notice that the partition fiction of a free spin is only a function
of the dimensionless ratio g B=(kpT). From this we can derive that the entropyS is also a function only
of the same dimensionless ratio. Let us imagine now we haveyatem of free spins at magnetic eldB and
temperature T, and we thermally isolate it from the environment. If we adimtically reduceB, then sinceS
must stay xed, the temperature must drop proportionally tothe reduction in B. This is the principle of the
adiabatic demagnetization refrigeratof®

18.5 Larmor Diamagnetism

Since Curie paramagnetism is dominant wheneved 6 0, the only time we can possibly observe
diamagnetism is if an atom hasJ = 0. A classic situation in which this occurs is for atoms with

lled shell con gurations, like the noble gases whereL = S = J = 0. Another possibility is that

J =0 even though L = S is nonzero (one can use Hund's rules to show that this occurs if a she
has one electron fewer than being half lled). In either case, the peamagnetic term of Eq. 18.5
has zero expectation and the term can be mostly ignored. We thus need to consider the e ect of
the nal term in Eq. 18.5, the diamagnetic term.

If we imagine that B is applied in the 2 direction, the expectation of the diamagnetic term
of the Hamiltonian (Eq. 18.5) can be written as

e2 o .2. esz 2 2.
= — = +
E am hB rj<i am X< + y@i
Using the fact that the atom is rotationally symmetric, we can write
2 + y?i = ghx2 +y2+ 7% = ghzi

Thus we have

e’B?
E = tr2i
12m
Thus the magnetic moment per electron is
A @,
moment = 4B - ﬁh i B

28\ery low temperature adiabatic demagnetization refrigera tors usually rely on using nuclear moments rather
than electronic moments. The reason for this is that the (req uired) approximation of spins being independent holds
down to much lower temperature for nuclei, which are typical ly quite decoupled from their neighbors. Achieving
nuclear temperatures below 1 K is possible with technique.

29 Actually, to be more precise, even though hli may be zero, the paramagnetic term in Eq. 18.5 may be importan t
in second order perturbation theory. At second order, the en ergy of the system will be corrected by a term
proportional to
. X jhpiB (L + gS)j0ij 2

Eo
p> 0 EO Ep
This contribution need not vanish. It is largest when there i s a low energy excitation E, so the denominator can be
small. Since this energy decreaseswith increasing B, this term is paramagnetic. At any rate, this contribution i s

often important in the cases where J =0 but L and S are individually nonzero | as this usually implies there is a
low energy excitation that can occur by misorienting L and S with respect to each other thus violating Hund's 3rd
rule only. However, for atoms like noble gases, where L and S are individually zero, then there are no low energy
excitations and this contribution is negligible. This type of paramagnetism is known as Van Vleck paramagnetism
after the Nobel Laureate J. H. Van Vleck who was a professor at  Baliol college Oxford in 1961{1962 but spent most
of his later professional life at Harvard.
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Assuming that there is a density of such electrons in a system, we can then write the susceptibility
as
e? oh'zi
= — 18.13
om ( )
This result, Eq. 18.13, is known asLarmor Diamagnetism.3® For most atoms, hr?i is on the order
of a few Bohr radii squared. In fact, the same expression can satimes be applied for large
conductive molecules if the electrons can freely travel the length fothe molecule | by taking hr?i

to be the radius squared of the molecule instead of that of the atom

18.6 Atoms in Solids

Up to this point, we have always been considering the magnetism (pamagnetism or diamag-
netism) of a single isolated atom. Although the atomic picture gives a ery good idea of how
magnetism occurs, the situation in solids can be somewhat di erent. As we have discussed in
chapters 14 and 15 when atoms are put together the electronic el structure de nes the physics

of the material | we cannot usually think of atoms as being isolated fr om each other. We thus
must think a bit more carefully about how our above atomic calculations may or may not apply

to real materials.

18.6.1 Pauli Paramagnetism in Metals

Recall that in section 4.3 we calculated the susceptibility of the free Ermi gas. We found

paui = o 309(EF) (18.14)

with g(Ef) the density of states at the Fermi surface. We might expect tha such an expression
would hold for metals with nontrivial band structure | only the densit y of states would need to
be modi ed. Indeed, such an expression holds fairly well for simple ntals such as Li or Na.

Note that the susceptibility, per spin, of a Fermi gas (Eq. 18.14) is saller than the suscep-
tibility of a free spin (Eq. 18.9) by roughly a factor of T=E¢ (This can be proven using Eq. 4.11
for a free electron gas). We should be familiar this idea, that due to lhe Pauli exclusion principle,
only the small fraction of spins near the Fermi surface can be ippél over, therefore giving a small
susceptibility.

18.6.2 Diamagnetism in Solids

Our above calculation of Larmor diamagnetism was applied to isolated ®oms each having] = L =
S =0, such as noble gas atoms. At low temperature noble gas atoms fim very weakly bonded
crystals and the same calculation continues to apply (with the excefion of the case of helium
which does not crystalize but rather forms a super uid at low temperature). To apply the above
result Eq. 18.13 to a noble gas crystal, one simply sets the density aflectrons to be equal to
the density of atomsn times the number of electrons per atom (the atomic number)Z. Thus for
noble gas atoms we obtain , ,
Znec ghrei
Larmor — 6m (18.15)

30 Joseph Larmor was a rather important physicist in the late 18  00s. Among other things, he published the Lorentz
transformations for time dilation and length contractiont  wo years before Lorentz, and seven years before Einstein.
However, he insisted on the aether, and rejected relativity —at least until 1927 (maybe longer).
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where Ir?i is set by the atomic radius.

In fact, for any material the diamagnetic term of the Hamiltonian (t he coupling of the
orbital motion to the magnetic eld) will result in some amount of diama gnetism. To account
for the diamagnetism of electrons in core orbitals, Eq. 18.15 is usuallyairly accurate. For the
conduction electrons in a metal, however, a much more complicatedatculation gives the so-called
Landau-diamagnetism (See footnote 12 of chapter 3)

1
Landau — § P auli

which combines with the Pauli paramagnetism to reduce the total paamagnetism of the conduction
electrons by 1/3.

If one considers, for example, a metal like copper, one might be tepted to conclude that
it should be a paramagnet, due to the above described Pauli parangmetism (corrected by the
Landau e ect). However, copper is actually a diamagnet! The reaen for this is that the core
electrons in copper have enough Larmor diamagnetism to overwhelrthe Pauli paramagnetism of
the conduction electrons! In fact, Larmor diamagnetism is often grong enough to overwhelm Pauli
paramagnetism in metals (this is particularly true in heavy elements wtere there are many core
electrons that can contribute to the diamagnetism). Note howeve, if there are free spins in the
material, then Curie paramagnetism occurs which is always strongethan any diamagnetisn¥’.

18.6.3 Curie Paramagnetism in Solids
Where to nd free spins?

As discussed above, Curie paramagnetism describes the reorietitan of free spins in an atom. We
might ask how a \free spin" can occur in a solid? Our understanding ofelectrons in solids so far
describes electrons as being either in full bands, in which case theyenot be ipped over at all;
or in partially full bands, in which case the calculation of the Pauli suseptibility in section 4.3 is
valid | albeit possibly with a modi ed density of states at the Fermi sur face to re ect the details
of the band structure (and with the Landau correction). So how isit that we can have a free spin?

Let us think back to the description of Mott insulators in section 15.4. In these materials,
the Coulomb interaction between electrons is strong enough that o two electrons can double
occupy the same site of the lattice. As a result, having one electroper site results in a \trac
jam" of electrons where no electron can hop to any other site. Whe this sort of Mott insulator
forms, there is exactly one electron per site, which can be either sp-up or spin-down. Thus we
have a free spin on each site exactly as we considered in the previosection®!

More generally we might expect that we could have some numbeN valence electrons per
atom, which |l orbitals to form free spins as dictated by Hund's rules. Again, if the Coulomb
interaction is su ciently strong that electrons cannot hop to neigh boring sites, then the system
will be Mott insulating and we can think of the spins as being free.

31This picture of a Mott insulator resulting in independent fr  ee spins will be examined more closely in chapter 22.
Very weakly, some amount of (virtual) hopping can always occ ur and this will change the behavior at low enough
temperatures.
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Modi cations of Free Spin Picture

Given that we have found free spins in a material, we can ask whethehere substantial di erences
between a free spin in an isolated atom and a free spin in a material.

One possible modi cation is that the number of electrons on an atom kecome modied in
a material. For example, we found above in section 18.2 that praseganium (Pr) has three free
electrons in its valence (4f) shell which form a total angular momentim of J = 9=2. However, in
many compounds Pr exists as a +3 ion. In this case it turns out that both of the 6s electrons are
donated as well as a single f electron. This leaves the Pr atom with twelectrons in its f shell, thus
resulting in a J = 4 angular momentum instead (you should be able to check this with Hund's
rules).

Another possibility is that the atoms are no longer in a rotationally symmetric environment,
they see the potential due to neighboring atoms, the so-called \gystal eld". In this case orbital
angular momentum is not conserved and the degeneracy of statesl having the sameL 2 is broken,
a phenomenon known agrystal eld splitting .

As a (very) cartoon picture of this physics, we can imagine a crysthwhich is highly tetrag-
onal (see Fig. 11.11) where the lattice constant in one direction is gte di erent from the constant
in the other two. We might imagine that an atom that is living inside such an elongated box would
have a lower energy if its orbital angular momentum pointed along thelong axes (say, the z-axis),
rather than in some other direction. In this case, we might imagine trat L, =+ L andL, = L
might be lower energy than any of the other possible values af .

Another thing that may happen due to crystal eld splitting is that t he orbital angular
momentum may be pinned to have zero expectation (for example, iftie ground state is a super-
position of L, =+ L and L, = L). In this case, the orbital angular momentum decouples from
the problem completely (a phenomenon known agjuenchingof the orbital angular momentum),
and the only magnetically active degrees of freedom are the spins. his is precisely what happens
for most transition metals.3?

The most important moral to take home from this section is that paramagnets can have
many di erent e ective values of J, and one needs to know the microscopic details of the system
before deciding which spin and orbital degrees of freedom are actv

18.7 Summary of Atomic Magnetism; Paramagnetism and
Diamagnetism
Susceptibility = dM=dH is positive for paramagnets and negative for diamagnets.
Sources of paramagnetism: (a) Pauli paramagnetism of free elecin gas (See section 4.3) (b)
Free spin paramagnetism { know how to do the simple statmech exeise of calculating the

paramagnetism of a free spin.

The magnitude of the free spin determined by Hund's rules. The bonthg of the atom, or
environment of this atom (crystal eld) can modify this result.

32The 3d shell of transition metals is shielded from the enviro nment only by the 4s electrons, whereas for rare
earths the 4f shell is shielded by 6s and 5p. Thus the transiti on metals are much more sensitive to crystal eld
perturbations than the rare earths.
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Larmor diamagnetism can occur when atoms have = 0, therefore not having strong para-
magnetism. This comes from the diamagnetic term of the Hamiltonian in rst order pertur-
bation theory. The diamagnetism per electron is proportional to the radius of the orbital.
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Chapter 19

Spontaneous Order: Antiferro-,
Ferri-, and Ferro-Magnetism

In section 18.2.1 we commented that applying Hund's rules to moleculesan be quite dangerous
since spins on neighboring atoms could favor either having their spinaligned or could favor having
their spins anti-aligned depending on which of several e ects is stroger. In chapter 22 below we
will show models of how either behavior might occur. In this chapter ve will assume there is
an interaction between neighboring spins (a so-calle&xchangeinteraction, see footnote 18 from
section 18.2.1) and we will explore how the interaction between neightring spin aligns spins on a
macroscopic scale.

We rst assume that we have an insulator, i.e., electrons do not hop fom site to site'. We
then write a model Hamiltonian as

1 X X
H = é Jij Si Sj + gsB S (19.1)

B] i
where S; is the spir? on sitei and B is the magnetic eld experienced by the spins. HereJ; S S
is the interaction energy* between spini and spinj. Note that we have included a factor of £2
out front to avoid overcounting, since the sum actually counts boh J; and J;i (which are equal).

If Jj > O then it is lower energy when spins and j are aligned, whereas ifJj < 0 then it
is lower energy when the spins are anti-aligned.

The coupling between spins typically drops rapidly as the distance beteen the spins in-
creases. A good model to use is one where only nearest neighboinspinteract with each other.

1This might be the situation if we have a Mott insulator, as des cribed in sections 15.4 and 18.6.3 above where
strong interaction prevents electron hopping.

2\When one discusses simpli ed models of magnetism, very freq uently one writes angular momentum as S without
regards as to whether it is really S, or L or J. It is also conventional to call this variable the \spin" eve n if it is
actually from orbital angular momentum in a real material.

30nce again the plus sign in the nal term assumes that we are ta |king about electronic moments. (See footnote
13 of section 4.3)

“WARNING: Many references use Heisenberg's original conven tion that the interaction energy should be de ned
as 2J; S;j S; rather than Jj S;j Sj. However, more modern researchers use the latter, as we have here. This
matches up with the convention used for the Ising model below Eq. 19.5, where the convention 2 J is never used. At
any rate, if someone on the street tells you J, you should ask whether they intend a factor of 2 or not.

211
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Frequently one writes (neglecting the magnetic eld B)
1 X
H = —= Jij Si Sj
i;j neighbors
or using bracketsh;j i as a shorthand to indicate thati and j are neighbors,
1 X
H = é_”JijSi Sj
hi;j i

In a uniform system where each spin is coupled to its neighbors with th same strength, we can drop
the indices from J; (since they all have the same value) and we obtain the so-calleHeisenberg
Hamiltonian
1 X
H= = JSi S (19.2)
hisj i

19.1 (Spontaneous) Magnetic Order

As in the case of a ferromagnet, it is possible that even in the absercof any applied magnetic
eld, magnetism | or ordering of magnetic moments | may occur. This type of phenomenon
is known asspontaneousmagnetic order (since it occurs without application of any eld). Itis a
subtle statistical mechanical question as to when magnetic interation in a Hamiltonian actually
results in spontaneous magnetic order. At our level of analysis we W assume that systems can
always nd ground states which \satisfy" the magnetic Hamiltonian. In chapter 21 we will consider
how temperature might destroy this magnetic ordering.

19.1.1 Ferromagnets

As mentioned above, ifJ > 0 then neighboring spins want to be aligned. In this case the ground
state is when all spins align together developing a macroscopic magte moment | this is what
we call aferromagnet, and is depicted on the left of Fig. 19.1. We will return to study thesefurther
in sections 20.1 and 21 below.

19.1.2 Antiferromagnets

On the other hand, if J < 0, neighboring spins want to point in opposite directions, and the
most natural ordered arrangement is a periodic situation where akrnating spins point in opposite
directions, as shown on the right of Fig. 19.1 | this is known as an antiferromagnet. Such
an antiferromagnet has zero net magnetization but yet is magnetially ordered. This type of
antiperiodic ground state is sometimes known as akel state after Louis Neel who rst proposed

that these states exisP. We should be cautioned that our picture of spins pointing in directions
is a classical picture, and is not quite right quantum mechanically. Paticularly when the spin is

small (like spin-1/2) the e ects of quantum mechanics are strong and classical intuition can fail us.
We will have a homework problem that shows that this classical pictue of the antiferromagnet is
not quite right, although it is fairly good when the spin on each site is lamger than 1/2.

5Neel won a Nobel prize for this work in 1970.
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Figure 19.1: Magnetic Spin Orderings. Left: Ferromagnet | all spins aligned (at least over some
macroscopic regions) giving nite magnetization. Middle: Antiferromagnet | Neighboring spins
antialigned, but periodic. this so-called Neel state has zero net mgentization.

Detecting Antiferromagnetism with Di raction

Being that antiferromagnets have zero net magnetization, how dave know they exist? What is their
signature in the macroscopic world? For homework (see also sectid?il.2.2) we will explore a very
nice method of determining that something is an antiferromagnet byexamining its susceptibility
as a function of temperature (in fact it was this type of experimentthat Neel was analyzing when
he realized that antiferromagnets exist). However, this method issomewhat indirect. A more
direct approach is to examine the spin con guration using diraction of neutrons. As mentioned
in section 13.2, neutrons are sensitive to the spin direction of the oject they scatter from. If we
X the spin polarization of an incoming neutron, it will scatter di eren tly from the two di erent
possible spin states of atoms in an antiferromagnet. The neutronshen see that the unit cell in
this antiferromagnet is actually of size Za where a is the distance between atoms (i..e, the distance
between two atoms with the same spin is d). Thus when the spins align antiferromagnetically,
the neutrons will develop scattering peaks at reciprocal wavevdors G = 2 = (2a) which would not
exist if all the atoms were aligned the same way. This type of neutrordi raction experiment are
de nitive in showing that antiferromagnetic order exists©.

Frustrated Antiferromagnets

On certain lattices, for certain interactions, there is no ground stte that fully \satis es" the

interaction for all spins. For example, on a triangular lattice if there is an antiferromagnetic
interaction between bonds, there is no way that all the spins can pmt in the opposite direction

from their neighbors. For example, as shown in the left of Fig. 19.2 ora triangle, once two of
the of the spins are aligned opposite each other, independent of Wdh direction the spin on the
last site points, it cannot be antiparallel to both of its neighbors. It turns out that (assuming
the spins are classical variables) the ground state of the antifeomagnetic Heisenberg Hamiltonian

6These are the experiments that won the Nobel prize for Clior d Schull. See footnote 9 from chapter 13.
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on a triangle is the con guration shown on the right of Fig. 19.2. While each bond is not quite
optimally anti-aligned, the overall energy is optimal for this Hamiltonia n’

Figure 19.2: Cartoon of a Triangular Antiferromagnet. Left: An antiferromagnetic interaction
on a triangular lattice is frustrated { not all spins can be antialigned with all of their neighbors.
Right: The ground state of antiferromagnetic interaction on a triangle for classical spins (larges)
is the state on the right, where spins are at 120 to their neighbor.

19.1.3 Ferrimagnetism

Once one starts to look for magnetic structure in materials, one ca nd many other interesting
possibilities. One very common possibility is where you have a unit cell wh more than one variety
of atom, where the atoms have di ering moments, and although theordering is antiferromagnetic
(neighboring spins point in opposite direction) there is still a net magretic moment. An example
of this is shown in Fig. 19.3. Here, the red atoms have a smaller momerthan the green atoms and
point opposite the green atoms. This type of con guration, whereone has antiferromagnetic order,
yet a net magnetization due to di ering spin species, is known agerrimagnetism. In fact, many of
the most common magnets, such as magnetite (R€,) are ferrimagnetic. Sometimes people speak
of ferrimagnets as being a subset of ferromagnets (since they ¥ nonzero net magnetic moment in
zero eld) whereas other people think the word \ferromagnet" implies that it exclude the category
of ferrimagnets?

19.2 Breaking Symmetry

In any of these ordered states, we have not yet addressed theugstion of which direction the
spins will actually point. Strictly speaking, the Hamiltonian Eq. 19.2 is rotationally symmetric |
the magnetization can point in any direction and the energy will be the same! In a real system,
however, this is rarely the case: due to the asymmetric environménthe atom feels within the
lattice, there will be some directions that the spins would rather poirt than others (This physics

"Try showing this!

8The fact that the scienti ¢ cannot come to agreement on so man y de nitions does make life di cult sometimes.
However, such disagreements inevitably come from the fact t hat many di erent communities, from high energy
physicists to chemists, are interested in this type of physi cs. Coming from such diverse backgrounds, it is perhaps
more surprising that there aren't even more disagreements!
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Figure 19.3: Cartoon of a Ferrimagnet: Ordering is antiferromagnéc, but because the diernt
spin species have di erent moments, there is a net magnetization

was also discussed above in section 18.6). Thus to be more accurate might need to add an
additional term to the Heisenberg Hamiltonian. One possibility is to writ €
1 X X
H= - JS S (S?)? (19.3)
hijj i i

(again dropping any external magnetic eld). The term here favors the spin to be pointing in
the +% direction or the 2 direction, but not in any other direction. (You could imagine this being
appropriate for a tetragonal crystal elongated in the 2 direction). This energy from the term is
sometimes known as theanisotropy energysince it favors certain directions over others. Another
possible Hamiltonian is
1 X X
H= 5 IS § -~ [(S)*+(SH*+(sH) (19.4)
hijj i i

which favors the spin pointing along any of the orthogonal axis diretions | but not towards any
in-between angle.

In some cases (as we discussed in Section 18.6) the coe cient may be substantial. In
other cases it may be very small. However, since the pure HeisenlgeHamiltonian Eq. 19.2 does
not prefer any particular direction, even if the anisotropy ( ) term is extremely small, it will
determine the direction of the magnetization in the ground state. We say that this term \breaks
the symmetry." Of course, there may be some symmetry remaining.For example, in Eq. 19.3, if
the interaction is ferromagnetic, the ground state magnetizationmay be all spins pointing in the
+ direction, or equally favorably, all spins pointing in the 2 direction.

19.2.1 Ising Model

If the anisotropy ( ) term is extremely large, then this term can fundamentally change he Hamil-
tonian. For example, let us take a spinS Heisenberg model. Adding the term in 19.3 with a

9For small values of the spin quantum number, these added inte ractions may be trivial. For example, for spin
1/2, we have (S;)? = (Sy)? = (Sz)? = 1. However, as S becomes larger, the spin becomes more like a classical
vector and these such terms will favor the spin pointing in the corresponding dire  ctions.
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large coe cient, forces the spin to be either S, = + Sor S, = S with all other values of S,
having a much larger energy. In this case, a new e ective model mape written
1 X X
H = E \]ij+g BB i (195)
hiij i [
where ; = S only (and we have re-introduced the magnetic eld B). This model is known as

the Ising modef® and is an extremely important model in statistical physics!*.

19.3 Summary of Magnetic Orders

Ferromagnets: spins align. Antiferromagnets: spins antialign with reighbors so no net mag-
netization. Ferrimagnets: spins antialign with neighbors, but alternating spins are di erent
magnitude so there is a net magnitization anyway. Microscopic spinstsictures of this sort
can be observed with neutrons.

Useful model Hamiltonians include Heisenberg (JS; S;) for isotropic spins, and Ising
JS{ S} for spins that prefer to align along only one axis.

Spins generally do not equally favor all directions equally (as the Heiggherg model suggest).
Terms that favor spins along particular axes may be weak or strong Even if they are weak,
they will pick a direction among otherwise equally likely directions.

References

Blundell, section 5.1{5.3 (Very nice discussion, but covers mean eld heory at the same
time which we will cover in chapter 21 below.)

Burns, section 15.4{15.8 (same comment).

10\|sing" is properly pronounced \Ee-sing" or \Ee-zing". In t he United States it is habitually mispronounced
\Eye-sing". The Ising model was actually invented by Wilhel ~m Lenz (another example of Stigler's law, see footnote
10 in section 14.2). Ising was the graduate student who worke d on this model his graduate dissertation.

11 The Ising model is frequently referred to as the \hydrogen at om" of statistical mechanics since it is extremely
simple, yet it shows many of the most important features of co mplex statistical mechanical systems. The one
dimensional version of the model was solved in by Ising in 192 5, and the two dimensional version of the model
was solved by Onsager in 1944 (a chemistry Nobel Laureate, wh o was amusingly red by my alma-mater, Brown
University, in 1933). Onsager's achievement was viewed as s o important that Wolfgang Pauli wrote after world war
two that \nothing much of interest has happened [in physics d uring the war] except for Onsagers exact solution of
the two-dimensional Ising model." (Perhaps Pauli was spoil ed by the years of amazing progress in physics between
the wars). If you are very brave, you might try calculating th e free energy of the one-dimensional Ising model at
nite temperature.



Chapter 20

Domains and Hysteresis

20.1 Macroscopic E ects in Ferromagnets: Domains

We might think that in a ferromagnet, all the spins in the system will alig n as described above in
the Heisenberg (or Ising) models. However, in real magnets, this ifequently not the case. To
understand why this is we imagine splitting our sample into two halfs as kown in Fig. 20.1. Once
we have two magnetic dipoles it is clear that they would be lower energyf one of them ipped over
as shown it at the far right of Fig. 20.1. (The two north faces of these magnets repel each othéy.
This energy, the long range dipolar force of a magnet, is not descrid in the Heisenberg or Ising
model at all. In those models we have only included nearest neighbor feraction between spins.
As we mentioned above, the actual magnetic dipolar force betweerlectronic spins (or orbital
moments) is tiny compared to the interaction \exchange" force baween neighboring spins. But
when you put together a whole lot of atoms (like 133 of them!) to make a macroscopic magnet,
the summed e ect of their dipole moment can be substantial.

Of course, in an actual ferromagnet (or ferrimagnet), the mateial does not really break
apart, but nonetheless di erent regions will have magnetization in d erent directions in order to
minimize the dipolar energy. A region where the moments all point in onegiven direction is known
as adomain or a Weiss domain? The boundary of a domain, where the magnetization switches
direction is known as adomain walf. Some possible examples of domain structures are sketched
in Fig. 20.2. In the left two frames we imagine an Ising-like ferromagnewhere the moment can
only point up or down. The left most frame shows a magnet with net zeo magnetization. Along
the domain walls, the ferromagnetic Hamiltonian is \unsatis ed". In o ther words, spin-up atoms
on one side of the domain wall have spin-down neighbors | where the FHamiltonian says that they
should want to have spin up neighbors only. What is happening is that he system is paying an

1 Another way to understand the dipolar force is to realize tha t the magnetic eld far away from the magnets will

pe much lower if the two magnets are antialigned with each oth er. Since the electromagnetic eld carries energy
dVjBj2= g, minimizing this magnetic eld lowers the energy of the two d ipoles.

2 After Pierre-Ernest Weiss, one of the fathers of the study of magnets from the early 1900s.

3Domain walls can also occur in antiferromagnets. Instead of the magnetization switching directions we imagine
a situation where to the left of the wall, the up-spins are ont he even sites, and the down-spins are on the odd-sites,
whereas on the right of the domain wall the up-spins are on the odd sites and the down spins are on the even sites.
At the domain wall, two neighboring sites will be aligned rat  her than anti-aligned. Since antiferromagnets have no
net magnetization, the argument that domain walls should ex ist in ferromagnets is not valid for antiferromagnets.
In fact, it is always energetically unfavorable for domain w  alls to exist in antiferromagnets, although they can occur
at nite temperature.
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Figure 20.1: Dipolar Forces Create Magnetic Domains. Left: The orighal ferromagnet. Middle:

The original ferromagnet broken into two halves. Right: Because Wwo dipoles next to each other
are lower energy if their moments are anti-aligned, the two broken hlves would rather line up in

opposing directions to lower their energies (the piece on the right had side has been ipped over
here). This suggests that in large ferromagnets, domains may fon.

energy cost along the domain wall in order that theglobal energy associated with the long range
dipolar forces is minimized.

If we apply a small up-pointing external eld to this system, we will obtain the middle
picture where the up pointing domains grow at the expense of the deon pointing domains to give
an overall magnetization of the sample. In the rightmost frame of Fg. 20.2 we imagine a sample
where the moment can point along any of the crystal axis direction$. Again in this picture the
total magnetization is zero but it has rather complicated domain structure.

20.1.1 Disorder and Domain Walls

The detailed geometry of domains in a ferromagnet depends on a numer of factors. First of all,
it depends on the overall geometry of the sample. (For example, ifite sample is a very long thin
rod and the system is magnetized along the long axis, it may gain very lite energy by forming
domains). It also depends on the relative energies of the neighbor teraction versus the long
range dipolar interaction: increasing the strength of the long rang dipolar forces with respect to
the neighbor interaction will obviously decrease the size of domainsh@ving no long range dipolar
forces, will result in domains of in nite size). Finally, the detailed disorder in a sample can e ect
the shape and size of magnetic domains. For example, if the sample i®lycrystaline, each domain
could be a single crystallite (a single microscopic crystal).

4See for example the Hamiltonian, Eq. 19.4, which would have m oments pointing only along the coordinate axes
| although that particular Hamiltonian does not have the lon g range magnetic dipolar interaction written, so it
would not form domains.
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1

Figure 20.2: Some Possible Domain Structures for a Ferromagnet.dft: An Ising-like ferromagnet
where in each domain the moment can only point either up or down. Midde: When an external
magnetic eld pointing upwards is applied to this ferromagnet, it will de velop a net moment by
having the down-domains shrink and the up-domains expand (The loal moment per atom remains
constant | only the size of the domains change). Right: In this ferr omagnet, the moment can
point in any of the crystal axis directions.

20.1.2 Disorder Pinning

Even for single-crystal samples, disorder can play an extremely imgrtant role in the physics of
domains. For example, a domain-wall can have lower energy if it passeover a defect in the crystal.
To see how this occurs let us look at a domain wall in an Ising ferromaget as shown in Fig. 20.3.
All bonds are marked red where spins are antialigned rather than aliged. In both gures the

domain wall starts and ends at the same points, but on the right it fdlows a path through a defect
in the crystal | in this case a site that is missing an atom. When it inters ects the location of
the missing atom, the number of antialigned bonds (marked) is lowerand therefore the energy is
lower. Since this lower energy makes the domain wall stick to the missop site, we say the domain
wall is pinned to the disorder.

20.1.3 The Bloch/Neel Wall

Our discussion of domain walls so far has assumed that the spins camly point up or down |
that is, the term in Eg. 19.3 is extremely strong. However, it often happens thathis is not
true | the spins would prefer to point either up or down, but there is not a huge energy penalty
for pointing in other directions instead. In this case the domain wall might instead be more of a
smooth rotation from spins pointing up to spins pointing down as show on the right of Fig. 20.4.
This type of smooth domain wall is known as aBloch wall or Neel wall® depending on which
direction the spin rotates in with respect to the direction of the domain wall itself (a somewhat
subtle di erence, which we will not discuss further here). The length of the domain wall (L in the

SWe have already met our heros of magnetism | Felix Bloch and Lo uis Neel.
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Figure 20.3: Domain Wall Pinning. The energy of a domain wall is lower if the domain wall goes
through the position of a defect in the crystal. Here, the green dbis supposed to represent a
missing spin. The red bonds, where spins are anti-aligned each costergy. When the domain wall
intersects the location of the missing spin, there are fewer red bats, therefore it is a lower energy
con guration. (There are 12 red bonds on the left, but only 10 on the right).

gure, i.e., how many spins are pointing neither up nor down) is clearly cependent on a balance
between the J term of Eq. 19.3 (known sometimes as thespin stiness) and the term, the

anisotropy. As mentioned above, if =J is very large, then the spins must point either up or down
only. In this case, the domain wall is very sharp, as depicted on the R of Fig. 20.4. On the

other hand, if =J is small, then it costs little to point the spins in other directions, and it is more

important that each spin points mostly in the direction of its neighbor. In this case, the domain
wall will be very fat, as depicted on the right of Fig. 20.4.

A very simple scaling argument can give us an idea of how fat the Bloch¥eel wall is. Let
us say that the the length of the wall is N lattice constants, soL = Na is the actual length of the
twist in the domain wall (See Fig. 20.4). Roughly let us imagine that the in twists uniformly
over the course of theseN spins, so between each spin and its neighbor, the spin twists an angle

= =N . The rstterm JS; S; in the Hamiltonian 19.3 then can be rewritten in terms of the
angle between the neighbors

2
Eone bond = JSi S§j= JSZ%cos(; )= JS? 1 (2) + oo

where we have used the fact that is small to expand the cosine. Naturally, the energy of this
term is minimized if the two neighboring spins are aligned, that is = 0. However, if they are
not quite aligned there is an energy penalty of

E one bond = JS?( )?=2=JS?(=N )2=2

This is the energy per bond. So the energy of the domain wall due tohis spin \sti ness" is

E st
A = NJS?(=N )*=2
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Figure 20.4: Domain Wall Structure. Left: An in nitely sharp domain w all. This would be realized
if the anisotropy energy ( ) is extremely large so the spins must point either up or down (i.e., this
is a true Ising system). Right: A Bloch/Neel wall (actually this depic ts a Neel wall) where the spin
ips continuously from up to down over a length scaleL. The anisotropy energy here is smaller so
that the spin can point at intermediate angle for only a small energy penalty. By twisting slowly
the domain wall will pay less spin-sti ness energy.

Here we have written the energy, per unit areaA of the domain wall in units of the lattice constant
a.

On the other hand, in Eq. 19.3 there is a penalty proportional to S 2 per spin when the
spins are not either precisely up or down. We estimate the energy duto this term to be S 2 per
spin, or a total of

E anisotropy 2
——=  S*°N
A=a?
along the length of the twist.® Thus the total energy of the domain wall is

E tot

Aeal " JS?( ?=2)=N+ S 2N

This can be trivially minimized resulting in a domain wall twist having length L = Na with

N=C @) (20.1)

6This approximation of the energy of the term is annoyingly crude. To be more precise, we should inste ad
write S 2cos?( ;) and then sum over i. Although this makes things more complicated, it is still po  ssible to solve
the problem so long as the spin twists slowly so that we can rep lace the nite di erence with a derivative, and
replace the sum over sites with an integral. In this case, one minimizes the function
z

E= dx JS?@%=2)(d (x)=dx)> S 2cos® (x) =a

with a the lattice constant. Using calculus of variations the mini  mum of this energy is given by the solution of the
di erential equation
(Ja?= )d? =dx? sin(2 )=0
which has a truly remarkable solution of the form
b ro_

(x)=2tan ! exp = 2(x=a) 5
where we once again see tae saH1eL P J= scaling. Plugging in this solution, the total energy of the d  omain wall
becomesEt =(A=a2)=2" 252" J .
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and a minimum domain wall energy per unit area

min
Etot

A=a?

p__
= CpS? J

where C; and C, are constants of order unity (which we will not get right here consicering the
crudeness our approximation, but see footnote 6). As predictedthe length increases withJ= . In
many real materials the length of a domain wall can be hundreds of ldtce constants.

Since the domain wall costs an energy per unit area, it is energeticallynfavorable. However,
as mentioned above, this energy cost is weighed against the long+rge dipolar energy which tries
to introduce domain walls. The more energy the domain wall costs,thdarger individual domains
will be (to minimize the number of domain walls). Note that if a crystal is extremely small (or,
say, one considers a single crystallite within a polycrystaline sample) itan happen that the size
of the crystal is much smaller than the optimum size of the domain walltwist. In this case the
spins within this crystallite always stay aligned with each other.

Finally we comment that even though the actual domain wall may be hundreds of lattice
constants thick, it is easy to see that these objects still have a tedency to stick to disorder as
described in section 20.1.1 above.

20.2 Hysteresis in Ferromagnets

We know from our experience with electromagnetism that ferromagets show a hysteresis loop
with respect to the applied magnetic eld, as shown in Fig. 20.5. Aftera large external magnetic
eld is applied, when the eld is returned to zero there remains a residial magnetization. We

can now ask why this should be true. In short, it is because there is #arge activation energy for

changing the magnetization.

e

/

Figure 20.5: The Hysteresis Loop of a Ferromagnet

20.2.1 Single-Domain Crystallites

For example, let us consider the case of a ferromagnet made of masmall crystallites. If the
crystallites are small enough then all of the moments in each crystiéite point in a single direction.
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(We determined in section 20.1.3 that domain walls are unfavorable in smll enough crystallites).
So let us imagine that all of the microscopic moments (spins or orbitamoments) in this crystallite
are locked with each other and point in the same direction. The energper volume of the crystallite
in an external eld can be written as

E=V=E, M B qM?)?

where hereM is magnetization vector, and M, is its component in the 2 crystal axis. Here the
anisotropy term  © stems from the anisotropy term in the Hamiltonian 19.37 Note that we have
no J term since this would just give a constant if all the moments in the crystallite are always
aligned with each other.

Assuming that the external eld B is pointing along the 2 axis (although we will allow it to
point either up or down) we then have

E=V = Eo j MjjBjcos 9M j? cog (20.2)

where jM j is the magnitude of magnetization and cos is the angle of the magnetization with
respect to the 2* axis.

We see that this energy is a parabola in the variable cos which ranges from +1 to 1.
The minimum of this energy is always when the magnetization points in tre same direction as
the external eld (which we have taken to always point in the either the +2 or 2 direction,
corresponding to =0 or ). However, for small B, the energy is not monotonic in . Indeed,
having the magnetization point in the opposite direction as B is also a local minimum (because
the ©term favors pointing along the z-axis). This is shown schematically in Fg. 20.6. It is an
easy exercis to show that there will be a local minimum of the energy with the magnaization
pointing the opposite direction as the applied eld for B <B i with

Beit =2 (iMJ

So if the magnetization is aligned along the 2 direction and a eld B < B i is applied in the
+ direction, there is an activation barrier for the moments to ip over . Indeed, since the energy
shown in Eq. 20.2 is an energyer-volume the activation barrier ® can be very large. As a result,
the moments will not be able to ip until a large enough eld ( B > B i ) is applied to lower the
activation barrier, at which point the moments ip over. Clearly this t ype of activation barrier
can result in hysteretic behavior as shown in Fig. 20.5.

20.2.2 Domain Pinning and Hysteresis

Domains turn out to be extremely important for determining the det ailed magnetic properties of
materials { and in particular for understanding hysteresis in crystals that are su ciently large that

they are not single-domain (Recall that we calculated the size. of a domain wall in Eq. 20.1.
Crystals larger than this size can in principle contain a domain wall). As mentioned above, when
a magnetic eld is externally applied to a ferromagnet, the domain walls move to re-establish a
new domain con guration (See the left two panels of Fig. 20.2) and tlerefore a new magnetization.

7In particular since M = g g$S with the number of spins per unit volume we have %= =[(g g)?2 ]. Further
we note that the M B term is precisely the Zeeman energy + g g B S per unit volume.

8Try showing it!

9In principle the spins can get over the activation barrier ei ther by being thermally activated or by quantum
tunneling. However, if the activation barrier is su cientl y large (i.e., for a large crystallite) both of these are grea tly
suppressed.
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Figure 20.6: Energy of an Anisotropic Ferromagnet in a Magnetic Fieldas a Function of Angle.
Left: Due to the anisotropy, in zero eld the energy is lowest if the gins point either in the +%z or

2 direction. When a eld is applied in the +“z direction the energy is lowest when the moments
are aligned with the eld, but there is a metastable solution with the moments pointing in the
opposite direction. The moments must cross an activation barrier b ip over. Right: For large
enough eld, there is no longer a metastable solution.

However, as we discussed in section 20.1.2 above, when there is ddgrin a sample, the domain
walls can get pinned to the disorder: There is a low energy con gurabn where the domain wall
intersects the disorder, and there is then an activation energy tomove the domain wall. This
activation energy, analogous to what we found above in section 20.2, results in hysteresis of the
magnet.

It is frequently the case that one wants to construct a ferromagpet which retains its magne-
tization extremely well | i.e., where there is strong hysteresis, and even in the absence of applied
magnetic eld there will be a large magnetization. This is known as a \hard" magnet (also known
as a \permanent" magnet). It turns out that much of the trick of constructing hard magnets is
arranging to insert appropriate disorder and microstructure to grongly pin the domain walls.

20.3 Summary of Domains and Hysteresis in Ferromagnets

Although short range interaction in ferromagnet favors all magernic moments to align, long
range dipolar forces favors spins to anti-align. A compromise is reded with domains of
aligned spins where di erent domains point in di erent directions. A very small crystal may
be a single domain.

The actual domain wall boundary may be a continuous rotation of the spin rather than a
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sudden ip over a single bond-length. The size of this spin structuredepends on the ratio
of the ferromagnetic energy to the anisotropy energy. (l.e., if it isvery costly to have spins
point in directions between up and down then the wall will be over a sinde bond length).

Domain walls are lower energy if they intersect certain types of disader in the solid. This
results in the pinning of domain walls { they stick to the disorder.

In a large crystal, changes in magnetization occur by changing theize of domains. In poly-
crystalline samples with very small crystallites, changes in magnetizéon occur by ipping
over individual single-domain crystallites. Both of these processesan require an activation
energy (domain motion requires activation energy if domain walls are jned) and thus result
in hysteretic behavior a magnetization in ferromagnets.
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Chapter 21

Mean Field Theory

Given a Hamiltonian for a magnetic system, we are left with the theorgical task of how to predict
its magnetization as a function of temperature (and possibly extenal magnetic eld). Certainly
at low temperature, the spins will be maximally ordered, and at high temperature, the spins will
thermally uctuate and will be disordered. But calculating the magnetization as a function of
temperature and applied magnetic eld, is typically a very hard task. Except for a few very
simple exactly solvable models (like the Ising model in one dimension) we ust always resort to
approximations. The most important and probably the simplest such approximation is known as
\Mean Field Theory" or \Molecular Field theory" or \Weiss Mean Field th eory"! which we will
discuss in depth in this chapter.

The general concept of mean eld theory proceeds in two steps:

First, one examines one site (or one unit cell, or some small region) antreats it exactly.
Any object outside the unit cell is approximated as an expectation én average or amean).

The second step is to impose self-consistency: Every site (or unied, or small region) in the
entire system should look the same. So the one site we treated exfcshould have the same
average as all of the others.

This procedure is extremely general and can be applied to problemsnging from magnetism to lig-
uid crystal to uid mechanics. We will demonstrate the procedure as it applies to ferromagnetism.
For a homework problem we will consider how mean eld theory can be pplied to antiferromagnets
as well (further generalizations should then be obvious).

21.1 Mean Field Equations for the Ferromagnetic Ising Model

As an example, let us consider the spin-1/2 Ising model

1 X X

5 Jij+tgsB i
hisj i i

H =

1The same Pierre-Ernest Weiss for whom Weiss domains are name d.
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whereJ > 0, and here = 1=2is the z-component of the spin and the magnetic eldB is applied

in the 2 direction (and as usual g is the Bohr magneton). For a macroscopic system, this is a
statistical mechanical system with 16 degrees of freedom, where all the degrees of freedom are
now coupled to each other. In other words, it looks like a hard problen!

To implement mean eld theory, we focus in on one site of the problem,say, sitei. The
Hamiltonian for this site can be written as
0 1
X
Hi= @ gB J A
j
where the sum is over siteg that neighbor i. We think of the term in brackets as being caused by
some e ective magnetic eld seen by the spin on site, thus we de ne Best;i such that
X
g BBetti =g B J i
i
with again j neighboringi. Now Bt iS not a constant, but is rather an operator since it contains
the variables ; which can take several values. However, the rst principle of meaneld theory
is that we should simply take an average of all quantities that are notsite i. Thus we write the
Hamiltonian of site i as
Hi=g ghBeft i |

This is precisely the same Hamiltonian we considered when we studied pamagnetism in Eqg. 18.6
above, and it is easily solvable. In short, one writes the partition furction

Zi=e 9 BMBert 1=2 4 o0 BMBerr i=2
From this we can derive the expectation of the spin on sitei (compare Eq. 18.8)
. 1 .
hii = Etanh( g sMBer 172) (21.1)
However, we can also write that

gBeti=g B J hji
j
The second step of the mean eld approach is to seh i to be equal on all sites of the lattice, so

we obtain
g gBeis i =g gB  Jzhii (21.2)

where z is the number of neighborsj of site i (this is known as the coordination number of the
lattice, and this factor has replaced the sum onj). Further, again assuming that h i is the same
on all lattice sites, from Eq. 21.1 and 21.2, we obtain the self-consishcy equation forh i given

by

his= %tanh( [g B Jzhi]=2) (21.3)

The expected moment per site will correspondingly be given b3

m= g ghi (21.4)

?Recall the the spin points opposite the moment! Ben Franklin , why do you torture us so? (See footnote 13 of
section 4.3)
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21.2 Solution of Self-Consistency Equation

The self-consistency equation, Eq. 21.3 is still complicated to solveOne approach is to nd the
solution graphically. For simplicity, let us set the external magnetic eld B to zero. We then have
the self-consistency equation

.1 Jz .
hi= Etanh Th i (21.5)

We then choose a value of the parameterdJz= 2. Let us start by choosing a value Jz=2 =1 that
is somewhat small, i.e., a high temperature. Then in Fig. 21.1 we plot boththe right hand side of
Eq. 21.5 as a function ofh i (in blue) and the left hand side of Eqg. 21.5 (in green). Note that the
left hand side ish i so the straight line is simply y = x. We see that there is only a single point
where the two curves meet, i.e., where the left side equals the rightide. This point, in this case is
h i = 0. From this we conclude that, for this value temperature, within m ean eld approximation,
there is no magnetization in zero eld.

S

Figure 21.1: Graphical Solution of the Mean Field Self Consistency Eqations at Relatively High
Temperature Jz=2 = 1. The blue line is the tanh of Eq. 21.5. The green line is just the line
y = X. Eq. 21.5 is satis ed only where the two curves cross { i.e., ah i =0 meaning that at this
temperature, within the mean eld approximation, there is no magnetization.

Let us now reduce the temperature substantially to Jz=2 = 6. Analogously, in Fig. 21.2
we plot both the right hand side of Eq. 21.5 as a function ofh i (in blue) and the left hand side
of Eqg. 21.5 (in green). Here, however, we see there are three pilsle self-consistent solutions to
the equations. There is the solution ath i = 0 as well as two solutions marked with arrows in the
gure at h i :497. The two nonzero solutions tell us that at low temperature this system can
have nonzero magnetization even in the absence of applied eld | i.e., it is ferromagnetic.

The fact that we have possible solutions with the magnetization pointng in both directions
is quite natural: The Ising ferromagnet can be polarized either spin p or spin down. However, the
fact that there is also a self-consistent solution with zero magnetiation at the same temperature
seems a bit puzzling. We will see as a homework assignment that wheihere are three solutions,
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Figure 21.2: Graphical Solution of the Mean Field Self Consistency Eqations at Relatively Low
Temperature Jz=2 = 6. Here, the curves cross at three possible valuefi(i =0 and h i :497).
The fact that there is a solution of the self-consistency equationsvith nonzero magnetization tells
us that the system is ferromagnetic (the zero magnetization solubn is non-physical).

the zero magnetization solution is actually a solution of maximal free aergy not minimal free
energy, and therefore should be discarded

Thus the picture that arises is that at high temperature the system has zero magnetization
(and we will see below that it is paramagnetic) whereas at low tempertre a nonzero magnetization
develops and the system becomes ferromagnetic The transition between these two behaviors
occurs at a temperature known asT., which stands for critical temperature® or Curie temperature®.
It is clear from Figs. 21.1 and 21.2 that the behavior changes from am solution to three solutions
precisely when the straight green line is tangent to the tanh curvej.e., when the slope of the tanh
is unity. This tangency condition thus determines the critical temperature. Expanding the tanh
for small argument, we obtain the tangency condition

1 cJZ
1=
2 2
or when the temperature is
Jz
KpTc = vy

Using the above technique, one can solve the self-consistency edions (Eq. 21.5) at
any temperature (although there is no nice analytic expression, it an be solved numerically or

3We will see (as a homework problem) that our self-consistenc y equations are analogous to when we nd the
minimum of a function by di erentiation | and we may also nd m axima as well.

41t is quite typical that at high temperatures, a ferromagnet will turn into a paramagnet, unless something else
happens rst | like the crystal melts.

SStrictly speaking it should only be called a critical temper  ature if the transition is second order. l.e., if the
magnetization turns on continuously at this transition. Fo  r the Ising model, this is in fact true, but for some
magnetic systems it is not true.

6Named for Pierre again.
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graphically). The results are shown in Fig. 21.3. Note that at low enogh temperature, all of the
spins are fully aligned ¢ i = 1=2 which is the maximum possible for a spin-1/2). One can also, in

Figure 21.3: Magnetization as a Function of Temperature. The plot fiows the magnitude of the
moment per site in units of g g as a function of temperature in the mean eld approximation of
the spin-1/2 Ising model, with zero external magnetic eld applied.

principle, solve the self-consistency equation (Eqg. 21.3) with nite magnetic eld B.

21.2.1 Paramagnetic Susceptibility

At high temperature there will be zero magentization in zero exterrally applied eld. However,
at nite eld, we will have a nite magnetization. Let us imagine applying a small magnetic eld
and solve the self-consistency equations Eg. 21.3. Since the appliegld is small, we can assume
that the induced h i is also small. Thus we can expand the tanh in Eq.21.3 to obtain

his= %( [bzhi g sB]=2)

Rearranging this then gives

hi= (g 8)B _ (g 8)B
1 13z ko(T  Tc)
which is valid only so long ash i remains small. The moment per site is then given by (See Eq.
21.4)ym = g gh i which divided by the volume of a unit cell gives the magnetizationM . Thus

we nd that the susceptibility is

@A_ % (g B)2 0 _ Curie
@B kp(T To) 1 Te=T
where is the number of spins per unit volume and cyie IS the pure Curie susceptibility of
a system of (noninteracting) spin-1/2 particles (Compare Eq. 18.9. Eg. 21.6 is known as the
Curie-Weiss Law. Thus, we see that a ferromagnet above its critical temperatureis roughly a
paramagnet with an enhanced susceptibility. Note that the suscetbility diverges at the transition
temperature when the system becomes ferromagnetic.

(21.6)

"This divergence is in fact physical. As the temperature is re duced towards T, the divergence tells us that it
takes a smaller and smaller applied B eld to create some xed magnetization M . This actually makes sence since
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21.2.2 Further Thoughts

As mentioned above, the mean- eld procedure is actually very gemal. As a homework problem
we will also study the antiferromagnet. In this case, we divide the sgtem into two sublattices |
representing the two sites in a unit cell. In that example we will want to treat one spin of each
sublattice exactly, but as above each spin sees only the averageldefrom its neighbors. One can
generalize even further to consider very complicated unit cells.

Aside: It is worth noting that the result of solving the Antierromagnetic Ising model gives

Curie

compared Eq. 21.6. It is this di erence in susceptibility tht pointed the way to the discovery of anitferromag-
nets.

We see that in both the ferromagnetic and antiferromagnetic casgat temperatures much
larger than the critical temperature (much larger than the exchange energy scalel), the system
behaves like a pure free spin Curie paramagnet. In section 18.6.3 abwe asked where we might
nd free spins so that a Curie paramagnet might be realized. In fact now we discover that any
ferromagnet or antiferromagnet (or ferrimagnet for that matt er) will appear to be free spins at
temperatures high enough compared to the exchange energy. deed, it is almost always the case
that when one thinks that one is observing free spins, at low enouglenergy scales one discovers
that in fact the spins are coupled to each other!

The principle of mean eld theory is quite general and can be applied toa vast variety of
di cult problems in physics 8. No matter what the problem, the principle remains the same |
isolate some small part of the system to treat exactly, average erything outside of that small
system, then demand self-consistency: that the average of themall system should look like the
chosen average of the rest of the system.

While the mean eld approach is merely an approximation, it is frequently a very good ap-
proximation for capturing a variety of physical phenomena. Furthermore, many of its shortcomings
can be systematically improved by considering successively more gections to the initial mean
eld approach?®.

21.3 Summary of Mean Field Theory

Understand the mean eld theory calculation for ferromagnets. Understand how you would
generalize this to any model of antiferromagnets (homework), fieimagnets (try it!) di erent
spins, anisotropic models, etc etc.

For the ferromagnet the important results of mean eld theory includes:

once the temperature is below T¢, the magnetization will be nonzero even in the absence of any applied B.

8n chapter 2 we already saw another example of mean eld theor y, when we considered the Boltzmann and
Einstein models of speci c heat of solids. There we consider ed each atom to be in a harmonic well formed by all of
its neighbors. The single atom was treated exactly, whereas the neighboring atoms were treated only approximately
in that their positions were essentially averaged in order t o simply form the potential well | and nothing further
was said of the neighbors. Another example in similar spirit  was given in footnote 2 of chapter 17 where an alloy
of Al and Ga with As is replaced by some averaged atom Al yGa; x and is still considered a periodic crystal. (No
unit cell is treated exactly in this case, all are replaced by the average unit cell).

9The motivated student might want to think about various ways one might improve mean eld theory system-
atically. One approach is discussed in the Additional Probl ems.
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{ a nite temperature phase transition from a low temperature ferromagnetic phase to a
high temperature paramagnetic phase at a transition temperatue known as the Curie

temperature.

{ Above the curie temperature the paramagnetic susceptibility is = cuie =(1 Tc=T)
where ¢ is the susceptibility of the corresponding model where the ferromgnetic cou-
pling between sites is turned o .

{ Below T, the magnetic moment turns on, and increases to saturation at thelowest
temperature.

References on Mean Field Theory

Ibach and Luth, chapter 8 (particularly 8.6, 8.7)
Hook and Hall, chapter 8 (particularly 8.3, 8.4)
Kittel, beginning of chapter 12

Burns, section 15.5

Ashcroft and Mermin, chapter 33
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Chapter 22

Magnetism from Interactions: The
Hubbard Model

So far we have only discussed ferromagnetism in the context of isdkd spins on a lattice that align
due to their interactions with each other. However, in fact many maerials have magnetism where
the magnetic moments { the aligned spins { are not pinned down, but ather can wander through
the system. This phenomenon is known adtinerant ferromagnetism®. For example, it is easy to
imagine a free electron gas where the number of up spins is di erentrém the number of down
spins. However, for completely free electrons it is always lower engy to have the same number
of up and down spins than to have the numbers di e?. So how does it happen that electrons can
decide, even in absence of external magnetic eld, to polarize theispins? The culprit is the strong
Coulomb interaction between electrons. On the other hand, we will se that antiferromagentism
can also be caused by strong interaction between electrons as well!

The Hubbard modeP is an attempt to understand the magnetism that arises from inter-
actions between electrons. It is certainly the most important modé of interacting electrons in
modern condensed matter physics. We will see through this modeldw interactions can produce
both ferro- and anti-ferromagnetism (this was alluded to in section18.2.1).

The model is relatively simple to describé. First we write a tight binding model for a band

Litinerant means traveling from place to place without a home  (from Latin iter, or itiner meaning journey or
road. In case anyone cares.)

2The total energy of having N electrons spin up in a system is proportional to NEg = N(N=V)2=¢ where d
is the dimensionality of the system (you should be able to pro ve this easily). We can write E = CN1*2a with
a> 0 and C some constant. For N- up spins and Ny downspins, we have a total energy E = CNI 234+ CN#+ a=
C(N..1+ 8+(N N-)*a)where N is the total number of electrons. Setting dE=dN = 0 immediately gives N-. = N=2
as the minimum energy con guration.

3John Hubbard, a British physicist, wrote down this model in 1~ 963 and it quickly became an extremely important
example in the attempt to understand interacting electrons . Despite the success of the model, Hubbard, who died
relatively young in 1980, did not live to see how important hi s model became: In 1986, when the phenomenon
of \high temperature superconductivity" was discovered by Bednorz and Mdller (resulting in a Nobel prize the
following year), the community quickly came to believe that  an understanding of this phenomenon would only come
from studying the Hubbard model. Over the next two decades th e Hubbard model took on the status of being
the most important question in condensed matter physics. Its co mplete solution remains elusive despite the tens of
thousands of papers written on the subject. It is a shame that we do not have time to discuss superconductivity in
this course.

4The reason most introductory books do not cover the Hubbard m odel is that the model is conventionally
introduced using so-called \second quantized" notation | t hat is, using eld-theoretic methods which are rather

235
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of electrons as we did in chapter 10 with hopping parametet. (We can choose to do this in one,
two, or three dimensions as we see %). We will call this Hamiltonian Ho. As we derived above
(and should be easy to derive in two and three dimensions now) the fubandwidth of the band
is 4dt in d dimensions. We can add as many electrons as we like to this band. Letsude ne the
number of electrons in the band per site to be called the dopingx (so that x=2 is the fraction of
k states in the band which are lled being that there are two spin states). As long as we do not
Il all of the states in the band ( x < 2), in the absence of interactions, this partially lled tight
binding band is a metal. Finally we include the Hubbard interaction
X
Hinteraction = U ni» nig (22.1)

where heren;- is the number of electrons with spin up on sitei and n;4 is the number of electrons
on site i with spin down, and U > 0 is an energy known as the repulsive Hubbard interaction
energy. This term gives an energy penalty ofU whenever two electrons sit on the same site of
the lattice. This short ranged interaction term is an approximate representation of the Coulomb
interaction between electrons. The full Hubbard model Hamiltonian is given by the sum of the
kinetic and interaction pieces

H = Hp + Hinteraction

22.1 Ferromagnetism in the Hubbard Model

Why should this on-site interaction create magnetism? Imagine for amoment that all of the
electrons in the system had the same spin state (a so-called \spingtarized" con guration). If this
were true, by the Pauli exclusion principle, no two electrons could egr sit on the same site. In
this case, the expectation of the Hubbard interaction term would be zero

hPolarized SpingH interacion  jPOlarized Sping =0
which is the lowest possible energy that this interaction term could hae. On the other hand, if
we lled the band with only one spin-species, then the Fermi energy &nd hence the kinetic energy
of the system) would be much higher than if the electrons could be disibuted between the two

possible spin states. Thus, it appears that there will be some compiion between the potential
and kinetic energy that decides whether the spins align or not.

22.1.1 Hubbard Ferromagnetism Mean Field Theory
To try to decide quantitatively whether spins will align or not we start by writing
U U
Uni- nig = Z(ni" + Nig)? Z(ni" Ni#)?
Now we make the approximation of treating all operatorsn;.~ and n;. 4 as their expectations.

U .
—mi" I’li#l2

u .
Uninig - mie + Nigi? ]

advanced. We will avoid this approach, but as a result, we can not delve too deep into the physics of the model.
5In one dimension, the Hubbard model is exactly solvable.
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This type of approximation is a type of mean- eld theory, similar to th at we encountered in the
previous chapter 21: We replace operators by their expectation® The expectation m; + n;. 4i in

the rst term is just the average number of electrons on sitei which is just the average number of
particles per site,” which is equal to the dopingx, which we keep xed.

Correspondingly, the second expectationtm;-  njxi, is related to the magnetization of the
system. In particular, since each electron carriésa magnetic moment of g, the magnetization®
is

M =( g=v)mjz nji

with v the volume of the unit cell. We thus see that the expectation of the @ergy of the Hubbard
interaction is given by

MHinteracton 1 (V=V)(U=4) x? (Mv= B)2 (22.2)

where V=vis the number of sites in the system. Thus, as expected, increasirtpe magnetization
M decreases the expectation of the interaction energy. To determe if the spins actually polarize
we need to weigh this potential energy gain against the kinetic enengcost.

22.1.2 Stoner Criterion 10

Here we calculate the kinetic energy cost of polarizing the spins in oumodel and we balance this
against the potential energy gain. We will recognize this calculation & being almost identical to
the calculation we did way back in section 4.3 when we studied Pauli panmagnetism (but we
repeat it here for clarity).

Consider a system (at zero temperature for simplicity) with the sanme number of spin up
and spin down electrons. Letg(Eg) be the total density of states at the Fermi surface per unit
volume (for both spins put together). Now, let us ip over a small number of spins so that the
spin up and spin down Fermi surfaces have slightly di erent energie¥'.

Erpr = Ep+ =2
Ers = Efp =2
The di erence in the number density of up and down electrons is then
Z Eg+ =2 Z Er =2
, = 4 9E) qe 9E)
0 2 0 2

where we have used the fact that the density of states per unit viume for either the spin-up or
spin-down species i€E).

6This is a slightly dierent type of mean eld theory from that encountered in chapter 21. Previously we
considered some local degree of freedom (some local spin) which we treated exactly, and replaced all other spins by
their average. Here, we are going to treat the kinetic energy term exactly, but replace the operators in the potential
energy term by their averages.

"This assumes that the system remains homogeneous | that is, t  hat all sites have the same average number of
electrons.

8We have assumed an electron g-factor of g =2 and an electron spin of 1/2. Everywhere else in this chapte r the
symbol g will only be used for density of states.

9Recall magnetization is moment per unit volume.

10This has nothing to do with the length of your dreadlocks or th e number of Grateful Dead shows you have been
to (I've been to 6 shows ::: | think).

111t we were being very careful we would adjust Ef to keep the overall electron density - + 4 xed as we change

. For small we would nd that Eg remains unchanged as we change but this is not true for larger
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Although we could carry forward at this point and try to perform th e integrals generally
for arbitrary (indeed we will have a homework problem on this) it is enough for our pesent
discussion to consider the simpler case of very small . In this case, we have

.= 9(Er)
2

The di erence in the number of up and down electrons is related to the magnetization of the system
by®
M= g(s )

SO

- 9(Er)
M= 2
The kinetic energy per unit volume is a bit more tricky. We write
Z Egt+ =2 Z Ee =2
K = gee 9B, dE E —g(f)
0
- z
Er Er+ =2 Er
-2 e B, ae e 95 e 9B o3
0 2 EF 2 EF =2 2
9(Er) (Erp+ =22 EZ EZ (Er =2)?
KM:O + —_— —_— S —
2 2 2 2 2
E
= Kyoo + g(zF)( = 2)?
gEe) M 7
= Kpm= + 22.4
L R ) 224

Where Ky = is the kinetic energy per unit volume for a system with no net magentiation (equal
numbers of spin-up and spin-down electrons).

We can now add this result to Eq. 22.2 to give the total energy of thesystem per unit
volume

2
1 vU
Eiot = Em=0 + — —
tot M =0 Zg(EF) 4
with v the volume of the unit cell. We thus see that for
2
uUu> ——
o(Er)v

the energy of the system is lowered by increasing the magnetizatioffom zero. This condition for
itinerant ferromagnetism is known as the Stoner criterion 2.

Aside: We did a lot of work to arrive at Eq. 22.4. In fact, we cdd have almost have written it down
with no work at all based on the calculation of the Pauli susp#bility we did back in section 4.3. Recall rst
that when an external magnetic eld is applied in the up dirgion to a system, there is an energy induced from
the coupling of the spins to the eld which is given by g ( - #)B = MB (with positive M being de ned

12Edmund Stoner was a British physicist who, among other thing s, gured out the Pauli Exclusion principle in
1924 a year before Pauli. However, Stoner's work focused on t he spectra, and behavior, of atoms, and he was not
bold enough to declare the exclusion was a fundamental prope rty of electrons. Stoner was diagnosed with diabetes
in 1919 at 20 years of age and grew progressively weaker for th e next eight years. In 1927 Insulin treatment became
available, saving his life. He died in 1969.
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in the same direction as positiv8 so that having the two aligned is low energy). Also recall irestion 4.3 that
we derived the (Pauli) susceptibility of an electron systeiis

Paui = 0 lzag(EF)

which means that when a magnetic eldB is applied, a magnetization paui B= o is induced. Thus we can
immediately conclude that the energy of such a system in antesnal eld must be of the form

M2

Pauli

E(M)= MB

To see that this is correct, we minimize the energy with respeto M at a given B and we discover that this
properly gives usM = p,ui B= . Thus, at zero appliedB, the energy should be
M2, M 2
E(M)= =
M) 2 paul 2 29(Er)

exactly as we found in Eq. 22.4!

22.2 Mott Antiferromagnetism in the Hubbard Model

In fact, the Hubbard model is far more complex than the above mea eld calculation would lead
one to believe. Let us now consider the case where the doping is suttat there is exactly one
electron per site of the lattice. For noninteracting electrons, thiswould be a half- lled band, and
hence a conductor. However, if we turn on the Hubbard interactim with a large U, the system
becomes an insulator. To see this, imagine one electron sitting on exesite. In order for an electron
to move, it must hop to a neighboring site which is already occupied. Tls process therefore costs
energy U, and if U is large enough, the hopping cannot happen. This is precisely the plgjcs of
the Mott insulator which we discussed above in section 15.4.

With one immobile electron on each site we can now ask which way the spialign (in the
absence of external eld). For a square or cubic lattice, there ae two obvious options: either the
spins want to be aligned with their neighbors or they want to be anti-digned with their neighbors
(ferromagnetism or antiferromagnetism). It turns out that ant iferromagnetism is favored! To see
this, consider the antiferromagnetic statejGSpi shown on the left of Fig. 22.1. In the absence of
hopping this state is an eigenstate with zero energy (as is any othestate where there is precisely
one electron on each site). We then consider adding the hopping perrbatively. Because the
hopping Hamiltonian allows an electron to hop from site to site (with hopping amplitude t), the
electron can make a \virtual" hop to a neighboring site, as shown in tre right of Fig. 22.1. The
state on the right jXi is of higher energy, (in the absence of hopping it has energy because of
the double occupancy). Using second order perturbation theoryve obtain

E(jGSpi + hopping) = E(jGSpi) + JAX JH hop JGSolj
. Eos, Ex
-
= E(GSoi) AU

In the rst line the sum is over all jXi states that can be reached in a single hop from the state
jGSpi. In the second line, we have counted the number of such terms toebNz where z is the
coordination number (number of nearest neighbors) andN is the number of sites. Further we have
inserted t for the amplitude of hopping from one site to the next. Note that if the spins were
all aligned, no virtual intermediate state jX i could exist since it would violate the Pauli exclusion
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principle (hopping of electrons conserves spin state, so spins caon ip over during a hop, so there
is strictly no double occupancy). Thus we conclude that the antiferomagnetic state has its energy
lowered compared to the ferromagnetic state in the limit of largeU in a Mott insulating phase.

Figure 22.1: Spin Con gurations of the Half Filled Hubbard Model. Left: The proposed antiferro-
magnetic ground state in the limit that t is very small. Right: A higher energy state in the limit of
small t which can occur by an electron from one site hopping onto a neighbarg site. The energy
penalty for double occupancy isU.

Admittedly the above argument appears a bit handwaving (It is correct though!). To make
the argument more precise, one should be much more careful abbliow one represents states with
multiple electrons. This typically requires eld theoretic techniques. A very simple example of
how this is done (without more advanced techniques) is presented ithe appendix to this chapter.

Nonetheless, the general physics of why the antiferromagnetic btt insulator state should be
lower energy than its ferromagnetic counterpart can be undersiod qualitatively without resorting
to the more precise arguments. On each site one can think of an elieon as being con ned by
the interaction with its neighbors to that site. In the ferromagnetic case, the electron cannot
make any excursions to neighboring sites because of the Pauli exsion principle (these states are
occupied). However, in the antiferromagnetic case, the electroran make excursions, and even
though when the electron wanders onto neighboring sites, the emgy is higher, there is nonetheless
some amplitude for this to happen®® Allowing the electron wavefunction to spread out always
lowers its energy*.

Indeed, in general a Mott insulator (on a square or cubic lattice) is fpically an antiferro-
magnet (unless some other interesting physics overwhelms this teiency). It is generally believed
that there is a substantial range oft, U and doping x where the ground state is antiferromagnetic.
Indeed, many real materials are thought to be examples of antifeomagnetic Mott insulators. In-

13 Similar to when a particle is in a potential well  V (x), there is some amplitude to nd the electron at a position
such that V (x) is very large.

14By increasing x we can decrease p and thus lower the kinetic energy of the particle, as per the H eisenberg
uncertainty principle.
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terestingly, it turns out that in the limit of very very strong on-site interaction U ! 1  adding
even a single additional hole to the half- lled Mott insulator will turn th e Mott antiferromagnet
into a ferromagnet! This rather surprising result due to Nagaoka aad Thouless® (one of the few
key results about the Hubbard model which is known as a rigorous thorem) shows the general
complexity of this model.

22.3 Summary of the Hubbard Model

Hubbard model includes tight-binding hopping t and on-site \Hubbard" interaction U

For partially lled band, the repulsive interaction (if strong enough) makes the system an
(itinerant) ferromagnet: aligned spins can have lower energy beasse they do not double
occupy sites, and therefore are lower energy with respect tdJ although it costs higher
kinetic energy to align all the spins.

For a half- lled band, the repulsive interaction makes the Mott insulator antiferromagnetic:
virtual hopping lowers the energy of anti-aligned neighboring spins.

References on Hubbard Model

Unfortunately there are essentially no references that | know othat are readable without back-
ground in eld theory and second quantization.

22.4 Appendix: The Hubbard model for the Hydrogen Molecule

Since my above perturbative calculation showing antiferromagnetim is very hand-waving, | thought
it useful to do a real (but very simple) calculation showing how, in principle, these calculations are
done more properly. This appendix is certainly nonexaminable, but if yu are confused about the
above discussion of antiferromagnetism in the Hubbard model, this ppendix might be enlightening
to read.

The calculation given here will address the Hubbard model for the H@rogen molecule. Here
we consider two nuclei A and B near each other, with a total of two éectrons { and we consider
only the lowest spatial orbital (the s-orbital) for each atom®. There are then four possible states
which an electron can be in:

A" A# B" B#

To indicate that we have put electron 1 in, say the A " state, we write the wavefunction
JA ! "ar(1)

(Here ' is the wavefunction (1) is shorthand for the positionr; as well as the spin ; coordinate).

15 David Thouless, born in Scotland, is one of the most prominen t names in modern condensed matter physics. He
has not yet won a Nobel prize, but he is frequently mentioned a s a high contender. Yosuki Nagaoka is a prominent
Japanese theorist.

16 This technique can in principle be used for any number of elec trons in any number of orbitals although exact
solution becomes di cult as the Schroedinger matrix become s very high dimensional and hard to diagonalize exactly
necessitating sophisticated approximation methods.
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For a two electron state, we are only allowed to write wavefunctionsthat are overall anti-
symmetric. So given two single electron orbitals and ( and take values in the four possible
orbitals A "; A #,B "; B #) we write so-called Slater determinants to describe the antisymmaeic
two particle wavefunctions

- o @ _ P
s |—p—§det 2 @ =( @M@ @ @=2=j ;i

Note that this slater determinant can be generalized to write a fully antisymmetric wavefunction
for any number of electrons. If the two orbitals are the same, tha the wavefunction vanishes (as
it must by Pauli exclusion).

For our proposed model of the Hydrogen molecule, we thus have sipossible states for the
two electrons

JATAHI = | AEA
JA"B"i = jB"A"
A"B#i= | BH#HA"
A#B"i = | B";A#i
A#:B# = j B#A#H
jB";B# = | B#B"i

The Hubbard interaction energy (Eq. 22.1) is diagonal in this basis | it simply gives an energy
penalty U when there are two electrons on the same site. We thus have

hA "; A # Hinteracion JA ";A#i = B ";B # jHinteraction JB ";B #i = U
and all other matrix elements are zero.

To evaluate the hopping term we refer back to where we introducedight binding in section

5.3.2 and chapter 10. Analogous to that discussion, we see that thieopping term with amplitude

t turns an A " orbital into a B " orbital or vice versa, and similarly turns a A # into a B # and
vice versa (The hopping does not change the spin). Thus, for exapte, we have

PA#B "jHnp]A#A " =

where here the hopping term turned theB into an A. Note that this implies similarly that
PA#B "jHnop]A " A#i =t

sincejA #A"i = j A" A #i.

Since there are six possible basis states, our most general Hamiltam can be expressed as
a six by six matrix. We thus write our Schroedinger equation as

1 0 1
U 0 t t O 0 A"A# A"A#H
0O 0 0 00O O A"B" A"B"
t O 0 0O t A"B# - E A"B#
t 0 0 O O t A#B" A#B"
0O 0 0 00 O A#B # A#B #
0O O tt 0 U B"B# B"B#

where here we mean that the full wavefunction is the sum
joio= aasA"AHI+ ApJA"BMi + aAr#jA",B #i
+  asrJA#EBI + assu]A#B#HI+ pegyjB ;B #i
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We note immediately that the Hamiltonian is block diagonal. We have eigemstates
JAT B JA#B #i
both with energy E = 0 (hopping is not allowed and there is no double occupancy, so no Hutard
interaction either). Thg remaining four by four Shroedinger e%uaion is then
1

10
u t t 0 A" AH A"A#
% t 0 0 't §% A"B# § _ E% A"B# §
t 0 O t A#B" A#B"
0 t t U B"B# B":B#

We nd one more eigenvector/ (0;1;1;0) with energy E = 0 corresponding to the state!’
pl—i(jA "B #i+jA#B ")

A second eigenstate has energy and has a wavefunction
pl—i(jA "SA# j B";B #)

The remaining two eigenstates are more complicated, and have erga'es% U P U2+ 16t2 . The
ground state, always has energy

1 pP—
Eground = > U U2 +16t2

In the limit of t=U becoming zero, the ground state wavefunction becomes very cleso
\91—E (GA";B#i j A#B"i)+ O(t=V) (22.5)

with amplitudes of order t=U for the two electrons to be on the same site. In this limit the energy
goes to

Eground = 4t?=U
which is almost in agreement with our above perturbative calculation | the prefactor di ers from
that mentioned in the above calculation by a factor of 2. The reasorfor this discrepancy is that the
ground state is not just " on one site and# on the other, but rather a superposition between the
two. This superposition can be thought of as a (covalent) chemicabond (containing two electrons)
between the two atoms.

In the opposite limit, U=t ! the ground state wavefunction for a single electron is the
symmetric superposition jAi + jBi)= 2 (see section 5.3.2) assuming> 0. This is the so-called
\bonding" orbital. So the ground state for two electrons is just the lling of this bonding orbital
with both spins | resulting in

JA"I # B jA#HI+ B #i
~ z ~ z

= %(jA";A#HjA";B #i+ B ";A#i+|B";B #)
= z(]A";A#HJA";B #ij A#B"i +|B";B #i)

Note that eliminating the double occupancy states (simply crossing hem out)!® yields precisely
the same result as Eq. 22.5. Thus, as the interaction is turned on itisply suppresses the double
occupancy in this case.

17The three states with E =0 are in factthe S, = 1;0;1 states of S = 1. Since the Hamiltonian is rotationally
invariant, these all have the same energy.

18 Eliminating doubly occupied orbitals by hand is known as ~ Gutzwiller projection (after Martin Gutzwiller) and
is an extremely powerful approximation tool for strongly in  teracting systems.
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Chapter 23

Magnetic Devices

This is the chapter on magnetic devices. It iSNONEXAMINABLE It is also NONFINISHED . |
hope to nish this soon!

245



246 CHAPTER 23. MAGNETIC DEVICES



Indices

These notes have two indices

In the index of people, Nobel laureates are marked with *. There ag over 50 of them. A
few stray celeb pop stars got into the index as well.

A few people whose names are mentioned did not end up in the index bagse the use of
their name is so common that it is not worth indexing them as people as wll. A few examples
are Coulomb's law; Fourier transform; Boltzmann's constant; Taylor expansion; Hamiltonian;
Jacobian, and so forth. But then again, | did index Schroedinger Egation and Fermi Statistics
under Schroedinger and Fermi respectively. So I'm not completely @nsistent. So sue me.

The index of topics was much more di cult to put together. It was ha rd to gure out what
the most useful division of topics is to put in the index. | tried to do this so that the index would
be maximally useful - but I'm not sure how good a job | did. Most book indices are not very useful,
and now | know why | it is hard to predict why a reader is going to wantt o look something up.

1Making it a tensor. har har.
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