Notd AS X(o) = X{a) =0 THE %?w DEL"T PART
IS EXACTLY SAnE As ID 00 LI of Box e o
= E, = ss; , X = w...:g..gx

| 3&. \w,
W 3:.»2.%@» < %%m zﬁﬁ.

E, = =hntw?

mb* sxh..b:lnﬂ.&.

: Zmce®
>ﬁ%m§nn |
X ‘.\Mu.!ﬂml h~3L.Hm MSIN..!U hfa%
E=1% A n
im \ a®

o NoTe : ENEASY ElpenPunCTIoNS LABELLED or
THREE QUANTUM NAMBERS

3;\ Sﬂ ! 3&
&s:st.‘: CoRRECTLY NOYMALIZED

m&“ﬁm« 41" =

) Cbical BOK a=b e

THEN HAVE

L
asEy

N&? .ws s u

o GROUND §._.m IS n=n =0y =
ﬂ .
E =5k .3

] e
2Zmat
e NEXT STRTE IS n,=2 W, =, ng=|

Eun =4 Qﬁ._ L) = L

mal 2mat

fut ALse W, =1, n,=2 ng=I ANP
h=I, Srn..L ng =2 wITH

2,
E,, = 6% , En = €&
M.:a Amat

THus WE HAVE 3 _STATES WITH SAME
ENELGY . SUucd STATES ARE CALLED
’ DEGENERATE STATES'

ANp HAVE “3-FOLD DEGENERACY'




§§.§§ AN IS Now

H= Qx J“q J‘m T&x&}v

AND TDSE IS |

HY}(x9,) = ;ﬂ iy v
How CASY HARD THIS (S ﬂo SeLVE DEPENDS
N V(x.4,2) . HowEVER TiME -VEPEMDENCE
RLwAYs SEfERASLE

(X, E) = A(R)TE)
zé SINCE H Is NoT & -Def’T GET

.._... :Anwvda@
PR px) T s ¢

so  _lEE
TE) - e Bk

Heg) = E g
,Mi.r»w,.ﬁ, -0 CASE .

A SMPLE EXAMALE .
A st o SIDES of

7 ouTswe GBox <l8 = @ =0

INSIDE Box
2
- . £ = &
mnmmm.. v m.? ¢
T0 Sowve THIS wc TIsE PRoceep BY
USING- SEPARATION OF _\gmaemm
B(R) = X V() 2()

tﬂum\“um.%+Hmn¢+Ew

xo& Y¢y) (?)

-3
Py E,X, yq m,\.w.m
im

0T E = E+E, + By




° NOTE THAT ALTHOUGR ENEKCIES ARE EBAUWAL
The WAVEFuNcions ARE za.. - IN PACT HEY
ARE %Eo@asi EG,

u%xbgbw Jﬁvmx WV )ﬁw. (X mv

- %\&x Lq.b@ «/\‘lv m_s.a.x m.:Hm. ?ﬁi

: m:o ‘-H\u bs\.ﬁ@o .m?a@tm_l
= A.WMJN% MS ) ‘%o'q bs..ﬁu\ msg ¥
%

\ %%w m;E mi.m%,
o

= O

Now LET'S comsed 2D SHO

ST 2
=g Rt LRyt SRR

TN THIS CASE
(e w@f\mv ft (R byt k) f =Ef
po |

STl \A“mx.mx\érm, .

BT FE = X0 7(y) 2(2) OET
‘ .!\.w..u”vX§+ WF.XNXQM“

2m ;

H e gy = B
R \\_\,.\;vivl
uwﬂ.m + 5 ke N - mwm

wtd € = E +&
EAed oF THESE 15 TusT 0 ?.c PRoBLEM SO
E, ‘wa.As +.\~v .&» = Ji/m
E =Huw, (%) W, = Jkajm
=%, (gt ) wg= ,_MM\!.H

U AGHN SOHETHING: IMARTENT HARPENS IF Ry=k., =Ry=l

= .w,?v mss*\xﬂ .TS,N&..TW\N‘J | &ﬁ.,‘g

mwm%;c STATE W =0,= N3 =0O
&
1€ exatep i, mde oo’

2w mmlednny
’ % wo\o\ww




Tn FACT  h™" ExuTED STATE

E, = (nt+3)ho  DBctneber = ﬁ%v?

ASIN CuBicaL WeELL cAsE ALL THE WAVEFUMCTIONS Fok

THESE DEGENERATE ' STATES ARE. ORTHOGONAL-

WHY DEseNERACY?

- SHo PROGLEM <AV BE MvALvzed IN A DIFFERENT WIAY
pa= F“\...\N..\.Ptrw HF \«.zmz

=4 \..N FGXM.TQN %.N;nv

=2kr? = RARAL Cosld of
SPHERICAL. PoLAR
So TISE |Is .
1R =2

U V() SPHENCALLY SPMHETRIC.  AND THIS

SoMnETLY GWES [USE To THE DECENEAACY OF EXCTEDR

STATES m\mi,gﬁx THE CUBIC. SAMBTRY OF EQUAL
s10ed cubic Box GBS AISE To ITS” PEGEMEMACY)

s

LAST LECTURE OBSEAVED THAT SPHERICALLY
Syrm fotenmnars VeV(vr) (Awd NeT oBrr
o ©,¢4) ME SPECIAL

s (£ +<€v Btr,0,p)= E §(r6,9)

NATURAL “To THINK m&x.\. ANGULAR

sty ondh

o CLASSICALLY L = F x P
o IN CM HAVE

LY = (Fup) (FxP)  gree
= P - (Rt O
$o TMAT

Tits TusT
(F.7) vamAL
© PARToF p*




“HAVE To GE CARERuL AS azaz%a op
T AN P Don’T OutMuTE

[x, b T = [4,047 = [2,n]= ik
[%,pq]1=[xpe]... =0,

Eauw,
ﬁx.; ? .h = i M.H_ L= %y

mm..»mﬁa?d% oF m, OfErATOR I TEAHS
OF CARTESIAN CeoRDS 1S

f=-ikT

1413@? ua ! ueu

CLAssicALLY THE ANG oM L= FxP so

= ....; Fx¥

OPERATOR _ L

CHEck THAT WELL -u.mmimv
ﬁ, AP

CoMuTE S0 OR

_luﬂ.rvu

Sta.-L? For. ra AND ...._.,

ALse SIMPLE To CHECK .a:s. C r%z_a;z

CLASSICALLY - _.. nﬂ
UHAT s L szu

= (k) (F 41523
DB memlsw
- ...w»mﬁd.u.“m t«%.«vuw

NEW PIECE (CAME Flon
F ACTING ON T )

WAS IMPONTANT

REARRANG-ING GIVES

L s\ o T |
...w..mmmmd,. S@w..,.wm._

MOST WEFUL To WUTE BxPLICIT FormM (N STMEMICAL
Pocnf rolPS

X =rsin0 cos b 3 @v.wu?@m?? 2= rees®



NEEO r.V | . ,‘
F.O = ko + uva ,.«...ﬂv,m_ N x&\@
ut

)
% mlrm )

3o IV = 13, AW THuS AN waimg
RADIAL PART oF TG As

spm (r o)+ r Q.W

@ﬁ ~v+.w.uvvm4v0

aﬁ FROR MATHS coukse Kknow q IN SPHERICAL
? . |
4 3A§ USJ n?‘ﬂu.!@ WQ Ah.)@ v‘v

+L 2%
riini6 %

WTE : ,?a a INDEED eNLY *TANGENTIAL AS IT
CoNTAINS oLy g, Dy

" OP COUnsE (ouLD §_\m sziao L* FhonM

 AND BPRESIIONS pot rx ETe

Ly = YPe — 2py
ra = 2P — X[
Ly = x\u |u%x
Fok BrAMALE |
Ly = .-,mr AX uu - vxv
wWHICH CAN BE SIMPLIFIED USING
vw = ww_a ...un_ o+ vo\\oun

n.‘suvx‘.xo.u



THus ,
— P.N lo.r Ax Va u v ¢ .....o.—ﬂ W

PROCEEDING SMILARLY wouLd FVD 393.5
Exprassion Fol L*

How MaNy ANG. MM QuANTUH NuMEERS T

IV CassieAL CASE Ly Ly, Ly, Lt Are
ALL bLEFINED , AD SPECIFYING ANY 3

(A7 Ly, by, 1 OR Lyiy,by) Cormemay

PETERMINES ANG. MoM ‘M

This I1s NoT THE CASE IN Q.M.

INDEED Ly, Ly, Ly, Lt Do 18
CorMuTE WITH BACH OTHEA ...

te. [Le, Ly = [(yre-p),(epnpy)

= Y [0, 20pe + 1) py L2, Pu1x
- (* AuL omHers RERe )

= (kly

u.:z P, AS YO SHOULD CHECK For TOUASELF
M.r.u. r%w = ik Ly W:“ e_u.._.sta? by,
i 4 s orMu
[Ly,tal =ity

WHIEH WE CAN WRITE. COMPACTLY AS

[Li,bjT=iFegnln

"HAVE | OfERAToR. LMICH LEADS To

QUANTUH NUMBER
CoNVENTIONAL TO CHOSE rw Ao
CooRDINATES  Suci THAT
P.M. .......n -ih Wm
HOWEVER THIS IS NOT YBT MAXIMAL
(OMMUTING SET OF ANGULAR MoMM oFS. .




ConSIpER
Ly, '] = T?r +ly .Zé u
o (L, ] _ur.fpa Tttt
= [l L] + Db, LT Ly
. ,ra_m Ly, rqu + mrfruu Ly
= L, cfdv + (ik ...u¢ Ly
+ ..d.,mw..w_rxv + (~ikiLy) rm
=0 ;
THus MAXINAL SET OF CotHUTING OFS. IS

L', Le

NoTE : CAN EAsiLy Swow TMAT [L,, L']=o

ANo [Ly,L'Tz0 (o8vious By synmérer)

So AN ALTEANATE SET OF (oituTING 0/S
Wouo 8 L%, L ok L% Ly

t

TISE p% <@< r)

T

iiw?@s mw@é@

Ri€eaLL ng §:, 3%
l.w.wd n....» m.vsmxrvbw .f.

o

s I
e x... 1?~wsmvv ....?orm.w.m. +Vf=p§

SINcE L' DEPENDS onLY oN &% THIS BaN IS
SePetase  B(r6,p) = R(r) Y(6,p)
SuBST, INTe TISE (AWD MuLT By 2mrt)

£

! 2mrt(E-Ver)) +H 5, (r*3,R)
R

ONLT @, ¢ DEPENveNT
Tius Bom stogs th.\ EouAL A const Kt
AND GET 2 Eaws vm_.mzzza oy oLy AW

0,9 owLy

i S

Oy r DEFBMENT




)RmaL BON, -~ Th¢ aN 15 (YET AsAmI!) SEPERAOLE

*r .vs?»wx_s -+ ~§snﬂm <3v = k'K | Yep) = %navm.m%v
\m:u uor:.juz w&n ﬂza emamzcn oN V(r) | AND a'w._. |
_ , | —$in® 3 femd D P) — tc ¥ Ly
2) ANGu AR EQN. | 5 _vo®s mo._.u )~k ?Q nwl % ¥
L*Y(s,¢) = e Y(s, 3\_ THUS BoTH SIES EQuaL To ConsT —m*
“ - LEAoING To Two EANS X por
THis Does NoT DEP&wd oN V(r)_ Sos I " A% -m |
1S _UNIVEASAL Ea ALl SPHERICALLY .?2% .Hm-..
POTENTIALS | 8) —sind %.»In.,semhtww.xn% =—m?
TIT 15 EI6ENVALUE EQN Fol ToTAL M6 | p 96 o | o
o Mo sawared  Setve p-Ean (A)
e LETS STUDY THESE ANGULAR EVGEN FUNCTIons, . | f o etime
J. |
= $in@dg) +=b= 9 |
L= s (262 * 2y ..w TeMPTIvG: To ARGUE THAT £(p)=f(p+2n)
THus IV EVAUE EQN CANEL ® AND MULT BY Sin'6 AND THEREFORE m = INTEGER
— Sin® dp(sinB3p ¥) = B ¥ = IC sin’0 Y BuT s 1s A PALSE ARSWHEVT

| mm«m,,z, THOUGH ConeLusion 1S CoRRBET!)



IN GIM THE. OPSGRVAGLE '° | PG 9, P
% onuy NE®D |
15" = |§ptam|’
(ie, Pres wmz&ﬁ\ n\z?nﬁsps@& AND
._ﬂa Iz .:E.u FoR xtx m |
THE CoRRECT %a:zmz.ﬂ 1$ é PoLLOWS

| o (see E.6. peqe322 of ,,hr.:._.ros I editron)

VE vavT L, = —ik d To g€
AN 08SERVABLE — THUS T MusST €&
A HERMITIAN OPERATOR .

ui V¥ (k31 ¥, dp

Mmﬂaﬁx‘m‘.» ) ¥ O:.N
Fok ALl ¥ (@ and ¥, (p)

BUuT INTEGRATE RHS BY PARTS Givwé

W,w.; zi*%
ik [T K dyp

L

He %@gz 1ONARE BOMNDARY TERIT
,J RGN
= ch m% mﬁav‘&ﬁ?ﬁv
SR R . .\a)? ?v.,?.mbvw

MUST VaMSH IF WE ACE T HAVE
LHS = BHS (1€, HERMINAN Lg)

BuT TRIS IS oLy TRUE Fek Aut ¥ ¥,
)T..mov =Y () c=),2 |
= m.“s..@d |

m=o,%ti ¢
AFTER ALL !

$o IT IS HERMITIAN NATUAE oF Lo THAT
FoRcEs Ly EWENVAWES To £E

hhw “i.w.‘_ m=0 %l £2

&oc




| AS W IN MATHS COutCE THE Seuts ,_8
L baoai.sme LEGENDRE FéN )n.m
= v@m?%b P) - K%in%6 = — - No®MALIBASLE WHEN

| € As EGRNDRE Ca
Aﬂéu | > ._:&N %uu@ﬁ).ﬂmv L _ o L @ z = b ﬁh.:vl, | b = INTEGER,
Eon  You MAvE MET W/ MATHS MBTHedS =~ ———

TTS SotuTioN (S AN 7ASS
. forynemar® .o?.. An& Ou

?é@ IS AV INTEGEA nxzmm«;&., |

_,_.i

IN @ THE VAVEFUNCTION MUST BE Y Jf&\ ey 22,0, A
NoRMAL . THIS MEAN'S Pol US THAT |

| = .A d(vel) | R 2332
= | 1%32,, s 7)) i & A6

o WHY 18 K" e x?ﬁv

AND EACH FACTaR MWST €5 SEAVATELY | ORGITAL ANGWAR MoHENTU IS
NORMALIRAGLE . mezcmﬁmzﬂ\m%%% _lﬂmmwsrxw QUANTIRED

- &,
Tawse  (Tre) e = L2 Yy (8, 9) =4 2(01D) Y (8, )

M.ﬂwm :um@.x %3%%@ | , Pw %@% m@.sﬂov - ﬁwﬁ a&ns..NGs 1v




<

V\b.? m@x %.w < W.s%

QuAanTd N
VUMBERS

vv.s 4 %v =

‘zg.a:_v.esae%:» IS (NPEPT of
@ (surskrosimons May Ner e ! )
o [Yaw |* AT T *oREITALS® op
A-LEVEL CHEMISTAY

O

()

The Spherical Harmonics
p

The spherical harmonics Y;,,,(0, ¢) are eigenfunctions of angular momen-
tum and satisfy the equations

il

hmw\m_i UNNAN rT HvM\NS M/c,w
N\NM\?: = mgw\m,s >

where £ =0,1,2,... and, forafixed £, m = —¢,—£+1,... £—1,¢ They are
normalized so that

\ Y (8, 8) Yot (0,6) A2 = S5 (1)

The first few spherical harmonics are

/1
M\o_chvﬁv = MMI@M
3
Yiol0,¢) = /\mw cosf
3 i
Yia1(0,¢) = e sinde
Ya0(0,¢) = i%wﬁwgmm%l 1) W
YVoxi(l, 4} = mwaﬂwmwsmoommmw&
Yoaa(0,¢) = @lm. 3sin? g e+
T

—



O

£=1,m=41

=2, m=0

=2 m= £l

Z axis

o Vo8, )




ANGULAR MOMENTUH ; A RET Hop
 RECALL THAT FoR SHO HAD .Ee WAYS
OF GETTNG m.mmz,kEm&T%z,\mnamw
o DIFFERENTIAL EQNS
¢ ALGEBRAIC' UsING O, G_ ofS

SIMLARLY FOl. ANGULAR MoMENTUM THERE
ARE 2 WAYS OF GETTING ANG. HoM'™

QUAVTIRATION GNDITIGNS
1) REPREsGWT L, Ly,Le,L" As
DIFFERENTIAL OPERATSRS AND SoLVE
For ElcenwfuncTions ¥, (6, )
AND EIGENVALUES
L Yom (&,8) = 6L (241) Y (5, p)
Ly Vam B, 0) = him Yy (S, p)
L = INTEGER
= INTEGeR | |m]< 2

)

THIS 1S VAT VE 010 LAST Tine.

2) ALTERNATIVELY , TuST LIKE IN SHO CASE
WE CAN WTRebucs ‘sTer' oR LAdverR'
OPERATIRS AND SolvE FoR BIGENVALUGS
oF |1 A Lo ALGEBRAICALLY

Bi6 DIFFERENCE. THOUGH
THE ALGEBRAIC METWOD Stiows THAT

THERE ARE [MORE POSSIBLE EIGENVALME
oF 1} AND Ly THAN WERE FouNd

BY wive DIFFERENTIAL ofs. (AnD
PuncTions oF 6, p) !

o LET’S SEE MHow THIS CAN MAPPEN...

Because Ly, Lyl=ihly ETC. THE
MAXIMAL SET OF CoMHuTIVG OfS. IS

NIN / P.ﬂ.
AND WERE INTERESTED IN EIGENVALUE
Eans



>

Pn s‘\ "*JA., .,.T b‘Za Mo’
EIGENVALUE

P&,% =tk ¥ J. EQng
o To FIvD ouT WMAT K2 AVD I ARE Consiogn

P. e = L x *¢ Pd W).“MVQQZ\R
OPERATORS

r’ = PX lvo.&‘“

AND NOTE THAT
hPH\ Pw.w = ﬁﬁvwnnﬁmﬁ.gs P.NN
= Fhly —ihLy
= FTW L+
©® Now CowsSIDER A N WHICH SATISEIES
ﬁ!.ﬂ .+7" * x.‘\?
AND DEFNE A NEW P/ = r+%_., m:m:.

ERiSTS —IT MIGHT BE RERYD, V'=¢ - CoME gACIT
T Nas...)

WHAT Lo VVALUE DoBS V=L HAVE?

IE, La(Lsg)=7
USE CoMMUTATION REBLATION
[Lq, Lel=+hiy
= l,L,=hl,s+Lilg
THUS
Lalto®) = (Bl thela) ¥
=tV + LekR Y,
= (k+hk) ¢’
So THE STATE Y’ HuST BE PRopoRTIVAL
To_ONE _WITH Lo ElGEMVALUE T (R+1)

Li%e = ¢,

Ny
No2ALIR ATIeN




SIMLARLY EASY To SHow THAT L. | SHTsAES
So L-he MWT BE PRoPoRTiewAL TO
STATE WITH Ly VALUE hi(k-1)

Ly AND L_ STEP UP ANO Eaz,_

TWER oF L, EI6ENVALUES BY
ONE + umniT

oUMAT DO L, L DoTo L* ElGEMVALUES T
WELL, Swee |2 CommuTes WiTH Ly Anb
Ly, AND Ly = Ly ﬁ.;!u 08vious

T
s HP.NsPH..w."O

4
This HeANs THAT IF Y, SATISFIES mﬁuﬁ *

(So REALLY SHoULD DENOTE STATE A
%.: K J THEN

L P!? )T.F\X.M = P}?W%ﬂwﬂn
= Ly ﬁwk» 4&3%”

: = kK Aﬁ.v %?Ryv
AND SeMiLaRLY For L. Vo2

THus Ly, L- Do NoT CHANGE
L? ElcENVALUE

o BUT THIs IHPLIES THAT TOWER OF
Lo, EGENSTATES WITH EIGEVVALES

b)), Rk, Bk, H (k)

GENERATED BY L., ok L_ REPCATEDLY

ACTING oN ¥, MUST TERHINATE AT BoTH
ENDS |

To SE& THIS NoTE THAT
L=y = Lirg e -1

= Pﬂx .l\n

J



Now CoNSIDER AN ARBITRARY HEMBL .4 OF THE
TeweR (SAY ¥y, 1) AND TAKE ExpecTANON
VALUE OF Borit SIDES oF |° rm =L i.q
IN THIS STATE

LHS = \‘f-ﬁ\sxv APPIPHV.‘\FOXN L..D..
\u.. CRORMLE=L3) v, 25
A (R CON RN A
@m)tm.&

wac = (=R
JaTATIN

BuT RHS = <RIK*|(Ly +L

qzﬁz ?

2 O  SINCE SuM OF EXPECTATION

VALUES OF SauARES
OF HERMITIAN OFERATORS

.WN m R.N - %m.\u v W o

a 2
R'” & K IE, Ly Etetrmue
1$_BouNOED

SNCE R'® 1S RoundED By K THERE MusT
EXST @oTH A STATE WiTH HIGHEST Lo
P

e

AND A STATE ITH LowEST Lo

§9x~x

)T?.S y) sA

e THE ONLY WAY THIS CAN BE CONSISTENT WITH
ACTioN OF L4+ AND L IS (F

@ ~\+.'+.P!Z.\ k* = © A.,n. A.var»&
=0
>te

@ L )W.. e =0 ANn\ ﬁlm?ibﬂov

W s

o Tn FACT THENE IS A CONNECTION BETWEEN
VALUES Kpay AND K2 (0R kiin AVD K2)

To ,&m THIS NEBD TO MAMIPULATE OFEAATIAS
L-L4

Ly L_



,%ssﬁv
IV rw:vv
f= Ll o>

| ¢
b = Loy
D= LA
| duin>

= Arxsmruu?xiruw
Ly +Ly +lle,lyT
Ly +Ly +e(ihly)
L'-L3 - kLo

)
e

@)

e SIMILARLY
Lobe = L-Ly +Hla @)

oNOW ACT ON EQN () WITH L _ , AND USE
(A To 6Give

(L*- PM -hLy) +_..

o

mow 1<
2 2 2
H& r Ax - F?’vall W-S?#V )T?::.Rﬂ =0

= 7.N = wﬂzw&,, A?!o,x + _v @

o THAGINE STARTIVG. FRot ToP? OF TBOER
4. | . K AND ACTiNG q TIMES LITH L —

TlLL WE REAH 4....,?&




?a—l ).Tf!..s\ ~AN gﬁhmm“ P'Mvmz.tsxn, "c
AND ACTING WITH L. ON THIS EQN (Een ®)
AND usinG (B) GIVES

(L*= L3 +4Ly) Kt =0

COMVENeNAL To REPEA T& 4. /2 = |
WHERE | =0, L, Y2, .. |

AS THE ANGULAR MOMENTUM OF STATE.

A,_ = Ryyo V
= P (K- 2+ ki) b =0 FinALLYy HAD EaN (@
. ~A.u = F.st. mk!’: ..1&
= K = R (Rein-|
v @ = % A&..Iv
BQuT coMlarve Eans (D AVO W
® ® we sec Thus LEARNT
?,S?x m#!?x 4& = Fss.s Q..::.s ID 2 2
L' ¥m =R G0 ¥
& ﬂW!px = ~~..2..‘. .
MIRBOYER , AS WE GOT FRoM Ryon TO La ;J.;. = Fm b,
Rumin IN q STEPs (wsive L= MusT HAVE j=0 "%, %, .
737{ v W!..s = N?!Z» = &» | = !,u»t,..»...c ..,.v.._.N\:: \zw...,»g.




HEANING OF ANG, MoM'M %m§§h »mm& |

LAST LECTURE SHOWED THAT OPERATOR
ANALYSIS OF QNG. MoM. ALGEGRA AlLLowED

L' ¥ = 655G Wi

Ly ¥w = bm é,? ?ua.&.i\...

WITH BoT 21 )
HV,WHO\ l, 2, .... INTEGER
Avp
.5 j5%h, %, %, ... obbHAE
INTEGER

BuT DIpN’T WE SHow EARUER THAT

Ly =-th v\y° (AND SIMILAR DIFFERENTIAL
REPRESENTATION For L) QLY HAD INTEGER
Eteanvavues 7

,\m‘m.. AND THAT RESULT IS QUWUTE 8§mﬁ\.
BuT EWSTENCE oF J= " Y2, %, ..

IS ALSO CorREeT

WHATL ’s Gole on ?

THE EXTRA HALF - INTEGRAL EICENVALUES
ARoSE RECAUSE WE HAVE W FACT SoLvED

A HoRE GENERAL PROBLEM THAN THAT oF
by, Ly, L LY (ALTHoueH WE DION'T Know
VE WELE !..)

e NoWHERE DI WE USE ExPLICIT
DIFFERENTIAL KEPRESENTATIONS FOR
Ly, L', ETe

o WE JWST WED COMHUTATION RELATIONS

[Li,t;]=h €ijhbr
WHIcH REFLECT THE LAW OF THE
CoMBiNATION OF RoTATIoNS IN 3 -DIMS
AND WHICH 1usT RE SATISFIED WHATEVER
BE THE NATURE oF THE _wAVE Funcnows’
THEY RATATE
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o WHAT WE HAVE DISCoVERED (S JSPIN
WHICH CAN TAKE ON O6TH INTEGRAL AND
00D ~MALF - INTECRAL VALUES

s

E.G. PHOTON = | (BuT As MAsSLESS WV PACT
~ MORE CoMPLICATED )
Plon Jj=°

HI66S (IFITENSTS!) ,._ﬂo
MANY NUGLEI... j=o,1,...

BLECTAoN  j= Ve,
PoTon ,_ e iy

hany Nuaer j='f, ¥, ...

OF ANGULAR 0oRDS 6,  BuT MWT
INsTEAD BE REPRESENTED AS °
2 - JTATE VECTORS A J For )=/,

B

3- STATE VECToAs AV Fo (w..;

lg - STATE  VECTOR) . Foll ,_ =3/

ETC...

o SPIN WAVEFuNcTIoNS ARE NoT FuncTows|

THEN THE L, Ly, Lo, bt AT As
MATRICES ON THESE VECTeRS AND
RE-SHUFFLE THEIA GOMPONENTS

SI0E NOTE : SPIN MAS FORCED UE Td HESENBERGS

FoRMuLaTioN oF AM (“MATRIX
MECHANIES ) WHICH 1S MORE
GENEBRAL , THOUGH MORE ABSTRACT
THAN $CHRS DINGER 'S,
HEISENBEAG THOUGHT OF ALL
OPERATORS AS BEING MATRICES
(IN WHICH CASE DIFFERENTIAL

/S LIKE fr= -iho, REQWIRE
INFINITE - MENSIONAL MATRICES ! )

e ON THE OTMER HAND NoRMAL ‘0R&iTAL)
ANGULAR MOMENTUN IS ALJAYS INTEGRAL
AiD TUEREROAE CAN ALWAYS BE REARESENTED
87 Yy, (6,p) ANO DIFFEAENTAL OFS.




e ITT IS HELPFUL To HAVE A N6TA . N

WHICH DSTINGUisHES ‘oReITALY FroM “sPin’
(ot “INTRINSIEY) ANGULAR HoM ‘M
LETS WrITE

.UI. = ~\... + hm |—o.ﬂ.x\.u~d

¢

FRN

TeTAL ORRrFAL SPN ANG.
ANG. HoH'M ANG. MéM'M Mo’
A 0,1, u..» v ﬁ =0,1,2,. Nnuo\;t.\
,_ onLY) .w\ws.n\

SINCE. ROTATIONS IN 3— DIMENSIONS ALWAYS
OBEY TME SAME CompesiTion [ULES THE
Oﬁm\g.ﬂobh M...
Ezozh
[$x,84]=chsy

TS So 00ES T (/s THEY HusT ] )

OBEY THE SAME ComnuTATIIW

AVD CveLic

ﬁuﬂc T, 1 =ch Ty A oreue

o So m,gzqmgm Eans AdE

T ¥, =
TotAL &w

2 /57 .B.wé.d L\&m Uity

&iv ,Zﬁ g.ﬁ@a.\fv:.

L' ¥, =k o0e)¥, Leo 2,

oldiTAL
| ==4,.,2
Ly ¥, =kmY, mE
2 a
P S J.Tnnw. =4 nauiv;*\:m $=0,4,,.
Sy= =S54l
Mm. /_\num ......w.hm )ﬁxnu.v y ..‘..\...m\
AND As T = L. +S, HWAve
-

MeTE : AlsSo IMAATANT IN \@.azk PHYSICS 1S
maz T nNQ.. +5;)°

Cax, T

2 kY b wh
=L +S$+2L.8

=D P.h = .Wﬁu.u.lrw.l.mu,_.v



" MeRE SPIN LATER... FoR HomEvT .wzeam |

Now) RADIAL LAVE EQUATIONS

o You RECALL (T HopG!) THAT WE WERE
NIPERING 2-DIM PROBLEMS ©F FoRM
?

Iulml + V(r)

2m

WHIcH WE WERE ABLE To TuAw InTo THE
Tise

..+. v A.,Jsﬁ +_ L ++<$+ EYV
m sss«.
e \JE THEN WRTE
Y06 1v = R(r) Yom (6, %v

WHERE
LMY (8,p) =B ) V(8 p)

e SINCE m=
Ate

-2, -Ltl, ..., 8-1, & THEAE

20+ STATES OF SAME L
fuT Varnve m

o THE ~¥'= Y(6,8) Rird SEPARATION OF VAMAGLES
v@?& US ITH THE RADIAL WAVE EQN,

L 3.(ro,R) +AABHICVR < ER

Nso «6. 2mrt

® ONE [MMEMATE CoNSEQUENCE OF THIS IS THAT

ENEAGY EIGENVALUES E CANNOT
DePEND cz THE QuANTUM NUMEEA M

UHEN V=V(r) As AovE EBN INDEPT OF m

= (282+1) DESENERATE

STATES LHEW TOTAL ORBITAL
ANG. MorM=R

THIS DEGENERACY 18 A CONSEQUENCE
OF ROTATIONAL SYMMETRY

8\5 DEEP SPHERIAL WELL

LET'S FiasT TRY To SeLvE RADIAL EAN FoR

Vi) = 4O <o
Qox,v?



1 | e
THUS soLuTions T (asiry (), AND Eauv

R(p) = \v Tt ey ()

Tis =% (rsoy n_o = mw.,ﬁv“oevnc

AS A BounDARY ConOITION

e FoR r<o. Rlr) SATISFIES

—R'- 2R+ MR < ¢ R | « ARE BoTH THESE Foams AtLovatLe 7
" r €= 2mE REcALL FReM MATHS HETHODS THAT
Now LET _\,u\n\a.m. AND Finbd k* | Ju (x) ~ XV RS X -» 0
%um. + 2 .m.h + A_ IEVV.D =0 THUS R, (r) ~ p-'2 .,Qt\ava.»b
o

RoCr) ~rth p=Rh . -2-)
SINCE R. BLols uP As F=»6 |T MAY
SEEM AS THu6H |IT CANNOT RE

THis 18 THE ‘SPHERICAL BSSSEL EQUATION':
IF WE MAKE FURTHER SUBSTITUTION

= |
R = i Q NeTE NoRMALIRABLE (AND THUS ALlowALLE)
WE FinD 4 . BuT NoRMALIRATION INTEGRAL HAS Faln
e ..I_l.l %Q e | = m\&._.ﬁ.v Ap..HO . vo :
m\.m.r £ I A /rt ) R.‘,p IR)*dr 5o gEMAVIOR AT O 15
o N
* 2
WHICH IS oRDINARY BESSEL EQN BUT FoR \ «?J?. dr ~ w r* e ~ fuimes
, o 0

IA - INTEGER ORDER FioM (Vo) 2 -Q 00 IF A%
= rlin0 dodpde  SrOIR[dp [ 7T dr ~ 4 = v

M 2-0M (=L



‘F{Wt c"h'd\«j

\)_/5_5

[AN
}
L

! g? LLQY\:CO«Q Besse

J'JL(/)) =

Jasy € / )

___________

e e S e e ey

___________

O

O

)

THus e R_(r) SoL'Ns WITH Y=o e
Rr) ~ /__W Toy (r)  ARE Auoued gy

le.ﬂzhta.)u.sﬂ,\ (A T-(ea) FOR L3
NOT ALLOWED) |
e However R2™°(r) ~ L

3
ANd THIC IS VISALLoVED BECAUWE ITIN RFACT

sES NOT SoLVE oul EQNV EVERYWHEAS

AS r-so0

oo SEE THIS RECALL FRoM ELEC+MAG,

TAT THE PeTENTIAL gy OF
A PoNT CHARLE SATICFIES

V{(Yurr) = - 870
BUT WE ARE SoLviNg ExAcTLy A RADIAL
EQN oF Twis FeRM

VR_ = (E-v(r) R
So unLess V(r) (oNTAINS A § -FuNeTiow
CAARGE AT oRiciv (oR SiMmAR LEADING

Te v~ 3 Dy ) RE® NoT v FAeT
ALLewED




THus ALLowBD golNs oF SMERICAL UEL)L

OF Fortl  R(p) = s Tauy ()

== GENERAL hori oF FaRM

)Tmﬁ 6 p) = N ﬁ; .p+$~\v &o.... (6,p)
blc

LY

R(r=ad =0
LETS Loox x.w SOHE SPECIFIL CASES
) L=0 R !md_um.u sin(ric€)
RGa)=o = sin(laf€) =o
= ale = n=1,2,3,
= E = hrind (same As
Imo |d Sauwane
WELL. WHY?)
)=l  R=_] h.smll,v mmm?,v

(ri€)

BERVES Nou MoR[E LoMPL)CATED
A€ = b.?a\ w.u~\ 3.40\.
3)A=2 . SEE AICTULES...

12 ]

Gy

i

Spectrum of spherical well potential




2

WHAT Do WE SEE ? |
® O For EAcH AL VALUE (or8. ANG. Mer'W.)

THERE 15 A TowEA OF STATES (RADAL
mxsﬁuaz»u LAgeLLED RY ) \Nm.Zo\\:.
QUANTUM NUMBER' LINICH COuNTS NuMAER

OF Neoes v R(r)
® (1) STATES T HIGHER R HAve HIGHRA
ENERGIES FOR A GVEN PRINCIPAL AWANT

oD Fot EAcH R THELE ARE (22+1)
STATES oF VARYING Lo , So EACH
OF PLOTTED LEVELS |5 DEGENERATE
(APART FRoM fL=0)

o ([) Dov'T For6ET WE HAVE To NeAHALIZE
~ THE RAdIAL R(r),

THE_HYDROGEN ATON |
o Now WE START THE 3:3‘ o_u) SYSTEM oF
GREAT PHYSICAL IMPORTANCE . FoR THE TIME
BeG WELL STUDY ONLY THE bxwmn... LEAOING
APPROWMATION To THE REAL HYDROSEN ATBN

= WELL I6NerE RELATIVSTIC EFFECTS, ELECTAON
$PIN, NUCLEAR (ProToN ) TPIN, FINITE WSS ofF
THE NuCLEUS , FWITE SIRE OF MACLEW, ... .

- EVEN so0 WE'LL FIND A GooD AND VEAY WSEFuL
DEscRiPTioN

e IN THIS CASE WE MAVE

V(r) = — e’
Pr.qm.erp

THic HEAWS TMAT WE ExPecT found STATES
To MAVE NEGATIVE ENERGY (TWT A CoNsEQUEM
OF TAKNE THE 2efo oF BEveley To BE AT

V(rown))



THE_RADIAL WAVE BON 1S Now |
—.Il!... 3 (r*d R + Aoy g - 2me? R ~mE o

r re &ams.».p R
=
INTRODUCE A, = ket (Tis Lewsty
me? IS IV FACT THE

BoHR RANIUS)

AND LET r=oa,0 GIVING
—R"- 2 R+ (RQM _2\p=€eR
LiTH € = 2mEag Q

‘nﬂ
LET'S STAAT OWR ANALYSIS OF THIS EQN £y
FINDING BEHAVIOWR AT LARGE r ( p>>1)

EGvn = -R"=eR

SN R ~ mxlt,ﬁm\v
FoR Gouvd STATES
WITH € <0

OTHER $16N NOT
NORMHALIRARLE

Now &.ﬁw HAPPENS For. SMALL \u <
~RY-2 R+ AU R =

\o &
- ) r CAN (6NORE
“— % (r'd R) Coutome +
e ENERGY TEANS
MUus T KEEP AL
oF THIS

Ty PoIEA - E{ sol’N R~ \o : FIND
...<mc+3\e -+ \2».5\ V" mo

= Vv =}l
- (L+1)
® NoLMALIAGILITY DISAuOWS THE V=-2-~|

SoL’ws Fof. L2 BuT A5 IN 00 SPHEMICAL
WELL CASE Coub Iv PRINCIPLE MHAVE

V=] WHICH IS NoRMALIBAILE
fT.s r2(r=" ~ Fire
(5]
o HOWEVER TJusT As IV SPHERICAL LWEW CASE A
S/ OF Fart R~ -l Lourd IMALY

Vir) ~ .mael NEAR ofibrn



, : 4
UNLIKE 09 SPHERICAL WELL CASE THERE 1S Now

SOMETHING GoING oN AT QRIGIN — THE NUCLEUS
SITS THERE ) BuT ﬂok?,iﬂmr,\ N ReAuTty
(AS EXCEMNENT TEWL US) THE INTERACTIONS
OF THE (ANITE SIRED) proToN wiTH THE
€~ Do NoT LEAD B A TERM (N THE

PorenTiae - V(r) = Vyulomb t mwv&

== U == MibE AlSe DISALLOWED

o THuS ALLOWED MOOES LEMAVE AS
2
R ~p For p<<|

® NOTE THAT EQN () BEING WRITTEN IN TERMS
OF DIMENsIVESS QUANTIIES (0, € )
MusT HAVE Sou’ns Foll € WHICH ARE
PURE NuMBERS, So
? , ? a 2 2
Eshaite =K mm Vm
am Vi) ._W.% m?d«@@
2
L A n.w &
N& bwé, |

IF WE HAD A CENTRAL (MARGE R e INSTRAD
oF ¢ WED GeT

E =_M_ A‘Nnn Jﬂm
N._m.ﬂ Ar,z.nao ..

2 92 (] P
RN

S UE SEE THAT THE ENEARGY OF THE
STATES IN THE (ouloM8 RTENTIAL IS
o PRofohTionAL To THE HASS oF THE
DRRITING PARTICLE

o [RofORTIONAL To THE AJUCLEAR
CHARGE SSUARED

e OF ORDER (IN HYDIRoCEN-LIKE SYsTEMs)
2 2 ,¢| WSEFAL TO
.....Nl M, C ca/ REMEMBER !
b\_N\ > DIMENSIONLESS
‘EINE STRUCTURE

3>M,mm_w%x CONSTANT
OF ELE ot /137
~ 05 MeV

2 2 €,
= A~ M, ¢ K ~0-Sxio jan Y
, mI W-:MlNri . o 12e



Now LETS Serve EQn (%) EXAcTLy |
REAJONABLE To FACTOR ouT KnewnN LARGE Y
AND SMALL p BEMAVIUR , Sa DEFINE F ViA

R u\» e~ M _u?y\u
WHERE N = J=¢€

SUBST THIS IVTo (%) GIVES THAT mmuu
SATISRIES

YR+ FEp (2 (ed-y)
| lﬁb:l.\v&ﬂmaq =0

THIS IS YBT AMOTHERL DIFFERENTIAL EQN
WHICH You ¢cAN Look uP IV Beoks,
TTis THE ‘GENERALIRED LAGUEARE Eaw

THE SeLVs ARE  PoLynoMiALS
(a+)
muu

Lk

luHERRE A = |
R+.4+)

AND R=0 12 .

WE HAVE Now Found SPECTRUM AS

€ ==\ (8 DEF.W OF \)

D E = H ¢

amag

2
SIBE =-% L ke=oly.

2may (RtA+])

— SEE  SPECTRUM
(OMMENTS

® THE ENEAGY LEVELS OREY THE RULE

FIsT PRofosED BY BALMER, AND ALse
‘PRGOICTED By THE ROHA HeDEL, (E,
(Reiz¢ey) E = - R
2

n

NOTE HOUEVER THAT THE ANG. MeMM,
QUWANTUM NUMOERS ARE DIFFERENT FRon

“THE BoHR MoOEL (WMICH Assunes

Mmriw = nk) Avdo DAT ALL LEVELS
EXcePT n=| ARE HilLy DECOBMTE

h=l,°,3,...




0
-1/16 | k=3 e »
-1/9 _ » o
O
-1/4 k=1 k=0 b
(W)
)
Y]
-1 k=0

Spectrum of hydrogen atom

o THE NOMENCLATWAE IS CoNFusING . TN

AToric PHYSIcs WE USE THE QUANTUM
NuBELs n, 2 (Aw m) To LASEL THE
STATES (HisToICAL :>§o§.bv , WHEREAS
IN NWCLEAR PHYSIcS VE usE R, A (Avo m)
WHICH MAKES MoRE SENSE AS |
k=1 = 4 oF NopES of R(r)

oy

IV AVY CASE 1T 1S UNRRTUNATELY
STANDARD To CALL

h= R+2+| ne)es, ...
THE LRINCIPAL QUANTUM NUMBER, so AT

EACH n THE ALlowsd VALUSS oF £ RRE

/

D=h-R-| =0,1,2,... .hs...u

MOREovER [oR EACH R WE HAVE (AR+1)
DEGENEAATE M VALUES =2-44,.... 4

o TRIAL._DEGENEAACY AT BACH 1 1S
i

D (U = n?
Y —

&




o THE FACT THAT FoR AGWVEN W , DIFFERENT f
VALUES ARE DEGEVERATE Is A SPEciaL

FEATURE oF THE EXACT CouroM8 RTENTIAL

(THERE 1S IN FACT A HiDpEN' SYMMETRY THAT
LEADS T THIS DEGENVERACY).

® N THE REAL HYDRoGEN ATOM THIS
DEGENERACT DF DIFFERENT L% IS

REMevED By ML THE (SMALLER ) IMTSRACTIONS

- AND EFPECTS UE HAVE IGNORED IN 0UR
I0EALRED TREATHENT (SPIN ORRIT coutuive,

RELATIVUTIC CorREcTwoNs, EYT...)

— THESE ARE THE SU@TECT OF
THE AToMic PHYSICS CSURSE
( AuicaTiovs oF Q.M.

e AS EMPHASIRED BEFORE, THE DEGENEAACY
IN M VALKES AT A 6iven R
 ome= = -,y ) R
\S OUE To ROTATIONAL SyMMETRY

NOAMALI ZATION OF HYbRo6EN WAVEFNCTIONS
THIS REQURES

= (dantty
= lhn.,se do »n% ,“cﬂﬂL§~ns\n %@s‘;
- t?,ﬁ ~<»!_p %83»?31»L5

f\lf’l\ ° df
| NoTE.

3

THis tEAams PRoLABIITY oF FINDING €~
BETVEEN v AND rtdp IS

3-N:~b- NoT :~§L~..

Lootc AT |MPLICATIONS OF THIS FoRR GROUND

STATE | IT\P
Y=Y,Ce "°

L]

o

0 | nv-ﬁo.w»mlws\»o dr = Nn&aevw.

2
o

........l..tU ﬂ"N
Py



(%)

Now LET? caLcuraTE (For Ground STATE)

<r> u%m,\%xs%. o
,O
‘ 9 o _ o+
= [dnll b [Tr2e™ ™00 0, 3
o3
o Jo g
= n..hﬁl APBV? m 3 ~
3 (2 / — I
= 3 a, | .
2 3 |~
ON OTHER HAND THE SINGLE MoST MRolASLE < o oS
YALUE OF r IS AT THE HAXIHUM OF = -
’" m‘NQI\’G "
= 0 =12r m|~s\ao.. 2 pretrlee P
KXo 7_~ «
= V=0, | Bar RADILS .
L 3
| yL
GENERAL FEATWAES of §w§. UAVERANCTIONS iz
.I.)SP R e e e i T e |
%sﬂp = Q&.ﬂ.ﬂ.‘,@ °r . T + 0(r) v m o 5 m °
AS 1 GETS LARGEAR fRe@  NoTE ﬁ% IS ALvays
Poryemerton. 1oy
L s r, STarme

W7 4




{m uz%m@ %m«s&% ﬁﬁg mﬁﬁm ]
MAVE STATES SuTisFYING |
J T. thy = *g@iv |5, %%
]

(N
To 14, 80> = 2 5Ly, 24D
| . B
THESE Do NoT TUAN UP WHEN WE SILVE THE
SCHROOINGEL Eaw., BUT REQULE WSE GF
THE MATRIX FOMULATIoN OF Q.M THE §
'a CASE 1S PAR :nﬁ\ic\ IMPORTAVT AS
ELECTRONS , ProTows, NEUTHOMS, QUARKS, ..
ALL UAVE SPiv Yy
SINCE ,v%. ,_.u Y2 IT IS NOT A5 T
REAESENT ANGULAR MOMENTUM OPERATORS

AS DIFFERENTIAL 0F%.

Cowgior X The MATRICES

O, ¥y, %

ARE “PAuct sPw

i A.Emzmm ARE HEAMITIAV HATRicES®
t . .
Sk =3, Sy =%y , S =5%
So HAVE REAL BIGENVALUES

Now) grnﬁrbﬂm

EXACTLY THE - ANGULAR MOMENTUM
CoMMuTATION RELATION ,




© L ATS A SMree BRERCVE T CH<SIS (PamEy) -

THAT . |
—...h s“ﬂw u...o.* m.x ) ﬁﬂﬂ\hx.wn.mn.&.m,ﬁ

* V& cAV ALSo grn&rb.ﬂm Azm ..S.ﬂk.dx FoR %@

ﬁ.ﬂ* ~v H.
R _ UMT MATEX

EXACTLY WMHAT WE WANT Fol §> Swvee

.?mt>:<.~.€oaoxwozmtﬂ<mn§h m M,v
15 AN EIGENVECToR OF S WITM

o L2
Eisenvawme + .w..m..np

Thus Aﬁ Fol Avy o, b (o, b NoT dend =0)
- REPRESEVTS A STATE WITK TATAL ANG. Mot gg&

® LET® ALSe LOOIK AT 5 = .H.A .
0~
WHMAT ARE ITS Eieen VALUES ?

SIveE  Sq DIAGOWAL , o@vions THAT

2 (3) =&(. MX.V 10

ety A q IS STATE WITH S, n....;»\ﬁ

bxz‘;nr,\

AA.J IS STATE E:r Sa ="h/

o TT'S NeT HUGI HORE DIPFICULT To FND E16GNYAE
AND ErcEnvETols of S, As wELL

debk (=N *\sdfﬂ o = r».;q »&@
Ar\s -\ A\n

= A\ =tk Aeaw
THISTING THE E16ENVECTORS ARE

quA..V .n..xp hztrt/q

ﬁ.ﬂc; FoR _7.,.,._..34.

T

Sx




@ JEVILAGLY POR .vd

kammey smr\wu

hfy -2
== )\ = ﬁr\mﬁ AGAIN
WITH El6ENVECTORS

ﬁ._m.m...d For v,u.r.r\ﬁ
& (L) Pt Neba

=0 = y»s‘wNT L)

[MPRTAVT: EIGENVALUES Fort .w...\ai Sy ARE
THE SAME BUT THE EIGENVELTORS ARE
OF 5,,5,, Sy HAVE SwiE. NTELESTING ProrerN

® E.C. Suffose WE START WITH S, ~+h/y
sate L (1) Avo mew measuns

Sy . So HUST DECOMANE WY S
E168NVvECTaAS

JORFAORFIH

T oF $o Couup #
Eimver th/a  Bacd WITH ProR = 1/y
SuPPosE Fp Sy = +H/e

=2 AFTER HEASUREHENT
STATE = A wv
NoY MEASURR S, . S0 MWT DECoMASE

 STATE InTo S, Er6EnvVECTORS

() = e (&) + &)

.._\25 MEASWREHENT OF S, CAN GivE
S, =t wITH PRog. = e

ofR ﬂx ﬁ!ﬁ\h WITH PReB. = e
/\l\/l.\\
S0 Sy MEASUREMBNT HAS
‘GENEMTED ' THIs fRsIBuTY
Of FINOING- S, = ~h/2 EVEN

THousH INITIALLY HAD owLy Sy = +th/e



STEAN - GEALACH EXPERIMENT

How Do WE Kwow THE GLECT ,
SpN =12 7

WELL , CLAssikAy A CHARGED ofrserT
WITH ANGULAR MOMENTUH  HAS A HAG
DIPOLE MUMENT . QUANTUM HECHAW
ALso LEADS T THIS (owCLUSION
(sTRrcTLY sPEANING RELATIVISTIC an,
EQUIVALENTLY QUANTUM Flecd

THERY |s NEBYED T GivE A
TRuLY CowsisTewT AvD PAECILE

UNDERSTAVDING OF e™ MALWETIC D
xfasv

\??m

w&&mmeﬁaﬁ;

CoRRBCTION DUB. TO

immmwzﬁmﬁww%& CLASSIAL €0 n.ﬁsm.aﬁ OF

Mo QET To PRe PaRTINALITY BETWEEN
CALLUATE ) \ﬂm Aub Ll

\d. ....g

Now '€ HAVE MAGNETIC FIELD IN & -DIR'N iy’
TRERR ARE Tivo PCSISLE VALUES FoR

| INTERACTION BNERSY = (3 p

DUE To 9§z:m>ﬁ3. oF Se

IF Sy=hy B .......,uw.m..m.*&

TF §3 =-Wz ..3, - ..urm:w b,

2Mg B

& Two DISCAETE Poss18Le VALUES of
MAGNETIC DifoLE MUMBNT

CoMBINATION

.W....m m\hﬁ ‘&

Ime

OF QURSE TYPICALLY THE RTENTIAL EVEAEYy

OF ASKSTEM ultL OF A CoMOWATIW OF A
shin - moBPanoeNT () , AN A SOV ~ DEFENNBH

et (ARsve, SAY) Fren A Wv\u..w INTEANCTR0N )



(SR> LYIEALLY (IC FORN OF THE BVRReY
(HAeLTomaN) For A sa Y, sysre (e,

Al Eleciton IV AV ATad) WL mm

zszH,?m»l.mum.
N

TvewtiTy :\Sex\ so | " HEAWS
ENBAGY FRod Ho TBRH INDEF'T OF B S8 @ﬁ,@m

y SPiwy STATE

Coulp GE, mno..\ CouLter@
foTBNTIAL + KB,

THUS WE CAN (onSIDER A MoDIFIED FotH oF

TDSE
IaH = ih wﬁ
&

H Is Now > 2x2 WMy
As WELL. AS A DIFFERENTIAL
OFERATOR

P Is A Twe

VECToR, WiTH EACH

CrpowenT GEING A
Funcniow oF (&, v, 6, )

E, ﬁ\.?;a P
¥, (6,18 9)

IF B-""Bo 15 A conspwr

. ?s@ims @%w s SiMpLE To }s@ém

ynTE .
| ¥ = Berep &
IR
A CansSTAVT™ Tito CorAonNT
THIS Gives | <m§\x.
(HB)® + Fye@ 25 = i3 o)
Ngﬂ 14 ,

“Tiis cAw owLy BE SATSFIED IR

()& = AT
zcunms\mx\ IF REST of \a_&_pmz (1e AlART ERew
B)Is SPHERICALLY SYneTAIC | THEW WE (AW
ALUAYS CHosSE DIRECTION OF X, VA Axeg
SucH THAT Z-Axis IS IN B bIREcrIon
WITH THIS CooRDINATE (CHOICE

R = O ), 82)

ﬂw“ﬂﬂ - Y..H

THEN



- T e " S e e GRRs
o \o .i

AI. WNM*»V}Q.S , )= (k2

/

f Ao f, ARE Tof pvo
BT oo o § = ?v
Z

Nog) ¢AN SEPRRATE VIALLES As UsuAL For @
m (O, E6.
® —iEtfh

g (rop) =e Pl op)

B/~
B.l&r8p) = ¢ Bt @, (n8p)

Gwne TISE’s For @ AvD .

_ INTERPRETATION 1S StnLY THAT e~ CAV ErTHER
HAVE sPm Actoved uimi € 0f AWTI-AUGVED | AND

ENERGBS ARE SHETED BY+495MgB/y Reseecnvery,

¢ Now coSIDER DIALE IN NON—U
“To GET ORIENTED YITH THE PHYSICS

CONSIDER  ELECTAIC VIASLE I NoN UNIFRRH E

AE, ) :
NET ForCE

& to e
9H | = é E(t+e) - 1 nmv,

z |
& q(EGy o wm T ea’)

& aee vm = mvnvm.

SIMILARLY IF WE HAVE A MAGNETIC DIMLE
IN A zoz umFormt FIELD
F = 28
o2
Now Suppose WE HAVE A BEAH oF ELECTY

GomnG TMRouGH A REGION OF Now -damlfuty

OBSEAING ScABM

B, FIELD . W /97 >0 N
¢

=
e” BEm




&% nawe e - W W wmer e W TR ORRE R R T T wee

U OR Down DEPENOING oV WHICH WAY THEW
X (e sy ) s PanTING

THIS 1S THE ESSENCE oF THE JSTERN-GE
ExtEMrEnNT (see .ﬁ.mznfi.xsh\ SBcTioN 10.3 For
MORE WFoRMATIoN, As WELL AS HT PRoGLEM SET)

o THPOCTANT PoInNTS To MNoTE:

(D CLASSICALLY ONE WJouLd EXPECT To SE€
A connnuous DETIBUTION OF e~
DEFLECTIOWS On OBSERVING SCREEN A\K,
CLASSICALLY Sa , AND THUS M, , CAN
TAKE oN ANY VALUE - wNOT QUANTIZED)

(D THE EXPERIMENT INSTEAD SHoVS JUST
Two sPoTs (FeR Spin Yy SvSTEM) on
Scheen —» S,

SHARLY FoR ANY OTWER >x:v£ c
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