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Calculus of variations: Euler-Lagrange equation, variation subject to constraints.

Lagrangian mechanics: principle of least action; generalized co-ordinates; configuration space. Application
to motion in strange co-ordinate systems, particle in an electromagnetic field, normal modes, rigid bodies.
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0 Some maths

0.0 Notation

Vectors:
x=xi+yj+ zk (0.1)
(in 3d) or
Tr = Zlil + I'Qig + -+ xnzfzn (02)
for the general case.
Gradients of function f(z,z):
0 0] 0
f = 7f x1 + 7fﬂ52 + -
dx o0x1 0xo (0.3)
of _of . of |
= =t 4
e
So,
of _ of of
Prg =D £ + D2 s +-. (0.4)

0.1 An introduction to the calculus of variations

Recall that a function is simply a rule for mapping elements of one set (the function’s domain) to elements of
another set (its range). A functional is a mapping from the set of all functions that satisfy some specified
conditions (e.g., the set of all smooth maps from the real line to three-dimensional space) to the real numbers.
Examples include:

e the n*™ moment

Rl = [ ayte)as (0.5)

0

of a one-dimensional function y(z) defined for zo < z < x1 and having y(z¢) = y(x1) = 0;
e the length of a curve z(t) joining two fixed points x(tp) and z(¢1) in n-dimensional space,

ty
L] = / @] dt; (0.6)
to
e the gravitational potential energy of a mass distribution p(z),

3 3./
1G/ ) dads’ (0.7)

|m—m

For this course we need only consider functionals of the form

Fla] = / ! L) di (0.8)

to

that eat smooth one-dimensional curves z(t) with fized endpoints z(tg) = xo, (t1) = =1 in an n-dimensional
space. The first two examples above are of this form. The third is not. Internally, the functional runs over
the curve, feeding the local values of (x, z,t) to a function L and accumulating the results. Note that this L
treats =,  and ¢t as independent variables; it does not know that = = dz/d¢!
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Now let’s look at how the output of the functional changes when we distort the curve slightly from z(t) to
z(t) + h(t). The variation of the curve h(t) must be smooth and vanish at the endpoints in order that =z + h
be admissible to F, but is otherwise arbitrary. The variation or differential of the functional

dF[z; h] = lim Plateh] = F[x]

e—0 €

(0.9)

An extremal is a curve z(t) for which dF[z; h] = 0 for all admissible h(t). Finding these extremals (if they
exist) is the business of the calculus of variations.

Fundamental lemma of the calculus of variations If a smooth curve f(t¢), defined on the range ¢ty <
t < tq, satisfies

t1
/ f(t) - h(t)dt =0 (0.10)
to
for all continuous h(t) having h(ty) = h(t1) = 0, then f(t) = 0.

Proof by contradiction. Suppose that there were some tyj;p between ¢g and t; for which f(tuip) # 0.
Then, since f has no discontinuous jumps we can always find a small interval (¢1,¢,) around this tpiip
where f # 0. Now consider the function

B (t:—t)(t—t1), fort <t<t,
h(t) = f(t) x {0, otherwise. (0.11)

This clearly satisfies the conditions of the lemma, but

/t YA h(t) dt = /t " R0 — (- t)dE >0, (0.12)

since the integrand is positive between ¢; and t,. So, we’ve shown that if f £ 0 anywhere then we can
always find some h(t) that makes [ f-hdt # 0. Turning this around, if there is no h for which the
integral is non-zero, then we must have f = 0.

Now we come to the key result of this section. Let F'[z] be a functional of the form
t1
/ L(z,z,t)dt, (0.13)
to

defined on the set of smooth functions z(t) satisfying boundary conditions z(tg) = zo and x1(¢;) = #1. Then
a curve xz(t) is an extremal of F' if and only if it satisfies the Euler—Lagrange equation,

d (0L oL
O <aw> ~ 5 = 0. (0.14)

Proof: If z is an extremal of F' then for any variation h we have

t1

1 .
0=0F = lim —- (L(z + €h, & + ch,t) — L(z, ®,t)) dt

e—0 € to

/oL oL .
:/t <a$~h—|—8:b~h>dt (0.15)

2 (Y] ()

S, L0z dt \ Oz O

where the last line follows from the previous one using integration by parts. The final term on the last
line vanishes because the boundary conditions mean that k(tp) = h(t1) = 0. Thus (0.15) becomes

traL  d (/0L
o= [ ()] me 016)
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for any smooth h. Applying the fundamental lemma, our extremal curve z(¢) must satisfy the Euler—
Lagrange equation (0.14). Conversely, if a curve z(t) satisfies (0.14) then it is clear from (0.15) that it
is an extremal of the functional F'.

The shortest path between two points Consider the set of smooth curves in the (¢, ) plane that
pass between two fixed points z(tg) = x¢ and x(t1) = x;. The path length of any such curve z(t) is given
by the functional (0.13) with L = +/1 + #2. The EL equation for this L is

since OL/0x = 0 and OL/0i = &/+/1+ 2. Therefore extremals satisfy & = A, a constant. Integrating,
xr = At + B, with the constants A and B completely determined by the condition that the curve pass
through the two fixed points.

Important: When writing down the EL equation, remember that = and & are independent arguments of
L. Use the fact that along extremals z(t) satisifies £ = dz/d¢ only when solving (i.e., integrating) for z(t).

Easy first integral when L does not depend explicitly on ¢ Solving the EL equation often leads
to lots of messy algebra. But if L = L(z, ), the EL equation can be reduced to the first-order differential
equation & - (0L/0z) — L = constant. To see this, note that on solution paths

df 0f de Of d& Of of

TR R R T il L (0.18)

for any function f(x,z). So,

Al (LN gl o900, A oLy oL . 0L .
at |° \ oz 0 T w\oz) 9z T 6a "

0.19
I ENZANE ) 0
BT ox|
Look out for a more “physical” way of deriving this result later in the course!
Minimal surface of revolution Among all the curves that pass through the points (o, zo) and (t1, z1),

find the one that generates the surface of minimum area when rotated about the ¢-axis. A physical example
is a soap bubble drawn between two coaxial circular hoops.

The surface area generated by a curve z(t) is

t1
27T/ xV/ 1+ &2 dt. (0.20)
t

0

Comparing to equation (0.13), we see that L(z,4) = 2rzv/1 + @2, independent of ¢. Using the result above
for general L(x,#), the extremals of (0.20) satisfy

\/% —aV/1+i2 = A (0.21)
X

This is easily rearranged, via x = AV1 + @2, to give

Ai = /22 — A2, (0.22)

Integrating, the curve that extremizes the surface area of revolution is

2(t) = Acosh (T) , 0.23)

where the constants A and B are chosen to satisfy the boundary conditions z(tg) = z¢ and z(t1) = ;.
Depending on the choice of xg and 1, there can be zero, one or two solutions for (A, B). Of course, in the
zero-solution case an extremal does exist, but it is not smooth and therefore lies beyond the remit of the
machinery developed above.



0.2 Variation subject to constraints

Sometimes it is necessary to find extremals of a functional F[z] (equation (0.13)) subject to a constraint of
the form

g(z,t) =0 (0.24)
among the co-ordinates. From (0.15), the condition that a curve z(t) be an extremal is then
“roL d (oL
0F |z, h] = — — —|(=-)| -hdt=0 0.25
[ ] /to {am dt(@@)] (0.25)
for any smooth h(t) that satisfies
9g 9g
h . — e = .2
Vg =ty -ty - =0, (0.26)

since we must have g(x + h,t) = 0. This last condition means that we cannot use the fundamental lemma
directly. Instead let us multiply (0.26) by an arbitrary function A(t) and insert it into the integrand of (0.25).
This combines the two conditions (0.25) and (0.26) into one:

hror  d (oL dg
_ oL d (oL 99\ hat 2
0 /t [am dt(@dc)—i_/\am} Bt (0.27)
The function A(t) is a Lagrange multiplier. Now suppose that, say, dg/0x; # 0. Then we may choose
A(t) to make
oL d (0L dg
_ = A = 2

for ¢ = 1, so that the #; term in the integrand of (0.27) vanishes. We are then free to vary (hz2(t),. .., hn(t))
independently as long as we choose hq(t) to ensure that the constraint condition (0.26) holds. Using the
fundamental lemma on (0.27) we see that the relation (0.28) must apply for i = 2,...,n as well as for ¢ = 1.
Therefore extremals of F[z] subject to the constraint g = 0 satisfy

d /0L oL dg

— (=) - = =222 0.29

dt ( oz ) Oz Oz (0:29)
This results in n+ 1 equations (n components of EL equation plus the constraint g = 0) for n + 1 unknowns

(z1,...,2n, and A). In practice one usually takes linear combinations of different components of the EL
equation to eliminate A(¢). For this reason X is sometimes known as Lagrange’s undetermined multiplier.

Alternatively Introduce a new co-ordinate A and a new functional

Gla, A = / ! \B)gle.t) dt (0.30)

to
that acts on curves {z(t), A(t)} in this (n 4 1)-dimensional space. Obviously, variations of {z(t), A(t)} that
satisfy g = 0 will have G = 0 too. Combining the two conditions F = 0 and G = 0 into one,

5(F +G) = 5/“ Ldt =0 (0.31)
to
with .
L' ({z, \}, {2, A}, t) = L(z, @, t) + \g(z, ). (0.32)
Writing down the = and A components of the EL equation for L, we find that
d (3L> _oL _\9%
dt \ 0z Oz Ox’ (0.33)
g=0.

It is clear that a path z(t) found by solving (0.33) satisfies the constraint g = 0 and therefore G = 0 and so
dG = 0 too. Since §(F + G) = 0 by construction, the path is an extremal of F' too, 6F = 0.

Exercise: At this point one might object that the EL equation for L’ applies only to paths {z(t), A(t)}
with fixed endpoints. The conditions on the functional (0.13) mean that we are given z(ty) = z¢ and
z(t1) = 1. What do we know about A(ty) and A\(¢1)?
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0.3 Legendre transforms

Given a function f(z), its Legendre transform g¢(p) is another function that encodes the same information
as f(z) but in terms of p = df/dx instead of x. A necessary condition for the Legendre transform to exist
is that the first derivative f’(x) be strictly monotonic, so that either f” > 0 everywhere or that f” < 0
everywhere.

Consider the set of (non-vertical) lines in the (z,y) plane, y = ax — b. Introduce another plane and to each
line in the original plane assign a single point (a,b) in the new plane. The (a,b) plane is known as the dual
of the original (x,y) plane. Since the relation b+y = ax still holds if we exchange (a,b) with (x,y), it follows
that the dual of the (a,b) plane is the original (x,y) plane; each plane is the dual of the other.

Now take a smooth curve y = f(x) in the original (z,y) plane. This curve traces out another curve in the
dual (a,b) plane, the point (x, f(x)) being mapped to a = f/(z), b = xf'(x) — f(x). For example, the plots
below show the curve y = f(z) = zsinz (left) and its image (right) in the dual (a,b) space. The second
derivative f”(z) changes sign at the point B.

v

If f(z) is convex (f” > 0) then a increases monotonically with = and we can define the Legendre transform
of f(x) as
g9(a) = zf'(x) - f()
=za— f(x),
where z(a) is the point on the original curve where f’'(z) = a. That is, b = g(a) is the dual to the curve
y = f(z) and vice versa.

(0.34)

Exercise: For the higher-dimensional case in which hyperplanes y = a - € — b map to points (a,b) in
the dual space, show that the Legendre transform of a function f(zx) is g(a) = = - a — f(x), where z(a)
is the point for which Vf = a.

In particular, for later use note that the Legendre transform of a function L(q) is given by H(p) = ¢-p— L(q),
where ¢ in the RHS is expressed in terms of p = 9L/9q.

Example from thermodynamics: the Helmholtz free energy A(T,V,N) = U — TS is the Legendre
transform of the internal every U(S,V, N) with respect to T' = 9U/JS.



1 Lagrangian mechanics

1.1 Hamilton’s principle of least action

Consider a particle of mass m whose potential energy V' (z;t) is independent of its velocity. Its equation of
motion is

d . ov
This is equivalent to the EL equation (0.14),
doL OL
[l 1.2
dt 0z Oz 0, (1.2)

if we choose 0L/0xz = ma and OL/0x = —90V/0z, or L = %maic2 — V. Now suppose we were given the
instantaneous positions of the particle at times ¢y and ¢;. The results above imply that the path that the
particle takes between these two fixed points is an extremal of the action integral,

Slz] = /tl L(z,z,t)dt, (1.3)

to

where the Lagrangian L = T — V is the difference between the particle’s kinetic and potential energies.

Now let us consider a system of N particles, having masses m;, positions z; and for whicht the potential
energy is V(z1,...,zn;t). The latter includes the effects of inter-particle interactions, such as gravity or
electrostatic repulsion, as well as any externally applied forces, but we assume that it does not depend on
the particles’ velocities. If we again take L({z;}, {z;};t) = T — V to be the difference between the kinetic
and potential energies of the whole system of particles, then the EL equations

dor oL
dt ail'}i 8:1:,‘ -

0 (i=1,...,N), (1.4)

reduce to the standard Newtonian equations of motion:

d | ov
T =

dt B a:I}Z

(i=1,...,N). (1.5)

We can think of the system of particles as moving in 3N-dimensional configuration space. Given snapshots
of the 3V co-ordinates of the full system at times ty and ¢1, we see that the path the system traces out in
configuration space at intermediate times is an extremal of the action (1.3).

Notice that the condition for a curve to be an extremal of the action (1.3) is independent of the particular
co-ordinate system we use to describe the curve. This means we can use any sensible co-ordinate system to
parametrize the curves we feed in to the action integral and the EL equation will return the extremal curve
(i.e., the equation of motion) in that co-ordinate system. We describe our mechanical system using a set of
generalized co-ordinates, q(t) = (¢1(t), - .., qn(t)), that pin down the instantaneous position of the system
in n-dimensional configuration space. We assume that there is no redundancy among the g;, so that the
system has n degrees of freedom. The system moves through configuration space with a generalized
velocity ¢ = (¢1,- .-, ¢n)-

Now suppose we know that q(to) = qo and q(¢1) = q1. Then the general form of Hamilton’s principle of least
action states that the path in configuration space the system takes between these two times is an extremal
of the action integral

Sla] = / 1 L(q,q,t)dt, (1.6)

to
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where the Lagrangian L is a function only of the generalized co-ordinates, the generalized velocities and
time. Therefore, the equation of motion of the system is

doL 0L
=2 (1.7)
dt 9¢ Oq

The quantity p = 9L/0q is known as the generalized momentum of the system, F = 9L/0q is the
generalized force.

Some comments:

(i) In this formulation we assume only that that L is some scalar function of (g, g,t), which we are free to
choose in order to make the EL equations (1.7) match the true equations of motion of the system. For
the common case in which the particles move in a velocity-independent potential V' (q,t) we know from
the examples above that a suitable choice is L =T — V.

(ii) L is not unique. For example, for any function A(g,t) we can add dA/d¢ to L and still obtain the same
equations of motion. (Prove it!)

(iii) Different elements of g can have different units. Therefore different elements of the generalized momen-
tum p and generalized forces dL/0q can have different units too.

(iv) If one has external (generalized) forces that are not accounted for in L, they can be added to the RHS
of (1.7).

1.2 Examples

Simple pendulum A bob of mass m is attached to one end of a rigid massless rod of length [. The
other end of the rod is attached to a fixed point, about which the rod can rotate in a fixed vertical plane. The
most natural parameter to use to describe the instantaneous configuration of this one-dimensional pendulum
is the angle 6 the rod makes with the vertical. Since the potential energy V(0) = —mgl cos 8 is independent
of generalized velocity 9, we have that

L=T-V= %leQQ + mgl cos 8, (1.8)

so that pg = dL/00 = ml20. The equation of motion (1.7) for the system is then 6 + (g/l)sin = 0.

Springy pendulum Replace the rigid rod in the simple pendulum above with a massless spring of
natural length ! and spring constant w?, so that when the string is extended or compressed to a length 7 its
potential energy Vipring(r) = sw?(r — [)%. The natural generalized co-ordinates to use for this system are
(r,0). The Lagrangian

L =T — (Vgrav + Vapring) = %me + %mr%‘z + mgr cosf — %wQ(r —1)? (1.9)

giving the equations of motion

—tmf = mr6? + mgcos — w?(r —1),

d (1.10)
d 29 mgr sin 0
—mrof = — .
dt g
Particle in a central field The location of particle of mass m moving in three dimensions in a

spherically symmetric gravitational potential ®(r) is most naturally expressed using spherical polar co-
ordinates, ¢ = (1,0, ¢), in terms of which

(z,y,2) = (rsinf cos ¢, rsin 0 sin ¢, r cos 0). (1.11)
Since V' = m® does not depend on g = (7, 0, QS), the Lagrangian

L=T-V=1im (7’“2 + r26% 4 r? sin? 9(;-52) -V, (1.12)
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where the velocity @2 in T comes from differentiating the co-ordinate transform (1.11) with respect to t. The
EL equation (1.7) gives the equations of motion

av

pr = mr0? + mrsin® 0% — P po = mr?sin 6 cos 06, Py =0, (1.13)
r
where the components of the generalized momentum

P, = mr, po = mr2, and pg = mr?sin® 0¢. (1.14)
Dy is a constant because py = 0. As the potential is spherically symmetric, we can orient our co-ordinate
system so that 6 = 7 initially. Then pg = 0 from (1.13), showing that the motion remains confined to the
plane 0 = 7. Using the expressions (1.14) for pg and py to eliminate 6 and gb from L, the problem reduces
to motion in a one-dimensional effective potential: L(r,7) = im#? — Vog(r), where Veg(r) = V(r) — (3 +

p2)/2mr?

% .

If a co-ordinate ¢; does not appear explicitly in L, then 0L/0q; = 0 and the EL equation tells us that
the corresponding momentum p;, = dL/d¢; is conserved. Such ¢; are known as cyclic or ignorable co-
ordinates.

Particle in a magnetic field So far we have considered examples in which the potential energy is a
function only of the particle’s co-ordinates, in which case taking L = T — V gives the correct equations of
motion. Now consider a particle of charge () and mass m moving in an electromagnetic field. Its equation
of motion is

%ma’c = QE+Qz x B. (1.15)

Since the Lorentz force F = Qz x B does no work on the particle, it makes no contribution to either 7" or
V' and so we cannot derive (1.15) from a Lagrangian of the form L =T — V(z). Nevertheless, one can still
concoct a Lagrangian that produces this motion. Recall that we can express

A
E:—Vqﬁ—%—t and B=VxA (1.16)

in terms of an electrostatic potential ¢(z, t) and a magnetic vector potential A(z,t). Consider the Lagrangian
L=1mi*+Q(z-A—¢). (1.17)

The EL equation is

%(m:’e—k@A)—i—QV((b—:b-A) 0. (1.18)

(Notice how the presence of the velocity-dependent force from the magnetic field means that p # ma.) The
derivative with respect to time in the EL equation is to be carried out along the curve z(t). Therefore

da  9A

= TE VA (1.19)

Substituting this into (1.18) and rearranging,

imﬂQ[%f +v¢>} —l—Q{(d:-V)A—V(:b-A) 0. (1.20)

The expression inside the first square bracket is simply —FE. The expression inside the second is —z X B,
because
txB=zx (VxA) =V(z-A)—(z-V)A, (1.21)

where I have used the relation
V(A-B)=(A-V)B+ (B-V)A+ AXx (VxB)+Bx (VxA), (1.22)

9



remembering that V& = 0 because ¢ and & are independent variables. Therefore the Lagrangian (1.17)
produces the equation of motion (1.15).

Here T have simply pulled this Lagrangian out of a hat, but when one looks at the problem in a proper,
relativistically covariant way the action

S[a] = / lmé? + Q- A )] dt (1.23)
pops out naturally. As ever, adding a total derivative
dA  OA

— =—+4x-VA 1.24

@~V (1.24)

to the integrand of S (and thus to the Lagrangian (1.17)) has no effect on the extremal x(t) obtained by
solving 05 = 0. This is equivalent to the gauge transformation

OA

¢—>¢_E7 A— A+ VA (1.25)

1.3 Constraints
Sometimes it is convenient to have some redundancy among the co-ordinates. For example, a circular hoop

of mass m rolls without slipping down a rigid wire inclined at an angle « to the horizontal. The obvious
co-ordinates to describe the system are the distance x of the hoop from

P its starting point and the angle ¢ between the hoop’s point of contact
v with the wire and a reference point P on its rim. But & = R¢ because
the hoop rolls without slipping, so that

x = R¢ + constant, (1.26)

the constant depending on the initial conditions. So, z and ¢ are not
independent co-ordinates.

A holonomic constraint is a relation
g(g;t) =0, (1.27)

where ¢ is a function of the n co-ordinates (g1, ...,¢,) and possibly time ¢. Equation (1.26) is an example
of such a constraint. Following §0.2, the procedure for finding the equations of motion of a system with
k independent holonomic constraints is to introduce a new generalized co-ordinate \; for each constraint
gi(g;t) = 0. Treating these n + k co-ordinates as independent, consider motion in the (n + k)-dimensional
augmented configuration space with Lagrangian

k
L'({g;A},d,t) = L(g, 4, t) + Y _ Nigi(a.t). (1.28)

i=1

Writing down the q and A\; components of the EL equation for L', the equations of motion are

d (M) 0L 5~ 0
dt \ 9¢ dq ‘Oq’ (1.29)

i=1

g=-=g,=0.

Each constraint g; results in an additional generalized force on the RHS of the EL equation, the size of which
is controlled by the co-ordinate ;.
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Exercise: Consider a system with co-ordinates (r, ), Lagrangian L = %mr'2 + %mr292 + mgr cos 6 and
constraint » — [ = 0. Show that the constraint force has magnitude |m7"92 + mgcosf|. More generally,
show that if the co-ordinate ¢; is held fixed when one solves the EL equations, then the magnitude of
the corresponding (generalized) constraint force is given by |0L/dq|.

Returning to our example of a hoop on a wire, the hoop’s kinetic energy T can be broken down into the

energy due to translational motion of its centre of mass, %m;ch, and the rotational energy about the centre

of mass, %mR2q52. The potential energy V = —mgz sin a. There is one constraint,
g(z,¢) =z — Rp=0. (1.30)
The augmented Lagrangian
L' = 1mi? + ImR*$* + mgrsina + Mz — Re), (1.31)

for which the EL equations are

d . .
—mi —mgsina = A,

dt

d ; (1.32)

—mR*$ = AR, :

e

T — Rp = 0.
Using the third equation to eliminate (;5 from the second, we have that %mab = —\. Substituting this into
the first equation and eliminating A, gives
i=1igsinao. (1.33)

So the hoop rolls down the plane with only half the acceleration it would have in the frictionless case.

Not all constraints can be written as g(x,t) = 0. An example of a system with such a non-holonomic
constraint is a hoop rolling without slipping down a plane instead of along a wire. Natural co-ordinates
to use are the location (z,y) of the hoop’s centre, the orientation ¢ of a reference a point on the rim of the
hoop and another angle 6 giving the orientation of the hoop in the plane. The no-slip conditions mean that

the hoop’s velocity satisfies . )
& = R¢sin6, 9 = Rocosb, (1.34)

but these cannot be integrated to give an expression of the form g(x,y,0,¢,t) = 0. To see this, think of
rolling the hoop on closed circuits of different lengths around the plane, returning to the starting position
(z,y) with the same 6. The angle ¢ at the end depends on the length of the circuit.

1.4 Motion in non-inertial co-ordinate systems

Ant on a turntable An ant finds itself on a turntable that rotates with constant angular velocity §2. The
ant sets up cartesian (X,Y, Z) co-ordinates co-rotating with the turntable, so that the “lab” co-ordinates
(z,y,2) of a point (X,Y, Z) on the turntable are given by

T cos{it —sinQlt 0 X
y | =|sinQt cosQt 0 Y |. (1.35)
z 0 0 1 VA

The Lagrangian of a particle in the ant’s co-ordinates

L=T-V=1im@*+9*+:*) -V

o . L 1.36
m(X?+ Y2+ Z%) + mQXY — XY) + ImQ* (X2 +Y?) -V, (1.36)

1
2
1
2

the second line following from the first on differentiating the transformation matrix (1.35). The (X,Y)
equations of motion for a free particle (V' = 0) on the turntable in the ant’s co-ordinate system are therefore

%m).( = mQY + mO2X, %mY = —mQX + mO%Y. (1.37)
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Notice that these are simply & = ¢ = 0 in the co-rotating frame. Turning to the ant itself, if friction keeps
it at rest (X = Y = 0) with respect to the turntable, then it feels an outward force of magnitude mRQ?,
where B2 = X2 +Y?2 (second term on RHS of each of (1.37)). This is reduced if the ant tries to walk against
the rotation of the turntable (first terms on RHS), and vanishes completely if the ant runs around the circle
R = constant with speed RX).

Writing r = (XY, Z) for the co-ordinates of a particle in the rotating frame (r for rotating, = for fixed) and
2 =(0,0,9), the Lagrangian (1.36) can be expressed as
L(r,#,t) = imi® + mr - (2 x r) + Im(2 x r)> = V(r,t)

=Im@E+2xr)? -V(rt).

(1.38)

Instead of wrestling with the matrix (1.35), a simpler way of deriving (1.38) is to note that a particle moving
with respect to the rotating r frame with velocity 7 has in the z frame a velocity whose magnitude

] = |5+ 2 x 7|, (1.39)

which, together with L = Ima? — V, gives (1.38) directly. Notice that equation (1.39) is a statement only
about the magnitude of the vector , not its direction; we show later that z and (r + £ x r) are related by
a rotation, as one might expect.

The equations of motion for the particle in the rotating frame are easy to obtain from (1.38). Making use of
the relation a - (b X ¢) = ¢ (a X b), the partial derivatives of L are found to be

oL

pEF:Tn’f‘—f—mQXT‘,
r
oL . ov (1.40)
— =mrXx 2+m(2Xr)x 22— —.
or or
Therefore the equation of motion
d .
—m%z—mﬂXr—?mQxf—mﬂx(.QXT)—a—V, (1.41)
dt or

showing that in this non-inertial, rotating frame the particle moves as if it were subject to an additional three
“pseudo-forces”: the inertial force of rotation —m#2 x r, the Coriolis force —2m {2 x r and the centrifugal
force —ms2 x (2 x r).

Exercise: Show that in the northern hemisphere the Coriolis force deflects every body moving across
the earth’s surface to the right and every falling body towards the East.

Exercise: In cosmology it is often useful to express the equations of motion of “dust” (stars, gas) in
terms of co-moving co-ordinates, r, which are related to “physical” co-ordinates, x, through = = a(t)r
where a(t) is the scale factor of the universe. Show that in these co-ordinates the motion of a dust

particle satisifies

. a,  a 109
r+2-—7+ —r=
a

—_ 1.42
a a? or ( )

More general moving co-ordinates There is a more general way of dealing with moving frames. Con-
sider a co-ordinate transformation of the form
x = R+ Br, (1.43) T,

in which the co-ordinates of a particle P in the “fixed” x system are
given in terms of those in the r system by a rotation B(¢) followed by

12




a translation R(t). Differentiating (1.43), the velocity of the particle in
the x frame is given by

@& = R+ Br+ Br. (1.44)
For example, a rock on the earth’s equator has co-ordinates » = (Rg), 0,0). Equations (1.43) and (1.44) give
its co-ordinates and velocities in a frame centred on the sun and oriented with respect to the “fixed stars” if

we choose R(t) to be the location of the centre of the earth in this fixed frame and use B(t) to describe the
rotation of the earth about its axis.

Pure rotation Let us first consider the case R = R = 0 in which the (three-dimensional)  and = co-
ordinate axes are related by a pure rotation, so that @ = Br. Since B is a rotation, BBT = I, so B! = BT
and » = B~'z = BTz. Substituting this into (1.44) gives

@& = BBz + Br. (1.45)
To understand the effect of BBT, differentiate the relation BBT = I to obtain

BBT + BB =0 = BBT+ (BB =0 (1.46)

Thus BB is a skew-symmetric matrix. Now write out the expression w x z in matrix form. The result is

0 —Ws w2 I
w3 0 —Ww1 X9 . (147)
—W9 w1 O T3

So, by choosing w appropriately, any skew-symmetric matrix can be represented by the operation w X z. In
particular, the relation (1.45) can be written as

T=wXax+ Br (1.48)

for some (possibly time-dependent) w, which is an eigenvector of BBT with eigenvalue 0. This w is the
instantaneous angular velocity in the « frame. Using = Br and introducing 2 = B~'w, the instantaneous
angular velocity in the r frame, we have that

= B2 x Br + Br

) (1.49)
=B(R2Xx7r+7),

because Bb x Be = B(b x c). Substituting this @ into L = ima? — V = im(a” - &) — V gives the

Lagrangian (1.38). So, the Lagrangian we derived earlier for the special case of a steady rotation Q¢ about

the £3 = r3 axis holds even when the rotation axis and rotation rate change with time, provided we take §2

to be the instantaneous angular velocity in the rotating frame.

Pure translation, no rotation If the » and x co-ordinates are related by a pure translation, then
B = I and equation (1.44) becomes

#? = (R+7)" = R*+2R -7+ +#°

. d, . .. (1.50)
=R*+2—(R-7) —2R-r + 7>
dt
A suitable Lagrangian is
L=1imi*>—mR-r—V(rt), (1.51)

dropping the first two terms from (1.50) because they contribute nothing to the equations of motion.
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General case — translation plus rotation For the general case, we introduce an intermediate co-ordinate
system «’ related to « by a translation and to r by a rotation:

x=R+a,
1.52
x' = Br. ( )
Using (1.51), the Lagrangian L(z’,4/,t) = 1@’ — mR -2’ — V. Taking &/ = B(r + £ x r) from (1.49), we
have finally that
L(r,7t) = im (7 + 2 x r)> —mR - (Br) - V. (1.53)

Exercise: Let B be a constant (time-independent) rotation matrix and choose mR = —9V/dx. Show
that in this freely falling frame the equations of motion become %mf =0.

Exercise: Show for the case » = 0 that

PR z fiif}g? (1.54)

Explain why this means that £ and w are independent of the choice of R.

1.5 Rigid bodies

A rigid body is a system of particles having masses m; and positions x; satisfying constraints of the form
|x; — a;| = r;; for all pairs (i, j) of particles, where each r;; is a constant.

Exercise: A rigid body moves in an external gravitational potential ®(x). Show that extremizing the
action integral (1.3) with Lagrangian L = T'— V, where T'= £ >~ m;@;* and V = Y, m;®(x;), subject
to the constraints that (z; — ;) = Tfj, leads to the usual Newtonian equations of motion for a rigid
body:
imk:c'k = —mia—q) + Z(Constraint forces), (1.55)
dt Oxy, Z

where the constraint forces are of the form Ap;(z, — x;) with A\g; = Aj.

Exercise: Use (1.55) to show that if there are no external forces acting on the body, then its linear
momentum Zi m;x; and angular momentum Zz x; X m;x; are conserved. See §1.7 later for a more
elegant way of obtaining this result.

The configuration space of a rigid body is six dimensional. In case this is not obvious, pick any three non-
collinear points x1, x2 and z3 in the body. We need three numbers to specify x;, another two for xo (we
already know ro1) and a final one to fix 3. The positions @; of all the other points in the body are then
completely determined by the constraints |z; — x1| = 71, |®; — 22| = 132 and |z; — x3| = 13, once we've
chosen whether z4 lies “above” or “below” the plane defined by (z1, z2, z3).

Let us set up a co-ordinate system that moves with the body, its origin at i, its first basis vector r; =
(z2 — x1)/|x2 — 1], the second, 7y, orthogonal to #; but lying in the (z1, z2, z3) plane and the third given
by £3 = 71 X 7o. In this frame, the co-ordinates r; of particles in the body do not change with time, 7; = 0.
In the inertial x frame, the particles’ co-ordinates

i — R+ Bri, (1.56)

where R = x; and the rotation matrix B is set by the orientation of (71,72, 73). We use this R and a set of
three angles, known as Euler angles, that describe B as our six generalized co-ordinates for the body. The
particles’ velocities )
z;=R+wX(x; — R
o (w: — R) (1.57)
=R+ B(Q X 'I‘i),
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the first equality following from the definition (1.54) of the (z-frame) angular velocity w, the second from
the definition of the (r-frame) angular velocity 2 = B~1w together with (1.56).

Angular momentum of a rigid body rotating about a fixed point Before defining the Euler angles,
let us investigate the case of a rigid body rotating about a fixed point z = r = 0, so that R = 0. Using the
relations (1.56) and (1.57) above, the angular momentum in the = frame

ZTi X ml(() X Ti)

g

= BJ, (1.58)

JEZmZ xmlwz :ZBT"l xmlB(.erz) =B

where the angular momentum vector in the r-frame
J = Z’I‘i X mi(ﬂ X 'I‘i)
’ (1.59)
— /r x p(2 xr)d®r = /p[?‘Q.Q — (2 -r)r]d®r,

and we have moved to the continuum limit to avoid a rash of indices in the following. In tensor notation
this becomes

3
Ji = ZIUQ]" with Iij = /ddT p(T‘zéz‘j — 7'1'7"]‘), (160)
j=1

where the Kronecker delta symbol d;; = 1 if 4 = j and is zero otherwise. Writing out the inertia tensor Z;;
explicitly,

Y24+ 272 XY -XZ
T= /d3r p(r)| —-XY X24+27%2 -YZ |, (1.61)
-XZ -YZ X?4Y?

where » = (X,Y,Z). Since it is a real symmetric matrix, it has real eigenvalues I; and eigenvectors b;.
If we orient our co-moving axes 71, 7o, 3 so that r; = b; then Z becomes diag(I1, I, I3) and the angular
momentum J; = I;€;. The b; are known as the body’s principal or body axes and the I; its principal
moments of inertia.

The following table shows Z;; for some simple mass distributions, assuming that each has total mass M and
that the mass is distributed uniformly. Unless stated otherwise, Z;; is measured about the centre of mass.

Ti;
Rod length a (about centre) L Ma*diag(1,1,0)
Rod length a (about end) +Ma’diag(1,1,0)
Ring radius a $Ma?diag(1,1,2)
Disc radius a TMa?diag(1,1,2)
Spherical shell radius a 2Ma?diag(1,1,1)
Sphere radius a 2Ma’diag(1,1,1)

Exercise: Verify these!

Note that the vectors , w and j live in the x frame, while r, £2 and J live in the r frame. Vectors in different
frames can meet only through the intercession of the operator B. From (1.49), if we have a vector V that
lives in the r frame, then the rate of change of the corresponding z-frame vector, v = BV, is given by
d .
dit’ =B(V+2xV). (1.62)
We can immediately apply this to j = BJ in the case of a free rigid body rotating about a fixed point (e.g.,
centre of mass of a freely falling body). Since there are no external torques j is conserved. So,
dj . .
G =BUraxn=0 = Jtexi=o (1.63)
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which is known as Euler’s equation. In the principal-axis frame J; = I;§2; and Euler’s equation becomes

d®

I —— = (I; — I3)Q:0Q

1 dt ( 2 5) 2963,
dQ

IQTLLQ = (I3 — I1)Q2380, (1.64)
dQ

Ingi" = (I, — 1), .

The motion of rigid bodies is interesting because the angular momentum J is not proportional to the angular
velocity £ (unless I1 = I, = I3).

Exercise: (The “tennis racquet theorem”) A rigid body rotates freely about its third principal axis,
with J = (0,0, I30Q3). It is given a small perturbation, so that £; and €2 are non-zero, but small.
By substituting trial solutions of the form €; = a;e* and Qy = ase** into (1.64) and neglecting
second-order terms such as ;(, show that the motion is stable (k? < 0) if either I3 > max(Iy, I2) or
Is < min(ly, Is). Thus rotation about either the short or the long axis of a free rigid body is stable, but
rotation about the intermediate axis is unstable.

Exercise: Consider a free symmetric top with I; = I # I3. Show that Q3 is a constant of motion
and that the angular velocity £2 precesses around the r3 axis with frequency

L —1I3

Qp I

Q. (1.65)

Notice that the precession is retrograde (2, < 0) if I3 > I (i.e., if the body is oblate).

Kinetic energy of a rigid body rotating about a fixed point Using £ = B(£2 x r), the kinetic energy
1

— -2
T = 5>, my&; becomes

T = %/p[B(QXT)]T-[B(QXr)] d*r = %/p(QXr)z d’r

(1.66)
=3 [ ol - (2] @i

We can rewrite the contents of the square brackets as

0% — (272 =D Q%0 = Y Qri > Qry =Y QQ;(r6y; — rirj), (1.67)
ij i j ij
so that
T=3Y 0T, =10" 1.0, (1.68)
ij

where Z;; are the components of the inertia tensor (1.60).

Exercise: Starting from (1.57), show that if we allow translational motion (R # 0) and we take R to
be the position of the body’s centre of mass, then the kinetic energy of the body can be split into two
parts,

T=3IMR*+ 1Y Q7,9 (1.69)
j

where M is the total mass of the body. The first term is the kinetic energy of translational motion of the
body’s centre of mass, the second the rotational kinetic energy of the body about its centre of mass.

The rest of this section explains how to obtain a Lagrangian for a body moving in a uniform gravitational
field about a fixed point (e.g., a top spinning about a point on a table). We first introduce Euler angles.
These describe the rotation matrix B and serve as our generalized co-ordinates. Then we obtain the potential
energy and kinetic energy in terms of these angles and the principal moments of inertia of the system.

16



Euler angles The standard method for parametrizing B is as follows. Start with the 7, 7o, 73 axes
coincident with the inertial &1, 2, 3 axes. Then apply the following sequence of rotations to the former:
1. Rotate through an angle ¢ about the r3 = &3 axis. Under this rotation 73 = &3 is unchanged and 7,
(temporarily) picks out a new direction known as the “line of nodes”. Label this direction 7.
2. Rotate through an angle 6 about the line of nodes (the temporary #; axis). The line of nodes remains
fixed, and 73 comes to its final position.
3. rotate through an angle v about the r3 axis.

Writing out this sequence of operations explicitly, we have that

T costy siny 0 1 0 0 cos¢ sing 0 1
Ty | = | —siny cosyp 0 0 cosf sinf —sing cos¢ 0 o |, (1.70)
T3 0 0 1 0 —sinf cosf 0 0 1 r3

or, x = Br with B given by the product of the three rotation matrices.

Exercise: It is perhaps not immediately obvious, so show that any rotation can be represented by some
choice (sometimes not unique) of Euler angles (¢, 6,1).

Potential energy of an axisymmetric top Assume that the top is rotationally sym-
metric about the 73 axis. Then V does not change as ¥ and ¢ are varied, because in
the definition of Euler angles the ¢ and ¢ rotations take place about this axis. Therefore
V = mgl cos 8, where (r1,74,73) = (0,0,1) is the position of the top’s centre of mass in the
body frame.

Kinetic energy in terms of Euler angles Finally, we need to express the £2 appearing in (1.68) in
terms of (¢, 0,1) and their derivatives. Between times ¢ and t + d¢ the orientation of the rigid body changes
from (¢,0,) to (¢ + do,0 + df, v + dyp) and the x co-ordinates of a point » = constant on the body vary
from z to x 4+ dz. Since z(t) = B(t)r, we have that (to first order in dt,d¢ etc)

dz = B(¢ + do, 0 + df, v + dY)B™L(4, 0, )z — = = wdt x =, (1.71)

the last equality following from the definition (1.54) of angular velocity. Taking the changes in each angle
separately,

B(¢+de,0,)B~ (¢, 0,9)x — x = wydt x @
B(¢,0 +d0,¢)B~(¢,0,9)x — x = wpdt x x (1.72)
B(¢,0,¢ +dy)B 1 (¢,0,¢)x — & = wydt x =,

and the total angular velocity w = wg + wp + wy (again, to first order). Our job is to express wy, wy and
wy in terms of either the & or the # basis. Let us do this first for the special case ¢ = 1 = 0. The first of
equations (1.72) is a rotation of d¢ about the &3 axis, giving

wy = Gz = sin Oy + ¢ cos O7s, (1.73)

because, solving (1.70) for = (0,0,1)7, &3 = 79 sinf + 73 cos® when ¢ = ¢» = 0. The second is a rotation
of df about the line of nodes 7y (= 71 when ¢ = ¢ = 0). Therefore

wp = 07y, (1.74)

The third is a rotation of di about 73, so .
wy = Y3 (1.75)

Gathering these last three equations together, w = wy + wp + wy = B(Q1, N2, Q3)T with
O =0, Qy=dsinh, Q3=1)+ dcosh. (1.76)
The expression (1.68) for the kinetic energy of our axisymmetric (I; = I) top becomes
. . . . 2
=11 (92 + 2 sin? 9) + 1 (w + deos 9) . (1.77)
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This is assuming that ¢ = ¢» = 0. But for an axisymmetric top the kinetic energy cannot depend on these
cyclic co-ordinates and we can always choose the origin of reference for ¢ and 1 to have ¢y = ¢ = 0. Thus
the expression holds for all ¢, ¢ and so the Lagrangian for an axisymmetric top moving about a fixed point
in a uniform field is

. . . . 2
L=T-V=1p (92 + $? sin’ 0) +1i5 (w + ¢ cos 9) — mgl cos . (1.78)
Exercise: (optional detour) It is also possible to obtain §2 in terms of (¢, 8,1) without assuming that
¢ =1 = 0. Show that for general (¢, 8,),
2 = dis + Ory + g
= [¢sinOsiney + 0 cos ]y + [@sin O cosp — Osin )i + [1) + ¢ cos O]7s 7

using (1.70) to obtain z3 and rx in terms of the #;. Substitute this into the expression (1.68) for the
kinetic energy and show that it reduces to (1.77) when I; = I5.

(1.79)

Exercise: Free symmetric top revisited We have already seen how the angular velocity £ of a
free symmetric top precesses about 73 at a rate , = Q3([; — I3)/I; (1.65). Now let us look at it
from an inertial frame. By substituting ¢ = Qpt mto (1.79) or otherwise explain how one can identify
1/) with the precession rate €2,. Use this together with Q3 = 1/) + gf)cos@ from (1.79) to show that
(b I5Q3/1; cosf and hence that the wobble rate qﬁ of a uniform disc (I; = I, = %Id) satisfies gb ~ —2@/}
when Ql, QQ < Qg.

Pinned axisymmetric top in uniform gravitational field The generalized momenta

L
Dy = qu = ¢>I1 sin® 0 + QSIgcos 9+1/)Ig,cos€
oL (1.80)
Dy = @ = I3 + $pI3cosf
in (1.78) are clearly constants of motion. So too is the energy E =T 4 V, which can be written as
: - 0% 1
E=1n6*+ W—F 2}2 +mglcosf| . (1.81)
This comes from using (1.80) to eliminate
. . Do — Py COSO
w— ¢COS€ Qb: W, (182)

from the expression (1.77) for T in favour of the constants py, pg. Therefore the problem reduces to motion
in the one-dimensional potential Vog(6) given by the contents of the square bracket in (1.81).

Substituting u = cos 6, equation (1.81) becomes

a2 (py — pyu)? 2
E=1 . l 1.83
21—u2+211(1—u2)+21 +mge, (1.83)
or, rearranging,

? = (a — Bu)(1 —u?) — (a — bu)* = f(u) (1.84)

with constants ) ol

Pe Py by myg
=0 L h( 13>’ =1 (185)

f(u) is a cubic with f(u) — oo as u — oo. Since u = cosd, u must lie between -1 and 1. Looking at (1.85)
we see that f(41) < 0 unless a = b. Therefore f(u) has two roots uj, us in the interval —1 < u < 1, between
which 4% = f(u) > 0. This means that the inclination § nutates (nods) between two values f; = cos™! uy
and 0y = cos™! ug. Meanwhile the azimuthal angle ¢ precesses at a rate

a—bu

b=1—3 (1.86)

— u?

If u = b/a lies between u; and uy, ¢ changes sign meaning that the curve traced by the top on the (6, )
sphere has loops — see lectures!
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1.6 Small oscillations

A mechanical system is in equilibrium if all time derivatives vanish. In particular, if ¢ = qq is an equilibrium
configuration, then we must have ¢ = 0 and, from the EL equation, 9L/9q = 0 too. To study the behaviour
of a system close to equilibrium, the usual first step is to linearize the equations of motion. This reduces
the problem to modelling a coupled set of simple harmonic oscillators, making it easy to test whether the
equilibrium is stable or unstable, to calculate the frequencies with which the system “rings” when knocked,
and much more.

Expanding L(q, ¢) to second order as a Taylor series about (q,q) = (qo,0),

L(g+h,q+h) = L(qo,0 +Zh <8q1>( ) +3 i <8qz>( )
q0; 7 q0;

. (1.87)
5y [hiFiihs + hiCighy + hiCThy + hiMish | +O(h),

where the constants F;; = Fj; = 82L/8q18qj, i = M;; = 82L/8q'i8qj and C;; = Cﬁ = 82L/8qi8q'j, all
evaulated at (g, q) = (go,0). Remembering that 0L/ 0g; = 0 at equilibrium, it is easy to see that none of the
first three terms affect the equations of motion. The linearized EL equation for hy is then

%Zhiczk+%zclz;h]+sz]h] - ZFk]h]+%ZCk]h]+%thC£ :0
i J J J J i

= Z {M’“hl + (Cix — Ckz)hz — Fkihi:| =0.

%

(1.88)

The solutions to this homogeneous linear equation are of the form h(t) = Q exp(iwt), with the vector Q@ and
w related through the eigenvalue equation

(WM —iwC + F]Q = 0, (1.89)

where C'ij = (C;j — Cy5) is the antisymmetric part of C. Taking the determinant of this, the eigenfrequencies
w are given by the roots of .
det(F — iwC + w?*M) = 0, (1.90)

The system is (linearly) stable if all the eigenfrequencies are real.

For most problems

L= Z aij(@)didq; — V(a), (1.91)

with some symmetric functions a;;(g) = a;;(q) such that the kinetic energy is a positive definite quadratic
form in the velocities. For typical cases it turns out that M;; = a;;(qo), F;; = —0?V/0¢;dq; and Cj; =
0. An exception is when there are velocity-dependent forces (e.g., motion in a rotating frame or in an
electromagnetic field). We simply ignore such problems in the following and assume from now on that
Cij =0.

It is easy to see that each of the eigenfrequencies w is either purely real or purely imaginary. Substituting
hi = Qi exp(iwt) into (1.88), multiplying by Q%, summing over k and rearranging gives

—ZFkiQZQi/ZMkiQZQ¢~ (1.92)
ki ki
Each of the sums is real, because
(Z My QrQ ) ZMszkQ ZMszkQ = MQQi, (1.93)
ki
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by the symmetry of My; (and Fg;), and swapping labels (i,k) in the last step. Since the kinetic energy
T= %Mijhihj is a positive definite quadratic form, it follows that all w? > 0 (and therefore the system is
stable) if go is a local minimum of V.

Normal co-ordinates If the eigenfrequencies w, obtained by solving (1.90) are distinct, then the cor-
responding eigenvectors Q. are orthogonal in the sense that

Q5MQa =0, ifw, # wg. (1.94)
This follows on multiplying the (C = 0) eigenvalue equation (1.90)
(F+wiM)Q, =0 (1.95)

by another eigenvector Qs and then using the symmetry of F' and M to show that (ws — wa)QLMQs = 0.
The importance of this is that any small oscillation h(t) that satisfies the linearized equation of motion (1.88)
can be decomposed into a sum of normal modes,

h(t) = Z Qo cOS(Wat + G ), (1.96)

where the amplitudes ag and phases ¢ can be found by premultiplying (1.96) by QEM to obtain
Qf Mh(t) = agcos(ws + ¢g) (1.97)

(assuming the Q; are normalized such that QEMQQ = 043). Thus for each 3, Qth(t) is a combination of
the original co-ordinates that oscillates sinusoidally at angular frequency wg, regardless of how the system
was set into motion. A combination of the co-ordinates that inevitably oscillates sinusoidally is called a
normal co-ordinate.

Exercise: In terms of generalized co-ordinates (61,62), a double pendulum has Lagrangian
L =ml%0? + %ml%% + mi? cos(01 — 62)6162 + 2mgl cos 8; + mgl cos . (1.98)
Expanding about the equilibrium 6; = 63 = 0 to second order, show that this may be written

L~ ml%67 + mi?0% + mi*0:0, — mglo? — Lmglo3, (1.99)

and that the EL equations in matrix form are

s g(2 -1
6= z(—2 2)0, (1.100)

where 8 = (6;,605)7. Find the normal modes. [Ans: eigenmodes (1,v/2)Tel“~* and (1, —v/2)Tel“+t, with
eigenfrequencies w2 = (g/1)(2 + v/2).]

1.7 Noether’s theorem

A constant of motion is any function C(q, q,t) for which the total time derivative

o ac  ac . ac
_ . . 9 1.101
ot 99 T g (1.101)

vanishes along a trajectory q(t) that satisfies the equations of motion. For example, if L/0t = 0 then we
already know from equation (0.19) of §0.1 that

. . OL
H(q,q) ZQ‘?*L (1.102)
q
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is a constant of motion. Similarly, if L contains a cyclic co-ordinate g; (one for which L/dq; = 0), then the
generalized momentum p; = dL/0¢; is a constant of the motion.

In general, a system with n degrees of freedom has 2n — 1 independent constants of motion. To see this,
suppose that a system has (q,q) at some time ¢. Then one can in principle integrate the system for-
wards/backwards to some reference time, tg. The values of q and ¢ at ¢y are some complicated functions
qi(to) = fi(q,q,t), ¢;(to) = gi(q, q,t), of their values at time ¢. Eliminating ¢ from these 2n equations leaves
2n — 1 constants of motion. There are few mechanical systems for which one can write down expressions
for all 2n — 1 constants of motion, but we have already seen (e.g., motion of axisymmetric top) that finding
just n constants of motion is enough to understand the behaviour of a mechanical system with n degrees of
freedom, at least qualitatively.

Noether’s theorem states that for every continuous symmetry of the Lagrangian there is a corresponding
conserved quantity. Suppose we apply a transformation to our mechanical system, which results in a small
change in co-ordinates

q—>q+€K(Q)7 (1103)

where K(q) is a vector-valued function of g. For example, we might move our favourite pendulum slightly
to the left, or turn it anticlockwise a little. If the Lagrangian L(q, ¢,t) is invariant under this transformation
then there is a constant of motion oL

C(q,q) = 50 K (1.104)

Proof: Since the transformation (1.103) leaves L unchanged then, at € = 0,

_dL_oL 94 0L i
" de  9q Oe¢  Oq Oe

oL ‘s oL p (1.105)
Y 0q )
Using the EL equation to replace the dL/9dq factor,
oL oL . oL
K+ — K= K. 1.1
dt<8 > " 94 (aq > (1.106)

Example: homogeneity of space The Lagrangian for a closed system of N particles,
Zml ZV lz; — ), (1.107)

is invariant if we apply the translation z; — x; + en to all the particles’ co-ordinates, for any choice of
direction n. By Noether’s theorem, this symmetry means that

Z (a;;:,) ho= (Z mlwz> -, (1.108)

is a constant of the motion. Since the relation holds for any n, we have that ), m;&; is an invariant. Thus,
translation invariance of L implies conservation of total linear momentum.

Example: isotropy of space Similarly, the Lagrangian (1.107) is invariant if we pick any direction n
and carry out an infinitesmal rotation of the system about this axis: z; — x; + en X z;. Noether tells us
that there is a conserved quantity

Z (gﬂi) (nxx;) = (Z x; X mzwz> 7. (1.109)
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In other words, rotational invariance of L leads to conservation of angular momentum.

Example: particle in a uniform magnetic field A particle moves in a uniform magnetic field
B = (0,0,B) = Bk. From (1.17), the Lagrangian L = %ma’c2 + Q(z - A— ¢). Since E = 0, we are free to
choose ¢ = 0. Let us consider two different choices for the vector potential A that make B = Vx A = (0,0, B).

First take A = (—=By,0,0). Then we get L = £ma? — Qi:By. This is invariant under translations in either
the 7 or k directions: £ — x + €i, € — = + e¢k. Therefore, two constants of the motion are

L L
a—,-isz =mi — QBy and a—.~k:pz =ms2. (1.110)
oz oz

Now take A = (0, Bz,0). Then L = %mw'Q — QyBx, which is invariant under translations in either j or k
directions, leading to the additional constant of the motion

oL
oz

The physical meaning of p. is obvious. To understand p, and p,, consider
P =p, +ip, = m(i +iy) + QB(iz — y) = mé +iQBE, (1.112)

where ¢ = z+iy. This is a first-order ODE for £. Multiplying by the integrating factor e'“!, where w = QB/m
is the Larmor frequency, the solution is

£(t) = + Ket, (1.113)

iwm

where K is a constant of integration. We now see that p, and p,, (through P) encode the = and y co-ordinates
of the guiding centre around which the particle gyrates. The radius of gyration is given by the integration
constant |K|, which sets the particle’s energy.
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2 Hamiltonian mechanics

2.1 Hamilton’s equations
The Euler-Lagrange equation (1.7),
doL oL _
dt 9¢ Oq ’
when written out in component form becomes a set of n coupled second-order ODEs. Like any set of n

coupled second-order ODEs, we can turn it into a set of 2n first-order ODEs by introducing n additional
variables. In this case, introduce p = dL/dq to obtain

(2.1)

oL oL

oL _ 9L 2.2
90’ P=aq (2.2)

p:

the second of which is an awkward implicit equation for q.

We’d like to have a new function that somehow encodes the same information as L(q,q,t), but with ¢
replaced by p = 0L/0q. Provided L(q,q,t) is a convex function of the velocities g, then we can do just
this by taking the Legendre transform (8§0.3) of L(q, q,t) with respect to g. This gives a new function, the
Hamiltonian,

H(p,q,t)=p-q—L(g,4,1), (2.3)

which is a function of the generalized co-ordinates g, the conjugate momenta p and time; we have to use the
relation p = OL/0q to express all ¢ on the RHS in terms of p and g (and possibly t).

To obtain the equations of motion in terms of this new function, take the total differential of each side
of (2.3). The RHS gives

oL oL oL
dH =q¢-dp+p-d¢g— | =— -dg+ = -dq+ —dt
Oq 0q ot (2.4)
—g-d _371’ d _aidt '
=q-ap 8q q ot o

using p = 9L/9q to cancel two of the terms on the first line. This must equal the total differential of the

LHS,

OH 0H oH

Since (2.4) and (2.5) have to be equal for any choice of (dp,dq, dt), it follows that

. OH oL OH oL OH

% oo oo 20
Using the relation p = 9L/0q, these become Hamilton’s equations:
q= oH
T e
p= 787q'

We can think of the system as a point (g, p) moving in 2n-dimensional phase space with velocity given
by (2.7). Hamilton’s equations are usually no easier to solve than the EL equations. The power of Hamil-
tonian mechanics comes from the ease with which one can use the explicit ODEs (2.7) to discover general
properties of trajectories in phase space.
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The rate of change of H along a trajectory (q(t), p(t)),

g—aﬂ_'_' a£+' aiH
a ot 1T ag TP op
_OH OH O0H 0H 0H 0H

(2.8)

o " p 9q 0 O O
the second line following from the first on using Hamilton’s equations (2.7). Thus H is conserved if it does
not depend explicitly on time. (We have already seen this in §0.1.)
Exercise: Show that if L =T — V', with T a homogeneous quadratic form in q,
T =735 aij(a,)didj, (2.9)
ij
with a;; = aj; and V = V/(q, t), then the Hamiltonian H = T'+ V. (Hint: Show that py =), axiq; for

this L and substitute into (2.3). If you wonder where the factor of two that cancels the factor % in T
comes from, write T out explicitly in terms of a11, aj2 = as1,... and obtain p; from that.)

Exercise: For the Lagrangian L = tma? — V (=, ), show that the Hamiltonian H = p?/2m + V and
that Hamilton’s equations become

R ov
_r OV 2.10
=, p=—o (2.10)
2.2 Examples
Particle in a central field A particle moving in a central field V(r) has Lagrangian (1.12)
L=3im (7%2 + 7262 + r? sin? 9(&2) —V{(r), (2.11)

which is of the form Zij a;j(q)71; —V(q). Expressing the velocities 7,0, in terms of the momenta p, = ms,

Py = mr29, Dy = mr? sin® 0@5, the Hamiltonian

2 2 2
Py Py Py
H = Vir). 2.12
(r.p) 2m  2mr?2  2mr2sin 6 Vi) (2.12)
Hamilton’s equations are
._ D y . _Po .
— (9_mr27 (b:%a
av pi cos 0 mr2sin” 0 (2.13)
p, = -, g = — =, p = 0.
' dr bo mr2sin® 0 ¢

Spinning top The Lagrangian (1.78) for an axisymmetric top spinning about a fixed point,
. . . . 2
L= %Il (92 + ¢?sin? 9) + %Ig (1/) + ¢ cos 0) —mglcosf, (2.14)

is of the form T'— V' (q) with T a homogeneous quadratic form in the generalized velocities é,0,v. Therefore
the Hamiltonian is T'+ V. The momenta conjugate to the co-ordinates ¢, 8, are

Py = gﬁ; = Ilq.bsin29—|-13(l/'1 + (Z.SCOSG) COSH,
oL :
= =10, 2.15
Po 20 1 ( )
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Eliminating (¢, 6, 1) in favour of (g, P, py) In T+ V (or p-q— L if that’s too easy), the Hamiltonian

2 _ 0)2 2
Py Py —pypcosO Py, (2.16)

H(¢, 971/%2?(;5’170,171@) = 211 211 SiIl2 0 213

The co-ordinates ¢ and 6 do not appear explicitly in H. From Hamilton’s equations we see that the
corresponding momenta pg and py are conserved.

Motion of a particle referred to a rotating co-ordinate system In this case the Lagrangian L =
im[r + 2 x r]> = V(r). This cannot be expressed as >_ a;;(r)f#; — V(r,t) and so we cannot assume that
H =T+ V. Going back to the Legendre transform relation (2.3) and using p = 0L/0r = m(¥ + 2 x r), we

obtain
H(r,p)=p-7—L
2 (2.17)
D
== _p-(2xr)+ V.

o (2 xr)
Notice that if = Br are the co-ordinates of the particle in an inertial frame, then p = mz and H can be
rewritten as %m:'v2 +V - %m(B.Q x x)?, which is the total energy in the inertial frame.

Motion of a particle in an electromagnetic field Similarly, the Lagrangian (1.17),
L=1mi’+Q(&-A—¢), (2.18)
is not expressible as 3, a;;(®)%:%; — V(z,t). Using p = 0L/0¢ = ma + QA, the Hamiltonian
H=p-&d—L=mi’+QA ¢ — [tmi®+ Q- A — ¢)]

= yma” +Q¢ (2.19)

. 2
_P-Q4)" o,

2m

2.3 Another principle of least action

Recall that Lagrangian mechanics is based on Hamilton’s principle, which states that the path g(¢) taken by
a mechanical system between two fixed endpoints, q(tg) and gq(t1), is an extremal of the action integral (1.6)

Sla] = /tl L(g,q,t)dt. (2.20)

to

The Hamiltonian is the Legendre transform H(q, p,t) = p-¢— L, in which we treat ¢ = q(q, p, t) as function of
q, p and t. But let us forget that ¢ = ¢(q, p,t) and instead introduce a new function L'(gq, %,p, t)=p- % -H

and a new action integral
t1 dq
S’(q, p] E/ [p- <dt> —H} dt, (2.21)
to

that acts on curves q(t), p(t) in phase space with endpoints fixed in g (that is, q(tg) = qo and q(t1) = q1),
but with p allowed to float freely. A curve q(¢),p(t) is an extremal of S’ if, for any variation of the curve
g — q+ 0q and p — p + Op that satisfies the fixed-endpoint condition dq(tg) = dq(t1) = 0, we have that

t

t dg déq OH OH
=69 = op- [ — | =) - ==-0¢g— — - Op| dt
0=08 /to {p (dt>+p (dt> ag "1 op p}

bhrs OH . OH £y
_/to [(q_ﬁp>.5p+<_p_8q>.5q] dt+[p~5q]t0~
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The last term comes from integrating p - ddg/dt by parts and is equal to zero because of the fixed-endpoint
condition. Since g and p are allowed to vary independently, the fundamental lemma of the calculus of
variations tells us that S’ is extremized only if the contents of the round brackets vanish. That is, the
extremal (g(t),p(t)) must satisfy Hamilton’s equations.

Notice that L' # L, since L = L(q, q,t) whereas L’ has an additional parameter p. If we happen to choose
p = 0L/0q then L' = L. Similarly, S’ # S because S depends only on the projection g(t) of the phase-space
path (q(t),p(t)) onto configuration space, whereas S’ depends on p(t) as well. If we happen to choose an
extremal path then p = 9L/0q and S’ = S. Thus the new least-action principle, §S” = 0, is more general
than Hamilton’s principle, §5 = 0, but includes it as a special case.

We have already seen that Lagrangian L is not unique, because for any well-behaved function F(q,t) we
can replace L in (2.20) by L + dF(q,t)/dt without affecting the extremals of S. Similarly, adding a total
derivative dF'(q, p,t)/dt to H in the new action (2.21) has no effect on its extremals, as long as we impose
the additional condition that the endpoints are fixed in p as well as in q. So H is not unique either.

2.4 Liouville’s theorem*

The instantaneous state of a mechanical system is described by a point in phase space with co-ordinates
(g,p). This point moves through phase space with a velocity (q,p) given by Hamilton’s equations (2.7). If
we release an ensemble of systems with the same Hamiltonian but slightly different initial conditions, the
phase points flow through phase space like a fluid.

Recall that in an ordinary fluid the density p(z,t) and velocity field v(z,t) have to satisfy the continuity
equation

8 8p 9 .

that is, the rate of change of the mass enclosed within any region in space is equal to the mass flux through
the boundary of the region. The fluid is incompressible if the co-moving density

Dp 0p
Do _ % 0w (2.24)

is zero. Using the last two equations together, the fluid is incompressible if V - v = 8% cv=0.

Let us introduce the shorthand w = (q,p) = (¢1,...,Gn, P1,- - ., Pn) for points in phase space. By Hamilton’s
equations, the “velocity field” in phase space is w = (0H/0p, —0H/dq). Tts divergence

0 0°H 0*H
vw=— - w=— — —— =0. 2.25
divw £ w 9a0p  Opa 0 ( )

So, the phase-space volume enclosed by the points representing our ensemble of systems is conserved. This is
Liouville’s theorem. Similarly we can introduce the phase-space mass density f(z,v,t), which has to respect
the (phase-space) continuity equation

of . of 0 .
0= 8t+8 (fw)*aJF@* (f)+87 (fp)
_of of of o4  0p
TR e R +f( ap) (2.26)

af of 9H of OH

ot "o op op g

This is known as Liouville’s equation.

26



2.5 Poisson brackets

The rate of change of any function f(q,p,t) along a trajectory (q(t),p(t)) is

df _of of . of

a0t " ag 1T e P
_of of oH of OH (2.27)
ot 0O0q Op Op Oq
8f
= [f’ ]7

where the Poisson bracket [A, B] of any two smooth phase-space functions A(q,p,t), B(g,p,t) is defined
as

0A 9B 0A 0B

A, B 2.28
[A, B] = 9 o0 b 04’ (2.28)
It is straightforward to show that the Poisson bracket has the following properties (verify them!):
(i) [A, B] = —[B, A] (antisymmetry);
(ii) [@A+ BB,C] = alA,C] + g[B, C] for any real numbers a,( (linearity);
(iii) [AB,C]=[A,C]B + A[B, C] (chain rule);
(iv) [[4, B],C] + [[B,C], A] + [|C, A], B] = 0 (Jacobi identity).
Furthermore, phase-space co-ordinates satisfy the canonical commutation relations
[pi,pil =0, [g,¢;] =0, and [g,p;]=di;. (2.29)
In terms of Poisson brackets, Hamilton’s equations become
¢ = lai, H], pi = [pi, H]. (2.30)

Alternative notation It is sometimes convenient to combine g and p into the single vector w = (g,p) =
(q15---+Gn;D1,---,Pn)- Then Hamilton’s equations (2.7) can be written as

OH
W= — (2.31)
ow’
where the symplectic matrix
J= <_In 0n> , (2.32)
and 0, and I,, are the n x n zero and identity matrices, respectively. The expression (2.28) for the Poisson
bracket becomes
0A = 0B
ABl=(—] - 2.33
= (2 I el (289

Since dw;/Ows = d;o the canonical commutation relations (2.29) are simply

[wi,wj] = Jij. (234)
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2.6 Symmetries and conservation laws

Constants of motion If a function F(g,p) is a constant of the motion then, using (2.27),

. dF OF

0=F= 1 =2 +[FH = [FH=0 (2.35)

The functions F' and H are then said to (Poisson) commute. Conversely, if we can find a function F(q,p)
for which [F, H] = 0, then F' is a constant of motion. Given two constants of motion, F'(q,p) and G(q,p),
we have from the Jacobi identity that

[[F,G],H) + |G, H],F] + [[H, F],G] = 0. (2.36)
0 0

So, [F, G] is also a constant of motion. In some cases the new function [F, G] will turn out to be trivial (e.g.,
it might be zero or a straightforward function of the known invariants F' and G), but sometimes it will be a
new, independent constant of motion.

Example: Let » = (r1,r2,73) be Cartesian co-ordinates and p the corresponding conjugate momentum.
The angular momentum J = r X p has components

J1 =rop3 —1r3p2, J2=73p1 —7r1ps, J3=r1p1—rap1- (2.37)
The Poisson bracket of the first two,

[J1, J2] = [raps — r3p2, 731 — T1p3]
= [raps, map1] — [r2pa, T1p3] — [rap2, r3p1] +[rapa, T1pa]
0 0 (2.38)
= [raps, r3p1] + [r3p2, T1ps]
= —rap1 + par1 = Js.

If J; and Jo are conserved, then so too is J3. Or, more generally, the vector J is conserved if any two of its
components are.

Exercise: Show that [J2, J;] = 0.

Symmetries and conservation laws In section §1.7 we saw that if a Lagrangian L is invariant under
a small change in co-ordinates, ¢ — g + ¢K(q), then C = K - (0L/0q) is a constant of motion. There is a
corresponding relationship between symmetry and conservation laws in Hamiltonian mechanics.

To any function G(q,p), associate a one-parameter family of maps G of phase space onto itself by defining
G (qo,po) to be the point (g(A\), p(A)) obtained by integrating the coupled ODEs

dg dp

-2 _ G = — G 2.39

U —l06, L=pd (2:39)
starting at A = 0 with ¢(0) = qo, p(0) = py. G is called the generator of the map G and the solutions
to (2.39) are the integral curves of G.

Exercise: Suppose that (x,p) are Cartesian co-ordinates in phase space. What transformation is
generated by 17 By p1? By x1p2 — zop1?

Exercise: Sometimes it is be convenient to be able to write down an explicit expression for the integral

curves. To do this, define an operator G- = [, G] where the dot - represents any function of the phase-
space co-ordinates w = (q,p). With this definition of G, show that the integral curves can be written
as

w(X) = Ghw(0) = exp (AG) w(0). (2.40)
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For small \, G is the infinitesmal map

oG oG
q—q+IA—, p—p—A—, (2.41)
Op dq

or 8q = NG /0p, dp = —AOG/Dq. If H is invariant under this map, then G is called a symmetry of the
Hamiltonian. The condition for this is that

O=5H:%—Z-5q+%-5p
B 8H.8G_ 8H.8G (2.42)
dq Op dp Oq
= \[H,G).

But G = [G, H], so if G is a symmetry then G is conserved. Conversely, for any constant of motion G(q, p)
then there is a map (2.41) that leaves H invariant. (In constrast, in Lagrangian mechanics Noether’s theorem
says only that symmetry=-constant; it does not show that constant=-symmetry too.)

Exercise: What mapping does H generate? What condition do we need to impose on H for this to
work?

Exercise: Use the definition exp(X) = lim,_o(1 + X/n)™ to show that repeated application of the
infinitesmal transform (2.41) gives the solution (2.40) for the integral curves w(\).

2.7 Canonical transformations*

We already know how to carry out co-ordinate transformations of the form

Qi = Qi(q7t>7 7, = 1,...,71, (243)

that depend only on the configuration-space co-ordinates g of the system. For example, for a particle moving
in a central field V(r) we have seen how to go from cartesian co-ordinates ¢ = (z,y, z) to spherical polar
co-ordinates Q = (r,0, ¢); the trajectories obtained from Hamilton’s principle (1.6) are independent of co-
ordinate system, so we simply express the Lagrangian L(q,q,t) as L(Q,Q,t) and obtain the new momenta
from the definition P = dL/0Q. This type of co-ordinate change is known as a point transformation.

This is just a special case of a wider class of transformations that are allowed in Hamiltonian mechanics.
Since we treat g and p as independent variables in phase space, it is natural to consider transformations of
the form

¢ — Wild, at7 .

@i =Qila.p.1) (i=1,...,n), (2.44)
Pi :Pz(qap7t)7

or, writing w = (g,p) and W = (Q, P),
W; = Wi(w,t), (i=1,...,2n). (2.45)

Let us assume that g, p satisfy the canonical commutation relations (2.34). If the new co-ordinates satisfy
the corresponding relations

Qi,Q;] =[P, Pj] =0, [Q: Pj]=0;;, or, morecompactly, [W;, W;|=J;, (2.46)

then they are called canonical co-ordinates and the relation (2.45) is a canonical transformation.
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Poisson brackets are invariant under canonical transformation. To see this, take any two functions A(w,t),
B(w,t) and use the definition (2.33) of the Poisson bracket together with the chain rule to obtain

2n 2n 2n 2n
A _ OB oA oW, OB OW;
A B = —JaB~ = —_— v o - J
(4.8 = 3 B "% g 2 ( 8Wi6wa>Jﬂ Zawj dwgs
«a,f=1 a,f=1 \i=1 j=1
OO A [N oW W, OB <X 9A w28 (2.47)
T LW, Owe P owg | oW; — Z= aw,; " oW
1,j=1 a,f=1 i,j=1
=Y , o8B
oW T oWy’
i,j=1

which just is the expression for the Poisson bracket in terms of the new co-ordinates, W. So, for example,
Hamilton’s equations in the new co-ordinates are simply W = [W, HJ.

Exercise: Show that point transformations (2.43) and the infinitesmal maps (2.41) are canonical trans-
formations.

Generating functions Trajectories in phase space do not care about the co-ordinates we use to describe
them, so an extremal of the action (2.21) S’[q, p] is simply a reparametrized version of an extremal of S'[Q, P].
That is,

t1 t1
0:65’:6/ [p-qu(q,p,t)]dtzé/ [P-Q - K(Q,P,t)]dt, (2.48)
to to

where K is a new Hamiltonian function expressed in terms of (Q, P,t). A sufficient condition for the second
equality in (2.48) to hold is that

. dF
where F' is any (well-behaved) function of (q, p,t). Provided the Jacobian
(@, q) Q
det =det — #0 2.50
9(p, q) op # (2:50)

we can express p = p(q,Q,t) and therefore eliminate p from F(q,p,t) to obtain a new function Fj(q,Q,t)
of the old and new co-ordinates. Substituting

dF AR, 0F . OF .  0R

D g . . = 2.51
i~ At oq 1T e %t (2:51)
into (2.49) and using the independence of ¢ and @ we have that
OF OF OF
p=21 p= 21 gy L (2.52)

Oq’ oQ

It turns out that the transformation given implicitly by the relations (2.52) is canonical (see Appendix).
The function Fi(q,Q,t) is known as the generating function of the transformation. For example, if we
choose F; = ¢ - Q then the transformation is @ = p and P = —q. This shows that configuration space (q)
and momentum space (p) really are on an equal footing in Hamiltonian mechanics.

ot

Instead of writing F' = F(q, Q,t) we could equally well take F' = Fy(q, P, t), in which case (2.49) gives

—%, = x_p, o8 (2.53)
q

oP’ ot
Again, this transformation turns out to be canonical, but now the simplest choice F» = q - P gives the
identity transform Q = q, P = p.

Exercise: Show that for small A the generating function F»(q, P) = q - P + AG(q, P) produces the
infinitesmal map (2.41). (Use the fact that P — p as A — 0.)
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