M .Phys Option in Theoretical Physics: C6. Revision Problem Sheet 1

Qu 1. A particle undergoes Brownian motion in one dimension. piseslv(¢) as a function of time satisfies
the Langevin equation
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wherer(t) is a Gaussian random variable, characterised by the av&pg@ge = 0 and(n(t1)n(t2)) = Té(t1—t2).

Discuss the physical origin of each term in this equatiorav&that, with initial conditiorv(0) = 0, the function

¢
vo(t)z/ e ar
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is a solution to the Langevin equation fior- 0.

Evaluate(vy (to)vo (to + t)) for tg — co. Consider both caseés< 0 andt > 0. Explain how the result enables
one to expresE in terms of temperature and other parameters characgttsinsystem.

In the presence of an additional force on the particle, thegeain equation has the modified form

du(t)
dt
Show for constanf that the solution to this modified equation may be writterhia formo(t) = vo(t) + (),
and findu(t).
A force is applied to the particle that depends linearly srpibsitionz(¢), so f = —rkx(t). Fory? > &, the
motion of the particle may be described approximately byettpeation

dx(t)
dit

wheren(t) is a Gaussian random variable, characterised by the avefa@e) = 0 and(n(t;)n(t2)) = Go(t1 —
t2). Discuss the justification for this approximation and deexpressions faf andG in terms ofy, ' andk.
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Qu 2. The time evolution of a stochastic system is representedrbgster equation of the form

dpgt(t) = ; anpm (t) .

Explain briefly the meaning of this equation and discuss gsumptions on which it is based. What general
conditions should the matrix elemeis,,,, satisfy?

A molecule lies between two atomic-scale contacts and ottsdiharge between them. A simple model of
this situation is illustrated below. The model has thregestathe molecule may be uncharged, or may carry a
single charge at either sité or site B but not both. Charges hop between these sites, and betwesitdéh and
the contacts, at the rates indicated in the figure. (For el@mharge at sitd has probabilityf, per unit time of
hopping to siteB.)
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Write down a master equation for this model. For the systeeginlibrium, calculate the occupation probabilities
of the three states, and show that the average number ofeshfimgiing through the molecule per unit time is

fifafs
fife+ fifs+ fafs

Consider the casg = f» = f3 = f. The molecule is uncharged at time= 0. Show that the probability(¢)
for it to be uncharged at a later tinés

p(t) = % + gexp (—gft) cos <§ft> )




Qu 3. Explain in outline how transfer matrices may be used insiatil mechanics to calculate properties of
one-dimensional models with short-range interactions.
The Hamiltonian for a one-dimensional ferromagnetic Isimadel is

L—-1
H=-J § OnOn+1,
n=0

whereJ > 0 ando,, = +1. Write down the transfer matrix for this model and find itsezigalues and eigenvectors.
Let F'(09,01) be the free energy of this model, calculated for fixed valdes,candor,, and letAF be the
free energy difference given by
AF = F(+1,-1) — F(+1,+1).

CalculateA F' and put your result into the scaling form
AF = ksT f(L/£),

giving an expression for the scaling functigtic). Show that

¢ = {In[coth(8.J)]} "

Find the leading temperature dependencAdfin the high and low temperature limits. Describe the ground
states off for each choice of boundary conditions, and hence intetpegbehaviour ofA F' at low temperature.

Qu 4. Bosons move in a one-dimensional system of ledgthith periodic boundary conditions. Plane-wave
basis states have the form

pu(r) = e

with & = 27n/L, n integer. The operat@r,i creates a boson in the staig(x).
Write down an expression fer' (), the creation operator for a boson at the painin terms ofaz. Give also

the inverse expression, foi in terms ofa'(z).
A two-boson state is defined by

0 = %Zml at , [0},
k

where|0) is the vacuum, withy}, real andf, = f_x.
Find the normalisation condition satisfied Wy in order that(¥|¥) = 1. Write the statea,i aT_k|O> as a
two-particle wavefunction in coordinate space. Hence sthat{¥) may be written in coordinate space as

\/5 ik(x1—x
\IJ(Ith): msze k(z1 2)'
k

The kinetic energy for the boson system is, wiitthe particle mass,

h2E?
Hy = Z o az ay
k

and the interaction energy is
1
HI = 5 Z ‘/qali-q—q CLZ) Qptq Ak -
kpq
Find (U|H|¥) in terms offy, and find(¥| Hy|¥) in terms off;, andV/,.
The Hamiltonian for the system I8 = H, + H;. Show that minimisation of
5 (UHY)
(W]w)
with respect tofy, yields a Schrodinger equation satisfied fay of the form

h2k?
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Qu 5. The spectrum of a Heisenberg ferromagnet at temperatureis less than the ordering temperature can
be calculated using the following approximation. The spiemators at a given site are replaced by

ST 4+iSY =8t ~+/2Sa

ST —iSY=85" ~+/2Sal

S* ~S—ala
where thes, o' are boson operators satisfying the commutation relations
[a’5 aT] = ]‘? [a7 a’] = 07 [aT7 a’T] = O

(@) Show that this replacement respects the spin commatatiations if(a'a) < S.

(b) Substituting the above expressions into the Heisenangiltonian

H=-JY 8,8,

<ij>

where the summation is over neighbouring pairs of sitesginlithe Hamiltonian in terms of boson operators to
ordera)a;.

For a simple cubic lattice show that the spectrum of excitegtis

E(k) =SJ) {1-cos(k-e,)}

©w

where thee,, are the lattice vectors between nearest neighbourkasthe wave-vector of the excitation.
Show thatF’ ~ «ak? for smallk. Evaluaten.

(c) Obtain an expression for the deviation{§f ) from its maximum possible valug and show that it is indeed
small at low temperatures for spatial dimension three orandthat happens in two dimensions?

Spin operators satisfy the commutation relatifsts, S—] = 25% and[S?, S*] = £5*

Past C6 exam questions that may be useful for revision [matifzussion in class]

Stochastic Processes: 2005, Qu. 5; 2002, Qu. 1; 1999, Qu. 2.
Many-Body Quantum Mechanics: 2007, Qu.8; 2006, Qu 5; 20@6,892005, Qu. 7; 2005, Qu. 8.



