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| aim to discuss a reasonably wide range of quantum-mecalgptienomena from condensed matter physics,
with an emphasis mainly on physical ideas rather than madtieah formalism. The most important prerequisite
is some understanding of second quantisation for fermiondskesons. There will be two problems classes in
addition to the lectures.

Michaelmas Term 2010: Lectures in the Fisher Room, Dennlgiltgon Building, Physics Department, on
Mondays at 12:00 and Tuesdays at 11:00 in weeks 2-9.

OUTLINE

e Overview

e Spin waves in magnetic insulators

e One-dimensional quantum magnets

e Superfluidity in a weakly interacting Bose gas

e Landau’s theory of Fermi liquids

e BCS theory of superconductivity

e The Mott transition and the Hubbard model

e The Kondo effect

e Disordered conductors and Anderson localisation
e Anderson insulators

e The integer and fractional quantum Hall effects
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Many-Particle Quantum Systems

1 Identical particles in quantum mechanics

Many-particle quantum systems are always made up of rickemyical particles possibly of several different kinds.
Symmetry under exchange of identical particles has verpiapt consequences in quantum mechanics, and the
formalism of many-particle quantum mechanics is desigodulitld these consequences properly into the theory.
We start by reviewing these ideas.

Consider a system d¥ identical particles with coordinates, . ..ry described by a wavefunctiof(r; ...ry).
For illustration, suppose that the Hamiltonian has the form

2 Y >
H:*%;V%;V“MZUW*W~

i<j

Here there are three contributions to the energy: the kimetergy of each particl&4? operates on the coordinates
r;); the one-body potential enerdi(r); and the two-particle interaction potentiair; —r;). To discuss symmetry
under exchange of particles, we define the exchange opé?gtura its action on wavefunctions:

Pij(c..ri.oorj ) =90 ..rj.or) .

Since[H, P;;] = 0, we can find states that are simultaneous eigenstatisafdP;;. Moreover, a system that
is initially in an eigenstate dP;; will remain in one under time evolution with. For these reasons we examine
the eigenvalues oP;;. Since(P;;)? = 1, these aret1 and—1. Now, it is an observational fact (explained in
relativistic quantum field theory by the spin-statisticeadlem) that particles come in two kinds and that particles
of a given kind are always associated with the same eigeenadlthe exchange operatot:1 for bosons and-1

for fermions.

1.1 Many particle basis states

In a discussion of many-particle quantum systems we shesldct ourselves to wavefunctions with the appropri-
ate symmetry under particle exchange. We can do this by asseg of basis states that has the required symmetry.
As a starting point, suppose that we have a complete, orthmadcset of single-particle states (r), ¢2(r). . ..

Next we would like to write down a wavefunction representmgV-particle system with one particle in stdte

one in statd, and so on. The choice

d)ll (r)d)b (I‘) s ¢1N (I‘)

is clearly unsatisfactory because for genéyal, . . . it has no particular exchange symmetry. Instead we take

Yrron) =N Y (ED ek (1) - Gy () - (1)

distinct perms.

Several aspects of the notation in Eq. (1) require commere.sign inside the brackets (r-1)” is +1 for bosons
and—1 for fermions. The set of label§k; ... ky} is a permutation of the sdt; ...Ix}. The permutation is
calledevenif it can be produced by an even number of exchanges of adjpedns of labels, and isddotherwise;
the integerP is even or odd accordingly. The sum is overdiitinctpermutations of the labels. This means that
if two or more of the labels,, are the same, then permutations amongst equal labels dppeamas multiple
contributions to the sum. Finallyy is a normalisation, which we determine next.

To normalise the wavefunction, we must evaluate

/ddrl.../dder*(rl...rN)z/J (r1...ry).

Substituting from Eq. (1), we obtain a double sum (over peatonsk; ... ky andh; ... hy) of terms of the
form

/ déry 6, (£)én, (11) . / Ay 67, (1) by (1)



These terms are zero unldss= hi, ks = ho, and. .. ky = hy, in which case they are unity. Therefore only the
diagonal terms in the double sum contribute, and we have

N!
[ [ wr £ ot

dist. perms. o

where theny, ns . .. are the numbers of times that each distinct orbital appeateiset{/; ...Ixy}, and the ratio
of factorials is simply the number of distinct permutatioriéence we normalise the wavefunction to unity by

taking
N (nﬂ ng! ...)1/2
-\ N '

1.2 Slater determinants

For fermion wavefunctions we can get the correct signs mkihg of Eq. (1) as a determinant

» ) 1 o (r1) ... ¢ (rN) o
VN (o) o one(em) |

Note that this determinant is zero either if two orbitals Hve same{ = [;) or if two coordinates coincide
(r; = rj), so the Pauli exclusion principle is correctly built in. fd@lso that, since the sign of the determinant is
changed if we exchange two adjacent rows, it is necessargdp i mind a definite ordering convention for the
single particle orbitalg; (r) to fix the phase of the wavefunction.

For bosons, we should use an object similar to a determibabtyaving all terms combined with a positive
sign: this is known as permanent

1.3 Occupation numbers

We can specify the basis states we have constructed by dhvéngumber of particles; in each orbital. Clearly,
for fermionsn; = 0 or 1, while for bosons,; = 0, 1, . ... These occupation numbers are used within Dirac notation
as labels for a statén, na, . . .).

1.4 Fock space

Combining stategnq, no, . . .) with all possible values of the occupation numbers, we hasishvectors for states
with any number of particles. This vector space is knowir@sk space Using it, we can discuss processes in
which particles are created or annihilated, as well as oritbsfixed particle number, described by wavefunctions
of the formy(ry .. .ry).

1.5 The vacuum state

It is worth noting that one of the states in Fock space is tloeiwen: the wavefunction for the quantum system
when it contains no particles, written @5. Clearly, in recognising this as a quantum state we have come
way from the notation of single-body and few-body quantuncinamics, with wavefunctions written as functions
of particle coordinates. Of courg®) is different from0, and in particulag0|0) = 1.

1.6 Creation and annihilation operators

Many of the calculations we will want to do are carried out tegdiciently by introducing creation operators, which
add particles when they act to the right on states from Foekesp Their Hermitian conjugates are annihilation
operators, which remove particles. Their definition restshe set of single particle orbitals from which we built
Fock spacea:lT adds particles to the orbita} (r). More formally, we define

c;fl c;fz e c;fN |0) 3)
to be the state with coordinate wavefunction
1
Y(re,...rN) = W Z ()P r, (r1) ... by (rn) = (1! ma! .. ) Y201, ma. ) 4)
" all perms



A detail to note is that the sum in Eq. (4) is over all permutasi, while that in Eq. (1) included only distinct
permutations. The difference (which is significant only bmsons, since it is only for bosons that we can have
n; > 1), is the reason for the facton, ! ! . ..)'/? appearing on the right of Eq. (4). This choice anticipateatwh
is necessary in order for boson creation and annihilati@raiprs to have convenient commutation relations.
Annihilation operators appear when we take the Hermitiamugmate of Eq. (3), obtaining0| ¢, - . . ci,ci, -
Let's examine the effect of creation and annihilation opmsawhen they act on various states. Sinhé> is the
state with coordinate wavefunctian(r), we know that(0|c, clT|O> = 1, but for any choice of the state) other
than the vacuum:j|¢>> contains more than one particle and heffije, clT|q§> = 0. From this we can conclude that

¢ cf]0) = |0)

demonstrating that the effect of is to remove a particle from the stdtg=1) = clT|0). We also have for anjy)
the inner product$0|clT|¢) = (¢|c,|0) = 0, and so we can conclude that

¢(0) = (0]c] = 0.
1.7 Commutation and anticommutation relations
Recalling the factor of+1)” in Eq. (4), we have for anjy)
ciel,|¢) = +cl.cfl9)

where the upper sign is for bosons and the lower one for fermid-rom this we conclude that boson creation
operators commute, and fermion creation operators antiaaet that is, for bosons

[ef el ) =0
and for fermions
{c].cl,} =0,

where we use the standard notation for an anticommutatarmbperatorsi andB: {A, B} = AB+ BA. Taking
Hermitian conjugates of these two equations, we have fooims

[Cl; Cm] = 0

and for fermions
{ei,em} =0.

Note for fermions we can conclude tr(a;)Qz(cW:O, which illustrates again how the Pauli exclusion principle
is built into our approach.

Finally, one can check that to reproduce the values of inreatycts of states appearing in Eqg. (4), we require
for bosons

[Cl ) Cjn] = 5lm
and for fermions
{cl,cin} = Ot -

To illustrate the correctness of these relations, consatea single boson orbital the value [jfc)™|0)]|2. From
Eq. (4) we have[(c")"|0)]|? = n!. Let's recover the same result by manipulating commutateeshave

Ol(e)*(h)™0) = (0l(e)" " (e, '] + cfe)(eh) o)
= m(0](c)" (") 10} + (0cT ()" eTe(e)™ (ch) 7 0)
= n<0|(c)"—1(CT)n—1|0> + <0|CT(C)"_1(CT)"_1|O>
= nmn—1)...(n =00 )" 0)
= n!(0]0).

Of course, manipulations like these are familiar from thetly of raising and lowering operators for the harmonic
oscillator.



1.8 Number operators

From Eqg. (4) as the defining equation for the action of creatiperators in Fock space we have
cj|n1 coeng )y = (R Ty g+ 1)
or zero for fermions if2;=1. Similarly, by considering the Hermitian conjugate of aig@mequation, we have
alng...omg. )y = (FD)M Tt Ungng g — 1)
or zero for both bosons and fermiongif=0. In this way we have
c;fcl|...nl...> =mnyl...ng...)

where the possible valuesof aren;=0, 1,2. .. for bosons ane,;=0, 1 for fermions. Thus the combinati(mflcl ,
which we will also write agi;, is the number operator and counts particles in the orbjtal

1.9 Transformations between bases

In the context of single-particle guantum mechanics it tsltonvenient to make transformations between differ-
ent bases. Since we used a particular set of basis functiang idefinition of creation and annihilation operators,
we should understand what such transformations imply imaipelanguage.

Suppose we have two complete, orthonormal sets of singtesleebasis functionsf¢; (r)} and{p,(r)}. Then
we can expand one in terms of the other, writing

pa(r) = d1(r)Uia (5)
l
with U;, = (¢1|pa). Note thatU is a unitary matrix, since

(UUT)ml = Z<¢m|pa><pa|¢l>

[e3%

<¢m|¢l> since Z |pa><pa| =1

- 5ml .

Now let cj create a particle in orbitah; (r), and Ietd}; create a particle in orbital, (r). We can read off from
Eq. (5) an expression f@ﬂi in terms ofcj:
df, => Ui .
l

From the Hermitian conjugate of this equation we also have

dy = ZUl*aCl = Z(UT)alCl :
!

l

1.9.1 Effect of transformations on commutation relations

We should verify that such transformations preserve coratiut relations. For example, suppose tzQa.iamdclT

are fermion operators, obeyidg; , ¢}, } = &;,. Then
{da,db} =D UiUpg {erch} = (UTU)ap = bas.
lm

Similarly, for boson operators commutation relations assprved under unitary transformations.



1.10 General single-particle operators in second-quantesl form

To continue our programme of formulating many-particlerfuan mechanics in terms of creation and annihilation
operators, we need to understand how to transcribe opefatan coordinate representation or first-quantised form
to so-called second-quantised form. In the first instanesgxamine how to do this for one-body operators — those
which involve the coordinates of one particle at a time. Aaraple is the kinetic energy operator. Suppose in
general thatd(r) represents such a quantity for a single-particle systemenThbr a system ofV particles in
first-quantised notation we have

N

A= Ar).
i=1

We want to represemt using creation and annihilation operators. As a first stepcan characterisé(r) by
its matrix elements, writing

A = / 97 (1) A(x) g, (r)dr |

Then
A()dm (1) =D di1(r) Ap - (6)

l
The second-quantised representation is

A=>"Apcle, . @)
pq

To justify this, we should verify that reproduces the cotreatrix elements between all states from the Fock space.
We will simply check the action ofl on single particles states. We have

Algm) = Apgche,eh,10)
Pq

Now, taking as an example bosons,

eheachal0) = (e €l + e, )10) = chum|0)

SO

A|¢m> = Z |¢p>Apm ,
p

reproducing Eq. (6), as required.

1.11 Two-particle operators in second-quantised form

It is important to make this transcription for two-body ogers as well. Such operators depend on the coordinates
of a pair of particles, an example being the two-body po&tirti an interacting system. Writing the operator in
first-quantised form ad(r;, r2), it has matrix elements which carry four labels:

Atmpq = / o (r1>¢:n(r2)A(r17r2)¢p(r2)¢q(rl)ddrlddr2 .

Its second-quantised form is
A= ZA(ri,rj) = Z AlmquICInCqu ) (8)
ij

Impq

Again, to justify this one should check matrix elements @& #econd-quantised form between all states in Fock
space. We will content ourselves with matrix elements far-particle states, evaluating

(A) = (0lc,c, Actchl0)

by two routes. In a first-quantised calculation withsigns for bosons and fermions, we have
1 .

) = 5 [ 600050 & 650206 1)) [Alrr,v2) + Alea, 1] - 16,10 (02) £ 6, () (el ra
1

= 5 [Azyba + Azyab + Aywab + Aywba + Azyba + Azyab + Aywab + Aywba]

= (Awyba + Ayzab) + (Awyab + Ayzba) . (9)



Using the proposed second-quantised form4owe have

A) = Z Almpq<0|cycxcj chcchc”O)

Impq

We can simplify the vacuum expectation value of productsre&tion and annihilation operators such as the one
appearing here by using the appropriate commutation cc@ntnutation relation to move annihilation operators
to the right, or creation operators to the left, whereupdimgon the vacuum they give zero. In particular

ol 10) = (BagOp + Gapdig)|0)

p-q-a

and
<0|C Cl m = <0|(6ym61l + 6yl6zm) .

Combining these, we recover Eq. (9).

2 Diagonalisation of quadratic Hamiltonians

If a Hamiltonian is quadratic (or, more precisely, bilingarcreation and annihilation operators we can diagonalise
it, meaning we can reduce it to a form involving only numbeergpors. This is an approach that applies directly

to Hamiltonians for non-interacting systems, and also tmHitanians for interacting systems when interactions

are treated within a mean field approximation.

2.1 Number-conserving quadratic Hamiltonians

H = Z Hijazaj .
ij

Note that in order for the operat®t to be Hermitian, we require the matrikto be Hermitian. Since the matrix
H is Hermitian, it can be diagonalised by unitary transfoliorat Denote this unitary matrix b{J and let the
eigenvalues off bee,,. The same transformation applied to the creation and datidn operators will diagonalise
‘H. The details of this procedure are as follows. Let

= Z(IIUH .
%

Such Hamiltonians have the form

Inverting this, we have

> af (U, =adl
ZUjlal =aj .
l

Substituting fora!'s anda’s in terms ofaf’s anda’s, we find

H=> of(U'HU)ma,, an —

lm

and taking a Hermitian conjugate

Thus the eigenstates &f are the occupation number eigenstates in the basis gethénatbe creation operators
T
Oén.

2.2 Mixing creation and annihilation operators: Bogoliubov transformations

There are a number of physically important systems whictemtheated approximately, have bilinear Hamiltoni-
ans that include terms with two creation operators, andretivéh two annihilation operators. Examples include
superconductors, superfluids and antiferromagnets. THa@sgltonians can be diagonalised by what are known as
Bogoliubov transformationsvhich mix creation and annihilation operators, but, asagisy preserve commutation
relations. We now illustrate these transformations, distng fermions and bosons separately.

10



2.2.1 Fermions

Consider for fermion operators the Hamiltonian
H = e(cie; +chey) + Mejes + epey) |

which arises in the BCS theory of superconductivity. Notat th must be real forH to be Hermitian (more
generally, with complex the second term ¢ff would read)dc; + A*cycq). Note as well the opposite ordering
of labels in the terms! ¢}, andc,c,, which is also a requirement of Hermiticity.

The fermionic Bogoliubov transformation is

CJ{ = u(ﬂJrvd2
b = udl—wvd, (10)

whereu andv arec-numbers, which we can in fact take to be real, because wereatricted ourselves to real
A. The transformation is useful only if fermionic anticommtibn relations apply to both sets of operators. Let us
suppose they apply to the operatdrandd’, and check the properties of the operatoasidct. The coefficients

of the transformation have been chosen to ensure{tfiat}} = 0, while

{CL ey = UQ{dJ{v di}+ v2{d;a dy}

and so we must requir€’ + v? = 1, suggesting the parameterisation- cos , v = sin 6.

The remaining step is to substitutefiffor ¢t andc in terms ofd" andd, and pickd so that terms il d} +d.,d,
have vanishing coefficient. The calculation is perhapsreltavhen it is set out using matrix notation. First, we
can writeH as

€ A 0 0 C%

1 A — 0 0 c
HZQ(CJ{ ¢y, b e ) 0 0 ¢ - Cz +e

0 0 —X —e ol

1

where we have used the anticommutator to make substituticthe typecfc = 1 — ccf.
For conciseness, consider just the upper block

e (52 (3)

and write the Bogoliubov transformation also in matrix foam

¢ cosf  sinf d,
c; —sinf cos@ d; '
cosf —sinf e A cosf sinf \ [ € O
sinf  cosf A —e —sinf cosf )\ 0 —€ /)~

wheree = v/¢2 + A\2. Including the othe? x 2 block of H, we conclude that

We pické so that

H = &(dld, + dbdy) + e — €.

2.2.2 Bosons

The Bogoliubov transformation for a bosonic system is @imih principle to what we have just set out, but
different in detail. We are concerned with a Hamiltonianted same form, but now written using boson creation
and annihilation operators:

H= E(CJ{Cl + 6202) + )‘(CJ{CE +c0y) -

We use a transformation of the form
CJ{ = udI + vdy
cg = udg +vd, .

11



Note that one sign has been chosen differently from its @patt in Eq. (10) in order to ensure that bosonic
commutation relations for the operatarandd’ imply the result[ci, cg] = 0. We also require

[Clv CJ{] = u2[d17 d“ - v2[d27 dz] =1
and hence? — v? = 1. The bosonic Bogoliubov transformation may therefore hap@terised as = cosh 6,

v = sinh 6.
We can introduce matrix notation much as before (but noteesomicial sign differences), with

e AN 0 O Cq

1 A e 0 0 il
H:§(CI Co C; Cl) 0 0 € A\ Cz —€,

0 0 X € CJ{

where for bosons we have used the commutator to wtite= ¢ ¢’ — 1. Again, we focus on on2 x 2 block

e (50)()

and write the Bogoliubov transformation also in matrix foam

() () ()

Substituting forc andc! in terms ofd andd?, this block of the Hamiltonian becomes

(1) G ()

In the fermionic case the matrix transformation was simplpehogonal rotation. Here it is not, and so we should
examine it in more detail. We have

u v € A u v\ [ 40+ 2 uv 2euv + Nu? + v?]
vou A € v ou )\ 2euv+ Au? + 0% eu +0% 4+ 20w )

It is useful to recall the double angle formulag + v? = cosh 20 and2uv = sinh 20. Then, settinganh 26 =
—\/e we arrive at

H = &(dld, + didy) — e+ €.

E= /2 — a2 (11)

Note that in the bosonic case the transformation requiresA: if this is not the case}{ is not a Hamiltonian
for normal mode oscillations about a stable equilibriunt,ibstead represents a system at an unstable equilibrium
point.

with

2.3 Fourier transform conventions

We will use Fourier transforms extensively, because muctheftime we will be considering systems that are
translation-invariant, and the plane waves used in thessfiorms are eigenfunctions of translation operators. For
convenience, we collect here some definitions. Although reeganerally interested in the thermodynamic limit
(the limit of infinite system size), it is usually clearestdacieanest to write transforms in the first instance for
a finite system. In order to preserve translation invariameetake this finite system to have periodic boundary
conditions. Since some details differ, we consider latticd continuum problems separately.

12



2.3.1 Lattice systems
Consider a three-dimensional Bravais lattice with basitorsa, b, andc. Lattice sites have coordinates
r=la+mb+nc (12)

with [,m andn integer. Periodic boundary conditions mean that Ny = [, m + Ny = m, andn + N3 = n,
and the number of lattice sites is thdh= N; N5 N3. In the usual way, reciprocal lattice vectdss, Go andG3
satisfyG; - a = 2m, G, - b = G; - ¢ = 0 and so on. Then the waw&" satisfies periodic boundary conditions if

nq no ns
k=21 —G1, =Gz, —G 13
™ <N1 1, N2 2, N3 3> ( )

with nq, no andng integer. Note that we hawl¥ values ofk in the Brillouin zone.
Let i be a (boson or fermion) creation operator at the sitéVe define the Fourier transform and inverse
transform by

o= — Ze_ikrci and ¢l = erf (14)

1
—= e
VN 4
There are several points to make here. First, one shoulkdbeconsistency by substituting one expression into
the other. Second, these definitions use the unisééry N matrix U, which has elements

1 .
Ur = —= » o™,
TR
Third, if we consider time-dependence in the Heisenberwimavith a HamiltoniarH = hw(k)cl.c, we have
. . . 1 .

T — Mt T —iHt T —iwkt i _ ilkr—w(k)t] T

o (t) =e'" ¢ e =ce and cl(t) = — e o,

k( ) k k r( ) \/N ? k
which has the usual traveling wave form.

2.3.2 Continuum systems

Consider a cube of side and volumél” with periodic boundary conditions. Take
27
k= f (TLl,TLQ,TLg)

with nq, ns andng integer. Then the wavefunctions
wk(r) — V—1/2€ikr

form a normalised single-particle basis.
Letc'(r) be a (boson or fermion) creation operator for a particle @piintr. Then the creation operator for
a particle in the state with wavefunction (r) is

CL =y-2 /d3r e ket (r) (15)
and the inverse transform is .
T( ) — = ikr .t (16)
c'(r (§] Cy, .
g7 2

2.3.3 Thermodynamic limit

In the thermodynamic limit sums on wavevectors can be reglay integrals. On a lattice we have

1
Nt — —/ do%k, (17)
; Q Jz
where the integral is over the Brillouin zone of volufieln the continuum we have
vy = (2m) / dk. (18)
k

13



Quantum Magnets and the Bose Gas

3 The Heisenberg model

We move now to applying some of these ideas to the theory ohetagn. We will consider insulating magnets
(as distinct from itinerant ones, in which the electron®imed in magnetism belong to a partially-filled conduc-
tion band that has a Fermi surface). We model an insulatingnetic material using spin operators to represent
magnetic moments at the sites of a lattice. The formatioh@dé¢ magnetic moments can be understood in terms
of the atomic physics of an isolated ion, but we will not dissthis aspect. Neighbouring magnetic moments are
coupled by exchange interactions, and a simple model tipatiess this is the Heisenberg model. We take nearest
neighbour interactions of strength(whereJ > 0), and study the Hamiltonian

_ . — zQz 1 + Q- - Q+
HiJ(I;)Sr Sy = J(I;){Sr rl+2(SrSr,+SrSr,) . (19)

Herez<”,> denotes a sum over neighbouring pairs of sites on the Iattith each pair counted once. With a
negative sign in front of/, parallel spins have lower energy and the system is a feigastawhile with a positive
sign antiparallel spins are favoured and the system is afeanimagnet.

The three components of spin at sitare represented by operatéfs, SY andS?. Their commutation relations
are the standard ones, and witk= 1 take the form

[S:.I,Sé] = i6r17r2€ijksf1 .

We reproduce them in order to emphasise two points: firsy #ne more complicated than those for creation
and annihilation operators, since the commutator is ietther operator and not a number; and second, spin
operators acting at different sites commute. We will als&enase of spin raising and lowering operators, defined
in the usual way as+ = S% +iSY andS— = 5% —iSY.

4 Spin wave theory

4.1 Holstein Primakoff transformation

This transformation expresses spin operators in termssafiboperators. It provides an obvious way to build in the
fact that spin operators at different sites commute. In alivaar form it also reproduces exactly the commutation
relations between two spin operators associated with time ste, but we will use a linearised version of the
transformation which is approximate. At a single site weettlle eigenvector 0§~ with eigenvalueS to be the
boson vacuum, and associate each unit reductiéit with the addition of a boson. Then

S*=9—0btp.

From this we might guesS™ o« b andS~  bf. In an attempt to identify the proportionality constants ve
compare the commutat@s ™, S—] = 25 with [b,b'] = 1. Since the commutator is an operator in the first case
and a number in the second, our guessed proportionalityotdoenexact, but within states for whigl$*) ~ S
(meaning(S*) — S <« S, which can be satisfied only § > 1) we can take

St (28)%  and ST~ (29)Y%'. (20)

In an exact treatment, corrections to these expressionmsdaeries in powers @f b/S. The full expressions are

bip\ 2 bip\ /2
St =(29)1/2 <1ﬁ) b and ST =(25)/%f <1ﬁ> . (21)

4.2 Heisenberg ferromagnet

Consider the ferromagnetic Heisenberg model. If the sperewlassical vectors, the ground state would be one in
which all spins are aligned - say along thexis. We can define an equivalent quantum stéteas one satisfying

5¢10) = 510)
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at every site in the lattice. This state is in fact an exactesgate of the Hamiltonian, Eq. (19) and is a ground state.
Other, symmetry-related ground states are obtained biggaoti this one with the total spin lowering operator, or
with global spin rotation operators.

Next we would like to understand excitations from this grdgiate. Wavefunctions for the lowest branch of
excitations can also be written down exactly, but to un@eigtstates with many excitations present we need to
make approximations, and the Holstein-Primakoff transfation provides a convenient way to do so.

Using this transformation and omitting the higher ordemgrthe Hamiltonian may be rewritten approximately
as

H=—J Z §2 78y [blbr, blb, — b, — b, | . (22)
(rr’)

Applying the approach of Section 2.1, we can diagonalisgZ?).by a unitary transformation of the creation
and annihilation operators. In a translationally invarisystem this is simply a Fourier transformation. Suppose
the sites form a simple cubic lattice with unit spacing. Taleesystem to be a cube with sidleand apply periodic
boundary conditions. The number of lattice sites is thea- L? and allowed wavevectors are

2

k:f(l,m,n) with [,m,n integer and 1<Il,m,n<L.

Boson operators in real space and reciprocal space aredddat
b, = —— > etirp and b= —— > ekl
r \/N - k r \/N - k

We use these transformations, and introduce the notdtfonvectors from a site to its nearest neighbours, and
z for the coordination number of the lattice (the number ofjhbours to a site: six for the simple cubic lattice), to
obtain

H

? L i (k—q)pid-
fJSQNngSZZNe (Ge—a)feida — 1]pl b,

rd kq

— _JS$2NZ +Zeq [bg .

where
€q = 2J5(3 — cos gy — cosgqy — cosq.) .

In this way we have approximated the original Heisenberg iHanian, involving spin operators, by one that is
guadratic in boson creation and annihilation operatorsdiBgonalising this we obtain an approximate description
of the low-lying excitations of the system as independesbins. The most important feature of the result is the
form of the dispersion a small wavevectors. gox 1 we haveeq = JSq? + O(g?), illustrating that excitations
are gapless. This is expected because these excitatiol@osdstone modes: they arise because the choice of
ground state breaks the continuous symmetry of the Hanmltomnder spin rotations. The fact that dispersion is
quadratic, and not linear as it is, for example for phonoefiects broken time-reversal symmetry in the ground
state of the ferromagnet.

4.3 Heisenberg antiferromagnet

We start again from the Heisenberg Hamiltonian, but now waittiferromagnetic interactions.

H=J) S S/JZ[SZ Z S+S +5788) - (23)

(rr’) (rr’)

We will only consider bipartite lattices: those for whickethites can be divided into two sets, in such a way
that sites in one set have as their nearest neighbours ¢edyfsdm the other set. The square lattice and the simple
cubic lattice are examples, and we will treat the model oimensions on a hypercubic lattice. Approximating
the quantum spins in the first instance as classical vedivesexchange energy of a nearest neighbour pair is
minimised when the two spins are antiparallel. For thedattis a whole, the classical ground states are ones
in which all spins on one sublattice have the same oriemtatighich is opposite to that of spins on the other
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sublattice. This is a classical Néel state. The corresipgrgliantum state, taking the axis of orientation to be the
z-axis, is defined by the property
S5710) = £5]0)

with the sign positive on one sublattice, and negative orother.

In contrast to the fully polarised ferromagnetic states ikinot an exact eigenstate of the Hamiltonian. We
can see this by considering the action of the tetmS_,. If the siter is on the up sublattice and on the down
sublattice, the operator simply annihilai@$. But if the sublattice assignments for the sites are therotlagy
around, we generate a component in the resulting waveimttiat is different fromj0): in this component the
spin at siter hasS* = S — 1 and that at’ hasS* = —(S — 1).

To find out what the quantum ground state is, and to studyatiaits, we will again use the Holstein Primakoff
transformation. Before we can do so, however, we need totamaspin coordinates to suit the classical Néel
state. That is, we rotate axes in spin space for sites on tiva doblattice, so that localaxis is aligned with the
spin direction in the classical Néel state. The requiradgformation is

S% — —8* S% — —8§* SY — SY.

As is necessary, this preserves the commutation relatiehish inversion § — —S) would not do. After the
transformation the Hamiltonian reads

H= JZ [s;: Z S+S++S;Sr,)] . (24)

We use the Holstein Primakoff transformation denoting tbedm annhiliation operator on sites from the up sub-
lattice bya, and those from the down sublattice by, (Note that Néel order means the magnetic unit cell has
twice the volume of the chemical one.) Up to terms of quadmatiler, we have

H*fJZSQJrJSZ[ a, +blb +arbr,+bI,aI}. (25)

(rr’) (rr’)

Fourier transforming, this becomes

H=—JS*NZ+JSdy [y + 0T+ 1K) (o by + 6T o )| (26)
k

where we have introduced the quantity
d
1
=3 Z cos(k,
a=1

which lies in the range-1 < (k) < 1, and has the small expansiony(k) ~ 1 — k?/2d. To diagonalise the
guadratic Hamiltonian of Eq. (26), we need to use the bodogoliubov transformation, as introduced in Section
2.2.2. We find

_ ? i Il
H=—JS(S+ 1N+ zk:e(k) (afon + 8181 +1) 27)
with
ax = Uk — Ukﬁik and b_x = ukf-x — UkaL
where
v(k)

ux = cosh(fy), vk =sinh(fy), and sinh(20x) =

The spinwave energy is
e(k) = 2JSd(1 —v%(k))"/2.

For smallk the antiferromagnetic spinwave energy varies(@&g o k: a linear dependence on wavevector, in
contrast to the quadratic variation for a ferromagnet, bsedhe Néel state does not break time-reversal symmetry
in @ macroscopic sense (a symmetry of the state is time i@yerglying spin inversion, combined with exchange
of sublattices).
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4.4 Fluctuations and the order parameter

We can describe the fact that the ground states we have eseditireak spin rotation symmetry by using an order
parameter. For the ferromagnet this is simply the magngtisaand for the antiferromagnet it is the sublattice
magnetisation. It is interesting to ask how the value of ttdepparameter is affected by fluctuations. Because
the classical ferromagnetic state is also an exact quantyemstate of the Heisenberg Hamiltionian, there are
no zero-point fluctuations in the ferromagnet, and in thaeoae will be interested in thermal fluctuations. On
the other hand, we have seen that the classical Néel stats @&n exact eigenstate, and so in this case quantum
fluctuations are important as well.

4.4.1 Thermal fluctuations in a ferromagnet
The magnetisation (per site) is

1 z
Using the Holstein Primakoff transformation at leadingesrale have

1
M:Sfﬁgmlak}zS‘fAS. (28)

Now, since the excitations are bosons with (like photond)xeal number, the thermal averagv.{ak> is given by
the Planck distribution. Using results from Section 2.3utmtthe sum ork into an integral, we have

1 1
AS == [ dk——
o Q/BZ efwlk) — 17

wherefw(k) = e(k) and@ = 1/kgT. The most interesting aspects of this result are the geness, which
emerge at low temperature. In that regime only low energgveaves are excited, and for these we can take the
small wavevector form for their energy, finding

kgl [VFeT/ 1

AS ~ 222 Kk —
J Jo 2

The integral is divergent fof' > 0in d = 1 andd = 2, showing that low-range order is not possible in the
Heisenberg ferromagnet in low dimensions (an illustrattbrihe Mermin-Wagner theorem, which says that a
continuous symmetry cannot be broken spontaneously &t fmibperature fod < 2). Ind = 3 we haveAS
T3/2. The calculation of the spinwave contribution to the heabgity is also interesting, but left as an exercise.

4.4.2 Quantum fluctuations in an antiferromagnet

The sublattice magnetisation on the ‘up’ sublattice is
1
S—AS=5- N;@L“Q’

but now we need to relatg, via the Bogoliubov transformation to the bosons that diadjsa the Hamiltonian.
We find

(afay) = ui(ofon) + o [(BL B0 +1].
At zero temperature the boson occupation numbers are zato, a

1 1
AS = — 2— — [ d%k |1 -~%k)"V2-1].
N Dk g, A0 =) ]
The most interesting question is to examine whether thegyiral converges. If it does, then for sufficiently large
S the sublattice magnetisation is non-zero. But if it divessglen our whole theoretical approach will collapse,
because we started from the idea of a ground state with Nidet.0A divergence can come only from points near
the Brillouin zone center, whergk) approaches 1. Expanding around this point, we have
1
AS ~ /kd—ldk .
k
This integral is logarithmically divergent in one dimensjbut convergent (since the Brillouin zone boundary sets
an upper limit) in higher dimensions. We will see in the needt®n that one-dimensional antiferromagnets are
particularly interesting, precisely because they hawgelguantum fluctuations.
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5 Spin liquids and spinons in one-dimensional quantum magne

As we have seen, quantum fluctuations melt antiferromagaogder in one dimension. With some embellishments,
the spinwave theory result for the sublattice magnetinasio

1 [ dk
Sy~ S — — =
< > 27T Tr/L k

where we have considered a finite system of lenfgtm order to have a smal-cut-off to the integral, and
have introduced the lattice spacindpreviously set to one as the unit of length). Taking thisragjmate result
seriously,(S,.) decreases with increasirgand reaches zero at a characteristic length, which we catifigas
an estimate of the correlation lengttin a quantum-disordered state. By this means we olgtainae®™>, which
incidentally makes it clear that the spin siZdas a dramatic influence on behaviour, and that quantuntgtiee
most significant{ is shortest) ifS is small.

In fact, this is only part of the story, although it is qudiitaly correct forintegerS. In that case, the finite
correlation length goes hand in hand with an energy gap foitations, known as the Haldane gap. By contrast,
half odd integeispins, although disordered, are not characterised by a finitrelation length; instead they have
correlations decaying with a power of separation, as wesg#!.

5.1 Spin one-half chain and transmutation of statistics in ae dimension

For spin one-half the Holstein Primakoff transformationegiS* = % — b'h, and since the eigenvalues $f are
i%, we see that the allowed values of the boson numbieare 0 and 1. We can summarise this by saying that
they are bosons with hard core interactions, which prevemerthan one particle occupying the same site.

Now, hard core particles moving in one dimension can never tileir sequence. This means that our standard
notions about symmetry of wavefunctions under particlédhaxnge become an add-on to the theoretical description,
and irrelevant to the dynamics. For that reason, it is péssibtreat hard core bosons as spinless fermions. This
is very useful, since for fermions we can do not need anyactén to prevent two particles occupying the same
site: the Pauli exclusion principle ensures it, even in thegeace of interactions. To put this idea to work, we need
to understand in detail how to transform between the diffeoperators used in the two descriptions.

5.1.1 Jordan-Wigner transformation

We want to transform from spin-half operators to a fermiatéscription. In spin language, operatsfsand S
obey the usual spin-half commutation relations. In the femie version, creation and annihilation operatajys
andc,, satisfy{c ct V= 6,m. Itis natural to set

mn)-m

S: =cle —1/2=n,—1/2.
This leads us to expest o« ¢l andS; « c,,. Atany given site, everything works straightforwardfys;", S~} =
1 = {c,,cl}. But for pairs of operators at different sites there is a fgwb spin operators at different sites
commutewhile fermion operatoranticommute

The solution is provided by the Jordan-Wigner transfororgtivhich reads

St = czfei”ZKl"’“ and S, = e_i”2k<l"’“cl , (29)

where the factoe!™ 2x<: ™+ which depends on the total number of fermions on sites tdethef , is termed a
Jordan-Wigner stringTo see that this transformation is indeed correct, condiidg the relations

i, i,

T i, T itn
cle —e'mMMmel and c —e!Mme, (30)

m e

m

which can be verified by comparing matrix elements of thedefd right sides of each equation in the basis of
fermion number eigenstates. Note also that _
[l ,el™] =0

for m # [. Starting fromS;" S, and substituting for the spin operators using Eq. (29), wea®btainS;" S;;, =
(71)25725}*, where one factor of-1 comes as indicated in Eqg. (30) and the other arises from exjihg the
fermion operatorslT andc],. Itis straightforward to check in a similar way that the JoveWigner transformation
also respects commutation of other pairs of the spin oper&tg S™ and.S— at different sites.
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5.1.2 Application to spin chains

Consider a one-dimensional spin system with the Hamiltonia
1 — - Z o2
H= JZ{§ [S:Sn+1+5n5:{+l] +Asnsn+1} . (31)

For A = 1 thisis the Heisenberg chain, and thr= 0 it is an XY model. Using the Jordan-Wigner transformation
we can re-write the Hamiltonian as

H= % Z { {cjlcn_ﬂ + cjﬁlcn} +2A [(chn - 1/2)(Cjz+1cn+l - 1/2)}} : (32)

Clearly, the first term, arising from XY exchange, trangdteo fermion hopping, while the second term, arising
from ZZ exchange, leads to interactions between fermioigeristates can be found exactly for ahyusing the
Bethe Ansatz, but the free fermion limk = 0 is the simplest by far, and we will consider only this caseeh
we have a quadratic Hamiltonian, which with periodic bougdanditions is diagonalised by Fourier transform.
(There in fact are some technical subtleties that arise whercombines the Jordan-Wigner transformation with
periodic boundary conditions, but in the interests of kigewie will ignore these.) Writing

1 ikl
L= — g e
Cl \/_ l (&}
we have )
H= N E e(k)czck (33)

k
with ¢(k) = J cosk. In the ground state, fermion orbitalswith e(k) < 0 are occupied and those witlik) > 0

are empty.
5.1.3 Spin correlations

We will calculate the ground state correlation functi@# S?). Correlators ofS* are much harder to evaluate
because they involve the Jordan-Wigner strings. We have

1 1
(5557) = (cheocler) = S{cheo +elen) + 5
1 NPT |
- N2 Z <C;f€1Cl€2c;f€'3.cl€4>e ool — 4 (34)
k1,k2,ks,ka
Contributions to{c], ¢, cf ¢, ) are of two types:
(i) from k; = ko andks = k4 with both orbitals occupied: this cancels the terh/4,
(i) from k; = k4 with the orbital occupied, ank, = k3 with the orbital empty.
Thus, writingn (k) for the occupation number of orbitals, we obtain
zZQz 1 T T ir(ks—kq
(Sgs?)y = EE /_77 dk; /_7r dkg (k1) [1 — n(ky)]e'” k2 =F1)
1 1 . r
= S0, —sin? (5. (35)

We see that there are antiferromagnetic spin correlatithresqorrelation function is oscillatory) that decay as a
power of separation — behaviour quite different to that im ¢cfassical Néel state.

19



e(k) e(k) e(k)

AN N
JIN SN ST\

Figure 1: Ground state and excited states of spin one-halébain, in Jordan-Wigner fermion description

5.1.4 Excitations

Just as the ground state in this one-dimensional modelfisréift from the ordered state we have discussed for
higher-dimensional systems, so are excitations in one niina are different from the spin waves we treated
in higher dimensions. Note that the total number of Jordagrét fermions, measured relative to a half-filled
lattice, is proportional to the-component of total spin. Excitations that do not changg therefore involve

a rearrangement of fermions in orbitals, without changeotaltfermion number. The simplest such excitation
involves creating a particle-hole pair on top of the groutadies It can be characterised by its total momentm
and low-lying states are of two types, with eith@r< 1 or ¢ ~ 7, as illustrated in Fig. 1. More generally, a given
total excitation momentump can be distributed between the particle and hole in a rangay$, so that a range of
total energy is possible for a given momentum. This meartsitiiead of the sharp dispersion relation we found
for spin waves, we have in this one-dimensional model a nantn of excitation energies — see Fig. 2.

excitation energy

Kk

0 Tt 2TT

Figure 2: Range of possible energies for particle-holetations, as a function of total momentum.

5.2 Integer spin chains

Historically, many aspects of the behaviour of the spirf-bahin were understood before higher spin versions
(Bethe’s exact solution of the spin-half Heisenberg modas ywublished in 1931, although it took over 30 years
before its physical interpretation was complete). It watddae’s work in 1983 that showed there is qualitatively
different behaviour in integer spin chains. We were abldgouss behaviour for spin one-half in a relatively simple
fashion by treating the XY model, rather than the Heisenbasg. For spin one there is similarly a simplification,
developed by AKLT (Affleck, Kennedy, Lieb and Tasaki). As evhis simplified version is considerably more
complicated than the free fermion problem arising from thm-half XY model, we will discuss it only in a
pictorial way.

The essential idea is to view the spin at each site in a spinebain as being a composite of two spin-half
objects, taken in a symmetric combination. A wavefunctiontfie chain can be constructed by forming singlets
across each bond in such a way that at each site, one spiistmfred with the site to the left, and the other
with the site to the right, as sketched in Fig. 3. Such a stadm iexact ground state for a special Hamiltonian that
has both Heisenber&,, - S,,+1) and biquadrati¢[S,, - S,,+1]?) exchange with suitably chosen relative strengths.
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To see this, consider — for the wavefunction we have destribgossible values of the total sp#°;,, ; of two
neighbouring sitesy andn + 1. This total spin is built from four spin-half objects, two which are in a singlet
state. It may therefore take the values 0 or 1, but cannotttakevalue 2. Such a state is annihilated by the
projection operatoP; (S, + S,1) ontoS;%, ., = 2. Itis therefore a zero-energy eigenstate of the Hamiltonia

H=1JY PaSn+Snt1) (36)

and is a ground state for antiferromagnetic exchadge (), since’H in this case is a sum of non-negative terms.
The projection operator can be written explicitly as

P(L) = |Sn + Sn+1|2(|sn + Sn+1|2 - 2);

and expansion of this expression yields Heisenberg andgtmgtic terms as discussed.

Figure 3: Schematic representation of the AKLT wavefunttiBoxes represent sites of the spin chain, and small
circles represent spin one-half objects that together &pim one degrees of freedom. Dashed lines indicate that
spin one-half objects from adjacent sites are in singlé¢sta

It is plausible and true (though the proof takes some word) this wavefunction has only short range spin
correlations. Note that if we wished to construct a similates for spin one-half, we would be forced to break
translation symmetry, because with just a single spin-bljéct at each site, we can form singlets only across
alternate bonds.

6 Weakly interacting Bose gas

As a final example of a system of bosons, we treat excitativ@sBose gas with repulsive interactions between
particles, using an approximation that is accurate if extéons are weak. There is good reason for wanting to
understand this problem in connection with the phenomericuperfluidity: the flow of Bose liquids without
viscosity below a transition temperature, as first obsebetdw 2.1 K in liquid*He. Indeed, an argument due to
Landau connects the existence of superfluidity with the fofrthe excitation spectrum, and we summarise this
argument next.

6.1 Critical superfluid velocity: Landau argument

Consider superfluid of mas® flowing with velocity v, and examine whether friction can arise by generation
of excitations, characterised by a wavevedtaand an energy(k). Suppose production of one such excitation
reduces the bulk velocity te — Av. From conservation of momentum

Mv = Mv — MAv + Rk

and from conservation of energy
1 1
§Mv2 = 5M|v —Av]* +e(k) .

From these conditions we find at lardé¢ thatk, v ande(k) should satisfyik - v = €(k). The left hand side

of this equation can be made arbitrarily close to zero by shmgk to be almost perpendicular ig but it has a
maximum for a giverk, obtained by takind parallel tov. If ikv < e(k) for all k then the equality cannot be
satisfied and frictional processes of this type are fortdddis suggests that there should be a critical velagity

for superfluid flow, given by, = ming[e(k)/k]. Foruv. to be non-zero, we require a real, interacting Bose liquid
to behave quite differently from the non-interacting gasgs without interactions the excitation energies are just
those of individual particles, givingk) = h?k?/2m for bosons of mass:, and hence.. = 0. Reassuringly, we

will find from the following calculation that interactionsiie the required effect. For completeness, we should note
also that while a critical velocity of the magnitude thesgusnents suggest is observed in appropriate experiments,
in others there can be additional sources of friction thad k& much lower values of..
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6.2 Model for weakly interacting bosons

There are two contributions to the Hamiltonian of an intérecBose gas: the single particle kinetic enetgyr
and the interparticle potential energy,,;. We introduce boson creation and annihilation operatarplame wave
states in a box with sidé, as in Section 2.3. Then

K2k
Hke = Z chk .
k

2m

Short range repulsive interactions of strength paransstetbyu are represented in first-quantised form by

u
Hint = 5 25(1'1 — I‘j) .
i#]
Using Eq. (8) this can be written as

Hint = YA Z CiCpCqCiip—q -
kpq

With this, our model is complete, with a Hamiltonidh= Hkg + Hins.

6.3 Approximate diagonalisation of Hamiltonian

In order to apply the techniques set out in Section 2.1 weldreqpproximateH by a quadratic Hamiltonian. The
approach to take is suggested by recalling the ground staite mon-interacting Bose gas, in which all particles
occupy thek = 0 state. It is natural to suppose that the occupation of thigalremains macroscopic for small
u, so that the ground state expectation valtg:,) takes a valuéV, which is of the same order &%, the total
number of particles. In this case we can approximate thaiixmesrcf, andc, by thec-number,/Ny and expand{

in decreasing powers a@f,. We find
uNg ulNg

+

AT

Z {2CLCk +2¢ e +oel + CkC_k:| + O([No]?) .
kA0

At this stageN, is unknown, but we can write an operator expression for it, as

Nog =N — ZCLCk .
k£0

It is also useful to introduce notation for the average nundieesityp = N/L3. Substituting forV, we obtain

u u
Hint = il [CLck + cikcfk + chT,k + ckcfk} + O([No]?)

2 2
k#£0
and hence 1
H = %N + 3 Z [E(k) (clck + cT_kc_k) + up (chT_k + ckc_k)} + ... (37)

k£0
with .
Rk

E(k) = )
(k) 5 T up

At this order we have a quadratic Hamiltonian, which we cagdnalise using the Bogoliubov transformation for
bosons set out in Section 2.2.2. From Eq. (11), we find thadligmersion relation for excitations in the Bose gas

is , e
e(k) = [(i]j +up) —(up)Q] .

At largek (h2k?/2m > up), this reduces to the dispersion relation for free paricheit in the opposite limit it
has the form

e(k) ~ hvk with v=4/-L.
m

In this way we obtain a critical velocity for superfluid flowhweh is proportional to the interaction strength
illustrating how interactions can lead to behaviour quifeedent from that in a non-interacting system.
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7 Landau theory of Fermi liquids

We now switch our attention to systems of fermions. Our efee point is the free Fermi gas, and in this and later
sections we will consider a sequence of modifications to tireinteracting gas that lead to increasingly significant
changes in physical behaviour. The most important physicainple of a system of fermions in condensed matter
physics is of course the electron gas in a metal, but it is godkeep in mind as well both the astrophysical
examples of white dwarf stars and neutron stars, and froredgial low-temperature physics, the case of liquid
3He. This last system is particularly simple in the senseithiatrranslationally and rotationally symmetric, there
being (in contrast to the case of metals) no backgroundéatti neutralising ions.

Let’s recall some of the distinctive properties of the freerfi gas at temperatures low compared to the Fermi
temperaturé/r=. The heat capacity is linear in temperature, and the Pastieqtibility is constant, both being
suppressed by a factor @f/7x compared to their values in a non-degenerate system, asila oéshe Pauli
exclusion principle. It is remarkable that the same behavi® measured for electrons in metals and for liquid
3He, since in these systems the scale for interaction erseigjtgpically comparable with the Fermi energy and
certainly much larger than the energy scale of the excitatielevant for these physical properties. The objective of
the Landau theory of Fermi liquids is to understand why extéons have no qualitative effect, and to characterise
their residual, quantitative consequences.

Before starting our discussion of Fermi liquid theory, itrigeresting to consider in a little more detail how we
can characterise the strength of interactions for an @edas in a uniform neutralising background. This (the
jellium model) is a simple situation because it is paranisterby a single quantity: the number densityThis
quantity sets both the electron spacing#~'/?) and the Fermi wavevectos(n'/?), and we can write the ratio
of Coulomb to kinetic energies as

Coulomb energy  (e?n'/3 /4me) 1

kinetic energy (h2n2/3/m)  a,n'/3

whereay = 4mh%eq/me? is the Bohr radius. The conventionally used parameter iadtvf, the radius in units
of ap of a sphere containing one electron, so that? /3 = 1/(na}), and for typical metals; lies in the range
1.8 — 6. Clearly, if Coulomb interactions dominate, is large, and if kinetic energy dominates,is small. Itis

at first a surprise to see that interactions are, relatiyedaking, weak in the high density limit — the point is that
although Coulomb energies grow with increasing densitykihetic energy grows faster.

We can ask what happensif is very large, so that Coulomb repulsion overwhelms thetigrenergy. This
constitutes a classical limit, since the zero-point moi®then negligible, and it is straightforward to see that
the ground state should involve a crystalline arrangemésteztrons, to minimise potential energy. This state
is called the Wigner crystal, and the electron gas is knowmfguantum Monte Carlo simulations to have a
first-order transition from a Fermi liquid phase to the Wigoeystal at a critical value} ~ 100.

Returning to our main theme of Landau theory, the centralrapsion is expressed as a statement about the
behaviour of the ground state and long-lived excitatiotisdfinteraction strength is varied from zero to its physical
value: we suppose that the ground state and excitationgeegaoloothly. This means we assume that excitations
in the interacting system can be labelled using the samef sgtamtum numbers (wavevector and spin) as in the
ideal Fermi gas. It also means that we assume there are nodystate phase transitions for interaction strengths
in this range, and so would fail if we were to pass into a Wigrgstal.

7.1 Lifetime of excitations

For the ideal Fermi gas, states with particle or hole exoitgtare exact eigenstates, and so have infinite lifetime.
This is not the case in the interacting system, and it is ingmdrto understand what determines the finite value of
excitation lifetimes here. A key argument due to Migdal a&ddes this issue. Consider the scattering rate between
the initial and final states sketched in Fig. 4, in which atiafly isolated quasiparticle looses energy by scattering
a fermion out of the Fermi sea, leaving a hole behind.

In a calculation of the rate for this process, we should suer ail final states. We can specify the final state
in our example via the energies and momenta of the two quaisiea, since those of the hole are then fixed by
conservation of total energy and momentum. Since the ezmedfithe final state quasiparticles cannot exceed
that of the initial particle, and since the quasiparticlasstiie outside the Fermi sea, the final state sum is highly
constrained if the initial quasiparticle energyis close to the chemical potentia) yielding a rate that varies as
(ex — p)? at zero temperature. This is an important conclusion: bethe scattering rate vanishes more rapidly
than the excitation energy, — 1 as the Fermi surface is approached, the energy of low-lyiragiparticles is
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Figure 4: Left: initial state with a single quasiparticlecéation above a filled Fermi sea. Right: final state with
two quasiparticles and a quasihole

(in the limit) sharply defined. That is to say, the idea of arptfeermi surface is self-consistent, because of the
restrictions on scattering processes imposed by Paulisioel. Finite temperature sets a lifetime for quasiparsicl
at . proportional tal™2.

7.2 Relation between bare fermions and quasiparticles

The action on the ground state wavefunctjopfor the interacting system of an annihilation operatgy for a
bare fermion with wavevectdt and spino has an amplitude to generate a sf&te) containing a quasihole with
these quantum numbergi| < k. It also has an amplitude to generate superpositions of mecitations, which
we denote aincoherent), and we expect the amplitude for such processes to vary sigauith k. Denoting the
amplitude for creation of a quasiparticle By/2, we can summarise these ideas by writing

Z'?|ko) + |incoherent) |k| < kp

Cko|0) ~ { lincoherent) k| > kp 9

Hence the dependence (ﬁ|cLUckU|O> on k| has a step of siz& at |k| = kp. This is known as the Migdal
discontinuity and is a demonstration of the existence ofeayskermi surface. In the free fermion systém-= 1;
the effect of interactions is to decreages well as to increase*.

<C+C>

A

'

Figure 5: Relation between bare fermions and quasipasticddependence of occupation number|khin the
ground states of a free Fermi gas (dashed line) and in irtiegaleermi liquid (full line).

7.3 Parameterising excitation energies

Having established the idea that excitations are of the &&mdeas in a free gas, and have sharply defined energies,
it remains to discuss how these energies are influencedénations. We specify the state of the system in terms
of the occupation number,, for quasiparticles with wavevectd and spino, and write the energies of these
quasiparticles as,,,. We separate ground state and excitation contributionsriing ny, = n_ + dnk,, where

ny. = 1ifin the ground statex, < p and is zero otherwise. We expect the enesgyof a given quasiparticle to
depend on the occupatiomn, of all other excitations: the idea of Landau theory is to esent this dependence
using the first terms in a Taylor series, as

P2k

m*

€k — MU

(k—ke) + Y _ f(ko,qo’)dngy - (39)

qo’
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Here the zeroth order term im is assumed linear in the radial deviatibn- kr from the Fermi surface, and its
magnitude is characterised by an effective magswhile the first order terms involve the Land@tparameters.
Note that for physically important excited states, bothrélevant values ok — kr and the fraction of non-zero
dnq. are small, so that the two terms retained in Eq. (39) are coabin magnitude, and parametrically larger
that the neglected higher order terms. At this stage, theoagh seems unpromising, because the expansion coef-
ficients involve not simply a few fitting parameters but irst@n unknown functiorf(ko, qo’). We make things
manageable by separatifigy,- into spherical harmonics, and recognising that only theeiMwo harmonics are
generated in situations of physical interest. In turn, ssgliming a spherically symmetric Fermi surface, only the
zeroth and first harmonics ¢f(ko, go’) are important, and symmetrising also in spin labels we dtevith just
three significant Landau parameters. Together with thetfiemass they characterise interaction effects.

In more detail, we expect(ko, qo’) to depend (fok andq close to the Fermi surface) only on the angle
between these wavevectors, and so (suppressing spin)laleelgrite

f(ko,qo’) = Z f1Pi(cos )
7

with P;(cos 0) the Legendre polynomials. Similarly, we write

fT,al)=fkl,al)=/fiqgtfiq and  fkT,ql)=f(kl,ql)=/kq— fiq>

and finally we use the density of states at the Fermi surfdég:.) to form dimensionless combinatiods =
v(Er)f. The Fermi liquid is then parameterised by

FS E} F} and m”

and of these only three are independent, becatisand F} are related.

7.4 Measuring Landau parameters

To understand the physical significance of these parametershould consider the situations in which each of
them becomes important, by examining different ways oftexgithe Fermi liquid.

7.4.1 Heat capacity

Finite temperature generates a distribution of excitationwhich there are equal numbers of quasiparticles and
guasiholes, so that the density integrated over the radimponent of wavevector vanishes:

/dk’énkg =0.

For this reason interactions affect the heat capacityonly via the value of effective mass, and

_ kekd

2
™ 2 *
Cy = ?kBI/(EF)T =3n m*T .

7.4.2 Compressibility

An increase in density can be represented as an isotrojnieirgfependendny,. Let
on = Z 0MNke -
ko

The resulting change in the total energy of the system is

h%k 1
0FE = m*F Z(kz — kp)onks, + 5 Z f(ko,qo’) dnke dnge
ko ko,qo’
1 on\> on\ >
= o g - s (i) () + - (G) - 6o

Now, we also have the relation
on = (ER*™ — ER')v(Er)

25



and so the change in energy as a result of a volume change is

0F = EQMon + [1+ F5)(0n)?.

1
QZ/(EF)

From the energy change we can obtain the compressikilgince this quantity, the pressyrgthe volumel” and
the energy® of a system are related by

__9FE -1 _ Ip
p= 5y and K= V@V
giving
I/(EF) 1
K= . .
\% 14 F§

In this result, the first factor is the contribution from theggneracy pressure of free fermions (note that we have
chosen to define( Er) for the system as a whole rather then per unit volume, andsgibportional td"), while

the second factor represents the influence of interactietveden quasiparticles, which reduce the compressibility
if they are repulsivef; > 0), as one would expect.

7.4.3 Susceptibility

We can probe the Landau parameigr by considering a measurement of the Pauli susceptibilitgesa Zee-
man field generates a spherically symmetric distributionudsiparticles with opposite signs @fy, for spins
orientated parallel or antiparallel to the Zeeman field odregth /.

Let
ong = Z(Snm =—6n| = Z‘Snkl-
k k

Then the magnetisation of the system (writinfpr the g-factor of the quasiparticles) is

1
M = ggus(ony —0n|) = gusdny

and the change in total energy, consisting of Zeeman, kiagiil interaction terms, is

h2kp 1
0F = —guousHong + = Z(kfkp)(gnkqui Z f(ko,qo”) nkedngor

*
ko ko,qo’
a

2 2F;
= - Hény + ———(6n1)? + Y_(6nq)?.
gHOUB T I/(EF)( T) I/(EF)( T)

Minimising with respect ton; yields the equilibrium value of the magnetisation and treeeptibility

_OM _ pipov(Er)

OH 1+ F§

In this expression the numerator is the free fermion resoldifred by replacing bare mass with effective mass,
while the denominator includes the influence of interactibatween quasiparticles. Note that an attractive inter-
action between quasiparticles with the same spin leads égative value fo¢ and an enhancement gf In the
limit /i — —1 this produces an instability towards ferromagnetic order.

7.4.4 Galilean invariance

The requirement of Galilean invariance leads to the refatio

m* F}
=14+ =L
+ 3

and the derivation of this result is set as Question 1 on Brol8heet 2.
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7.4.5 Fermiliquid parameters for *He

It is interesting to see the measured values of the Landaanpeters foHe, shown in the table below. Note
that the effective mass is greatly enhanced compared todteerbass, and that this enhancement increases with
increasing density. Note also that the liquid is quite closa ferromagnetic instability.

m*m | Fy | Fy | ¢
Low pressure (0.3 atmospheres) 3.1 6.3 | 10.8| -0.67
High pressure (27 atmospheres) 5.8 14.4| 75.6 | -0.72

Table 1: Fermi liquid parameters for liquitHe (from Pines and NoziereEhe Theory of Quantum Liquills

8 BCS theory of superconductivity

We have seen that the Fermi liquid is stable to weak repuilsteeactions, in the sense that excitations retain their
character though their energy is modified. Attractive iatéions by contrast lead to a qualitative change in the
ground state and low-temperature properties, no mattemerk they are.

The central idea of BCS theory is that electron-phonon auions lead to the formation of bound pairs of
electrons, known as Cooper pairs, which in a sense Bose neadélowever, the characteristic size of Cooper
pairs — the coherence length — is much larger than their agpay so binding and condensation must be treated
together in the theory. The same fact also leads to a singdlific: since each Cooper pair interacts with many
others, mean field theory is a good approximation.

From a historical perspective, it is striking how long theemval was between the experimental discovery of
superconductivity, by Onnes in 1911, and the theoreticdewstanding due to Bardeen, Cooper and Schrieffer in
1957: this serves to underline what a revolutionary advémeie treatment of a cooperative quantum phenomenon
represents.

8.1 Electron-phonon interactions

Experiments on the isotope effect showed that phonons areatéo superconductivity. In the ideal case, for
different isotopes of the same superconductor the eneadgsoepresented by the critical temperaflirand the
critical field H, vary with isotope mass like phonon frequencies, as (ionissyi&/2. For a pair of electrons that
are close in energy, phonon exchange generates an attratgvaction that beats the obvious screened Coulomb
repulsion.

To derive this effective interaction we start from the Hdomian’H = Hy + H1 written in terms of electron
operators:f( andc,, and phonon operatorz% anda, as

Ho = Z e(k)chk + hw Z ailaq and Hy = Z (]V[cf(+qckaq + h.c.) .
k q kq

Heree(k) is the electron dispersion relation and the phonons areesepted as Einstein oscillators, all with
frequencyw; the electron-phonon coupling is represented by the matement)M; and we have omitted spin
labels, though they will be crucial later.

We wish to focus on the electron system. To this end we elitaitiee electron-phonon coupling by means of
a canonical transformation, which we determine pertuviti We write

_ 1
H=eHe® =H +[H,S] + S 81, 8]+ ..

and at leading order we fiX simply by setting

H1 + [Ho,S] =0, (41)
yielding
- 1
H=H0+§[H1,S]EH0 + Hing - (42)

27



To find S explicitly, we take matrix elements of Eq. (41) in eigenstadfH,, which satisfyHo|n) = E,|n). In
this way we obtain

n|Hilm 1 1 1
B () = 5 SR 0II (5 + )

From its matrix elements we can read #ff,; in operator form, as

(n|S|m) =

1 1 1
Hint = 5 : : MY ( * ) -
t— 9 p%;cp+qcpck7qck| | e(k) —e(k—q) —Tw  e(p+q)—e(p) — w

8.2 The Cooper problem

This is an attractive interaction for pairs of electrondwitk) —e(k—q)| < hw: that s, for pairs within the Debye
energyhwp of the Fermi surface. Itis, however, typically very weak.isTleads us to a puzzle: for two particles
moving in free space in three dimensions, an attractivaaot®n must exceed a critical strength to produce a
bound state. So how can a weak attraction generate supaioity? The Cooper problem takes us one step
towards answering this question: we consider a pair of dagtimoving not in free space, but above a filled Fermi
sea, and will find that Pauli exclusion facilitates binding.

Consider the wavefunction for this pair of particles. We wanwrite a low-energy state, and so we set the
centre-of-mass momentum to zero. To take advantage of bdtirzctive interaction, we choose the pair to be in a
spin-singlet state so that the spatial wavefunction is sgirim And to respect Pauli exclusion from a filled Fermi
sea, we require the wavefunction to be built from orbitalsime the Fermi surface. The general form is then

G(r1o1,1200) = (T1la = [1T2) - > gue™ 772
|k|>k’F
with g determined by requiring this to be a solution to the twodipktSchrodinger equation. Writing the pair
energy a¥y and the pair potential $(r; — r2), we have
Yo e TTRU@ —ry) = Y (B - 2e(k))gice™ ) (43)
|k|>kr |k|>kr

To solve this Schrodinger equation, we operate on boths sidli
1 [ .
v / d(ry —ry)... el (mr2)
(whereV is the system volume) and introduce the notatigrl?r U(r)elk=0)T = [y, . Then Eq. (43) becomes
1
% Z 9xUkq = (£ —2¢(q))gq -
[k[>kp

We can understand the essentials in a simple way by taking

[ —=U ife(k)ande(q) are within fiwp of Er
Uka = { 0  otherwise. (44)

Then
U !
720k = (2e(q) - E)gq
k

where} ") is a sum over states withinvp, of Er.

e=FEr+hwp

1 1 1
v 2 2%-E U’
CZEF
With a constant density of statpger unit volume, this yields
Erthwp p p. [2(Ep +hwp) — E 1
de ——==-In = —.
Ep 2—E 2 2Er — F U

There is a bound state for any positi/e and at weak coupling the binding energy is
2Fp — E = 2hwpe™2/PV
Strikingly, this form is non-perturbative iplU.
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8.3 The BCS wavefunction

Given a wavefunction for a pair of electrons of the form weénbeen considering

o(ri,ra) = (Til2 — [172)g(r1 — r2)

we can attempt to write a wavefunction fa electrons in which pairs are Bose condensed, of the form

n=N
P(ry...ray) = A H é(ran, rant1)
n=1

where A denotes antisymmetrisation. It is initially unclear whestRPauli exclusion allows this — whether a non-
zero wavefunction survives after the operationfofvhen N is large. That it does is clearer when we write both
these states ih-space and using operator notation, as

6) = giclyely 10)
k

and v
BEI (Z gknanTc*knJ 0) (45)
n=1 k,

since when we expand the product terms withkalls different will survive. The form of the wavefunction in
Eq. (45) is not very convenient, because the occupationftdrdit orbitals is correlated through the constraint
that exactly2 N electrons are present. The BCS wavefunction relaxes thiditton (passing to it is analogous to
going from the cannonical to the grand canonical distrdmgiin statistical mechanics). It has the form

IBCS) = [ ] (we + viecky 4 )10) - (46)
k

Hereuy is the amplitude for a pair of orbitals to be empty, apds the amplitude for them to contain a Cooper
pair, so we requiréux|? + |vk|*> = 1 for normalisation, and", |vk|?> = N in a system containingN electrons
on average.

In fact, a wavefunction of the form of Eq. (46) can represenaidety of states, depending on the choice of
coefficientsv. A filled Fermi sea simply has, = 1 for k inside the Fermi surface and. = 0 outside. By
contrast, in a state containing many Cooper pairs, we exgeotvary smoothly between 1 and 0 across a window
of width hwp around the Fermi energy. One approach to findipgs variational, and the subject of Question 2 on
Problem Sheet 2. An alternative is a mean field treatmenteoHdimiltonian, as described next.

8.4 Mean field theory

Using the simplified pairing interaction of Eq. (44) the H#omian we are concerned with is
!
_ T
H=3 iy = U Y gl geq e
ko kq

WhereZ;(q is a sum on states having energigseq within fxwp of Ep.
We now wish to treat the interaction term in this Hamiltoniging a mean field approximation, in order to
reduce it to a quadratic form. To this end welgt= (cLTcikl) and write

c;f(Tch_kl = by + (c}L(TcT_kl - bk)

with the idea that the sum ov&rof the term in round brackets is small, and so need be takgntotiirst order.
Then withé, = ex — 1 we have

I
H— pN = Z«fkcfmcko -U Z (bkchich + b:;c:mciki — bkb:l) + fluctuations.
ko kq
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Dropping the fluctuation term and setting ", b = A, this is

i
AP

H—uN = Z’fk(CLTCkT + Cikicfki) - Z (AC K Okt T A7 CkTC kl) + N (47)

ko k

This Hamiltonian is diagonalised by the fermionic Bogobintiransformation, as described in Section 2.2.1. Set-
ting

P S d ot =t —
kT = UkVko T VY1 anAd C_y ) = UkV1 — Yk Vko

we requirgux|® + |vk|> = 1 to preserve anticommutation relations, &gux vk + Avg — A*ui = 0 to eliminate
number-changing terms from the transformed Hamiltoniaritig A = ¢'?|A| these conditions are met by

S

Uk = e'?/2 cos O, UV = e 19/ 25in Ok and cot20x = |A|

Note that forg, > |A[, 6 — 0 and S(ELT ~ 7110 andcT_kl ~ ﬁd. Conversely, fog, < —|A|, 6 — w/2 and so

CLT ~ Vi1 andcikl ~ Yo Thevy-particles thus interpolate between electrons and hohesaathe Fermi energy,
whereg, = 0 andfy = /4, have equal electron and hole content.
After Bogoliubov transformation, the Hamiltonian is

2
H—pN = Z \/ & + A2 ('7110'71(0 + ’7111'71(1) + Z (fl% Y & + |A|2) + % . (48)
ko k

Crucially, the value of A| must be determined self-consistently. We have
A= UZ| el = UZ“k“k( e Yieo) — (711171(1)) : (49)

At zero temperaturéy] ;v,.0) = (3,7, ) = 0. Then with a constant density of stajewe have

—hwp 52 + |A|2 '

For hwp > |A| this givesl =~ pU In(hwp /|A|) and we find
|A] = 2hwpe™1/?Y

as we did for the pair binding energy in the Cooper problem.
At finite temperaturqvlovk0> and (7], 7,,) are determined from the quasiparticle energies using thaiFe
distribution, and the gaj\ | decreases as temperature decreases. Above a criticalrttomp@.., the only solution
to the self-consistency conditionds = 0. Moreover, since at weak couplin@/ is the only parameter, the energy
scales set by the zero-temperature gap and the thermalyeatahg critical point have a universal relationship that
serves as a test of the theory:
2|A(T=0)|
kBTc
The form of the quasiparticle density of states, probed byéling spectroscopy, provides another experimental
test of these ideas.

=3.53.

9 The Mott transition and the Hubbard model

We now consider the combined consequences for electronsatich of electron-electron interactions and the
background ionic lattice. Our mostimportant conclusiot lag that a new type of insulator is possible, in addition
to the band insulator familiar from single-particle theo8pecifically, while in a solid without electron-electron
interactions we have a insulator (in the absence of bandap)erhen the number of electrons per unit cell is even,
we shall see that strong correlations in a half-filled bartth whoddnumber of electrons per unit cell can generate
a new state known as a Mott insulator.
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9.1 The Hubbard model
In the standard theoretical description of this phenomew®nse a tight-binding model
Ho = —t Z CI‘ oCrio
(rr’)o

and add only intra-site Coulomb interactions, of the form

HI = UZ”rT”ri (50)

wheren,, = cf,c,,. The Hubbard model Hamiltonian is then
H = Ho+ M. (51)

We would like to understand its phase diagram as a functidf/ef band-filling and temperature. At sméll
and above one dimension we expect Fermi liquid behavioom fthe same arguments that led to Landau theory,
but at largel/ with one electron per site we find an insulator, by the follegvargument. In this regime there is a
set of low energy states in which every site is singly occdipiéharge motion requires generation of empty and
doubly occupied sites, and so is energetically prohibited.

9.1.1 Relation to the Heisenberg model

At largeU and half filling, the set of low-lying states has a degenedd@y in a system ofV lattice sites, arising
from the choices of spin orientation at each site, in thetlsiy — 0. Virtual hopping lifts this degeneracy
and gives rise to Heisenberg exchange, as follows. Consigeir of sites and treat the effects &f, using
perturbation theory. We can label eigenstates of the uagetl Hamiltoniart{; as| 1,1),| 1, /) and so on. The
leading contributions to their energies are at second patierare

2t2 |<T7~L |H0| Tlao>|2

0E; =0 and 0E;, = - from B By and similar.

Compare these with the energies of eigenstates of the spiilidaian = Js; - s2, which areEging1er = —3J/4
and Eyipler = J/4, and hence split by. Noting that| 1, 1) is a triplet state, whilé 7, |) = 271/2[|singlet) +
[triplet)], we recognise that the Hubbard model with a half-filled bamdi largeU reduces at low energy to the
Heisenberg model. We also read off the exchange strength, as

442
J = T
9.2 Mott transition
Density of states Density of states
A A
u
T - -
u

Figure 6: Spectral function expected for Hubbard model #tfitlng, showing upper and lower Hubbard bands:
(left) in the insulating phase at lar@#&/t; (right) in the metallic phase at small/t.

It is an important and heavily-studied problem to undeidta@hviour at half-filling ad//¢ is reduced. We
will restrict ourselves to some cartoons. At lafgeadded electrons each cost enetdws they necessarily hop
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between doubly occupied sites with an associated kinetimgrscale. Holes are also mobile with kinetic energy
t, but their creation does not involve the energy penéltyWe therefore expect a spectral density at ldigas
shown in Fig. 6: at half-filling a fully occupied hole band aamlempty electron band, both of width(¢), are split

by U and sit symmetrically in energy either side of the chemicdéptial. Reducing the Hubbard repulsion, these
bands overlap at a critical vald& ~ 2dt and one expects a phase transition to metallic behaviouredacrease

U starting from the metallic side, we expect the Migdal digouarity Z (see Fig. 5) to decrease, reaching zero at
the transition. Indeed, deep in the Mott insulator, it isyetassee that there is no sign of the Fermi surface, since
the ground state occupation is simply

1 - 1
T _ - t i(r'—r)k _
(ehe) = = Sl el = ]

rr/

for all k, independent of wavevector.

10 The Kondo effect

We now consider the consequences of large Hubbard repusting just at one site of a lattice, to represent an
impurity atom at that point. It is perhaps a surprise to firat this situation, apparently so close to a free-particle
one, should generate a subtle many-body problem, involvimat is known as the Kondo effect.

Experimentally, the resistance of many metals and alloysedses with decreasing temperature as inelastic
scattering processes are suppressed. Alloys containiung dnagnetic moments, such as a low concentration of
Mn or Fe in Cu, are an exception: they show a resistivity miummes a function of temperature and below it an
increase in resistivity with decreasing temperature. Aplaxation of the minimum was given by Kondo in 1964,
but it took a decade before the nature of the ground state mgepy understood, and it was only in 1980 that a
model for the phenomenon was solved exactly.

10.1 Model

The Kondo Hamiltonian describes a conduction band of indéeet electrons interacting via exchange with a
single local moment on the impurity site, chosen to lie atatigin. Then
H= Z ekchckg + H;y with H,=JS-s(0). (52)
ko

HereS represents the local moment as@) is the spin density of the conduction electrons at the intpusite.
We can write the exchange interaction as

JS-s(0)

J |:SZSZ(0) + % (S*s‘(O) + S‘s*(O))]

1 1
= ¥ kz {SZ (c;r(chT — Clicql) + 3 (S+CLLCqT + S_CLTqu)] (53)
q

10.2 Scattering amplitude

The impurity spin mediates interactions between the cotaluelectrons, since the state of the impurity spin at
a given time depends on previous scattering events. To seeotisequences, we will calculate the scattering
amplitude for an electron, taking as our example an inititek; 7 and a final staté; 1, and working to second
order inJ, which will give the scattering rate 10(.J3).
At first order, the amplitude (left in the form of an operatarthe impurity spin) is
JS*?

(ky 1 [Halk 1) = S

From this we can find the scattering rat€¥t/?), which is independent of temperature in the absence of a Zeem
field.
At second order we require

> (ks T [Halv) (v[H1lk; T)

v

€ — €y
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wheree = e, = €, is the energy of the initial and final states, gnflis an intermediate state with energy
The interesting contributions arise frda} in which the impurity spin is flipped. These involve

1 1

— 1 — i
S Cie;1Cq) and S ckacqlef[efek.Jre ]S e

Stel ¢ c
al kiT€7[6+ekf7€q] al kil -

Now take a thermal average over scattering processes mfiotdrmediate state, by making the replacements
Ciucqi - <C<Tucq1> = fleq)  and qucjll - <quczu> =1~ f(eq)
wheref(e) = [e~#(<=#) 4 1]~ is the Fermi function. Combining terms (and noting a negesign arising from
exchanging the order of_; anchfT in the first term), we then have contributions to the ampétoé
J? 1
Vv 5 &k~ €q

{S+S—f(eq) + S‘S+[1—f(eq)]}

5—5+J—22 1 +[8%,57] (54)
Vv

J?
ek—eq V

q

The factor[ex — €4] ™! in the sums on the right hand side is divergent at the enefgyf the particle whose
scattering amplitude we are calculating, which in the cdsaast interest is the Fermi energy. For the first sum,
this divergence is not important, since contributions fietmove and below the Fermi energy cancel to leave a finite
result. But in the second term the Fermi function limits ttasicellation and we obtain

(ST, 57] Z Sl gty (D ks,

€k — €

whereD is the energy width of the conduction band, which sets a Idiwet on the sum, ang is the density of
states in energy. To calculate the scattering rate we sqbaramplitude: combining our first and second order
results, we find a result proportional to

J? +473pIn(D/kpT)

which grows with decreasing temperature. Combined with@ph contribution to the electron scattering rate,
this yields a minimum in the resistance as a function of temapee for alloys with magnetic impurities, which is
the essence of the Kondo effect. The temperature scale ahwliné logarithmic term becomes important is the
Kondo temperatur@y = De~'/2¢7_ For the physically relevant regime in whidh is small,Tx < D.

At temperature§” <« Tk perturbation theory is not helpful. Instead we would likeuttderstand the ground
state for the coupled system consisting of the impurity spid the Fermi gas. It turns out that this is just the
same as one would guess by considering the strong couptiriigiti which Jp is large: for antiferromagneti¢
the impurity spin binds a conduction electron into a singtate. This is characterised by a Pauli susceptibility
(as distinct from the Curie susceptibility of a free impyspin) and by a finite scattering rate for the remaining
conduction electrons from the bound complex.

11 Disordered conductors and Anderson localisation

The theory of electron energy bands in solids gives an utatedsg of how the different properties of conductors
and insulators arise. This picture, based on single-pagicantum mechanics for electrons in a periodic lattice,
can fail when interactions are strong, as we have seen inisauskion of Mott insulators. It can also fail if
disorder, in the form of deviations from a perfectly pertiittice potential, is sufficiently large. This type of
insulator is known as an Anderson insulator.

11.1 Anderson localisation

Consider electrons in impure or amorphous metals or dopattsaductors as examples of waves in a disordered
medium. Atweakdisorder the main consequence of impurities is a finite ielaséan free patl, for electrons.
This terminology emphasises a scattering descriptionpeutan also discuss eigenstates in a large, finite system.
At weak disorder an individual eigenstate is a superpasibiowaves with similar energies. Locally this super-
position generates a plane wave, but the amplitude and miidke wave vary on the scale éf;, which in this
regime is large compared to the other relevant lengthstteddsermi wavelengthy.
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The question arises: what happens if disorder is increastidahat is known as the loffe-Regel limit,, ~
Ar? At strong disorder (and also at weak disorder, in low dirftarad systems), the nature of eigenfunctions in fact
changes. In place of extended states, with the probabéitgity of each individual state spread through the entire
sample, eigenstates are spatially localised, with eadireletrapped in its own localisation volume, of linear size
€.

It is useful to compare this situation with other, more faanieigenstate problems. An individual localised
state is similar to the impurity state bound to a donor or pteran a semiconductor, in the sense that both states
are spatially localised. There is, however an importarfiétéhce in that the donor or acceptor levels are isolated in
energy from other states, since they lie in the band gap aféhréconductor. By contrast in an Anderson insulator,
we have a band of localised states, and some are very closerigyethough far apart in space.

11.2 Stability of localised states

A immediate question is whether such a situation can beestdbl general, states that are close in energy are
easily mixed by a perturbation, and if we mix two localisedtas with widely separated centres, the resulting
superpositions are much less localised than the initiséstaSuppose that the mixing is due to a small change
0V in the potential felt by electrons, arising for example hemaof a change in the disorder realisation. The
consequent change); in an eigenfunction with energl; is at first order in perturbation theory

OV |;
oY = zk: %W

and the fact that states nearby in energy are easily mixegpresented here by the possibility of small denomina-
tors E; — E. More specifically, with density of stateper unit energy and volume, the smallest valu&pf- E},
arising from states that have their localisation centres within a distancé the state is (pr?)~!. We are saved
from divergent contributions to the sum at larglbecause for localised states the matrix element in the ratorer
fall off even faster: we expect

(Yr|oV]) ~e77/E.

In this way we see that the idea of a dense set of localiseekstaat least self-consistent.

11.3 Mobility edge

The strength of disorder is characterised by the amplitddieictuations in the potential felt by electrons, which
should be compared with their kinetic energy to obtain a disienless measure. For that reason, in a given system
electrons at low energy are in strong relative disorder,thnde are high energy are at weak relative disorder. In
consequence, if there is a transition in the nature of elgégsas a function of disorder strength, there will be a
division in the properties of states as a function of enengtyy localised states at low energy and extended states
at high energy. The dividing energy is called the mobilitged Localised states can be characterised by their
localisation lengtlf and extended states by the value of the conductivignd we expect the behaviour shown in
Fig. 7.

11.4 Scaling theory

The change in behaviour from extended to localised states fasiction of energy or disorder is (in a non-
thermodynamic sense) a phase transition. The field-tHeatescription (in terms of a non-linear sigma model)
is quite involved, but there is also a simple phenomenoldgipproach based on scaling ideas, known as one-
parameter scaling theory. It has some useful predictiveep@md also offers a good setting for thinking about
renormalisation group ideas.

In general, scaling approaches involve asking how physiggberties of a system change with lengthscale.
Here we focus on the conductanGéL) of a (hyper)-cubic sample id-dimensions, of linear sizé. We measure
this in units of the conductance quanturh/h, writing

g(L) = fg(/L,z -

Now suppose we combirz¢ such hypercubes to make a larger hypercube, ofXizeThe hypothesis of scaling
theory is that the conductance of this final cube dependsantie conductances of the initial cubes, and not on
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Mobility edge

Figure 7: Behaviour in a disordered system of th

e densityaiésp, localisation lengtlf and conductivtyr as a

function of energyr. States are localised below a critical energy — the molslitye — and extended above it.

other characteristics. That is to say, for example, we wgeldthe same result for the final cube by combining

very small, highly disordered initial cubes or larg
G were the same in both cases. We express this

dlng
OlnL

The beta functior’(¢g) encapsulates the nature of

er, wgakisordered initial cubes, provided the initial value of
idea by writing

B(g) -

the transition. Of course, we kmdy a little about it. We can,

however, be confident that it is a continuous, smooth funcBonce it represents behaviour in a finite sample. We
can also pin down its asymptotics quite easily, as follows.
Consider first the weak disorder limit. Here we expect mietakkhaviour characterised by a fixed value for

the conductivityo of the material, so thafz(L) =

oL?2. HenceB(g) = d — 2 at largeg. Next consider

strong disorder and assume states are localised. In thimeege anticipate? « exp(—L/&) which leads to
B(g) = In(g) + constant. Connecting the two limits with a smooth monotonic curvddsehe result shown in

Fig. 8.

1

, B(9)

Figure 8: Dependence of the beta-functig(ig) for Anderson localisation on dimensionless conductanstown

as a function ofn(g) in dimensions! = 1, 2 and 3.

Forl = 3 the positiorin(g.) of the critical point at which the

beta function has a zero is marked by the vertical dashed line

We should now examine the consequences
separate various cases.

the follow from thengstions we have made. It is useful to
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d = 1andd = 2. In this case we always hayg) < 0. As a resultg(L) decreases with increasirg
eventually exponentially. That is to say, states are Isedlind = 1 andd = 2 by arbitrarily weak disorder.

d > 2andg < g.. Inthis regime we again hav&(g) < 0. With increasingL we find that3(g) becomes
increasingly negative, and states are localised.

d > 2 andg > g.. In this casegy increases witll and at largd. reaches values for which(g) = d — 2, so
that we have an Ohmic metal Wit L) oc L4~2

d > 2 andg = g.. In the case of a system with critical disorder the condusas independent of system
size — an example of scale-independence at a critical point.

12 The integer and fractional quantum Hall effects

We now switch to a discussion of the consequences of disamtiof electron-electron interactions for a two-
dimensional electron gas in a strong magnetic field. Thissguation in which departures from the behaviour
of an ideal, non-interacting Fermi gas without impurity tseang are essentially guaranteed, because the single
particle eigenstates of the ideal problem are macrosclhpézgenerate. Our interest is in the ways this degeneracy
may be lifted.

The experimental systems are most commonly electrons (eshim quasi two-dimensional semiconductor
structures - either metal-oxide-semiconductor field effeansistors fabricated on silicon, or heterostructures o
guantum wells fabricated from GaAs and,&a, _,As. Carrier motion in the third dimension is frozen out quan-
tum mechanically when temperature and electron densithatte small enough that only the lowest sub-band is
occupied.

The quantum mechanics of electron motion in a magnetic fiéld flux density B is characterised by two
scales. One, the cyclotron frequenagy = eB/m* is classical and material-dependent through the valueeof th
effective mass. The other, the magnetic lengtk= (7/eB)'/? is quantum-mechanical and material-independent.
The energy spectrum for the single-particle problem witltisorder consists of a sequence of Landau levels, with
energies

1 1
E=(n+-)lhw.+=-g"usB.

() e
For electrons in free space the orbital splittihg. is almost degenerate with the spin splittings B, but for
electrons in a semiconductor this. is typically much larger thag* s B, since effective masses are typically
smaller than the bare mass, and the effecjifactor g* is also reduced because of spin-orbit interactions. The
number of states within each spin-split Landau level is gisinply by the numbenN, of magnetic flux quanta
passing through the area of the system. Comparing this éeg@nwith the numben, of electrons we obtain the
most important parameter characterising the system: theawlevel filling facton = N./N,. For an electron
gas with number density we have the relation

n=v n

As a prelude to a discussion of experimental observatidris, useful to recall the Hall effect in an ideal
system, as shown in Fig. 9. Taking the electrons to have awdlibcity vp,i, the current i = evpignw =
%quDriftw while the Hall voltage is/y = Bup.irsw. Combining these two expressions, the Hall conductivity
iSo., =1/Via=e?v/h.

Experimentally, studying the resistivity tensemas a function of magnetic field strength or electron density,
around certain filling factors accurately quantised plaseare observed ip,, accompanied by vanishing,..
Under these conditions the forms of the resistivity tensand the conductivity tenser are

_h 0 1 d oyl (0 -1
p_ﬁ(l 0) and. o=p _T(l 0)'
It is striking at first sight that botp,,. ando,,, should vanish: the important point is simply that the curdemsity
is perpendicular to the field, and so dissipation vanishes.
The observed behaviour is quite different from that expébe a clean, single-particle system. Instead of a
Hall conductance proportional to filling factor and vanighidissipative conductance, plateaus are seen in Hall

conductance as a function of filling factor and the dissygationductance, though small in quantum Hall plateaus,
has peaks at the transtions between plateaus.
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Figure 9: Schematic view of the Hall effect in a two-dimesiheystem: current flow in the presence of a
magnetic fieldB generates a Hall voltadé; in a sample of widtho.

12.1 Integer quantum Hall effect

The existence of plateaus around integer valuesaain be understood if we suppose that disorder affects ttessta
in a Landau level as illustrated in Fig. 10, with Andersoraliged states in both the low and high energy tails of the
disorder-broadened Landau level, and a divergence in tadisation length near the Landau level centre. Then, if
the Fermi energy lies between the centres of two Landaudeekanges in filling factor do not alter the number of
extended, current-carrying states that are occupied,@titeHall conductance is unchanged. In this situation the
absence of dissipation can also be understood, since aissiprocesses require excitation of an electron inytiall
in a current-carrying state to an empty final state. As theipiedl, current carrying states are buried a finite energy
below the Fermi energy, such processes are suppressedtanhp&rature by an activation factor.

Y

localised

Figure 10: Disorder-broadened Landau level, showing isatbn physics necessary to explain the integer quan-
tum Hall effect. The dependence of the density of stataad the localisation lengthis given as a function of
energyE. Almost all states in the Landau level are localised, butdbalisation length diverges at a critical point

near the centre of the Landau level.

12.1.1 Exactness of quantisation

While we can understand the existence of Hall plateaus if weet this picture for the influence of disorder on
electron eigenstates, the precise quantisation of Halectance immediately becomes a surprise, since one might
have expected the reduction in the number of extended statesaccompanied by a reduced value for the Hall
conductance. Clearly, the remaining extended states ratrst@&n extra current in a way that exactly compensates
for their reduced number.

One way to understand the exactness of quantisation is fierthbught-experiment illustrated in Fig 11. We
consider a quantum Hall sample in the form of an annulus. titiaet to the magnetic field responsible for the
guantum Hall effect, which pierces the surface of the arsjukie introduce a second magnetic flaxthreading
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through the hole at the centre of the annulus. Allowing thig fb vary as a function of time, we generate a voltage
V around the circumference of the quantum Hall sample. Fromdgg’s law, we have

_de
At
Within a Hall plateau, this produces a current flow
I =0,V

in the perpendicular direction, which is radial. Integngtthe rates of flux change and current flow over time, a
given flux differenceA® corresponds to the transport of a certain chapgeetween the inner and outer edges of
the annulus. Now, we expect that a chang@iaf one flux quantunii/e) will return the interior of the quantum
Hall system to its initial state, implying that an integemmuer of electrons have then been transported across the

annulus. We have L
integer X e = Q = 03y - AP = 04—
€

and hence
62

04y = integer X T

y P

Figure 11: Geometry considered in Laughlin argument foctess of quantisation of Hall conductance

12.1.2 Localisation

localised, high

localised, low
energy tail

extended, percolating trajectory

Figure 12: Trajectories for cyclotron motion guiding cestiof charged particles in a smooth random potential
and perpendicular magnetic field, showing how an extendgddtory arises near the Landau level centre, and
localised trajectories in the low and high energy tails. dsimepresent equipotentials afndand — signs denote
maxima and minima of the potential.
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Anderson localisation in the context of the quantum Haketfican be understood to some extent by appealing
to a semiclassical limit, in which the magnetic length is imgmaller than the correlation length for the random
potential that represents disorder. In this case there éparation of scales: considered classically, the electron
motion can be separated into a fast cyclotron orbit arounidstantaneous guiding centre, and slow drift of this
guiding centre. The driftis in a direction perpendiculattie local electric field and therefore along equipotentials
Quantisation of the rapid cyclotron motion generates Landaels, and the energies of electrons within each
Landau level are displaced by the energy of the equipotealtag which they move. In this picture, questions
about localisation reduce to ones about the nature of etpnfial lines. As illustrated in Fig. 12, we expect these
to exhibit a percolation transition, separating low enectpsed trajectories which orbit minima in the potential
from high energy trajectories which orbit maxima in the .

An obvious question now is how this picture of a delocalmatiransition in quantum Hall systems can be
related to the scaling theory described in Section 11.4. aitiqular, whereas we had concluded earlier that in
a two-dimensional system states should be localised, we sg@mhat this is not always the case. A scaling
flow diagram that reconciles the earlier discussion withavéur in quantum Hall systems is shown in Fig. 13.
Crucially, in a magnetic field we consider the scaling flowtsf two independent components of the conductivity
tensor. The scaling flow diagram shows how these evolve astarsyis probed on increasing lengthscales —
experimentally, by lowering temperature to increase theaistic scattering length that cuts off phase coherent
localisation effects. The scaling flow diagram is periodi¢tie Hall conductance, measured here in units of the
quantume?/h and contains fixed points of two types. Stable fixed point&at, o.,,) = (0,n) with n integer
describe the insulating state in zero magnetic field andtalssystem in quantum Hall plateaus. Unstable fixed
points located ato,.,, 0.y) = (0*,n+1/2) describe the delocalisation transitions that separaferdiit quantum
Hall plateaus.

o= /.\ ).\
NN

Xy
>

0 1 2

Figure 13: Scaling flow diagram for quantum Hall plateau $réons.

12.2 Fractional quantum Hall effect

In sufficiently high mobility samples, quantum Hall platsaare observed with certain simglactional values

of the Hall conductance, in addition to the integer plateaashave discussed. Specifically, one finds =
(p/q) - (€2/h), with p andq integer, and; (in nearly all cases) odd. The fact that this is observedimpdas with

low disorder suggests it is interactions that lift the desgany of the partially filled Landau level, forming special
correlated ground states at certain filling factors. Andfttoe thato,., — 0 at low temperature (with an activated
temperature dependence) suggests there is a gap for mxstaiom these correlated ground states. Moreover,
Laughlin’s argument for quantisation of Hall conductanaggests that excitations have fractional charge, since
we argued that,, x (h/e) should be equal to the charge transported across an angatarrswhen one flux
guantum is inserted. Assuming this charge consists of agénthumber of quasiparticles, each of chargeve
have(p/q)e = integer x e*.
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12.2.1 Single particle in a magnetic field

As a first step, it is useful to summarise some results for tltum mechanics of a particle in a magnetic field.
We take charge-e and magnetic field0, 0, — B), with e and B positive. The Hamiltonian is

1

_ 2 2 . L e o
= 2m* (s + Wy) with T = —1AV + €A
and
in?
[, my) = —ihe(@r Ay — 0y Ar) =
B

We define raising and lowering operators

+ lB ZB

o' = —(m; —im and a=—(my +im with a,all=1

so that

H = hwe(a'a+1/2).
Now, it is convenient to combine coordinates into a complexhber, by writingz = = + iy andz = x — iy. We
also use the notation )

0. = 5(0.~i0,)  and agzé(aﬁiay),

which is set up so that, for example,

0,z=0:z2=1 and 0,Z2=0:2=0.

Choosing units in whicls = 1 and taking the gaugd = (B/2)(y, —z,0) we then have

Ground state wavefunctions,, satisfya ¢,,, = 0, and a complete set is
Vi X SMe—lz?/4

withm = 0,1,2. ... The proabability density of the" state is a ring with (after restoring units) rad{@s) /2l
and widthlg.

12.2.2 Two particle problem

Unsymmetrised two-particle basis states from the lowestlaa level have the form
W(z1, 22) o 2Lz (=P +1=l")/4

with I, m non-negative integers. We will consider combinations ekththat are eigenfunctions of relative and
centre-of-mass angular momentum. They have the form

W(z1,22) o (21 — Zz)l(Z1 + ZQ)mef(\zl\erlzZIQ)/ﬁl_

The value offl completely determines the typical particle separatioméndtate and fixes the energy given a form

for the interaction potential. For this reason, and in casitto a two-particle problem without restriction to a sengl

Landau level, the pair is incompressible. By this we meantti@two-particle system cannot respond smoothly

to an external potential that for example squeezes thectegrtiogether. Instead, with increasing external potentia

we expect a sequence of level crossings at which the groatel wilue of changes: at each crossing there is a

jump in the separation of the particles, but between jumeis Heparation is independent of the external potential.
Note thatl is required by the statistics of the particles to be odd famfens, or even for bosons.
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12.2.3 Laughlin wavefunction

With this discussion of the two-particle problem as ori¢intg we can consider the many-particle wavefunction
proposed by Laughlin

Y(z1...2N) = H(’Zl — zj)qe_% T lzl |

i<j

As motivation for this form, one can begin with the intentioihwriting a variational state containing so-called
Jastrow factors of the forrfi(z; — z;). Trial wavefunctions of this form have been used succeysfat example,
in the theory of superfluidHe, where an appropriate choice for the function making epltistrow factor enables
one to build two-particle correlations into the wavefuontthat minimise the energy of the system. Restriction to
the lowest Landau dramatically constrains this choice otfion, to the discrete sét; — z;)?, with ¢ a positive
integer, which must be odd for fermions or even for bosonse Vdlueq = 1 describes a full Landau level.
Higher values ensure that the probability density falldeiago zero as a pair of particles approach each other
(as|z; — zj]?7) than in a generic antisymmetric state, and for this reasergaod variational choices when the
interparticle interaction is repulsive. In fact, this whwaction is an exact ground state for a certain interparticl
potential (a generalised delta function), and is known frermerical studies on systems containing a small number
of particles to have very high overlap with exact groundestdibr systems with Coulomb interactions.

In many-particle quantum mechanics, knowledge of the wawfon is not all, since extraction of physical
information from this function of many coordinates congtfs a problem as hard as the one in classical statistical
mechanics of calculating physical averages from a Boltanfantor that is a function of the coordinates of all
particles in a system.

The simplest question we might ask is what filling factor isresented by the Laughlin wavefunction. Ex-
panding, we see that the largest power of each coordinagéj\fs?l). Recalling that the single-particle wavefuction
ze~1#"/4 has its probability density concentrated on a ring of radius/2, we see that in the Laughlin staté
particles fill the area that would be occupiedqy + 1 — ¢ particles if the Landau level were completely filled.
Hence we see for larg¥ that

V=—.
q

As a next and much harder step we would like to understanctledions in the Laughlin state. A good
approach to this problem is to use what is called the plasrabbgy: we think of the probability density arising
from this wavefunction as if it were the Boltzmann weight &gproblem in classical statistical mechanics. We can
read off the Hamiltonian for this classical problem, whialnis out to be a Coulomb gas, or plasma. If we have
good physical intuition for the statistical mechanics afgphas, we can apply this to draw conclusions about the
Laughlin state.

Some details are as follows. We define a fictitious invers@gatures and classical Hamiltonial; via

(21 ... 20)|% = e PHa

This yields
1 9  2q
Ha = —Z|Zk| - —Zln|zi -zl
26 k ﬂ 1<j
J
To interpret this form we should recall electrostatics i thimensions: a point chargg at the origin gives rise at
radiusr to an electric field

and a potential V(r) = @ Inr.

E(r) B 2meg

- 2meqr
It is convenient to set the (arbitrary) inverse temperatoif@ = 47¢y. Then the two-particle term ik, becomes

q2
_27r€0 Zln|zi -z,

1<j

which represents the electrostatic interaction of pasielith charge. The single particle term is

q 2
8meg ; 2"
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It would arise for particles of chargemoving in an electrostatic potential? /(8weg). We can view this potential
as arising from a background charge distribution, and fiedi#gnsity of this charges using Poisson’s equation. We

obtain a density
1 1

2 2
€V 87T€0|Z| oo

As a first conclusion from this picture, we can recover thei@alf the Landau level filling factar. The plasma
consisting of N particles each with chargewill arrange itself so as to cancel on average the backgrobarye,
by adopting a mean number densityIof(2w¢). Since this is the number density of electrons in the Laughli
state (remember that we def to unity), and since its value is/q of the value for the filled Landau level, we
obtain again’ = ¢~!. Going futher, we can use the plasma analogy to discuss@feetectron correlations in the
Laughlin wavefunction. In fact, the plasma is known to bedfligr ¢ < 70 and crystalline foy; 2 70, and so we
see that the Laughlin wavefunction represents a liqui@ $tatthe important valueg= 3, 5. . ..

One can also use Laughlin’s approach to write down a wavéfuméncluding a hole, and use the plasma
analogy to examine its properties. We have

Yhole(21 - .. 2N) = H(Zl — &) X Yraughlin(21 - .- 2N) -

l

The extra factor has the effect of excluding electrons framicinity of the point¢ where the hole is located.
Within the plasma analogy we find

q
c cl & 5 1 - .
Ha — Ha Sreq % n |z —¢|

Thus the hole translates to a particle of unit charge in themh, located g@tand interacting with other particles, of
charge; atz;. Since plasmas screen, this will induce a compensatiingctesh in the plasma density around it, but
since the plasma particles have chayga deficit of onlyl /¢ plasma particles is sufficient for exact compensation.
Back in the language of electrons, a deficitlgf; of an electron means that the hole has chdrge This is a
spectacular instance of fractionalisation, and fracticharge has been observed reasonably directly in shot noise
measurements on current carried by fractional quantumdt@siparticles.
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