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The Problem
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critical site percolation on triangular lattice in upper half-pl&he
all sites on boundary are white, except:

origin is black and is conditioned to be connected to infinity
denote boundaries of white clusters connectdd-toandR-+ by
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what are the scaling limits of the probabilities that a given point
¢ € H lies to the left ofy_, to the right ofy.., or in between?
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Relation to quantum Hall physics

» conformally map half-plane to strip

» electron in strong magnetic field in random potentét)
approximately follows level line¥(r) = Er ~ boundaries of
percolation clusters

V — 400 at edges
» electrons follow the boundary of cluster connected to the edges
» mean current density (d/dy)Pr(y lies above upper curye
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Strategy

single curve described by SLEs

Pr(point lies to L of curve satisfies a simple ODESchramm]
conformal field theory (CFT) interpretation

generalisation to- 1 curve

results
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‘reverse engineer’ to get SLE description



Single curve — Schramm’s formula
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» what is the probability thaf = u+iv lies to the left of the curve?
» ~ described by SLEwith x = 6:

dg(z)/dt=2/(a(z) —&)  with a = a0+ vxB

» Pr(¢ liesto L of SLE started adp) =
Pr(gt(¢) lies to L of SLE started &)
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» P depends only oh= (u— ag)/v = 2nd order ODE
» boundary condition® — 0 ast — 400, P — last - —co
» solution

1
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Relation to conformal field theory

(O(¢)¢2(a0)p2(o0))cFr
(¢2(@0)P2(00))crT

P(¢ia0) =

where

» ¢2(x) conditions the partition function on a curve starting at
boundary poink
» O(¢) = 1(C to L of curve

» underz — z+ 2¢/(z— ap)

$2(20) — ¢2(a0) + 2eL_2¢2(a0)

> ¢ is conjectured to have the special property that

L-2¢2(20) = (1/4)(9/920)*¢2(20)

» same differential equation



2-curve CFT calculation
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<0( )$2(a1) p2(82) P2(00) P2(o0))
(p2(a1)p2(82) p2(00) d2(00))

» numeratom satisfies 2 equations:

K 02 2 0 2h, 2 0

S - = _4tRe|———||N =0
(28a§+a2—a18a2 (a2—a1)2 [C—alag‘D

K 02 2 0 2h; 2 0

st ——n————— +Re ~—|IN =0
<2c‘)a§+a1—a28a1 (g — a)? [g‘—azc’?(D

whereh, = (6 — x)/2x. (Denominator satisfies similar equations
without last terms.)

P(¢ar,a) =




Fusion rules

> asd —=ap—a; — 0

d2(a1) - p2(a2) = 051 (ar) + 0% "p3(an)

» any solution of these equations has the form
6%/ (Fa(as, ) + 0(6)) + 6%/ (Fa(as, () + 0(9))

whereF; satisfies a 1st order PDE akd a 3rd order PDE.
» conditioning curves to go teo picks outF3
» sinceP depends only oh= u/v this leads to a 3rd order ODE

» one solution i = const.= 2nd order Riemann equation for
dP/dt
» general solution
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(LH)7F (AgFa(3 + 2,1 %5 - + BtoFa(1+ £,3 - %3, -1))



Boundary conditions

» ast — 400, Pt ~ t7 wherexs = (24/x) — 2 is the boundary
4-leg exponent:- fixesB/A

» ast — —o00, Pt — 1 = fixesA
> Pright(t) = Plert(—t)
> Pmiddie(t) = 1 — Pieft(t) — Prigne(t)



Results

Prob(Point to the left of curves) with k=6

Prob(Point to the left of curves) with k=8/3
1
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Prob (Poi nt between curves) with k=6
0.6




Extremal cases

60°

» 1 = 8 (recallPier = 3 for
1 curve — space-filling)

> letu/v =tang¢

Pleft 3(1—2¢/m)
Pmiddle z
Pright = %1(1 + 2¢/7)



Reverse engineering SKE p)
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first CFT equation corresponds to assuming that Loewner driving
term satisfies

2dt
day = \/EdB[ + a - a
2dt
daz N A — a1

» SLE(k,2)

» this generates the measure on curve #1 conditioned on the
existence of curve #2

» similarly with1 « 2

» follows from scaling and commutativity, but less trivial for2
curves



Multiple SLE

> but we could also take any linear combinatiph b DjP = ... of
the CFT equations

» corresponds to a Loewner map satisfying
. 2b
2) = —
gt( ) z]: gt(Z) — ajt
where

2(by + by)dt
q — &

da = \/brdB) +3°
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» corresponds to growing curves at different speeds

» if CFT correctly describes continuum limit of lattice models then
different choices should give same joint measure on curves

» when theb; are all equal this is Dyson’s Brownian motion



Summary

» we have derived formulae for the expected values of simple
observables of the conjectured scaling limit of 2 curves in lattice
models like percolation

» generalization tdN curves possible but requires solving an ODE
of orderN — 1

» CFT suggests that the measure on a single curve is given by
SLE(k, 2), and that joint measure on curves is given by ‘multiple
SLE’



